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ABSTRACT. Let p, ¢ be two distinct primes. We consider pointed
Hopf algebras of dimension pg over an algebraically closed field of
characteristic p. We compute higher Frobenius-Schur indicators of
these Hopf algebras through the associated graded Hopf algebras with
respect to their coradical filtrations. The resulting indicators are
gauge invariants for the monoidal representation categories of these
algebras.

1. INTRODUCTION

Higher Frobenius-Schur (FS) indicators of Hopf algebras were introduced
in [] and their properties were further studied in [2, 3] [6]. These indicators
provide gauge invariants of the monoidal representation categories of the
underlying Hopf algebras, see [2, Theorem 2.2]. The sequences of higher FS-
indicators of certain Hopf algebras have been computed in, e.g., [I1 2, [].
In this article, we are concerned with the FS-indicators of pointed Hopf
algebras of dimension pg over a field of characteristic p. The classification
of such Hopf algebras was recently obtained in [8]. We define the arithmetic
function x,., associated to a prime r, for positive integers n by

(n) r, if r|n;
r\n) =

X 1, if rtn.
Then, our main result is the following theorem.

Theorem 1.1. Let p, q be distinct primes, and H be a pq-dimensional
pointed Hopf algebra over an algebraically closed field of characteristic p. If
H is commutative and co-commutative, then the nth indicator
va(H) = xp(m)xq(n)  (mod p).
Otherwise,
va(H) = xp(n) (mod p).

We first introduce some notation. The proof of the main result is in
Section 2. Readers unfamiliar with Hopf algebras are referred to standard
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textbooks such as [5l [7]. Throughout, p, ¢ are distinct primes, and H is
a finite-dimensional Hopf algebra over an algebraically closed base field k
of characteristic p. We use the standard notation (H,m,u, A, e,S), where
m : H® H — H is the multiplication map, u : k — H is the unit map,
A : H — H® H is the comultiplication map, ¢ : H — k is the counit
map, and S : H — H is the antipode. The vector space dual of H is also
a Hopf algebra and will be denoted by H*. We use the Sweedler notation
A(h) = Zh(l) ® h(2). If f,g € H*, then fg(h) =>_f (h(l))g (h(2)) for
any h € H and eg~(f) = f(1).

Let n be a positive integer. Suppose hi,...,h, € H. Then the nth
power of multiplication is defined as m["](hl ® - ®hy) =hy---hy. Let
h € H. The nth power of comultiplication is defined to be

h, n=1;
All(h) = {(A[”” ®id) (A(h)), n>2.
The nth Sweedler power of h is defined to be
Pulh) = R = {;%15 Al (1), . > ?
Then the nth indicator [2 Definition 2.1] of H is given by
Vo (H) = Tr(S 0 P,_y).
In particular, 11 (H) = 1 and vo(H) = Tr(S5).

2. THE PROOF OF THE MAIN RESULT

The classification of pointed Hopf algebras of dimension pg was recently
obtained by Xiong [8]. The following theorem is a restatement of Xiong’s
result, with slightly different notation. For one of the noncommutative
cases, we use the relation g — £ga instead of gx — € 'xg that appeared in
the original form of this result.

Theorem 2.1. [8, Theorem 2.19] Let £ be a qth primitive root of unity and
0 =0 or 1. Then a pq-dimensional pointed Hopf algebra H is isomorphic
to one of the following:

1) k[ga I]/(gq_ 15 xp—5x),
Alg)=g®g, Al@)=r0l+lew;

2) k<g7 ‘T>/(gq - 17 xpv xrg — §gw), Q'TP - 17
k<g7 ‘T>/(gq_17 {I;p—é,f, xg—Sg:C), Q|p_17
Alg)=9g®g, Alx)=z01+1®uz;
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3) kg, 2]/(g? — 1, 2P = (1 — g7)),
Alg)=g®g, Al@)=201+g®;

) k(g, z)/(g7 — 1, aP —z, gr —x9g—g+9°), qfp—1,
klg, z]/(g? = 1, 2P —x), q|lp—1,
Alg)=g®g, Al@)=r0l+geua.

5) A group algebra kG with |G| = pq.

The approach of our proof for Theorem [[.T]is based on the above classi-
fication result and the following theorem and proposition. We also provide
a lemma prior to the proof of Theorem [[LIl A left integral in a finite-
dimensional Hopf algebra H is an element A € H such that hA = e(h)A,
for all h € H. The span of the left integrals in H is a one-dimensional
space.

Theorem 2.2. [2| Corollary 2.6] Suppose A € H* and A € H are both
left integrals such that A(A) = 1. Then v,(H) = X (AM) for all positive
integers n.

Proposition 2.3. [6l Corollary 3.17, Corollary 4.6] Let H and H' be finite-
dimensional Hopf algebras. Then, for all positive integers n, we have the
following:

1) vn(H*) =vp(H) and vy, (H @ H') = v (H) - v (H').
2) If H is filtered, then vy,(grH) = v, (H).
3) {vn(H)} is periodic.

Although Proposition 23] 2) is true for any Hopf filtration, in this paper
we use the coradical filtration [5 Section 5.2].
In the next lemma, we use the multinomial coefficients

where ki, ..., k,, are nonnegative integers such that > . k; = m.

Lemma 2.4. Let i, n be integers for 0 < i < qg—1 and n > 1. Suppose
nonnegative integers ki, ..., kny1 form a partition of p — 1. Regarding the
Hopf algebras in Theorem [2, we have

1) Ifeg=gzx, A(g) =g®g, and A(z) =x @1+ g @z, then
(gixpfl)[nJrl]

_ Z ( p—1 Uik 2kt o1
Kiteot kg1 =p—1 1, y hm4-1
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2) Ifxg=¢&gx, A(g) =g®g, and A(x) =2 ®1+1®x, then
p—1
(gixp—l)[n-i-l] _ ((gz)n NS 51’ + 1) g(n-‘rl)ixp—l'

Proof. 1) If n. = 1, then (giz?~ 1)1 = (gfaxP~ 1 = m o A(g'zP1).
First,
p—1 1
Alg'ar ) =g'@g(z0l+goa) ™ = (pk_ )sprlhgh ®g'z",
k=0 > !
Note that g = gx. Then

p—1
(giaP~ 1)) = Z (Pk— 1>g2i+k1$p—l'
1

]i}l =0
Now let n =2, and kq, ko, k3 form a partition of p — 1. Then
ABl(gieP~1) = A@id o A(g'a"")
p—1 1
=X (7 At amt e '),
k1

k}1:0

Following the case when n = 1, we have

—1-k
i p—l—kl _ ! ' p - 1 - kl i ]i}g k}g 7 ]i}l
Alg'x )= D T L A

k}2:0
Hence,
ABl(glzr=1)
p—1 p—1—ky
-1 —-1-k - - .
_ Z Z (Pk ) (p . 1>gzxkggk1+k2 ®gzxkggk1 ®gzxk1'
k1=0 ka=0 1 2

Thus, using multinomial coeflicients, we have

. -1 ,
i pp—13[3] — p 3i+2k1+ka yp—1
(g ) Z klv k?; k3 g
k1+ko+kz=p—1
Since the formula is symmetric on the k;’s, for the sake of the notation, we
will write

(gixp—l)[3] _ Z ( p—1 )93i+k1+2k2x1)—1'
k1+ko+kz=p—1 kl’ kg, ks

Finally, one can show inductively that

(gixpfl)[nJrl] _ Z ( p—1 )g(n+1)i+k1+2k2+...+nknxp1.
) I VN
1+ +knyr1=p—1
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2) Tt can be shown that
A[n-i—l] (l‘p_l) _ (A[n-l-l] (x))p—l
=(@2®1l® - 0l+  +10---®1x1)

-1
k14 4knp1=p—1 Lyewenfntl

p—1

Note that we have xg = {gx. Hence,

. —1 . . .
(gzxp—l)[n—i-l] _ Z (k p N )gzxklgl ko . .glack”“
kit +knty1=p—1 Lo Bl

= Z (kh p—1 >(§1)nk1 (gi)(nfl)kz . (€Z)kn . g(n+1)ixp71

kit +kny1=p—1 co R
. . p_l .
_((gz)n dooet gz + 1> g(nJrl)lefl'
O

The proof of Theorem [I.Il Let H be a pg-dimensional pointed Hopf
algebra over k given in Theorem 21l We first compute the indicators of H,
when H is a group algebra kG. It follows from Appendix A in [§] that G
is isomorphic to one of the following.
o (=0, x (4.
e C, xCy= (g, h|g?="nh? =1, ghg™' = h*), where p =1 (mod q)
and s is a nontrivial solution of s =1 (mod p).
e C;xC,={g, h|gl =h?=1, ghg™" = h'), where ¢ = 1 (mod p)
and t is a nontrivial solution of s =1 (mod q).

By the definition of indicator, it is straightforward to see that
v (kG) =Tr(SoP,_1: kG - kG) =#{g € G| g¢" =1¢}.

Then, one can apply counting arguments to the three cases, when H is a
group algebra. For example, if H = k(C), x Cy), then

pg—p+1=1 (modp), forpin,q|mn;

n p=0 (mod p), for p | n, q 1 n;
#lge CynCylgn=1p={P=0 nodp) e
pg=0 (mod p), forp | n, q|n;
1=1 (mod p), for ptn, gtn.

Hence,
vn (k(Cp 2 Cq)) = xp(n)  (mod p).
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Similarly, one can show that

vn (K(Cp x Cy)) = xp(n)xq(n) (mod p),
Vn (k(Cq @ Cp)) = xp(n)  (mod p).

Now, assume H is one of the Hopf algebras in 1)-4) of Theorem[ZT1] The
linear basis of H can be chosen as {g'z7 |0 <i < ¢—1,0<j <p—1}.
The associated graded Hopf algebra grH is one of the following, in the
correspondence 1) ~» A, 3),4) ~ B, and 2) ~~

o A=Kklg,z]/(g9—1, 2P), with A(g) =g®g, A(z) =z1+1®@uz.
e B=K|g,z]/(g? -1, 2P), with A(g) =g®g, Alx) =2@1+g®@z
o C=k{g,2)/(9" = 1, aP, zg — {gx), with A(g) = g @ g, Alx) =
r®@1+1®a.
Next, we find case by case the indicators of these associated graded Hopf
algebras.

Case A. Note that A = k[g]/(¢9¢ — 1) ® k[z]/(2?), with A(g) = g ® g,

and A(z) =2 ® 14 1® z. Following from the counting argument,

va(klg]/ (9" = 1)) = #{h € (9) [ 1" = 1(»)},
we have
vn(k[g]/(g7 — 1)) = xq(n) (mod p), forall n>1.
By [9, Corollary 3.9], it follows that
vn (K[z]/(2”)) = xp(n) (mod p), forall n>1.
Therefore,
Un(A) = xp(n)xq(n) (mod p), forall n>1.

Case B. The comultiplication on the basis elements is given by
J

Alg'a’) =3 @ g @ g'at.
k=0
Let A« = d1-p,p—1 € B*. Then
1, ifj=p—landi=1-—p (mod q);
0, otherwise.

591*?’11’*1 (gin) - {

On the other hand,
J

D <i>g'““f” Bgierar-r (g°2%)
k=0

_ {nglpr— 1, fj=k=p—landi=1—-p (mod q);

0, otherwise.

MISSOURI J. OF MATH. SCI., FALL 2018 181



S. CHEN, T. LIU, L. WANG, AND X. WANG

Therefore, by [I, Lemma 2.3], Ap« = 0g1-pyp—1 is a left integral of B*.
Next, consider the element Ap = (1 + g+ -+ g7 )P~ € B. Tt is
clear that xtAp = 0 = e(x)Ap and gAp = Ap = £(g)Ap. Hence, Ap =
(1+g+---+g? H)aP~1 is a left integral of B. It is clear that Ag«(Ag) = 1.
Following Theorem 2.2 for n > 1 we compute

qg—1
Vni1(B) = Ap- (Aggﬂ]) S - (Z(gixpfl)[rwrl])_
i=0
Note that gz = zg and é(z) =2 ® 1 + ¢ ® . By Lemma 2]
p— 1 n 4 cdnky
Vnt1(B) = Z ( )591;7 (gln it 2hote k)
02 ki, kna
<i<qg—1
k14 +kny1=p—1
For any fixed nonnegative partition kq, ..., ky,41 of p — 1 we have
q—1 f .
S G (DR k) L, ifgtn+1;
— g qégl—p (gk1+2k2+...+nkn), ifq | n-+1.

Hence, for ¢ fn + 1, we have
1 B
bt 1 \FL s B
1 n+1=p
For ¢ | n+ 1, we have

Va1 (B) = ) q(klf’_‘l )

Lk
k14 +kny1=p—1 » el
ki14+2ka+-4nk,=1—p (mod q)

Case C. Since A(z) =z ® 1+ 1 ® z, we have
A =32 ({)otet @ o'at

for the basis elements g’z for 0 < i < ¢—1and 0 < j < p—1. By a similar
argument as that for B, the element Ao+ = d,p—1 € C* is a left integral of
C*. Next, consider the element Ac = (1 +g+---+ g9 HaP™t € C. Tt is
clear that gAc = £(g)Ac. Note that xg = £gz. Then

eho = x(l+g+--+g7 HaP™t = (1+&g+---+(£9)7 " )a? = 0 = e(z)Ac.
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Hence, Ac = (1 + g+ -+ g9 1)aP~1 is a left integral of C. Again, by
Theorem and Lemma 2.4]

—

(gixpl)[nJrl])

=0
q—1 ‘ . . .
= pp—1 < ((51)" 4o+ 1)1’ g(n-i-l)zxp—l)
=0
a1l sieivntl _ g\ Pl _
= (Sxpfl <(n + 1)p*1$P*1 4 Z ((52_1711) g(n+1)zxp1>
i=1

It follows from Fermat’s Little Theorem that (n)?~! = x,(n) (mod p).
Hence, we have v,(C) = xp(n) (mod p) for any n > 1.

Note that A is self-dual, while B and C' are dual Hopf algebras. Hence,
we have v, (B) = v,(C). To see B* = C as Hopf algebras, we consider the
linear functionals X and G on B such that X (g‘z7) = 6, ; and G(g'27) =
80,;(1/€)". One can check that X is an (e,¢)-derivation of B (meaning
X(ab) = e(a)X(b) + (b)X (a) for any a,b € B) and that G is an algebra
map from B to k. By duality, we know X is a primitive element and G is a
group-like element in B*. Then, it is straightforward to check that the map
B* — C given by X +— x and G+ ¢ is an isomorphism of Hopf algebras.

In summary, the indicators for the non-group algebra cases 1)—4) can be
obtained by combining Proposition 23] and the three cases of graded Hopf
algebras. By adding the group cases shown in the beginning, we prove
Theorem [Tl Moreover, the fact that v,(B) = v,(C) gives the following
corollary.

Corollary 2.5. Let p, q be two distinct primes, n > 1 be an integer, and
q | n. The following combinatorics identity holds

p_l — ,p—1
> q(klkn> =" (mod p).

ki fhn=p—1
ki+2ka+-+(n—1)kn_1=1—p (mod q)
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