Analysis of a viscoelastic contact problem with
Normal damped response and damage

L. Selmani M. Selmani*

Abstract

We consider a mathematical model for the process of contact between a
viscoelastic body and a reactive foundation. The material is viscoelastic with
internal state variable which may describe the damage of the system. We
establish a variational formulation for the model and prove the existence and
uniqueness result of the weak solution. Finally we prove a dependence result
with respect to the data.

1 Introduction

The damage subject is extremely important in design engineering, since it directly
affects the useful life of the designed structure or component. There exists a very
large engineering literature on it. Models taking into account the influence of the
internal damage of the material on the contact process have been investigated math-
ematically. General novel models for damage were derived in [3, 4] from the virtual
power principle. Mathematical analysis of one-dimensional problems can be found in
[5,6]. The three-dimensional case has been investigated in [9]. The damage function
[ is restricted to have values between zero and one. When (3 = 1 there is no damage
in the material, when 3 = 0 the material is completely damaged, when 0 < g < 1
there is partial damage and the system has a reduced load carrying capacity. Qua-
sistatic contact problems with damage have been investigated in [5,7,8, 11]. In this
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paper, the equation used for the evolution of the damage field is

DT k5 00k(0) 3 G(eu). B),

where K denotes the set of admissible damage functions defined by

K={cH(Q)/0<£<T ae in Q).

A general viscoelastic constitutive law with damage is given by

o = A(e(n)) + G(s(u), §),

where A is a nonlinear viscosity function and G is a nonlinear elasticity function
which depends on the internal state variable describing the damage of the material
caused by elastic deformations.

In the present paper we consider a mathematical model for the process of contact
between a viscoelastic body and a reactive foundation. Contact is modelled with
the normal damped response condition, see, e.g., [10]. We derive the variational
formulation and we prove existence and uniqueness of the weak solution of the
model.

The paper is organised as follows. In section 2 we present the notation and some
preliminaries. In section 3 we present the mechanical problem, we list the assump-
tions on the data and give the variational formulation of the problem. In section
4 we state our main existence and uniqueness result. It is based on arguments of
time-dependent nonlinear equations with monotone operators, a fixed-point argu-
ment and a classical existence and uniqueness result on parabolic equations. In the
last section we consider a dependence result of the weak solution with respect to the
data.

2 Notation and preliminaries

In this short section, we present the notation we shall use and some preliminary
material. For more details, we refer the reader to [2].

We denote by Sy the space of second order symmetric tensors on R¢ (d = 2, 3),
while (.) and | . | represent the inner product and the Euclidean norm on S; and
R?, respectively. Let € C R? be a bounded domain with a regular boundary I' and
let v denote the unit outer normal on I". We shall use the notation

H=1*()"={u=(w) /uweL*Q)},
H={o = (o) | o3 = 0 € L*(Q) },
Hy={u=(u)/e(u)eH },

Hi={oceH /Dive € H},
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where € : H; — H and Div : H; — H are the deformation and divergence operators,
respectively, defined by

e(u) = (g45(0)), &i5(u) = %(Uz‘,j + i), Dive = (o).

Here and below, the indices ¢ and j run between 1 to d, the summation convention
over repeated indices is used and the index that follows a comma indicates a partial
derivative with respect to the corresponding component of the independent variable.

The spaces H, H, Hy and H; are real Hilbert spaces endowed with the canonical
inner products given by

(u,V)H:/Quivi dz Yu,v € H,
(U’T)’H:/QaijTij dx VO',TEH,
(w,v)g, = (0, v)g + (e(u),e(v))n Yu,v € Hy,

(oyT)n, = (63,7)3 + (Div o, Div )y ¥ oy T € Hy.

The associated norms on the spaces H, H, H; and H; are denoted by | . |g,
| . %, | - |m, and | . |, respectively.

Let Hp = H2(I') and let v : H; — Hp be the trace map. For every element
v € H;, we also use the notation v to denote the trace yv of v on I' and we denote
by v, and v, the normal and the tangential components of v on the boundary I"
given by

v, = V.V, V, =V — U,V (2.1)

Similarly, for a regular (say C1) tensor field o : Q — Sy we define its normal and

tangential components by

o, = (ov)v, o, =0V —o,V, (2.2)

and we recall that the following Green’s formula holds:

(g,e(v))y+ (Div o, v)g = /FO'I/.V da Vv e H. (2.3)

Finally, for any real Hilbert space X, we use the classical notation for the spaces
LP(0,T; X) and W*P(0,T; X), C(0,T; X) denotes the space of continuous functions
from [0, 7] to X, with the norm

[ £ leorn= max | £(£) [x -

Similarly, C*(0,7T; X) denotes the space of continuously differentiable functions
from [0, 7] to X, with the norm

f = £(t £(4) |y .
| £ |10, x) Eé%%' (t) |x +£}§T’T{]| (t) Ix

Moreover, if X; and X5 are real Hilbert spaces then X; x X5 denotes the product
Hilbert space endowed with the canonical inner product (.,.)x,xx,- A dot above a
variable represents its derivative with respect to time.
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3 Mechanical and variational formulations

In this paper, we consider a contact problem which involves the evolution of the
mechanical damage in a viscoelastic material. The physical setting is the following.
A viscoelastic body occupies a bounded domain Q C R? (d = 2,3) with a regular
surface I' that is divided into three disjoint measurable parts I'y , I'; and I's such
that meas (I'y) > 0. Let 7" > 0 and let [0, 7] be the time interval of interest. The
body is clamped on I'; x (0, T"), and, therefore, the displacement field vanishes there.
Surface tractions of density f, act on I'y x (0,7") and a body force of density f; is
applied in Q x (0,7"). We suppose that the body forces and tractions vary slowly in
time, and therefore, the accelerations in the system may be neglected. Neglecting
the inertial terms in the equation of motion leads to a quasistatic approximation of
the process.

The body is in contact with a reactive foundation over the contact surface I's.
We assume that contact is locked in the tangential direction, or in the stick state,
and so the tangential displacement on the contact surface vanishes, i.e.,

u, =0. (3.1)

We assume that contact is modelled with the normal damped response condition
([10]), so,
0, = —« | UV | . (32)

Then, the classical formulation of the mechanical contact problem of a viscoelastic
material with damage is as follows.

Problem P. Find the displacement field u : Q x [0,T] — R? and a stress field
o:Qx[0,T] = Sg and 5 :Qx[0,T] — R such that

o = As(u) +G(e(u), 5), (3.3)
B—kAB+0px(0) 2 ¢le(u), B), (3.4)
Divo+fy =0 inQx(0,7T), (3.5)
u=0 on Iix(0,T), (3.6)
ov="£f on Tyx(0,T), (3.7)
o,=—al|i,|, u,=0 onTyx(0,T), (3.8)
u0)=u, in Q (3.9)

g—f =0 on I'x(0,7), (3.10)

3(0)=p in Q. (3.11)
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Here, the relation (3.3) represents the nonlinear viscoelastic constitutive law with
internal state variable which involves the damage, the relation (3.4) represents the
evolution of the damage field which is governed by the evolution equation where ¢ is
the mechanical source of damage growth, assumed to be rather general function of
the strains and damage itself, dpx is the subdifferential of the indicator function of
the admissible damage functions set K, the relation (3.5) represents the equilibrium
equation, since the accelerations are neglected in the equation of motion, leading
to the quasistatic approximation of the process. The relations (3.6)-(3.7) are the
displacement-traction conditions. Here uy is the given initial displacement and [, is
the initial material damage. (3.10) represents a homogeneous Newmann boundary
condition where g—ﬁ represents the normal derivative of .

14

We denote by u the displacement field, by o the stress tensor field and by e(u)
the linearized strain tensor. To simplify the notation, we do not indicate explicitely
the dependence of various functions on the variables x € QUT and ¢ € [0,T].

To obtain a variational formulation of the problem (3.3)-(3.11) we need additional
notation. Let V' denote the closed subspace of H; defined by

V={veH /v=0onTly, v, =0onT3}.

Since meas(I';) > 0, Korn’s inequality holds and there exists a constant Cy > 0
which depends only on €2 and I'y such that | e(v) |¢> Cy | v |g, YV € V. On the
space V', we consider the inner product and the associated norm given by

(w,v)y = (e(u),e(v))nx Yu,v eV [ v |y=|e(v) |x VveV (3.12)

It follows from Korn’s inequality that | . |y, and | . |, are equivalent norms on V.
Therefore (V.| . |v) is a real Hilbert space. Moreover by the Sobolev’s trace theorem
and (3.12), there exists a constant Cy > 0, depending only on €2, I'; and I's such
that

‘ v ‘L2(F3)§ Co ‘ v ‘V Vv eVl (313)

In the study of the mechanical problem (3.3)-(3.11), we make the following as-
sumptions.

The viscosity operator A : ) x S; — Sy satisfies

(a) There exists a constant L4 > 0 such that

| A(x,e1) — A(X,62) [ La|e1 —ea| Vep,e9 € Sy ae. x € Q.

(b) There exists my4 > 0 such that

(A(x,e1) — A(X,82)).(e1 —€2) > my | e1 — &9 |* Ve, 69 € Sy, ae. x € Q.
(¢) x — A(x,¢) is Lebesgue measurable on ).

(d) The mapping x — A(x,0) € H.

(3.14)
The elasticity operator G :  x Sy x R — Sy satisfies
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(a) There exists a constant Lg > 0 Such that
| G(x,e1,01) — G(X,€9,02) |< Lg(| &1 —e2 | + | B1 = B2 |)
Veqi,e9 € Sy, V061,02 € Rae. x €.
(b) For any € € S; and § € R, x — G(x,¢,3) is Lebesgue measurable on (.
(¢) The mapping x — G(x,0,0) € H.
(3.15)
The damage source function ¢ : 2 x S35 x R — R satisfies

(a) There exists a constant L > 0 such that

| o(x,61,01) — d(x,€2,3) [S L(|ex —ea [+ | B1 = P2 |)

v&l,Eg € Sd, Vﬁl,ﬁg cRae xe.
(b) For any € € Sy and 8 € R, x — ¢(x,¢, 3) is Lebesgue measurable on €.
(¢) The mapping x — ¢(x,0,0) € H.

(3.16)
We suppose that the body forces and surface tractions satisfy
fo € C(0,T;H), f,€C(0,T;L*Ty)?), (3.17)
the function « has the following properties:
aecL™T3), a(r)>a.>0 ae onl;, (3.18)
k>0, (3.19)
Uy € V, (320)
Bo € K. (3.21)
Next, we define the element f(t) € V' by
(£(1),v)y = / fo(t)v dz+ [ a(t).v ds, (3.22)
Q T2
forveV, 5 ae t€(0,7),and let j: V x V — R, be the functional
jlu,v) = / alu, | v, ds. (3.23)
I's
We note that the conditions (3.17) imply
feCO,T1;,V). (3.24)

We define the bilinear form a : H*(Q) x H*(Q)? — R by

al€, o) = k /Q VeV d. (3.25)
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Using standard arguments we obtain the following formulation of the mechanical
problem (3.3)-(3.11).

Problem Py. Find the displacement field u : Q x [0,T] — R? and a stress field
o:Qx[0,T] — Sq and a damage field 3 :Q x [0,T] — R such that

o(t) = As(a(t)) + G(e(u(t)),B(t)) ae. t€(0,7), (3.26)

(o(t),e(v))y +j(a(t),v) = (f(t),v)y VveV, ae te(0,T), (3.27)

B(t) € K for all t € [0,T], (B(t), & = B(t)) 2@y +a(B(t), € — B(t))
> ((e(u(?)), B(t), € = B(t)) 2y Y€ €K, (3.28)

u(0) =uo, B(0) = . (3.29)

4 An existence and uniqueness result
Our main existence and uniqueness result is the following.

Theorem 4.1. Let the assumptions (3.14)-(5.21) hold. Then there exists a constant
oo which depends only on Q, I'y ,T's and A such that if | o |peo(ry) < a, then there
exists a unique solution {u, o, 3} to the problem Py,. Moreover, the solution satisfies

ue C(0,T;V),0 € C(0,T;Hy),

B e W0, T; L*(Q)) N L*(0,T; H'(Q)). (4.1)

We conclude that under the assumptions (3.14)-(3.21) the mechanical problem
(3.3)-(3.11) has a unique weak solution with the regularity (4.1), provided « is
sufficiently small.

The proof of this theorem will be carried out in three steps, It is based on argu-
ments on time-dependent nonlinear equations, a fixed-point theorem and a classical
existence and uniqueness result on parabolic equations (see [1 p.124]).

Let n € C(0,T;H), then there exists a constant oy which depends only on €2,
I'y ,T's and A such that if | o [ze(r,) < ao, there exists a unique solution {u,, o, }
of the following intermediate problem such that, for ¢ € [0, 7],

Problem P : Find a displacement field w, : [0,T7] — V and a stress field
o, :[0,T] — H; such that

o,(t) = Ae(u,(t)) +n(t) inQ, (4.2)
(oy(t), e(V))w + j(ay(t),v) = (£(t), v)v Vv eV, (4.3)

u,(0) = u,. (4.4)
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Proposition 4.2. P} has a unique weak solution such that
u, € CY0,T;V),a, € C0,T;H,). (4.5)
Proof. We define the operator A: V — V by
(Au,v)y = (As(u),e(v))y + j(u,v) Vu,veV. (4.6)
Using (4.6), (3.14), (3.23), (3.12) and (3.13), it follows that
| Au—Av |, < (La+CH | ey [u—v], Ya,v eV, (4.7)
and,
(Au—Av,u—v), > (ma—C§ | a |p=ry) |lu—v I} Vu,v € V. (4.8)

Let ag = 4, clearly it is a positive constant which depends on 2, T'y, '3 and A.
0

Then A is Lipschitz continuous on V' and strongly monotone on V if
| o |Loo(1"3)< Q. (49)

Therefore, A is invertible and its inverse A~! is also strongly monotone Lipschitz
continuous operator on V. Moreover using Riesz Representation Theorem we may
define an element f,, € C(0,7;V) by

(£,(2), v) = (£(), )y =(n (1),6(V))yy-

It follows now from classical result (see for example [2] ) that there exists a unique
function v, € C(0,T; V') which satisfies

Av,(t) =1£,(t) a.e. t € (0,T). (4.10)

From the relation (4.2), we conclude that o, (t) € C(0,7;H). The couple {v,,o,}
represents a unique solution of the intermediate problem P! with the following
regularity

v, € C(0,T5V), o, € C(0,T;Hy). (4.11)
Let u, : [0,7] — V be the function defined by
¢
u,(t) = / v, (s) ds + u. (4.12)
0
Using (4.11) and (4.12) we find that (u,, o) satisfies (4.5). m

Let 0 € C(0,T; L*(2)). We suppose that the assumptions of Theorem 4.1 hold
and we consider the following intermediate problem.
Problem PY : Find a damage field 3y : [0, T] — H'(2) such that B4(t) € K, for
all t € [0,T] and
(Ba(t), & — Bo(t)) 2y + a(Ba(t), & — Bol(t))
> (0,5 — /Bg(t))L2(Q) \V/f € K ae. te (O,T), (413)
Ba(0) = So. (4.14)
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Proposition 4.3. Problem PY has a unique solution 3y such that
By € WH2(0,T; L*(Q)) N L*(0,T; H'()). (4.15)

Proof. We use (3.19), (3.21), (3.25) and a classical existence and uniqueness result
on parabolic equations (see for instance [1 p.124]). |

As a consequence of Proposition 4.2 and 4.3, we may define the operator L :
C(0,T;H x L3(Q)) — C(0, T; H x L*(Q)) by

L(n,0) = (G(e(uy), Bo), d(e(uy), Bo)), (4.16)
for all (n,0) € C(0,T;H x L*(€)), we have
Proposition 4.4. The operator L has a unique fixed-point
(n*,0%) € C(0,T; H x L*(Q)).

Proof. Let (ny,60y), (n,,02) € C(0,T;H x L*(Q)) and let ¢ € [0,T]. Using (3.15),
(3.16) and (4.16), we deduce that

| £(n1,01) — L(n9,02) [1xr20)

< O ay, () =y, (8) [v + | Bon(8) = B0, () [22()- (4.17)

Here and below C'is a positive constant whose value may change from place to place.
Let my,m, € C(0,7;H) and use the notation u,, = u; for ¢ = 1,2. Moreover, using
(4.2) and (4.3) we obtain

(Ae(ur) — Ae(uz), e(ur) — e(u2))y + (Mm—ny, (W) — e(2))v

+j(i11,il1 — ll2) — j(ilg,ﬁl — ll2) =0a.et e (O,T) .
Using (3.12), (3.13), (3.14) and (3.23) we obtain

a1 (t) = ta(t) < C | (O =ma(0) |y
Since uy(0) = uy(0) we have
us(t) = ws(t) [y [ i (s) = iafs) |y ds.

From the two previous inequalities we find

un(t) = ws(t) v C [ [1,(5) = m,(5) b ds. (1.15)

We let 61,05 € C(0,T; L*(Q2)) and use the notation 3, = j3; for i = 1, 2. From (4.13)
we find

(61,82 — B1) 2 + a(B1, Bo — 1)
> (01,82 — B1)r2i)  ae. t€(0,7),
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and,

(B, B — Bo) 20y + a(Ba, B — Bo)

> (92,51 — BQ)L2(Q) a.e. t € (O,T) .

Adding the previous inequalities we obtain
(51 — B, B — B2) 2@y + a(fBr — B2, i — B2)

< (0 — 02,81 — B2)12()  ae. t€(0,7),

which implies that
(51 — 527 B — B2) 2@y + a(Br — B2, B — B,)
§| 01 — 02 |L2(Q)| ﬁl — 52 |L2(Q) a.e. t € (O,T) .

Integrating the previous inequality on [0, ], after some manipulations we obtain

1 t
B | Bi(t) — Balt) \%2(r3)§ C/o | 01(s) = 02(s) [r20| Bi(s) = B2(s) |r2() ds

t
+C/0 ‘ 51(8) - 52(8) ‘%Q(Q) ds.
Applying Gronwall’s inequality to the previous inequality yields
t
| B1(0) = Balt) L= C [ 16,(5) = 0,(5) |z ds. (4.19)
Substituting (4.18) and (4.19) in (4.17), we obtain

| £(11,01) — L(09,02) [1xr20)<

C [ 1 ,00(5) = (0,.6)(5) s s (4.20)

Proposition 4.4 is a consequence of the result (4.20) and Banach’s fixed-point theo-
rem. n

Proof. Theorem 4.1. Let (u,, 0,+) be the solution to P! for n = n* and let Gy« be
the solution of P for § = 6*. It is easy to see that (u,-, o, ) is the solution to
problem Py, and

u,- € CY0,T;V),0, € C(0,T;H,y),

By € WH2(0,T; L*(Q)) N L*(0,T; H'(Q)).

The uniqueness of this solution follows from the uniqueness of the fixed-point of the
operator L defined by (4.16). n
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5 Dependence on «

Let ap = ‘4 and consider a sequence of functions (v, )nen and a function av € L>(I's)
0

satisfying (3.18) and the following assumptions:
a and «, satisfy (4.9), (5.1)

| ooy — @ |poo(ryy— 0 when n — +o0. (5.2)

We define the functional j, (u, v) obtained by substituting «, in place of a in j(u, v)
given in (3.23). We obtain a sequence of variational problems Py} defined for all
n € N as:

Problem Pj. Find the displacement field u,, : [0,T] — V and a stress field o, :
0, T] — H and a damage field (3, : [0,T] — H*(Q) such that

on(t) = A(, (1)) + G(e(un(t)), Bu(t)) ace. t € (0,T), (5.3)

(n(t),e(V))y + Jn(u,(t),v) = (f(t),v)y VveVae te(0,T), (5.4)

ﬁn(t) S ) vt € [07 T] (ﬁn(t),S - ﬁn(t))LQ(Q) + a(ﬁn(t)ag - ﬁn(t))
= (¢(e(ua(t)), Bu(t)), € = Bult))r2(0) V€ € K, (5.5)
u,(0) =g, Ba(0) = Bo. (5.6)

Theorem 4.1 give us the existence and the uniqueness of the sequence of the solutions
(Wp, O, Br)nen satistying (4.1). We denote by (u, o, 3) the solution of the problem
Py having the regularity (4.1). The main result of this section is the following.

Theorem 5.1. Under the assumptions (3.14)-(3.21) and (5.1)-(5.2), we have that
for n — oo the following hold:

| w, —uciorv)— 0, (5.7)
‘ On— 0O ‘C(O,T;Hl)H 07 (58)
| Bn — B |12(0)— 0. (5.9)

Proof. Let n € N and ¢ € [0, T]. From the relations (5.3), (5.4), (3.26) and (3.27) of
the problems P} and Py, we find

(As(a,) — Ae(u),e(u,) — () = (G(e(u), 5) — G(e(un), Bn), £(0n) — e(u))n
+j(u,u—1u,) —j,(a,,u—u,) ae te(0,7). (5.10)
Using the definitions of the functional j and 7, and the relation (3.13), we obtain
ju,u—wu,) —j,(a,,a—u,)
S 002 | oy — |L°°(F3)| ll |V| lln — ll |V +Cg | (7% |L°°(F3)| lln — ll |%/ . (511)
The relation (3.14) leads

(As(w,) — Ae(0),e(,) — () > ma |0, —u |3 . (5.12)
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The relation (3.15) give
(G(e(u), B) = G(e(un), Bn),(n) — e())p <
Lo(lu, —u v + | B — B lr2(0))- (5.13)
Substituting (5.11), (5.12) and (5.13) in (5.10), we obtain
(ma—CF | e [peo(ry)) [0 — 0 [y < Lo(| up —u |y + | B — 5 |12())

+Cg | Qp — |L°°(F3)| u |V . (514)

This majoration can be used if the quantity | u |, is bounded independently of n,
then keeping in mind (3.26), (3.27) and (4.8) we find

(ma — C§ | o |roe(ry)) |0 [v<| A0 | + | £ ey +Lg [aly . (5.15)

It follows from Gronwall’s inequality that the function u is bounded independently of
n. We conclude that the function u is bounded independently of n. The assumptions
(5.1) and (5.2) imply that 3¢ € R* and 3N, an integer different from zero, such that

(ma—CE | an =) > ¢ > N, (5.16)
Keeping in mind the relation (5.15) and (5.16), the inequality (5.14) becomes
| lln —u |V§ C(‘ u, —u ‘V + ‘ ﬁn — ﬁ |L2(Q)) —|—C ‘ Qy — |L00(F3) . (517)

Here and below, we denote by C' a positive constant which may depend on the data
but is independent of n and whose value may change from place to place. Combining
the inequalities (5.5) and (3.28), we deduce that

(Bn(t) = B(), Bu(t) = B(1)) 12 + a(Balt) = B(E), Bult) — B(1))
< (@(e(un(t)), Bu(t)) — d(e(u(t)), (1)), Bu(t) — B(t))122) ae. t €[0,T]. (5.18)
We obtain from (3.16)

1d

sq | PP T < Ll —uly 4| B =B le2@) | Bo — B 2y - (5.19)

Integrating the previous relation on [0, ¢], keeping in mind (3.29), (5.6) and applying
Gronwall’s inequality, yields

t
[ Bult) = B0) 2@ < C [ [ a(s) = u(s) |y ds, (5.20)
and therefore we obtain

| Bu(t) = B() |2@)< C | un —u o017 - (5.21)

Substituting (5.20) in (5.17), by applying Gronwall’s inequality, after some algebra,
we obtain
| u, —u |C’1(O,T;V)§ C | a, — |L°°(F3) . (522)
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The convergence result (5.7) is now a consequence of (5.22) and (5.2). From (5.3)
and (3.26) we find

| on(t) — o () [n< La | 0 (t) —u(?) v

+Lg(| un(t) —u(t) |v + | Bul(t) — B(1) |L2(2))- (5.23)

Moreover from (5.20) and after some algebraic manipulations, we obtain

[ oalt) = () In< C | uy — 1 Jororv, (5.24)
since Div o, = Div o, we have

[ 0u(t) ~ 0 (1) I < C |0y~ ulerorn, (5.25)
which implies that

| op — o |cormn< Clu, —u ey - (5.26)

The convergence result (5.8) follows from (5.26) and (5.7), and (5.9) is a consequence
of (5.21) and (5.7). n
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