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ABSTRACT. We classify jets of Monge forms of generic surfaces in 4-space via projective
transformations, which is an extension of Platonova’s result for surfaces in 3-space.

1. Introduction

We are concerned with the local projective geometry of smooth surfaces
in the real projective space P*. In the present paper, we classify jets of
generic surfaces via projective transformations, which is called the projective
classification.

For surfaces in P, Platonova [21, 22] completed the projective classifi-
cation of jets of generic surfaces, and various results concerning projective
differential geometry of surfaces have been given using normal forms of this
classification (cf. [1, 2, 11, 18, 21, 24]). An extension of Platonova’s result for
generic two parameter families of surfaces was obtained in [23] (see also [8, 10,
11, 20]). The same study for surfaces in 4-space was proposed in [2, page 61];
however, there have been no results. Theorem 1 in the present paper is the
answer to the proposal in [2].

Let M be a smooth surface embedded in R* C P* containing the origin
of R* where R* is identified with an open chart {[x:y:z:w:1]} C IP*
We write M in the Monge form as (z,w) = f(x, y) = (fi(x, »), f2(x, y)) at the
origin where f;(0,0) = df;(0,0) =0 for i =1,2. Two jets of surfaces at some
points are said to be projectively equivalent if there is a projective transfor-
mation sending one to the other. Our result is the following.

THEOREM 1. There is an open everywhere dense subset (0 of the space
of compact smooth surfaces M in P* such that the germ at each point on
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Type Normal form Condition cod.
g | (% =y 4y +ap® + 2y, xp + ) a#0 0
I, (2 = ¥4 + 2y, Xy + Ya) - 1
I, (2 = ¥2 4+ 2y, Xy + Yy) - 2
s (x2 4+ p3 + vy, v+ ox® + xy5) a#0 0
Iy (2 + ¥ + vy, ¥2 + x3) - 1
15p (x? + yéy, y2 + xih3) - 2
Ty (2 + axy? 4+ 33 + yoy, xp + xi3) - 1
mp (2 +xp? +ap*, xy + By* + ) B.A#0 2
1y (¥% + ¥+ ox?y + iy, Y3+ ) by — by #0 2
u; (xp 4 ox> + dy, Y3 + ¥y) bos #0, an =0 2

Table 1. Strata of codimension <2 in the space of 4-jets of Monge
forms. Here ¢, =, apx'v/, Yy =3, . byx'y/, o f a;b;eR
are moduli parameters and A = 68 + 4o — 156+ 5. The naming of
each type comes from types of central projections of the surfaces
from view points on asymptotic lines (see Section 3).

M € O is projectively equivalent to a germ with the 4-jet of the Monge form
in Table 1.

The study of local geometric aspects of surfaces in 4-space is a relatively
new subject (see [4, 5, 6, 9, 12, 13, 17, 19]). In general, calculations on local
differential geometry of surfaces tend to be very complicated. Our classifi-
cation in Theorem 1 simplifies such calculations, since a lot of terms in 4-jets
of Monge forms are eliminated (see Remark 2). In addition, our normal
forms in Table 1 contain a lot of moduli parameters including coefficients
of higher order terms of degree grater than 4. They must be interpreted as
some projective differential invariants. For example, when we look at the
o/ -type of the central projection of the I71p-type surface germ, it is observed
that the central projection from a view point on the asymptotic line is .o/-
equivalent to Ps(c) : (x,xp? + cy*, xy + »3) where ¢ = a/f is a moduli param-
eter (see Section 3). The first author found also that « and f are expressed
by combinations of some cross-ratio invariants and they determine the topo-
logical type of BDE (binary differential equations) of asymptotic curves in
[6].

In Section 2, we consider a stratification of the 4-jet space of Monge forms
via projective transformations, and obtain simple normal forms of jets of
Monge forms. This gives the proof of Theorem 1. Section 3 is an ap-
pendix, showing the complete stratification of the jet space of Monge forms
induced from the .o7-classification of central projections. Although the result
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of Section 3 was implicitly given in the Ph.D. thesis [14] of Mond, we believe
that this explicit style will help the readers.

2. The classification of Monge forms by projective transformations and
proof of Theorem 1

In this section we consider the classification of jets of Monge forms
of generic surfaces by projective transformations. The projective linear group
PGL(5) is defined as the quotient space GL(5)/~, where 4 ~ A’ if there exists
a non-zero constant A such that 4 = A4’. For a natural number 7, let V,
denote the space of polynomials in x, y consisting of monomials of degree
greater than 1 and less than or equal to /, then V, x ¥, means the /-jet space
of Monge forms of surfaces in P*. We define the following subgroup

G(5) := {¥ € PGL(5)| ¥(0) = 0, ¥(W) = W}

of PGL(S), where 0=[0;0;0;0;1] is the origin and W is the xy-plane in
R*. G(5) forms a 16-dimensional subgroup of PGL(5) and acts on V, x V.
Thus ¥V, x V; can be stratified into strata of G(5)-orbits. In the following,
we use the word ‘“‘codimesion” to mean the codimension of a stratum in
Vyx Vy.

Let f=(f1,/;) and g = (g1,92) be Monge forms of surfaces. We say
that the k-jets of these Monge forms are projectively equivalent and write
j*f ~ jkg if there exists a projective transformation ¥ € G(5) which transforms
one to the other. In this paper we check the equivalence of jets of Monge
forms in the following way. With the coordinate (x, y,z,w) of R*, a pro-
jective transformation ¥ € G(5) is regarded locally as a diffeomorphism germ
R* 0 — IR* 0 given by

S”(x,y,z,w): ‘Il(xay»ZaW),qZ(xayaZaW)"]3(96,)’»27“’)7614()67)’,2»”’) ,
P(X7y7Z,W> P(X>J/7Z7W) p(x7yasz) P(%)@Z’W)

where ¢; = gix + qny + gz + qisw, for i=1,2, ¢; =gz + quw, for j=3,4
and p =14 pix+ pay + p3z + psw. Define

Fl(xayazﬂw) fﬁ(ql (’]2)

p’p
F2(x7yazaw) :%_f2<ﬂ7@)
V4 p P

Then

Fi(x,y,91,92) = Fa(x, ,91,92) = o(k)
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Type Normal form cod.
elliptic (x2 — %, xy) 0
hyperbolic (x2, »?) 0
parabolic (x2,xy) 1
inflection (x? 4+ »2,0) or (xy,0) 2
degenerate inflection (x2,0) 3
degenerate inflection (0,0) 4

Table 2. The classification of J?(2,2) (which is
equal to the 2-jet space of Monge forms [ =
(f1, f2)) by GL(2) x GL(2)-actions given by Gibson
in [2].

implies j*f ~ j*g (0 is Landau’s symbol). Hence, to check the equivalence,
we have to solve algebraic equations F; = F, = o(k) in terms of ¢;s and p;s
for a given Monge form f = (fi, f2) and some simplified normal form g =
(91,92)-

We begin with simplifying 2-jets of Monge forms, then deal with higher
jets. However we stop this process with the 4-jets. This is because, the
dimension of G(5) acting on the jet space of Monge forms is just 16, and it
does not give so good normal forms for higher jets. In addition, we only have
to treat strata with codimension < 2 when considering generic surfaces, which is
verified by the natural extension of a transversality theorem by J. Bruce in [3]
(see also [5]).

2.1. 2-jet. We first deal with the classification of 2-jets of Monge forms. In
the 2-jet space, the condition Fy = F, = 0(2) for any j’f,j?ge V, x V5 gives
equations of just g;1, g2, gj3, ¢4 With i =1,2 and j = 3,4, and the classification
by projective transformations is reduced to the classification of V, x ¥V, C
J?(2,2) by the natural action of ¥ = GL(2,R) x GL(2,R). The %-orbits are
classified in [2] described as in Table 2. We classify now the higher jets of
germs with a 2-jet in Table 2.

2.2. Elliptic case. Suppose that jf = (x*> — 2 xy) and write

P ) = (xz =Py Y b@'/x"yj>
i+j=3 i+j=3

where a;,b; € R. The following equivalence

]3(ﬁ7ﬁ) ~ (X2 - y2+y2¢laxy)7
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is given by the projective transformation ¥ with
q1 = X + b3z + (—aa1 + b1a — b3o)w, q2 =y — bz + (=ba1 + bos + azo)w,
q3 =z, gs =w, p =14 (azo + 2bo3)x + (2b1p — ax1) y.
Here ¢, means a homogeneous polynomial of degree k. Consider
) = (xz =P Y ey Y dijxiyj>
i+j=4 it+j=4
where ¢, d; € R, then
FH L) ~ (= 32+ 2y + 62), 50 + ba),

by ¥ with g1 =x, =y, 3=z, ga=w, p=1+ ca0z + c3w.
Write ¢; = ¢i1ax + Co3y. Then

(X2 = 32+ x9? + 0’ + y2y, xy + 4y) if C12, 03 # 0;
FHL L)~ (= 22+ 93+ V2, xy + 4y) if ¢o3 #0,¢120 =0;
(x* = ¥2 4 Y2y, xy + dy) if ¢, = o3 =0.
where « € R, o # 0.

2.3. Hyperbolic case. Suppose that j?f = (x?, y?) and write
P ) = (Xz + D@y Yy b@/xiyj>
i+=3 =3
where a;,b; € R. The following equivalence
P ) ~ (8 +ay’, y* + byox?)

is given by the projective transformation ¥ with

1 1 1 1
g1 =X +§(—aso +b12)z — 5w, @=y-— Ebzlz +§(a21 — bo3)w,

q3 =z, qa =W, p=1+bux+any.
We can eliminate two more coefficients in the 4-jet. Put
JUhf) = <X2 +any’ + Y e’y P+ baoxd + Y dijxiyj>
i+j=4 i+j=4
where c;;,d; € R, then

FHAL L) ~ (X +apsy® + yés, 7+ byox? + xy3),
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by ¥ with g1 =x, 2=y, ¢3 =2, g4 =w, p =1 — c40z — dopgw. Here ¢y and 5
mean homogeneous polynomials of degree 3.
Then

(X2 4 y* + vy, y? +oxd + xihy)  if ags, by # 0;
FUAR) ~ S (324 9P+ vy, ¥+ xiy) if ap3 #0 and b3y = 0;
(x? + yds, y* + xh3) if a3 =b3 =0

where o€ R, o # 0.

2.4. Parabolic case. Suppose that j*f = (x?, xy) and write
P h) = <x2 + > agx'y oy + > bijxiyj>
i+j=3 i+j=3
where a;,b; € R. It is easy to show that
P 1) ~ (324 anxy? + aps y*, xy + baxy* 4 bezy?)

where by = by —Lax. If ag3 # 0, then

F(fis o) ~ (3% 4 (a2 + 3bo3)xp? + a3 p*, xy)
with the equivalence given by ¥ with

(—b12aos + 3anbos + 3b%)

q1 = X — 3 w,
b b2 (arnbos — agsb bo3(2b%, + bira
L 3 (a2 033 03 12)2_ 03 ( s ] 12 03)w7 P
do3 43 43
b bi(ap +b —2b1rays + 4ayrboz + 3b7
do ="z 4w, p=1+ 03 122 os)x_( 12403 12003 03))).
aos ays ao3

Then the 4-jet can be written in the form

FHAL L) ~ (P +axy® + 37 + v, xy + xips3),

where o = w”t?f"”, ¢; and 3 mean homogeneous polynomials of degree 3.

If a3 = Ombut apy # 0, we obtain

P ) ~ (4 x% x + )
with the projective transformation ¥ given by
g1 = apx + apbpw, qQ =Y, q3 = a12227

qa = apw, p=1+42bpy,
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where = %. If we put

FALS) = <x2 +xp7 Y apxy oy + B+ ) bzyxiy’)a
i+j=4 itj=4
then f # 0 leads to
LR ~ (P + 07 + @yt xy + By + ¢y)

by a projective transformation ¥ with

1
g1 =x+ E(fqgl + p1)z + (3Bga1 — 3q21)w,

1 1
¢ =Y+ qux+ 5(—2&]31 + 31 + prga1)z + E(_qgl + p1)w,

q3 =z, g4 = qnz +w, P =14 pix — (=6Bq21 — 4q21) y + p3z + paw,

where p; :%51, p3 = %éz, Da = %53, g1 = — 42, & are combinations of the
coefficients of the 4-jet, 4 = 68> +4& — 156 +5+#0 and & = asy. Note that
the terms with degree 4 of j*(f!, f?) can not be removed if 4 =0. The ¢, is
a homogeneous polynomial of degree 4.

2.5. Inflection case. Suppose that j2f = (x> + y?,0) and write
P h) = <x2 +r Y apxy Y bi/‘x"yj>-
=3 i+j=3

Let b3y — byp #0. It follows that

P h) ~ <x2 + 7 oy, Y bijxiy’)

i+j=3
by ¥ with

asp —dp

q1 = X, 42 =D, 6]3:Z+mw»

q4 = W,

_axbi —anby  azbos — ainbos — apzbso + dozbin ’

=1 X
P b3() — b12 b30 - b12

where o is a scalar constant. Now, we take

JH s ) = (xz +Faxly+ Y ey g+ Y dz/xiyj> ;

i+j=4 i+j=4
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where c;,dj € IR, then it follows that

PR ~ (24 + axy + s, by + dy)

by Y withqi =x, 2=y, ¢33 =z, ga=w, p=1+caz. Here ¢, and y;, mean
homogeneous polynomials of degree k.
Next, suppose that j2f = (xy,0) and write

P h) = (Xy+ > agx'y, Y bijxiyj>~
i+j=3 i+j=3

If by3 # 0, then

PhL L) ~ (xy +ox, Z bijxiyf>

i+j=3

by ¥ with

0.
q1 = X, q9 =), q3:Z+_3Wa qa =w,

a» boz — ap3bay ainbos — ap3bin
X+

P bo3 bo3

where o is a scalar constant. Finally, we consider
) = (xy+o<x3 Yy it Y dz-jx"yf),
itj=4 i+j=4
where ¢, d;j € R. Thus, it follows that
]4(f17f2) ~ (XJ’ + OCX3 + E47¢3 + ¢4)

by ¥ with ¢y =x, 2=y, ¢3=2z, ga=w, p=1+cpnz. The ¢ means a
homogeneous polynomial of degree k and &, is a homogeneous polynomial of
degree 4 without the term x2y2.

3. Appendix

Consider a point p € P* — M, which is sometimes called a view point, and
define 7, : P* — {p} — IP? as the canonical projection which maps x e IP* — {p}
to the line generated by x — p. The central projection of the surface M from
pelP*— M is given by the composite map

— . 3
Ppomi=mpot: M — TP

(see also [23]).
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Name Normal form .o/,-cod.
immersion (x,»,0) 0
cross-cap (x, ¥%,xp) 0

SiE (x, p2, y3 £ xktly) k=1,2,3,4
Bif (x, y2, X2y + p%+1) k=234
ct (x, y2, xy® + x*y) k=34
H} (x,xy + y3*=1 3 k=234
Ff (x, 2, %%y + )7 4

Ps(c) (x,xy + y3, xy% + ey®), c#O,%,l,% 3

P4(0) (e, xy + ¥, 0% 4+ )7) 4

Py(d) (x,xy+ 302 + 14 +)9) 4

Py(1) (x,xp + 2 xp% 4yt 4 0 4

P4(3) (x,xy+ 3, 02 +3y4 +)d) 4

Ry (v, xp + y0 +byT xp? + yt 4 o) 4
T, (x,xy + »3, p%) 4
Xy (x, y3, X2y + xp? + y%) 4
Yy (x, y3 — x2p, xp? + y%) 4

Table 3. The .«7-classification of germs of IR?,0 — IR? 0 of
corank one with .«Z,-codimension < 4 [14, 15].

Strata in Tables 1 can be divided into finer ones when we consider .o7-types
of germs of central projections. Here two map germs ¢,/ : R?,0 — R3,0 are
said to be .«7-equivalent if and only if there exist diffefomorphism germs o, t of
the source and the target at the origins such that h=togocg~!. In Mond’s
Ph.D. thesis [14], he first obtained the .o/-classification of map germs R? 0 —
IR3,0 of corank one as in Table 3 (see also [15, 16]). Then he calculated the
condition for a surface germ to allow each .o/-type as the singularity of the
central projection. Thus we can obtain the finer stratification of the jet space
of Monge forms from his calculations. Table 4 shows the list of the above
finer strata with codimension < 2.

Finally we briefly explain the notations in Table 4. We say that a line on
the tangent plane at a point x € M is an asymptotic line of M if the germ of
¢, m at x is equivalent to one of singularities worse than the crosscap (So-type)
for all view points p on the line. The fourth column in Table 4 shows types
of central projections from view points on asymptotic lines. Since the .«Z-type
of the central projection depends on the position of the view point p € P* — M,
the table is a little bit complicated. In general, for almost all view points on
the asymptotic lines, central projections of surfaces give the less degenerated
o/ -types of singularities such as Sy, By, H>, H; and P3(c¢). On the other hand,
some degenerated singularities appear for view points at some discrete points
on asymptotic lines. The types written inside brackets in Table 4 mean the
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Type Name cod. Projection
i e 0 .
IIs I 55 0 S1(82) [ S1(S2)
1 53 1 S1(83) | S1(S2)
IIg 5 2 S1(83) [.51(53)
1154y 2 S1(84) | 51(82)
Iy | Hpcg3 1 By (B3, C3) | S1(S2)
I pc(3, ) 2 By (B3, C4) | S1(82)
Hgri 4 2 By (B3, Fy) | S1(S2)
Hei 3 2 By (B3, C3) | S1(S3)
I pca,3) 2 By(By, C3) | S1(S2)

Ihp | ez | 2 | Ba(Bs, Gs) | Ba(Bs, G3)

Iy HH(Z) 1 H,
HH(4) 2 H;(Hy)
1Ip I p) 2 Ps(c)
mf af 2 S1,82(S3), B»(B3)
1y Iy 2 | 81,8:(83), Ba(Bs), Ha

Table 4. Strata of codimension <2 induced
from the .o7-orbits. i=1,2 or 3.

latter types which appear for special view points. For instance, a surface germ
of the I1pp(3 4)-type has two asymptotic lines. The central projection gives
the B-type for almost all view points on one side of the asymptotic lines, and
the By and Fy-type for some discrete view points on the same line; it gives the
Si-type for almost all view points on the other side of the lines, and the S,-type
for some discrete view points on the line.

ReMark 1. (1) Surface germs of the elliptic type (/1g,, I1g, and Ilg,)
have no asymptotic lines.

(2) Surface germs of the hyperbolic type (I1s, IIp and I1,z) have two
asymptotic lines, and the vertical side line in the column distinguishes types of
singularities for the above different asymptotic lines.

(3) Surface germs of the ITy or IIp-type have only one asymptotic
line. It is interesting that there are no special positions on the asymptotic line
for the 17y, or Ilp,-type. That is, the central projection gives the same types
of singularities for all view points on the asymptotic lines.

(4) For surface germs of the inflection types (II; and I1;), central
projections give the S;-type for almost all view points on the tangent planes.
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There are some special lines on the tangent plane, and the central projection
gives more degenerate singularities noted as S>(S3), B2(Bs3) or H, (the use of the
bracket follows the previous convention). The configurations of these singu-
larities are given in [4].

REMARK 2. In [14], we can see the explicit conditions defining strata in
Table 3. Since Mond’s calculation begins with the general Monge forms f =
(X itje2@X'y!, 30 o0 byx'y?) with a;, by € R, the list of conditions are very
big. By using normal forms in Table 1, the conditions can be made relatively
small. For instance, take the Monge form of the ITs-type, and write f =
(X + 9P+ 20 g agxy y? o £ 37,0 byx'y)) with o, ay, by € R, o #0
and a40 = bps = 0. Then the conditions as; - b14 # 0 and az; = b1z = 0 deter-
mine the proper stratum of the I7 s(3)-type.
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