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Abstract. The best constant of Lp Sobolev inequality for a function with Neumann

boundary condition is obtained. The best constant is expressed by Lq norm of M-th

order Bernoulli polynomial. For Lp Sobolev inequality, the equality holds for a

function which is written by Green function with Neumann boundary value problem

for ð�1ÞMðd=dxÞ2M .

1. Introduction

Throughout this paper, we assume that p; q > 1 and 1=pþ 1=q ¼ 1. Let

us introduce Lp norm

kukp ¼
ð1

0

juðxÞjpdx
� �1=p

and the sequence of Sobolev spaces

WðX;M; pÞ ¼ fu j uðMÞ A Lpð0; 1Þ; u satisfies AðXÞg ðM ¼ 1; 2; 3; . . .Þ;

where the condition AðXÞ assumes

AðPÞ : uðiÞð1Þ � uðiÞð0Þ ¼ 0 ð0a iaM � 1Þ;
ð1

0

uðxÞdx ¼ 0;

AðAPÞ : uðiÞð1Þ þ uðiÞð0Þ ¼ 0 ð0a iaM � 1Þ;

AðCÞ : uðiÞð0Þ ¼ uðiÞð1Þ ¼ 0 ð0a iaM � 1Þ;

AðDÞ : uð2iÞð0Þ ¼ uð2iÞð1Þ ¼ 0 ð0a ia ½ðM � 1Þ=2�Þ;

AðNÞ : uð2iþ1Þð0Þ ¼ uð2iþ1Þð1Þ ¼ 0 ð0a ia ½ðM � 2Þ=2�Þ;
ð 1

0

uðxÞdx ¼ 0;
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AðDNÞ : uð2iÞð0Þ ¼ 0 ð0a ia ½ðM � 1Þ=2�Þ;

uð2iþ1Þð1Þ ¼ 0 ð0a ia ½ðM � 2Þ=2�Þ:

It should be noted that if M ¼ 1 the boundary conditions for u in AðNÞ and

for u on x ¼ 1 in AðDNÞ are not required. Now, let us consider Lp Sobolev

inequality:

sup
0aya1

juðyÞjaCkuðMÞkp ðu A WðX;M; pÞÞ: ð1:1Þ

In our previous work, we have obtained the best constant of Lp Sobolev

inequality (1.1) in some boundary conditions as follows:

boundary condition of Sobolev space p ¼ 2 1 < p < y (general case)

P (Periodic) [6] [1]

AP (Anti Periodic) [6] —

C (Clamped) [5] M ¼ 1; 2; 3 [4]

D (Dirichlet) [6] M ¼ 2m [2], M ¼ 1; 3; 5 [3]

N (Neumann) [6] this paper

DN (Dirichlet-Neumann) [6] [7]

We note, from this table, the di‰culty to obtain the best constant seems to

increase for the case p0 2. Here, we would like to stress that each result for

the case p0 2 was obtained through somewhat di¤erent method, since in these

cases, unified approach (maximizing the diagonal value of reproducing kernels;

see [5, 6]) as in the case p ¼ 2 does not exist.

In this paper, we treat the case WðN;M; pÞ. To state the conclusion, we

introduce Bernoulli polynomials bjðxÞ defined by

b0ðxÞ ¼ 1

b 0
j ðxÞ ¼ bj�1ðxÞ;

ð1

0

bjðxÞdx ¼ 0 ð j ¼ 1; 2; 3; . . .Þ

8><
>:

and the auxiliary function bjða; xÞ ¼ bjðxÞ � bjðaÞ. Finally, we prepare Green

function and its derivative,

GðN;m; x; yÞ ¼ ð�1Þmþ122m�1 b2m
jx� yj

2

� �
þ b2m

xþ y

2

� �� �
; ð1:2Þ

qyGðN;m; x; yÞ

¼ ð�1Þmþ122m�2 �sgnðx� yÞb2m�1
jx� yj

2

� �
þ b2m�1

xþ y

2

� �� �
: ð1:3Þ

Our conclusion is as follows.
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Theorem 1.1. There exists a positive constant C which is independent of u

such that Lp Sobolev inequality (1.1) holds.

(1) M ¼ 2m� 1 ðm ¼ 1; 2; 3; . . .Þ: The best constant is

Cð2m� 1Þ ¼ 22m�1kb2m�1kq ¼ 22m�1

ð 1

0

jb2m�1ðxÞjqdx
� �1=q

:

If we replace C by Cð2m� 1Þ in (1.1), then the equality holds for uðxÞ ¼
cUð2m� 1; xÞ where c is an arbitrary constant. Uð2m� 1; xÞ is given by

Uð2m� 1; xÞ ¼
ð 1

0

qyGðN;m; x; yÞFð2m� 1; yÞdy ð0 < x < 1Þ

where qyGðN;m; x; yÞ is given by (1.3) and

Fð2m� 1; yÞ ¼ sgn b2m�1
y

2

� �� �
b2m�1

y

2

� �����
����
q�1

: ð1:4Þ

(2) M ¼ 2m ðm ¼ 1; 2; 3; . . .Þ: The best constant is

Cð2mÞ ¼ 22mkb2mða0; �Þkq ¼ 22m
ð1

0

jb2mða0; xÞjqdx
� �1=q

:

If we replace C by Cð2mÞ in (1.1), then the equality holds for uðxÞ ¼ cUð2m; xÞ
where c is an arbitrary constant. Uð2m; xÞ is given by

Uð2m; xÞ ¼
ð1

0

GðN;m; x; yÞF ð2m; yÞdy ð0 < x < 1Þ

where GðN;m; x; yÞ is given by (1.2) and

Fð2m; yÞ ¼ sgn b2m a0;
y

2

� �� �
b2m a0;

y

2

� �����
����
q�1

: ð1:5Þ

a0 is the unique solution to the equation,ð a

0

ðð�1Þmþ1
b2mða; xÞÞq�1

dx�
ð1=2

a

ðð�1Þmb2mða; xÞÞq�1
dx ¼ 0

in the interval 0 < a < 1=2.

2. Proof of Theorem 1.1

To prove Theorem 1.1, we introduce Sobolev space with periodic bound-

ary condition

WðP2;M; pÞ

¼ u j uðMÞ A Lpð0; 2Þ; uðiÞð2Þ� uðiÞð0Þ ¼ 0 ð0a iaM � 1Þ;
ð2

0

uðxÞdx ¼ 0

� �
:
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For u A WðP2;M; pÞ, the following conclusion was obtained in [1, Theorem

1.1].

Theorem 2.1. There exists a positive constant C which is independent of

u such that Lp Sobolev inequality

sup
0aya2

juðyÞjaC

ð2

0

juðMÞðxÞjpdx
� �1=p

ð2:1Þ

holds.

(1) M ¼ 2m� 1 ðm ¼ 1; 2; 3; . . .Þ: The best constant is

CðP2; 2m� 1Þ ¼ 22m�1�1=pkb2m�1kq:

If we replace C by CðP2; 2m� 1Þ in (2.1), then the equality holds for

uðxÞ ¼ cUðP2; 2m� 1; xÞ where c is an arbitrary constant. UðP2; 2m� 1; xÞ
ð0 < x < 2Þ is given by

UðP2; 2m� 1; xÞ ¼
ð2

0

ð�1Þmþ1 sgnðx� yÞ22m�2b2m�1
jx� yj

2

� �
F ð2m� 1; yÞdy;

where Fð2m� 1; yÞ is (1.4).

(2) M ¼ 2m ðm ¼ 1; 2; 3; . . .Þ: The best constant is

CðP2; 2mÞ ¼ 22m�1=pkb2mða0; �Þkq:

If we replace C by CðP2; 2mÞ in (2.1), then the equality holds for uðxÞ ¼
cUðP2; 2m; xÞ where c is an arbitrary constant. UðP2; 2m; xÞ ð0 < x < 2Þ is

given by

UðP2; 2m; xÞ ¼
ð2

0

ð�1Þmþ122m�1b2m
jx� yj

2

� �
F ð2m; yÞdy

where Fð2m; yÞ is (1.5).

To prove Theorem 1.1, we prepare the following lemmas.

Lemma 2.1. For j ¼ 0; 1; 2; . . . , Bernoulli polynomials have the following

properties.

ð1Þ bjð1� xÞ ¼ ð�1Þ jbjðxÞ:

ð2Þ b2jða; 1� xÞ ¼ b2jða; xÞ:

Proof. From the generating function of Bernoulli polynomials,

ext

t�1ðet � 1Þ ¼
Xy
j¼0

bjðxÞt j ðjtj < 2pÞ;
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we have

Xy
j¼0

bjð1� xÞt j ¼ eð1�xÞt

t�1ðet � 1Þ ¼
exð�tÞ

ð�tÞ�1ðe�t � 1Þ
¼

Xy
j¼0

ð�1Þ jbjðxÞt j;

that is (1). Since b2jða; 1� xÞ ¼ b2jð1� xÞ � b2jðaÞ ¼ b2jðxÞ � b2jðaÞ ¼
b2jða; xÞ, we have (2).

Lemma 2.2.

ð1Þ F ðM; 2� yÞ ¼ ð�1ÞMFðM; yÞ ð0 < y < 1Þ

ð2Þ UðP2;M; 2� xÞ ¼ UðP2;M; xÞ ð0 < x < 1Þ

ð3Þ U ð2iþ1ÞðP2;M; 0Þ ¼ 0 ð0a ia ½ðM � 2Þ=2�Þ

Proof. Using Lemma 2.1 (1), we have

F ð2m� 1; 2� yÞ ¼ sgn b2m�1 1� y

2

� �� �
b2m�1 1� y

2

� �����
����
q�1

¼ �sgn b2m�1
y

2

� �� �
b2m�1

y

2

� �����
����
q�1

¼ �Fð2m� 1; yÞ:

Using Lemma 2.1 (2), we have

F ð2m; 2� yÞ ¼ sgn b2m a0; 1�
y

2

� �� �
b2m a0; 1�

y

2

� �����
����
q�1

¼ sgn b2m a0;
y

2

� �� �
b2m a0;

y

2

� �����
����
q�1

¼ Fð2m; yÞ:

Thus, (1) is obtained. (2) follows from (1). Di¤erentiating UðP2;M; xÞ 2i þ 1

times, inserting x ¼ 0 and using Lemma 2.1, 2.2 (1), we have (3). In fact, for

the case of M ¼ 2m,

U ð2iþ1ÞðP2; 2m; 0Þ ¼ �
ð2

0

ð�1Þmþ122ðm�1�iÞb2ðm�1�iÞþ1
y

2

� �
F ð2m; yÞdy

¼
ð2

0

ð�1Þmþ122ðm�1�iÞb2ðm�1�iÞþ1 1� y

2

� �
F ð2m; 2� yÞdy

¼
ð2

0

ð�1Þmþ122ðm�1�iÞb2ðm�1�iÞþ1
h

2

� �
Fð2m; hÞdh

¼ �U ð2iþ1ÞðP2; 2m; 0Þ;

so we have U ð2iþ1ÞðP2; 2m; 0Þ ¼ 0. The case M ¼ 2m� 1 is shown similarly.
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Proof of Theorem 1.1. For any u A WðN;M; pÞ, let us define ~uuðxÞ
ð0a xa 2Þ as

~uuðxÞ ¼ uðxÞ ð0a xa 1Þ;
uð2� xÞ ð1a xa 2Þ:

�

Since u A WðN;M; pÞ satisfies Neumann boundary conditions at x ¼ 0; 1, it

is easy to see ~uu is an element of WðP2;M; pÞ. So, applying ~uu to (2.1), we

have

sup
0aya1

juðyÞj ¼ sup
0aya2

j~uuðyÞj

aCðP2;MÞk~uuðMÞkLpð0;2Þ ¼ 21=pCðP2;MÞkuðMÞkLpð0;1Þ: ð2:2Þ

This implies the best constant of (1.1) is equal or less than 21=pCðP2;MÞ.
Next, we construct the function which attains the equality of (2.2). Let

~uu0ðxÞ ¼ UðP2;M; xÞ ð0 < x < 2Þ. Substituting ~uu ¼ ~uu0 into (2.2), from Theo-

rem 2.1, we have the equality in (2.2). Moreover, from Lemma 2.2 (2), ~uu0 is

an even function with respect to x ¼ 1. So, ~uu0 satisfies Neumann boundary

condition at x ¼ 1. In addition, from Lemma 2.2 (3), ~uu0 satisfies Neumann

boundary condition at x ¼ 0. Let ~~uu~uu0 be the restriction of ~uu0 on the interval

½0; 1�. From the argument above, we see that ~~uu~uu0 A WðN;M; pÞ and satisfies

the equality of the following inequality:

sup
0aya1

juðyÞja 21=pCðP2;MÞkuðMÞkLpð0;1Þ ðEu A WðN;M; pÞÞ:

Hence, we have proven Theorem 1.1. r
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