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ABSTRACT. In this paper, we attempt to select a working correlation structure for
generalized estimating equations. We propose a selection criterion based on the Stein’s
loss function. Our criterion consistently selects the true correlation structure when the
unknown parameters are sqrt(n)-consistent, where » is the sample size. We demonstrate
the performance of the proposed methodology by a numerical study.

1. Introduction

In the longitudinal data analyzed in biomedical and epidemiological
researches, it is often the case that the responses within individuals are
dependent. The generalized estimating equation (GEE) approach was devel-
oped by Liang and Zeger [13] for estimating regression coefficients in such
correlated data; it is an expansion of the likelihood equation in the gener-
alized linear model (GLM) that was proposed by Nelder and Wedderburn
[14]. Using a GEE relaxes the assumption of joint distribution for the
observations. We can use the GEE by only assuming a marginal distribution
of each response and a working correlation structure, which is allowed to
include an unknown parameter. Furthermore, under certain conditions, the
GEE estimator is asymptotically normally distributed and consistent even when
the working correlation structure has been misspecified (see, [13]). However,
some studies have noted that a misspecification of the working correlation
structure may induce undesirable results. For instance, Crowder [4] showed
that a misspecification of the working correlation structure may ruin the
asymptotic normality of the GEE estimator, since the parameter of the working
correlation structure may not be minimized in the interior of the parameter
space. Fitzmaurice [6] showed that a GEE estimator is less efficient when
the independent structure is assumed to the working correlation matrix. Thus,
it is important to adequately determine the working correlation structure,
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although the primary use of the GEE approach is to estimate the regression
parameter. Although we can estimate the correct correlation structure by
using the unstructured correlation matrix, it is better not to use this as the
working correlation matrix, since it may increase the variance of the GEE
estimator unless the response has low dimensionality or the sample size is suffi-
ciently large. Thus, we often wish to obtain a correct and lower-dimensional
correlation structure.

Recently, a number of papers have considered the selection of the working
correlation structure. The Akaike information criterion (AIC) derived in [1]
and the Bayesian information criterion (BIC) derived in [19] are often used to
select the best model, due to their theoretical validity (see [15] or [18] for
example). For example, the BIC and its generalization, the GIC derived in
[15], can be used to select the true model since their selection probabilities of
the true model goes to 1, which is called the consistency. Information criteria
are typically based on the maximum log-likelihood and some penalty terms.
Since the GEE approach does not assume a joint distribution of responses, Pan
[16] considered using the quasi-likelihood instead of the likelihood and derived
the quasi-likelihood under the independence model criterion (QIC), which is an
AIC-type criterion. These criteria may be used to select a subset of explan-
atory variables rather than a working correlation structure. The correlation
information criterion (CIC) was derived in [10] from the penalty term of
the QIC, and this improves the selection of the correlation structure. In
addition, there have been some methods proposed for selecting the best
working correlation structure. Pan [17] attempted to select the working
correlation structure that minimizes the mean squared prediction error esti-
mated by a resampling method. Hin, et al. [9] proposed a criterion based on
a measurement between the true correlation and the candidate correlation
structure. Chen and Lazar [2] used an empirical likelihood approach to
construct a model selection criterion. All of these works use different ways
to measure the difference between two matrices. Although there are more
studies that have considered the selection of the working correlation structure,
little attention has been paid to the theoretical properties of these criteria.

The primary aim of the present paper is to propose a GIC-type criterion
that can be used to select the true correlation structure. Furthermore, we
attempt to determine sufficient conditions for the GIC-type criterion to be
consistent. Since we do not assume a joint distribution, as discussed above,
we need an alternative measurement. Thus, we consider to use a loss function
instead of the likelihood. In this study, our criterion is constructed based
on Stein’s loss function derived in [12], which is one of the famous loss func-
tion for matrices. Moreover, we can show the consistency property of our
criterion.
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The present article is organized as follows: in Section 2, we introduce the
GEE; in Section 3, we propose a criterion for selecting the true correlation
structure; in Section 4, we derive its asymptotic behavior; in Section 5, we
demonstrate the performance of our criterion with finite samples by presenting
a numerical study; in Section 6, we present a discussion and our conclusions.

2. Generalized estimating equations

In this section, we introduce the GEE approach. For individuals i =

1,...,n, we have an m-dimensional response vector y; = (yji,..., Vin) and an
m x p explanatory variable matrix X; = (x;1,...,%;). We allow the compo-
nents of y; to be correlated, but we assume that y,,...,y, are independent.

Furthermore, we do not predetermine the distribution of each y,. In the GEE
approach, we assume the marginal density function of y; to be the GLM, i.e.,

S (yiss O, ) = explg™" {0;p — a(05)} + by, §)),

where a(-) and b(-) are known functions, the unknown parameter 0; is referred
to as the natural location parameter, and ¢ is referred to as the unknown scale
parameter. Suppose that 0; € O°, where ©° is the interior of the natural
parameter space @. In order to use some of the properties of the MLE, we
assume regularity assumptions; for details, see [5]. A linear predictor 7; = xl’/
is related to u; = E[y;] by a link function A(-), i.e., h(p;) = #n;, where f is a
p-dimensional unknown regression coefficient. From the properties of the
GLM, w; = da(0;)/00; and Var[y;] :¢62a(95)/803j. By using a working
correlation matrix R, the covariance matrix of the ith observation y; is
assumed to be

Vl‘:¢Al~1/2RA[1/27 i:17...,n’ (1)

where A; = diag{0%a(0,)/003,...,0%a(0,,)/00}}. Examples of the working
correlation structure are

Independent (Indep.) : R =1,
Exchangeable (Ex.) :(R), = a,
AR — 1 L (R); = a/7H,
Unstructured (Unst.) : (R); = i,

where (R); denotes the (j,k)th element of R, and o and oy are correlation
parameters. Note that R is symmetric and its diagonal elements are all ones,
since it is a correlation matrix. Using this notation, the GEE is defined as
follows.
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DerFiNiTION 1. The GEE for f with a working correlation matrix R is
defined as follows:

ZD; Vfl(Yi —u;) =0y, 3)
i=1

where D; = A;4;X;, A; = diag{ou(n,;)/0n;1,--.,0u(®;,)/n4}, u(;y,-j) = 0;, and
V: was defined in (1).

Denote #(R) as the GEE estimator with R, which is given by solving (3)
with respect to f. In actual use, unless R is a constant matrix, we need to
estimate R. Let a be a correlation parameter constructing R, i.e., R = R(a).
There are several methods for estimating a; see [21]. In Section 5, we estimate
a by using a moment-based method.

3. Selection of working correlation structure

In order to select the true correlation structure, let .# be a set of
working correlation structures. For instance, the elements of .# are some
particular working correlation structures introduced in (2). Examples with (2)
are illustrated in Section 5. We assume .# to involve at least one correct
correlation structure. Let R, be the true correlation matrix. For theoretical
purposes, we divide .# into the over-fitted set .#" and the under-fitted set
M, 1.,

M ={Re.dPacA st R(a)=R.},
where 4" is the parameter space, which is a compact set and .4~ = .4/\.4".
For all Re./Z", we assume that there exists @ € #° such that R(a) = R.,
where #°* is the interior of #". Let the true correlation structure be Ry, which
has the fewest number of parameters among .# ™.
Let g;, A;, and ¢ be estimators of y;, A;, and ¢, respectively. For selecting
Ry from .#, we define the following discrepancy function that is based on
Stein’s loss function:
SL,(R) = nlog det(R) + n tr(RyR™"), 4)
where
R
’ 1, j=k, (5)

b= Gy i) = A7 (51— ).
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It is known that for any correlation matrix R,
log det(R) + tr(R™'R,) > log det(R,) + m

holds with equality if and only if R = R,. Stein’s loss function is almost the
same as —2 x the Gaussian log-likelihood. Crowder [3] and Wang and Carey
[21] considered using the Gaussian log-likelihood for estimating the unknown
parameter.

Recall that one of our aims is to derive a GIC-type criterion. The GIC
is defined as —2 x the maximum log-likelihood + the number of parameters
x the tuning parameter. By using (4) instead of the likelihood for y;, we
consider a GIC-type criterion as follows.

DeriNiTION 2. For a working correlation structure R = R(a) € #, the
GIC-type criterion is
GICV;: (R) = SL" (k) + qVns (6)
where R = R(@), a is an estimator of a, ¢ is the number of elements in a, and
y, 1S a tuning parameter.

Note that in the definitions of (4) and (6), we have neither specified the
working correlation structure for estimating the GEE estimator /5’ nor the
way how to estimate ¢ and a.

By minimizing the GIC, the best working correlation structure is obtained.

DermNiTION 3. The best correlation structure selected by the GIC pro-
posed in (6) is
Ryes; = argmin{GIC, (R)}.
Re.u

Note that Ry, depends on the data as well as the way in which ¢ and a
are estimated.

4. Properties of criteria

In this section, we show the consistency of the GIC proposed in (6). Sup-
pose that the mean structure has been correctly specified. The proof can then
be obtained in a way similar to that in [15]. The following assumptions are
sufficient conditions for the consistency of the GIC:

(Cl) For all Re ./, f—f=0,(n""?) and ¢ —¢=0,(n"'/?).

(C2) u(n;) is continuously differentiable.

(C3) For all Re /", a—a=0,(n""/?) and R(-) is differentiable func-

tion at @, where a satisfies R(a) = R..
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Note that if we consider f = ﬁ(lm) and
$=> &é&/(nm—p), (7)
=1

where & is defined in (5), then it follows from [13] that the condition (C1) is
established under the condition (C2). Under the conditions (C1)—(C3), an
evaluation of the selection probability for an over-fitted correlation structure
is obtained.

THEOREM 1. Under the conditions (C1)—(C3), for all R € #\{Ro}, when
Vn = 0,

lim Pr(Rpes = R) = 0.

n—aoo

Proor oF THEOREM 1. Denote ¢ and ¢, as the number of elements of
correlation parameter for R and Ry, respectively. From Definition 3, the
selection probability of R is

Pr(Rpey = R) < Pr{GIC, (Ro) > GIC, (R)}
= Pr{SL,(Ro) — SL,(R) > (q — ¢.)7,}. (8)

We evaluate SL,(Ry) and SL,(R). Under the conditions (C1)—(C3), for all
Re . .#7, it is established from the Taylor theorem that

n'2|(R)y — (Rl = n'?|(R(@)) — (R
< n'*0(R(@));./ 0ol |a — l,

where R(a) =R, and @ is a g-dimensional vector between @ and a. Hence,
it follows from a —a = 0,(n'/?) that

R—R.=0,(n"'?. (9)

On the contrary, let
N 1/2 1/2
* - - I g
Ry =¢ ZAi (Vi —m)(yi —m) A" /.
=1

Since all elements of Rj, are a differentiable function of f and B— Bl =
0,(n!/?), it follows from a Taylor theorem that

Ry — R}, = 0,(n”'?).
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Note that in ©°, a(0) is a C*-class function and all of the orders of the
moments of y; exist and are bounded for all » under the regularity assump-
tions [5]. Additionally, these assure that the maximum eigenvalue of A, is
upper bounded. Therefore, since the variance of /n|(Ry); — (R.);| is also
upper bounded. Hence, by applying the Chebyshev inequality, for all J > 0,
there exists a positive constant C such that

Pri{vn|(Ry); — (R.); | 20} < C,
where 1 < j,k <m. From this result
R;; =R. +0,(n"'7).
Hence,
Ry =R.+0,(n"'?). (10)

From (9) and (10), @ = R;'*RR,'* —I,, = 0,(n""/?). Hence, for all /=

l,...,m, 2/(2)=0,n""?), where Ji,(A) is the /th smallest eigenvalue of
A for any matrix 4. Hence, by applying a Taylor expansion, for all
(=1,...,m,

log{1+ 2/(@)} = 7/(2) — 4,(2)* /2 + 0,(n /%),
{1+ 2,2} =1-2/(2) +2/(2)* + 0, (n").

Hence,

log det(I,, + 2) = zm: log{1 + 2,(Q)} = tr(Q) — tr(2%)/2 + 0,(n~*/?),
/=1

m

tr{(I, + )"} = Z{l + 0, (@)} =m —tr(Q) + tr(Q%) + 0,(n ).
P

By substituting above results into (4),
SL,(R) = nlog det(R) + n tr((RyR™")
= nlog det(Ry) + n log det(RR;') + n tr{(I,, + 2)'}
= nlog det(Ry) + n log det(I,, + ) + n tr{(I,, + ) '}
n log det(Ry) + nm + n tr(2%)/2 + 0,(n~'/?)
)

nlog det(Ry) +nm + O,(1). (11)
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It follows from (11) that SL,(Ry) — SL,(R) = O,(1). Note that the defi-
nition of Ry implies that ¢ — ¢. > 0 holds. By substituting these results into
(8), since y, — oo as n — oo, then

lim Pr(Rp.ss = R) = 0. O

n—oo
A similar result can be shown for the under-fitted structure.

THEOREM 2. Under the conditions (C1)—(C3), for all Re .#~, when
Vuln =0,
lim Pr(Rp.s = R) = 0.

n—oo

ProOOF OF THEOREM 2. As in (8), the selection probability of Re .#Z is
evaluated as

Pr(Rpey = R) < Pr{SL,(Ro)/n — SL,(R)/n > (¢ = ¢.)7,/n},

where ¢ and ¢, are the number of elements in Re .#~ and Ry, respectively.
SL,(Ry)/n— SL,(R)/n can be separated by using

p(4) = —log det(A4) + tr(A) —m
as follows:

SL,(Ry)/n — SL,(R)/n

= —log det(Ry") + tr(RyR; ") + log det(R™") — tr(RyR™")

= —log det(RyR; ") + tr(RyR;") — m + log det(R.R™)
—tr(R.R") + m+log det(RyR") — tr(RyR") +m
—tr{(RuR,' — I,)(RR™"' — 1,,)}

— p(RuR;") — p(RR™) = p(RyR")
—u{(RuR" = L,)(R.R" —1,,)}. (12)

It follows from Ry — R, and Ry — R. in probability under the conditions
(C1)—(C3) that

p(léUI}(;l):017(l)v p(RURﬁ:l):OP(I)' (13)

Let ¢=infyec s p(R.R(a)™"). If ¢=0, from the compactness of %
there exists a sequence {a,|/ =1,2,...} such that ¢, — a. € #" which satisfies
p(R(a;)"'R,) — 0. Since p(A) is a continuous function on .7, = {4 | p(A4) < L}
for all L > 0, R(a.) = R, holds which contradicts that R e .#_. Hence, ¢ >0
is established.
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Here, for all 4,B € </, and 1€ [0, 1]
ip(A) + (1 —1)p(B) — p(t4 + (1 — 1)B)

= log det{tAB~' + (1 — 0)I,,} — log det(tAB~")

m
= llog{ti/(AB™") + (1 — 1)} — log{ti,(AB™")}] = 0.

(=1

The last inequality is established from the fact that the logarithm is
concave. Hence, p(tA + (1 —1)B) < tp(A) + (1 — t)p(B) < L holds, and then
tA+ (1 —t)B e o/y. Therefore, o/, is a convex set.

Let Ay =1, + (R 'R, —1,). Then, p(dj) =p(I,)) =0 and p(dy)) =
p(R7'R,) > c¢. Since for all L >0, .7 is the convex set and p(-) is con-
tinuous on .7y, there exists z€[0,1] such that p(4y) =c. It follows from
the convexness of g(t) = p(A4)) + tr{(RyR." — L,)(Ayy — 1)} that

/)(R*Ril) + tr{(kUR;1 - 1"7)(R*R71 - Im)}
={g(1) —g(0)} = {g(1) —9(0)}/t = g(2)
=c+tr{(RyR ' — I,)(4;y — I,)}

> ¢ — \Ji{(RoR " — 1,,)%} tr{(Ayy — 1,,)%)

> ¢~ \Je{(RuR" — 1,)7}b (14)
where
b = max{tr{(4 — I,,)*}| p(4) = ¢} > 0.

Denote E as the event that {tr{(RyR ' —1,)”} < c?/(4h)} and E° as the
complement of E. Under the event E, from (14), it is established that

PRR ) +tr{(RyR;' —L,)RR ' —I1,)} >c—c/2=¢/2. (15
On the other hand, we can see that
Pr{—p(RR™") — tr{(RuR" — I,))(RR™" —1,,))} < —¢/2}
= Pr{p(R.R™") + tr{(RyR" = L,)(R.R™" —I,,)} > ¢/2}
=1 Pr{p(RR") + tr{(RuR." = 1,)(RR™" — 1,,)} < ¢/2}
= 1= Pr({p(R.R™") + r{(RuR" = L,)(R.R™" —I,,)} < ¢/2} N E)

— Pr({p(R.R™") + tr{(RyR' — L,)(R.R™' — I,,)} < ¢/2} N E®).
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Thereby, it follows from (15) that
Pr{—p(R.R™") —tr{(RyR;' — I,)(R.R™' = I,,)} < —¢/2}
>1—Pr(E°) — 1, (16)

where the last convergence is established from Ry — R, in probability.
From (12), (13), (16), and (g — q.)3,/n — 0, for all Re.4",

lim Pr(Ryes = R) = 0. O

n—aoo

From these theorems, a sufficient condition for the consistency of our
criterion is obtained.

THEOREM 3. Suppose y, — oo and y,/n — 0. Under the conditions (C1)—
(C3),

lim Pr(Rbesr = RO) =1

n— o0

holds.

Proor oF THEOREM 3. The probability of the true correlation structure
selection is divided into two parts, as follows:

Pr(Rbesr = RO) =1- Pr(Rbest % RO)

>1- > Pr(Rpa=R)

Re.//\{Ro}
21— > Pr(Reey=R)— > Pr(Rus =R).
Re ./ \{Ro} Re.i~

From Theorem 1 and Theorem 2, it follows that

lim Pr(Rbest = Ro) =1. O

n— o0

5. Numerical study

In this section, we present a numerical study to illustrate the performance
of our criterion in a finite sample situation. We prepared y, =2, 2 log logn
and log n, respectively, as the AIC-type, Hannan and Quinn’s IC(HQIC)-type
proposed in [7], and BIC-type tuning parameters for the GIC proposed in
(6). For convenience, the GICs with y, =2, 2loglogn and logn are called
the AIC, the HQIC and the BIC, respectively. We compared some properties
of the AIC, the HQIC and the BIC with those of the QIC and the CIC. The
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QIC and the CIC for the working correlation structure R are defined as
follows:

n m

QIC(R) = "¢~ " Liay: yy) + 2 tr(V.Z),

i=1 j=1
CIC(R) = tr(V,E)),

where fi; is the estimator of w;, L(w;; yi) = yilog py; + (1 — yy) log(1 — py),
n
_ _ ! yr— _
Vs= ERI{ZDI{Vi 1(.Vi —m)(yi—m)V; IDi}ERla
i=1

n n
Zr=>_DV;'D, X =¢"'> D4 'D,
i=1 i=1

where ¥, and X, are estimators of ¥, and X, obtained by substituting the GEE
estimator B(R) and @ into B and a, respectively, and ¥, is defined in (1). Note
that the CIC is the same as half of the second term in the QIC. Throughout
this section, we assumed f = B(I,,) and that ¢ is as given in (7), for calculating
the GIC.

We prepared four candidate models, each with 50, 100, 200, 500 and 1,000
samples. For each sample, we had a four-dimensional response vector y;, =
(yit,---,via) and a 4 x 2 explanatory matrix X; = (x;,...,x4)". Let xX; =
(1,x;)', and assume that the x; were independent and identically distributed
as the uniform distribution U(—1,1). We assumed that y; was distributed as
B(1, p;;) according to a logistic regression model, ie., py =1/{1 +exp(—x;f)}
and = (1,—-1)". A set of candidate correlation structures .# was considered
in the following case, introduced in (2):

M = {“Indep.”, “Ex.”, “AR — 17, “Unst.”’}.

In all simulations, we assumed that the true correlation structure of y; was an
element of .#, as defined below:

Indep. : Ry = 14,
Ex.: Ry = I4/2 + 1,1;/2,  where 1, = (1,1,1,1),
AR-1: (Ry); =277H,
Unst.: Ry=H;'"HH;'?,  where H = (hy),_; oy = W'W + 1,
iid.

(W)jk ~ U(—l,l) and Hd:diag(h”,...,h44).
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The correlation parameter a was estimated for each candidate correlation
structure by using the following moment-based method:

Ex.ca= 370 500y &ylac/{nm(m —1)/2},
AR-1 = Y00 S ayd o [{n(m — 1)},

~ no A a
Unst. : a = Zizl 81‘/81‘/(/”-

Note that the conditions (C1)—(C3) held in this simulation setting. The BIC
satisfied the assumptions of Theorem 3 but the AIC satisfies only the assump-
tion of Theorem 2. For the situations described above, we simulated 1,000
repetitions.

In this numerical study, we considered three measurements to evaluate the
criteria: the selection probability of the true structure, the predictive mean
squared error (PMSE), and the average value of the variance of § (VAR) with
the best correlation structure selected by each criterion. The definitions of the
PMSE and VAR are

1 1000 n N7 2
PMSE : Z Z{lui{b)esr - 'ui}l Vi l{nui(,b)est - Iui}7
1000 yas e

1000 2

1 1000
VAR : ——
1000 ;

a0y _ 1 A1)
ﬂbest 1000 ; ﬂbe&r

)

where ﬁfﬁ?m and ﬁlgg, are the estimators of &, = E[y,] and B, respectively, with

using the best correlation structure in the /th iteration.

Tables 1-4 listed the results of the selection probability and the ratios of
the PMSE and VAR to the values of the BIC. From Tables 1-4, we could
look the consistency of the BIC, and we saw that on many occasions, the QIC
and CIC did not select the true correlation structure frequently. In all cases
except “Unstructured” with n =50 and »n = 100, the BIC performed better
than the other criteria. When the sample size was small, the improvements
from the BIC were especially good. In the “Unstructured” case, the AIC, the
HQIC and the CIC performed better than the BIC. This result implied that
the penalty term of the BIC was too big to select the ‘“Unstructured”
correlation structure when the sample size was not large in comparison
with the true correlation parameter. The QIC and the CIC might have a
tendency to select the over-fitted structure rather than the true structure.
Based on these results, we recommend using the BIC to select the true
correlation structure when the sample size is large. However, if the sample
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Table 1. Selection probability, predictive mean square error, and variance of ﬁ when the true
correlation structure is “Independent”

n IC |Indep‘ Ex. AR-1 Unst. | PMSE VAR

50 AIC 704 138 109 49 1.00 1.00
HQIC 824 91 66 19 1.00 1.00

BIC 924 44 30 2 1.00 1.00

CIC 39 50 52 859 1.05 1.06

QIC 121 103 124 652 1.01 1.01

100 AIC 714 120 123 43 1.00 1.00
HQIC 858 66 72 4 1.00 1.00
BIC 941 31 28 0 1.00 1.00
CIC 57 64 56 823 1.03 1.04
QIC 124 125 113 638 1.01 1.01

200 AIC 719 123 112 46 1.00 1.00
HQIC 870 62 65 3 1.00 1.00

BIC 956 21 23 0 1.00 1.00

CIC 54 49 56 841 1.01 1.01

QIC 116 106 130 648 1.00 1.01

500 AIC 716 119 124 41 1.00 1.01
HQIC 907 43 49 1 1.00 1.00
BIC 976 9 15 0 1.00 1.00
CIC 49 55 59 837 1.01 1.01
QIC 116 109 125 650 1.01 1.01

1000 AIC 727 103 119 51 1.00 1.00
HQIC 914 42 44 0 1.00 1.00
BIC 983 9 8 0 1.00 1.00

CIC 52 58 42 848 1.00 1.00
QIC 115 121 112 652 1.00 1.00

size is not large, we recommend using the AIC or the HQIC for a conservative
selection.

6. Discussion

In this paper, we proposed a GIC-type criterion based on Stein’s loss
function (the discrepancy between the true correlation structure and a working
correlation structure) in order to select the true correlation structure, and we
derived sufficient conditions for its consistency. Since the consistency of our
criterion is shown from the property of Stein’s loss function and the n'/2-
consistency of /? and a, we will be able to expand this class of criteria and
its consistency to general semiparametric frameworks. Moreover, it may be
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Table 2. Selection probability, predictive mean square error, and variance of ﬁ when the true
correlation structure is “Exchangeable”

n IC | Indep. Ex. AR-1 Unst. | PMSE VAR
50 AIC 0 680 39 281 1.02 1.01
HQIC 0 826 46 128 1.01 1.00

BIC 0 908 54 38 1.00 1.00

CIC 0 103 25 872 1.02 1.00

QIC 134 253 78 535 1.12 1.26

100 AIC 0 727 1 272 1.01 1.01
HQIC 0 899 8 93 1.01 1.01
BIC 0 974 9 17 1.00 1.00
CIC 0 121 8 871 1.02 1.02
QIC 112 291 69 528 1.14 1.21
200 AIC 0 703 0 297 1.00 1.00
HQIC 0 930 0 70 1.00 1.00
BIC 0 992 0 8 1.00 1.00
CIC 0 117 0 883 1.00 1.00

QIC 120 307 5

o

521 1.13 1.20

500 AIC 0 726 0 274 1.00 1.00
HQIC 0 959 0 41 1.00 1.00

BIC 0 1000 0 0 1.00 1.00

CIC 0 107 0 893 1.00 1.00

QIC 107 339 4

(o)}

508 1.12 1.18

1000  AIC 0 731 0 269 1.00 1.00
HQIC 0 968 0 32 1.00 1.00
BIC 0 1000 0 0 1.00 1.00
CIC 0 136 0 864 1.00 1.00
QIC 131 336 56 477 1.17 1.25

possible to show that the criterion based on other loss functions (such as the
quadratic loss function) has the consistency property.

Through the simulation results, we confirmed that the proposed criterion
with y, =logn often selects the true correlation structure in large sample
situations. Furthermore, this selection method improves the PMSE and the
variance of f§, which are of primary interest in the GEE approach. However,
when the true correlation structure is “Unstructured” and n is not sufficiently
large, the BIC-type criterion did not work well in the simulation. This may
arise from that the number of the correlation parameter for “Unstructured” is
too many with respect to the sample size.

In order to solve this problem, we consider two approaches. One is to
consider this situation as a high-dimensional setting, i.e., we allow the number
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Table 3. Selection probability, predictive mean square error, and variance of ﬁ when the true
correlation structure is “AR-1”

n IC | Indep. Ex. AR-1 Unst. | PMSE VAR
50 AIC 0 32 756 212 1.02 1.02
HQIC 0 38 883 79 1.01 1.01

BIC 0 38 940 22 1.00 1.00

CIC 0 13 118 869 1.04 1.05

QIC 105 126 264 505 1.15 1.24

100 AIC 0 3 802 195 1.01 1.01
HQIC 0 7 938 55 1.00 1.00

BIC 0 9 985 6 1.00 1.00

CIC 0 4 129 867 1.01 1.01

QIC 87 125 289 499 1.14 1.22

200 AIC 0 0 797 203 1.01 1.01
HQIC 0 0 951 49 1.00 1.00

BIC 0 0 997 3 1.00 1.00

CIC 0 0 123 871 1.01 1.01

QIC 78 140 307 475 1.12 1.19

500 AIC 0 0 803 197 1.00 1.00
HQIC 0 0 971 23 1.00 1.00
BIC 0 0 1000 0 1.00 1.00
CIC 0 0 120 880 1.00 1.00
QIC 81 152 296 471 1.11 1.17
1000 AIC 0 0 810 190 1.00 1.00
HQIC 0 0 985 15 1.00 1.00
BIC 0 0 1000 0 1.00 1.00
CIC 0 0 147 853 1.00 1.00

QIC 83 141 326 450 1.11 1.18

of correlation parameters to be as large as the sample size. This indicates that
the dimension of the responses m is assumed to be large. Another approach
is to construct a risk function based on Stein’s loss function and to derive a
bias-corrected criterion, as was done in [8, 11, 20]. We expect that these
approaches will yield more adequacy criteria or assumptions for selecting the
true correlation structure.
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Table 4. Selection probability, predictive mean square error, and variance of ﬁ when the true

(1]

(2]
(3]
(4]

(5]

correlation structure is “Unstructured”

n IC | Indep. Ex. AR-1 Unst. | PMSE VAR
50 AIC 41 1 51 907 093 091
HQIC | 113 4 98 785 095 094
BIC 326 3 179 492 1.00 1.00
CIC 0 1 2 997 093 092
QIC 31 21 167 781 0.99 1.00
100  AIC 0 0 4 996 0.99  0.99
HQIC 10 0 13 977 099  0.99
BIC 52 1 64 883 1.00 1.00
CIC 0 0 0 1000 | 099  0.99
QIC 24 16 163 797 1.06 1.04
200  AIC 0 0 0 1000 1.00 1.00
HQIC 0 0 0 1000 1.00 1.00
BIC 0 0 1 999 1.00 1.00
CIC 0 0 0 1000 1.00 1.00
QIC 13 8 174 805 1.08 1.06
500  AIC 0 0 0 1000 1.00 1.00
HQIC 0 0 0 1000 1.00 1.00
BIC 0 0 0 1000 1.00 1.00
CIC 0 0 0 1000 1.00 1.00
QIC 7 4 157 832 1.07 1.06
1000  AIC 0 0 0 1000 1.00 1.00
HQIC 0 0 0 1000 1.00 1.00
BIC 0 0 0 1000 1.00 1.00
CIC 0 0 0 1000 1.00 1.00
QIC 9 5 164 822 1.08 1.06
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