On close-to-star functions

Pawel Zaprawa

Abstract

For a given class A and a set D the sets (N4 f(D) and Usen f(D) are
called the Koebe set and the covering set for A over D, respectively. These
sets are found for the class H of close-to-star functions f of the form f(z) =
—~=p(z), where Re p(z) > 0,p(0) = 1. Analogous results concerning some
other subclasses of close-to-star functions are established too.

1 Introduction

Let A denote the class of all functions f which are analytic in the unit disk A,
normalized by f(0) = f'(0) — 1 = 0, and let A be a fixed non-empty subset of .A.
In [6] the following definitions of the generalized Koebe set and the generalized
covering set, both over a given set D C A containing 0, were introduced:

K4(D) = (] f(D) and La(D)= |J f(D).

feA feA

The natural choice of D is A, = {z € C: |z| < r}, r € (0,1). In this case we
are able to estimate the real and imaginary parts or modulus of level curves for
functions in the class A.

The problem of determining such sets is usually easy when A is invariant
under the rotation, i.e.

VfEAVYpeR e @f(z'?)cA. 1)
It is clear that if A satisfies (1) and D = A,, r € (0,1), then
La(Ar) = Apry, where M(r) = max{|f(z)|: f € A,z € 9A,} .
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If, additionally, each f € A is univalent in A, then
Ka(Ar) = Ay, where m(r) =min{[f(z)|: f € A,z €9A,}.

Remark. If a function is not univalent then its level curves for sufficiently big
r € (0,1) have "loops” directed inside the image of A, under this function. This
is the reason why the envelope of the level curves for functions in a given family
A may be entirely included in a set f(A,) for some f € A, and in consequence, in
the Koebe set for A over A,.

The condition (1) is not fulfilled by classes of functions with real coefficients.
Some results established in [6, 7, 8] were concerned with the class T of typically
real functions, i.e. T = {f € A : ImzIm f(z) > 0,z € A}, and its subclass T
consisted of odd functions.

We want to turn to the class of functions for which coefficients are not real and
(1) is not satisfied.

Denote by CS* the class of functions f € A for which there exist a real number
B € (0,7) and a function g of the class S* of normalized, starlike functions such

that

Re{ f(z) }zo,zeA. )
¢Fg(z)

Because of the similarity to the definition of close-to-convex functions, the func-

tions defined above are called close-to-star. Certainly, the full class CS* satisties
(1), so in view of the inequalities

for r=|z|

which hold for f € CS* we obtain immediately that Lcg«(A;) = A a4 . Analo-
(1-=r)
gous conclusion about the Koebe set is not so obvious because there are func-

tions in CS* which are not univalent. We have only Kcg+(Ar) = A,a_ for
1+r)3

r < rg(CS*), where r5(CS*) means the radius of univalence of CS*. Tl(le ;mm-

ber 5(CS*) = 2 — v/3 was found by Sakaguchi in [9].

In this paper we are mainly interested in a special subclass of CS*. Similarly
as in the class of close-to-convex functions, it is difficult to describe the subclass
of CS* consisting of functions with real coefficients. However, it is possible to
establish other restrictions.

We take into account the class of functions f satisfying (2) with two additional
assumptions: B = 0 and g € Sg, i.e. g is a starlike function with real coefficients.
We denote the class defined in such a way by CS. It it obvious that there are
functions in CS% which do not have real coefficients.

If f € CS% then it can be written in the form

I

f(z) = g(z)p(z) , where Rep(z) >0. 3)

Due to the normalization of f and ¢ we have p(0) = 1, so p is in the Caratheodory
class P.
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We claim that CSE is not invariant under the rotation. Consider the function

fo(z) = ?il_jg which is extremal for example in the result of Sakaguchi or in the
distorsion problem, both mentioned above.

z(14-ze'?)
(1—zei?)3
5 (0) = 86'¢. Assuming p(z) = 14 b1z +byz* +--- € Pand g(z) = z + apz> +
... € S%, we have 8¢/? = 2(ay + by). Consequently, for ¢ such that ¢'? ¢ R, there
is |b1| = |4€'? — ay| > 2 because —2 < a, < 2. This contradicts the estimation
|b1] < 2for p € P. It means f, ¢ CSy for suitably chosen ¢. Hence (1) does not
hold for CS%.

We concentrate our research on some subclasses of CS;. Choosing g(z) =

Denote by f, a function e~'?f;(ze'?) = for a fixed ¢ € R. Then

ﬁ or g(z) = 17 in (3) we obtain the classes denoted by Q and H respectively.
Th
erefore, ,
fGQ‘i’f(Z)ZmP(Z)IPGPI 4
and -
feHe fz)=1—5p), peP. )

The class Q will be helpful in determining the covering sets for CS% over A,. The
class H is closely related to the class T of typically real functions. Recall that

feT & flz) = =p(2), p € P, ©)

where Pr means the set of all functions from P which have real coefficients. A
similar generalization of the class of typically real functions was discussed by
Hengartner and Schober in [3, 4].

From the above definition it follows that H is a proper superclass of T. Hence
for a given set D

KT(D) D) KH(D) and LT(D) C LH(D) .

In case D = A, the sets Kp(D) and Ly(D) are known (see, [6]). We shall find anal-
ogous sets for the class H and compare these sets with with K7(D) and Lt (D).

2 Basic tools

In this section we establish the general theorem which will be applied to obtain
some particular results.

The following notation is useful: for a fixed zo € C, r € Ry, A € R and for
a given set D let D(zg,r) denote the disk |z — zg| < r and let AD denote the set
{Az :z € D}. Forafixed A C Aandz € Alet Qs(z) = {f(z) : f € A} be the

set of values for A at a point z. Since the region Qp(z) coincides with the disk
D(1+r2 2r
1—r27 1—12

) we conclude

Lemmal Ifz = re'? € A,z # 0and g € S} are fixed then for the class Ay =
{8(z)p(z) : p € P} the region Q4 (z) coincides with the disk g(z) .D(H, 20,

1—r27 1—72
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X 14ze™®

Each boundary point of this set corresponds to a suitable function fg(z) = g(z) - e

of the class Ag.
By this lemma, if g € S and r € (0,1) then
max{|f(z)| : f € Ag,z € A, } =
max{]fglg(z)] :0 ER,z€IN} = max{|fg,9(rei(”)| 10,9 € R} (7)
and
min{|f(z)| : f € Ag,z €A} =
min{|fgo(z)| : 0 € R,z € 9A,} = min{|fy0(re'?)| : 0,9 € R} . (8)

Discuss the function
1+ rel(e—0)

F(9/ (P) = g(rei([)) ’ 1— rei((l’—@)

The boundaries of the Koebe set and the covering set for the class Ag over A,
are contained in the set F(R x R). For each interior point (6p, ¢o) of either the
Koebe set or the covering set we have Jr(6p, p9) # 0. Hence the boundaries of
Ka,(Ar) and La,(Ay) are subsets of {F(0,¢) : Jp(0,¢) = 0}. This is the reason
why both these sets can be derived simultaneously.

, 0,p€ER. )

Theorem 1. For a fixed g € Sk and r € (0,1) the jacobian of F given by (9) is zero in

2 ImTy(re'? '
the set B = {(9,g0) stan(@ — 0) = LZZ : IQZTj((:S"P)) , where Tg(z) = Zg(g).
Remark. By starlikeness of g, there is Re Tg(z) > 0 for z € A.

Proof.

The equation Jr(6, ¢) = 0 is equivalent to

BIa{SF GI;eF

oimr atmre | (0,9) =0,

00 o
and further, to
oF oF
Substituting re'? = z, e~ = 7 we can write
oF 2z

% = g@)'m(—i@)

oF Rt 2 .
- FO T )

Short calculation gives that (10) holds if and only if

() )
tm (385 G2~ =2P=0)) =0,

which in terms of 6, ¢ becomes
—r(1+7%)sin(gp — 0) Re Tg(rei(”) +7(1—7*) cos(¢ — 0) Im Tg(rei(/’) =0.

From this equation the assertion immediately follows. m
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3 Koebe and covering sets for H

In order to determine the Koebe set for H over A,, ¥ € (0,1) we need to know
the set of univalence, or at least the radius of univalence, for H. This number was
derived by Koczan in [5] and is equal to rg(H) = 1+2\@ — 1/ 1+2\@ =0.346.... The
related result was established by Bogowski and Burniak in [1].

Let functions Fx and F;, be defined as follows

rel? 1 — rel(9)

FiR 3¢ 1 — r2e%9 1 4 rein(9) (1
rel 1+ rei*(®)
RS9 T 2 1 — reie(@) (12)
where
) sin(2¢) _ 2, .2
oc.IRqu»—>arctan<m+1> and m—(l/r —|—r>/2. (13)

From a(—¢) = —a(¢@) and a(¢ + 1) = a(¢) it follows that Fx(—¢) = Fx(¢)
and Fx(¢ + ) = —Fx(¢). Hence, Fx(m — ¢) = —Fx(¢). It means that if Fx takes
a value w (i.e. there is ¢y € R such that Fx(¢p) = w), then Fx takes also values:
w, —w and —w. It is still true if we replace Fx by F;. Hence we have proved

Lemma 2. The curves Fg([0,27t]) and Fy ([0, 27t]) are symmetric with respect to both
axes of the complex plane.

We describe other properties of Fx and Fj in the three following lemmas.

Lemma 3. For a fixed r € (0,1) the function |Fx| decreases on [0, 7t /2] and the function
arg Fx increases on [0, 7t/2)].

Proof.
Define a function g(¢) = log(Fx(¢)), ¢ € [0,7t/2]. After rather long but not
complicated calculation we obtain

m—+1 y
m — cos2a(¢))[(m 4+ 1)% + (sin2¢)?]

(m-l—coquo— 2/2(m + 1) cos 29 ) (—sin2fp+i\/m2—1> :

g(qv)=(

v (m+1)2 + (sin2¢)?

It is easy to check that the expression m 4+ cos 2¢ — \; : i(:*;j)( cos 22(/))
m sin2¢

all ¢ € [0, 7r/2]. This means that for all ¢ € (0, 77/2)

= is positive for

d d
%Reg(go) <0 and %Img(go) >0,

which proves the assertion. m
Hence, taking into account that arg Fx (0) = 0 and arg Fx(71/2) = 71/2, we get

Fe([0,27]) N {w : Rew > 0,Imw > 0} = Fx([0,7/2]) . (14)
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Lemma 4. Let r; = 0.455. .. be the only solution of the equation r® — r* — 8r3 — 12 +
1=0in0,1]. Then

1. If0 < r < ry then |Fy| decreases on [0, 7t/2] and arg F; increases on [0, 7t/2)].
2. Ifry < r < 1 then there exists a number ¢o € (0, 77/2) such that

(a) |Fp| decreases on [0, o) and increases on [@o, 71/2],
(b) arg Fy increases on [0, po| and decreases on [¢o, 71/2].
Proof.

Analogously to the previous proof we discuss a function h(¢) = log(F.(¢)),
¢ € [0, 71/2] and get

m+1 %
m — cos2a(¢))[(m + 1)2 + (sin2¢)?]

<m+c052q0+ 2y2(m +1) cos 2¢ )(—sin2g0+i\/m2—1).

v/ (m +1)2 4 (sin2¢)?

W (p) = (

Observe that the equation #’(¢) = 0 has only one solution in [0, 77/2]. Indeed,
this equation is equivalent to

20y2(m+1)

Vim+1)2+1—22

m+ x + where x = cos2¢. (15)

It obviously has no solutions for x € [0,1]. For —1 < x < 0 the equation (15)
takes the form

(m—x)Py(x) =0,

where Py, (x) = (m+x)3 +6(m +1)(m + x) —4m(m + 1). Consequently, the only
solution of (15) is given by

xozf/z(m+1)(m+ (m+12+1) - 20m +1) -
$2(m 4+ 1) (m 4+ /m F 1?7 +1)
(16)

If xg € [—1,0) then there exists a corresponding ¢ € [0, 71/2] satisfying cos2¢y =
xo. It is possible only when the right hand side of (16) is not less then —1, i.e. if
m® —m? —m —7 < 0orequivalently r® — r* — 87> —r2 +1 > 0.

We conclude from the above thatif 0 < r < ry then for all ¢ € (0, 77/2)

d d

Moreover, if r; < r < 1 then

iReh(go) <0 for ¢ € (0,¢9),
de >0 for ¢ € (o, /2)
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and

ilmh(qp) >0 for ¢ € (0,¢90),
dg <0 for ¢ € (o, /2).
From this the assertion follows. n

Furthermore, from (12) it immediately follows that Im F; (¢) = 0 iff sin ¢ = 0.
Taking into account this fact and arg F; (0) = 0, arg F;. (77/2) = /2, we obtain
F ([0,7t/2]) for O0<r<ry,

FL([O,Zﬂ])ﬂ{w:RewZO,ImeO}:{FL([O o) for 1 <r<l

(17)
where ¢ is the only solution of Re F; (¢) = 0in (0, 71/2).
This equation can be written in the form
r(1—r*)?cos ¢ — 2r*(1 +r?*)sin gsina(g) = 0.
Hence ¢ = 7t/2 or
2x  [(m+1)2+4x(1 —x) .

m—l_\/ 2m 1) , where x=sin"¢.

Therefore, if m® — m%2 —m — 7 < 0 then
(m —1) (m 1+ /(m =12+ (m+ 1)2(m? +3>)
X1 = . (18)

2(m? +3)

is the only solution of the above equation, and x; € [0,1]. Hence there exists
@1 € (0, 71/2) such that

CoS 1 = X7 . (19)
Lemma 5. Fg([0,27t]) N FL([0,27t]) = @ for a fixed r € (0,1).
Proof.
From (11-13)
1 M — cos (¢ 1 M + cos a(¢)

(o)l = | and (R -

m—cos2¢) M+ cosa(gp 2(m —cos2¢) M —cosa(e)’

where M = \/(m+1)/2=(1/r+7r)/2.
By Lemma 2, Lemma 3 and (14)

1 M-1
F(9)]?: ¢ €[0,271] } = [Fx(0)]* = :
maX{|1<(€0)| ¢l ”]} FOF = s =M1
For ¢ € [0,27] we have cosa(g) > —22 > 2. Therefore, JEex(e) -
m_mcislz(” and then
1
F(o)f > 7——.
ROP > 55
Since 51— M-l 1

m=T) M1 < 2(m+1) We have eventually proved that

[Fx(9)] < [FL(y)] , forall ¢, < [0,271],

which completes the proof. m
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Theorem 2. Let ry = 0.455. .. be defined in Lemma 4 and @1 be given by (19) and (18).
Then

1. The Koebe domain Ky (A,), r € (O, 1+2\@ -/ 1+2\@) is symmetric with respect

to both axes and bounded. Its boundary is the curve Fg ([0, 27t]).

2. The covering domain Ly (A, ), r € (0,1) is symmetric with respect to both axes and
bounded. Its boundary in the first quadrant of the complex plane is F1 ([0, 7t/2])
for0 <r <ryand F ([0, ¢1]) forr; <r < 1.

Proof.
Let K and L denote the Koebe set and the covering set for H over A, respectively.
It is easily seen that p € P if and only if p(—z) € P and p € P if and only if

p(z) € P. Consequently, f € H if and only if — f(—z) € H and f € H if and only

if f(z) € H. From this K and L are symmetric with respect to both axes. It is a
reason why we can derive the boundaries of K and L only in the first quadrant.

For ¢(z) = %3 we have Tg(z) = %Z; By Theorem 1, the jacobian of F given
by (9), with z = re'?, is zero if
2r2sin 2¢
t —0) = ——— . 20

Hence 0K and dL are included in the set {F(6,¢) : (6, ¢) satisfy (20)}, i.e. in
{Fk(¢) : ¢ € R} U{FL(¢) : ¢ € R}, where Fx and F;, are defined by (11) and (12).
In fact, the condition ¢ € R can be replaced by ¢ € [0, 27].

By Lemma 5, the closed curves Fx([0,27t]) and Fr.(]0,27]) are disjoint. Since

r r
5 = PL(O)

A2 -1

we conclude that 0K C Fg([0,27]) and 0L C F; ([0,27]). The proof is completed
by applying the radius of univalence for H and the properties of Fx and F;, de-
scribed in the above lemmas. n

Fg(0) =

The Koebe sets and the covering sets for H and T over A, r = =52 — {/ =5>;
KH(Ar) C KT(Ar) LH(Ar) D) LT(Ar)
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4 Koebe and covering sets for H(?)

Let H® be the class of functions f € H which are odd. Similarly to (5) we have
the representation

z

— 22P(22>' peP. (21)

feH? e f(z) =
Itis a consequence of (5) and the representation of even functions from P. Namely,

{peP:p(-z) =p(z)} ={p(z*) : pe P}.

Obviously, H® is closely related to T(?), i.e. the class of typically real odd func-
tions. In fact, if f € T®?) then f € H®.

In order to determine both the Koebe and the covering sets we need informa-
tion about univalence and the set of values at z for H®?).

Lemma 6. rs(H?) = /2 — 1.

Proof.
Let f € H?). Then f(z) = Z;p(z%), p € Pand
zf'(z) 142 N 272p' (22)
fm) 1=z p(z?)
Hence

! 2 2
Rezf (2) > 1-r 4 ,
f(z) —14+r2 1-1*

with equality for po(z) = % and z = ir. If r < /2 —1 then Re Z}(zg) > 0,

which means that f is starlike, hence univalent, in A NRE The extremal function

is fo(z) = ﬁlj;;g and fy € T, It is known (see for example [2]) that fj is

univalent in the set {z € A : |1+ 22| > 2|z|}, called the Goluzin lens. The greatest
disk contained in this lens has the radius v/2 — 1. Hence the number /2 — 1
cannot be increased. n
Note that we have actually proved that v/2 — 1 is the radius of starlikeness for
H®.
The set {p(z?) : p € P} coincides with the disk D( 1f’i, 2 ). Thus for a fixed

1-r47 174
. 4 2 .
z=re'? € A,z # 0wehave Oy (z) = 1_ZZZD(?_L:4, 12_rr4). Each boundary point
. . . 2,—if
of this set corresponds to a suitable function fy(z) = % - %f;i,i(, of the class

H®,
Let functions Gg and G, be defined as follows

rel? 1 — r2ePl9)

Cx:RS ¢ 1 — r2e2i9 1 + y2¢iBl9) 22
reiq) 1+ yzeiﬁ((P)
GL 'R Q= 1 — r2¢2i9 1— rzeiﬁ((P) ’ (23)
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where
B:R > ¢+ arctan (smr(niZgo)) and m = (1/1/2-1—1/2> /2. (24)

In a similar way to the one used in proving Theorem 2 we can obtain

Theorem 3. Let r; = (v/3 —1)/v/2 = 0.517... and @, be the only solution of the
equation sin? ¢ = 2(Z§(+_m22) in (0,71/2). Then
1. The Koebe domain Ky (Ar), ¥ € (0,v/2 — 1) is symmetric with respect to both
axes and bounded. Its boundary is of the form Gk ([0, 27]).

2. The covering domain Ly (Ar), v € (0,1) is symmetric with respect to both
axes and bounded. Its boundary in the first quadrant of the complex plane is
GL([0,7t/2]) for 0 < r < rpand GL([0, ¢2]) forrp < r < 1.

0,2 0,4 0,6

The covering sets for H (2) and T® over A,, r = V2 —1;
Ly (Br) O Ly (D)

5 Koebe and covering sets for Q and CSj,

As it was said in Introduction, the radius of univalence in the class of close-to-star
functions was found by Sakaguchi [9] in 1964 and is equal to 2 — /3. In fact, he
proved that this number is the radius of starlikeness of this class. The extremal

function f(z) = éfi; belongs to Q, and then to CS%. Hence 2 — /3 is also the

radius of univalence as well as the radius of starlikeness in both classes Q and
CSx.
By Lemma 1, for z = re'¥ € A, z # 0 we have Qg(z) = (1_22)2 : D(%f:i, 1Err2).

Each boundary point of this set corresponds to a suitable function fy(z) = a _ZZ)Z :

—if
% of the class Q.
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Let functions Hx and H; be defined as follows

rel? 1 —rel7(9)

Hg : R . . , 25
KERZ O™ 0921 1 ren(#) =
rel? 1+ rel(9)
Hi:R3S g (1—rei®)21 — reir(@) (26)
where )
v:R > ¢ — arctan <SHII\SFO)) and M= (1/r+r)/2. (27)

In a similar way to the one used in proving Theorem 2 we can obtain

Theorem 4. Let 13 = 1*26 - 1+2‘/§ = 0.346... and @3 be the only solution of the
i2
equation Mcos ¢ —1 = ——-L_ in (0, 77/2). Then

/M2 4sin? @
1. The Koebe domain Kq(A,), r € (0,2 — +/3) is symmetric with respect to the real
axis and bounded. Its boundary coincides with Hk ([0, 271]).

2. The covering domain Lo(A;), v € (0,1) is symmetric with respect to the real
axis and bounded. Its boundary in the first quadrant of the complex plane is
H ([0, 7t/2)) for 0 < r < rzand HL ([0, @3]) for r3 <r < 1.

In [6] it was proved that Lt(A,) = k1(Ar) Uk_1(A;), where ki(z) = ==

(1—z)%’

k_1(z) = (1+Z—z)2 From the properties of covering domains it follows that Ls+ (A;) C

Lt(Ar) because S; C T. Since kq and k_; are starlike, there is Lsx (Ar) = k1 (A;) U
k_1(Ar) and consequently for each g € Sk:

g(Ar) Ck (Ar) U k—l(Ar)'

It leads to
g(A)N{w:Rew >0} C ky(Ay) N{w:Rew >0} .

From this we conclude that for a fixed a € [0, 277]
max{|f(z)[ : f(z) = g(2)p(2),8 € Sg,p € P,z € Ay arg f(z) = a} =
max{|f(z)| : f(z) =ki(z)p(2),p € P,z € Ay arg f(z) = a} (28)
and then
Ls: (Ar) N {w : Rew > 0} = Lo(Ar) N{w : Rew > 0} .
We have proved

Theorem 5. Let r3 and @3 be the same as in Theorem 4. Then the covering domain
Lesy (Ar), r € (0,1) is symmetric with respect to both axes and bounded. Its boundary
in the first quadrant of the complex plane is of the form Hy ([0, t/2]) for 0 < r < r3 and
Hi ([0, p3]) forrs < r < 1.
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