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Abstract. We study the stability of direct images by Frobenius morphisms. We

prove that if the cotangent vector bundle of a nonsingular projective surface X is

semistable with respect to a numerically positive polarization divisor satisfying certain

conditions, then the direct images of the cotangent vector bundle tensored with line

bundles on X by Frobenius morphisms are semistable with respect to the polar-

ization. Hence we see that the de Rham complex of X consists of semistable vector

bundles if X has the semistable cotangent vector bundle with respect to the polarization

with certain mild conditions.

1. Introduction

This is a continuation of our previous paper [9]. Let k be an algebrai-

cally closed field of characteristic p > 0, X a nonsingular projective variety of

dimension n over k, F ¼ FX the absolute Frobenius morphism of X and H a

numerically positive divisor on X . A divisor H on X is called numerically

positive if it is numerically e¤ective and Hn > 0. We define the slope of a

torsion free sheaf E on X with respect to H by

mðEÞ ¼ c1ðEÞHn�1

rðEÞ ;

where c1ðEÞ is the first Chern class of E and rðEÞ is the rank of E. Then a

torsion free sheaf E on X is called semistable (resp. stable) with respect to H if

for all nonzero proper subsheaves F of E, mðFÞa mðEÞ (resp. mðFÞ < mðEÞ).
As for the semistability of Frobenius pull-backs of vector bundles, a lot of

useful results have been obtained (see, for examples, [3], [7], [17]). On the

other hand, H. Lange and C. Pauly proved the following theorem on the

stability of Frobenius direct images of line bundles.
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Theorem (Lange-Pauly [10]). Let X be a nonsingular projective curve over

k of genus gðX Þb 2. Then F�L is stable for any line bundle L on X.

Recently we have proved in [9] the following theorems on the semistability

of Frobenius direct images, which are generalizations of Lange-Pauly’s result to

nonsingular projective surfaces.

Theorem 1.1. Let X be a nonsingular projective surface over k and let H

be a numerically positive divisor on X such that jmHj is base point free and it

contains a nonsingular member for su‰ciently large integers m. Assume that

W1
X is semistable with respect to H and KXH > 0, where W1

X is the cotangent

vector bundle of X and KX is the canonical divisor of X. Then F�L is

semistable with respect to H for any line bundle L on X.

Theorem 1.2. Let X be a nonsingular projective surface over k and let H

be a numerically positive divisor on X such that jmHj is base point free and it

contains a nonsingular member for su‰ciently large integers m. Assume that

KX num
1 0 (numerically equivalent to 0) and W1

X is semistable with respect to

H. Then F�L is semistable with respect to H for any line bundle L on X.

As an application of these theorems, we obtained the following result on

the geography of nonsingular projective minimal surfaces of general type.

Theorem 1.3. Let X be a nonsingular projective minimal surface of general

type over k. Assume that W1
X is semistable with respect to KX .

(1) (Bogomolov’s inequality) If W1
X is strongly semistable, i.e., ðF eÞ�ðW1

X Þ
is semistable for every e A N with respect to KX , then we have

c21ðXÞa 4c2ðX Þ:

(2) If ðF e�1Þ�ðW1
X Þ is semistable with respect to KX and ðF eÞ�ðW1

X Þ is not

semistable with respect to KX for a positive integer e, then we have

c21ðX Þa 4p2e

p2e � ðp� 1Þ2
c2ðXÞ:

In particular, we obtain that c2ðXÞ > 0.

Meanwhile, H. Lange and C. Pauly’s theorem was generalized to vector

bundles as follows.

Theorem (Mehta-Pauly [12], Sun [20], Kitadai-Sumihiro [9]). Let X be

a nonsingular projective curve over k of genus gðXÞb 2 and E a stable (resp.

semistable) vector bundle on X. Then F�E is stable (resp. semistable).

Hence it is quite natural to consider the following question:
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Problem. Let X be a nonsingular projective variety of dimension n over k

such that W1
X is semistable with respect to H and KXH

n�1 > 0. Then is F�E

semistable (resp. stable) with respect to H for any semistable (resp. stable)

vector bundle E with respect to H on X?

In this paper, we shall give the following partial a‰rmative answer to the

problem when X is a nonsingular projective surface.

Theorem 3.1. Let X be a nonsingular projective surface over k and let H

be a numerically positive divisor on X such that jmHj is base point free and it

contains a nonsingular member for su‰ciently large integers m. Assume that

W1
X is semistable with respect to H and KXH > 0. Then F�ðLnW1

X Þ is

semistable with respect to H for any line bundle L on X.

Hence we see by Theorem 1.1 and Theorem 3.1 that the de Rham complex

F�OX !d0 F�W
1
X !d1 F�ðOX ðKX ÞÞ

of X consists of semistable vector bundles with respect to H if X and H satisfy

the assumptions in Theorem 3.1. Thus we shall consider the semistability of

the images and the kernels.

Problem. Are P1 ¼ Imðd0Þ, P2 ¼ Imðd1Þ and Q1 ¼ Kerðd1Þ semistable

with respect to H?

We shall show the following.

Theorem 3.3. Under the assumptions in Theorem 3.1, P1 and P2 are

semistable with respect to H.

It is well-known that the de Rham complex ðF�ðW�
X Þ; dÞ of X plays an

important role in the proof of Deligne and Illusie’s theorem [1]. Hence it

seems that the above results might be useful in the studies of geography,

Kodaira vanishing theorem etc., of nonsingular projective varieties of general

type in positive characteristic in the future.

2. Canonical filtrations and canonical connections

In this section, we recall several basic results on canonical filtrations (cf.

[9], [20]) and canonical connections (cf. [8]) because they play an essential role

in the proofs of Theorem 3.1 and Theorem 3.3. For details, please refer to [9].

Let k be an algebraically closed field of characteristic p > 0, X a

nonsingular projective variety over k of dimension n, F ¼ FX the absolute

Frobenius morphism of X and let E be a vector bundle on X .
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2.1. Canonical filtrations. Let I be the kernel of the natural surjection

F �F�OX ! OX . Since F �F�OX is an OX -algebra, we obtain a descending

filtration

I 0 :¼ F �F�OX I I 1 :¼ I I I 2 I I 3 I � � �

on F �F�OX . Utilizing the descending filtration, we can define a descending

filtration on F �F�E as follows.

W 0 ¼ F �F�EIW 1 ¼ F �F�E � I I � � �IW i

¼ F �F�E � I i I � � �IWnðp�1Þþ1 ¼ ð0Þ:

We call this filtration W � ¼ fW ig (resp. I� ¼ fI ig) the canonical filtration

on F �F�E (resp. F �F�OX ).

Let U ¼ Spec AHX be a nonempty a‰ne open subset. Then the exact

sequence

0 ! I ! F �F�OX ! OX ! 0

is locally expressed in the following way:

0 ! I ! AnAp A ! A ! 0

and I ¼ han 1� 1n a j a A AiA. By shrinking U if necessary, every element

a A A can be written as a ¼
P

0ai1;...; inap�1 a
p
i1;...; in

xi1
1 . . . xin

n , where fx1; . . . ; xng
is a regular system of parameters and ai1;...; in A A. Hence, locally, I ¼
hxi1

1 . . . xin
n n 1� 1n xi1

1 . . . xin
n j 0a i1; . . . ; in a p� 1iA. Further putting oi ¼

xi n 1� 1n xi ð1a ia nÞ, we obtain the following.

Lemma 2.1. With the above notation, we have

(1) I is a free A-module with a basis foa ¼ oa1
1 . . .oan

n j a ¼ ða1; . . . ; anÞ
0 0; 0a ak a p� 1; 1a ka ng.

I ¼ 0
a00

oaA:

(2) I i=I iþ1 ¼ 0jaj¼i
oaA for 0a ia nðp� 1Þ, where jaj ¼ a1 þ � � � þ an.

Hence we observe from Lemma 2.1 that Gr iðI�Þ ¼ I i=I iþ1 ð0a ia

nðp� 1ÞÞ is a vector bundle on X with rank ¼afa ¼ ða1; . . . ; anÞ j jaj ¼ i;

0a ak a p� 1 ð1a ka nÞg. In particular, it is easily seen that rðGr iðI�ÞÞ
¼ nþi�1

i

� �
for 0a ia p� 1 and rðI nðp�1ÞÞ ¼ 1, i.e., I nðp�1Þ is a line bundle on

X . Since I nðp�1ÞjU ¼ oð p�1;...;p�1ÞA and I i=I iþ1jU ¼ 0jaj¼i
oaA locally, we see

that I nðp�1Þ FK
nðp�1Þ
X and I i=I iþ1 FS iðW1

X Þ on X for 0a ia p� 1 by com-

puting the transition matrices between those bases.
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In addition, there exists a perfect pairing

I i=I iþ1 n I nð p�1Þ�i=I nðp�1Þ�iþ1 C xn h 7! xh A I nðp�1Þ FK
nðp�1Þ
X

for 0a ia nðp� 1Þ=2, from which we see I nðp�1Þ�i=I nðp�1Þ�iþ1 FK
nðp�1Þ
X n

ðI i=I iþ1Þ4, where E4 is the dual vector bundle of E. Thus we obtain the

following result concerning Gr iðI�Þ ¼ I i=I iþ1.

Lemma 2.2. Let I� ¼ fI ig ð0a ia nðp� 1Þ þ 1Þ be the canonical filtra-

tion on F �F�OX . Then we have

(1) I nðp�1Þ FK
nðp�1Þ
X ,

(2) I i=I iþ1 FS iðW1
X Þ for 0a ia p� 1,

(3) I nðp�1Þ�i=I nðp�1Þ�iþ1 FK
nðp�1Þ
X n ðI i=I iþ1Þ4 for 0a ia nðp� 1Þ=2.

As a corollary of Lemma 2.2, we can describe all Gr iðI�Þ explicitly as

follows when X is a curve or a surface.

Corollary 2.3. We observe that

(1) If dim X ¼ 1, then I i=I iþ1 ¼ Kni
X for 0a ia p� 1.

(2) If dim X ¼ 2, then

I i=I iþ1 ¼
S iðW1

X Þ; 0a ia p� 1;

K
nði�pþ1Þ
X nS2p�2�iðW1

X Þ; pa ia 2p� 2:

(

Assume that EjU ¼ ~MM is the vector bundle on U associated to a finitely

generated projective A-module M. Then we observe that

F �F�EjU ¼ ðMnAp AÞ@ ¼ ðMnA ðAnAp AÞÞ@

W ijU ¼ ððMnAp AÞ � I iÞ@ ¼ ðMnA I iÞ@;

from which it follows

Gr iðW �ÞFEnOX
Gr iðI�Þ on X for 0a ia nðp� 1Þ:

Combining with Corollary 2.3, we obtain the following.

Corollary 2.4. Let W � ¼ fW ig be the canonical filtration on F �F�E.

Then we have

(1) If dim X ¼ 1, then W i=W iþ1 ¼ EnKni
X for 0a ia p� 1.

(2) If dim X ¼ 2, then

W i=W iþ1 ¼
EnSiðW1

X Þ; 0a ia p� 1;

EnK
nði�pþ1Þ
X nS2p�2�iðW1

X Þ; pa ia 2p� 2:

(

By shrinking U if necessary, we may assume that EjU F0 r
OU ðr ¼ rðEÞÞ

and choose a basis fe1; . . . ; erg of GðU ;EÞ. Then it follows from Lemma 2.1
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that every element f 2 GðU ;W ijU Þ ð0a ia nðp� 1ÞÞ can be written in the

following way uniquely:

f ¼
Xr
i¼1

ei n
X
jaj¼i

oaf ðiÞa þ ðhigher termsÞ;

where f
ðiÞ
a A A. This is useful for computing ‘ð f Þ, where ‘ : F �F�E !

F �F�EnW1
X is the canonical connection of F �F�E defined in the next

subsection.

2.2. Canonical connections. Let E be a quasi-coherent sheaf on a non-

singular projective variety X of dimension n. Then there exists a connection

‘ : F �E ! F �EnW1
X , which is called the canonical connection (cf. [8]). This

is locally written as

MnA A!MnA AnA W1
A=kFMnA W1

A=k;

A A
mn f N mn df

where A ¼ GðU ;OX Þ and M ¼ GðU ;EÞ for an a‰ne open subset U of X .

Here A is considered as an A-module through Frobenius morphism. Hence

the canonical connection is the positive characteristic version of the Gauss-

Manin connection. In particular, we get a connection on F �F�E

‘ : F �F�E ! F �F�EnW1
X :

Let fx1; . . . ; xng be a regular system of parameters on U ¼ Spec A and

oi ¼ xi n 1� 1n xi for 1a ia n. Then we have by straightforward compu-

tation,

Lemma 2.5.

‘ðenoa1
1 . . .oan

n f Þ

¼ en
Xn
k¼1

�ako
a1
1 . . .oak�1

k . . .oan
n f þ oa1

1 . . .oan
n

qf

qxk

� �
n dxk;

where e A GðU ;EÞ and f A A.

It turns out from Lemma 2.5 and Lemma 2.1 that the OX -homomorphism

‘i : W
i=W iþ1 ¼ En I i=I iþ1 ! En I i�1=I i nW1

X

¼ W i�1=W i nW1
X ð0a ia nðp� 1ÞÞ
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induced from ‘ is injective. Hence we see that W i=W iþ1 is a subsheaf

of En ðW1
X Þ

ni through the OX -homomorphism ‘1 � � � � � ‘i�1 � ‘i ð0a ia

nðp� 1ÞÞ.
Let E be a nonzero coherent torsion free sheaf (r ¼ rðEÞ) and S a nonzero

torsion free subsheaf of F�E and let ‘ : F �F�E ! F �F�EnW1
X be the canon-

ical connection on F �F�E. Further, let W � ¼ fW ig ð0a ia nðp� 1ÞÞ be the

canonical filtration of F �F�E. Then the filtration W � induces a descending

filtration F �S VW � ¼ fF �S VW ig ð0a ia nðp� 1ÞÞ of F �S. Let Si ¼ F �S V
W i=F �S VW iþ1 and ri ¼ rðSiÞ for 0a ia nðp� 1Þ. Then r0 ¼ rðS0Þ is always
a positive integer. In fact, since the image of F �S by the canonical surjec-

tion F �F�E ! E is nonzero, F �S is not contained in W 1. Hence we see

rðS0Þ > 0. When n ¼ 2, we can observe the following fact concerning ri
ð0a ia p� 1Þ. Let K ¼ kðX Þ be the function field of X over k. Then

we have ri ¼ dimKðSi nKÞ ¼ dimKðF �S VW i=F �S VW iþ1 nKÞ. Let

f ¼
Xr
i¼1

ei n
X

a1þa2¼2ðp�1Þ�i;
0aa1;a2ap�1

oa1
1 oa2

2 f ðiÞa1a2
þ ðhigherÞ

0
BB@

1
CCA; f ðiÞa1a2

A K

be an element of ðF �S VW 2ðp�1Þ�iÞnK ð0a ia p� 1Þ whose residue class f

in S2ðp�1Þ�i nK is not zero, i.e.,

00
Xr
i¼1

ei n
X

a1þa2¼2ðp�1Þ�i;
0aa1;a2ap�1

oa1
1 oa2

2 f ðiÞa1a2
A ðEn I 2ðp�1Þ�i=I 2ðp�1Þ�iþ1ÞnK :

Then we see by Lemma 2.5 that

‘ð f Þ ¼
Xr
i¼1

ei n

�X
ð�a1o

a1�1
1 oa2

2 f ðiÞa1a2
þ ðhigherÞÞn dx1

þ
X

ð�a2o
a1
1 oa2�1

2 f ðiÞa1a2
þ ðhigherÞÞn dx2

�
:

Since ‘ induces a connection on F �S, if we put

‘x1ð f Þ ¼
Xr
i¼1

ei n
X

ð�a1o
a1�1
1 oa2

2 f ðiÞa1a2
þ ðhigherÞÞ;

‘x2ð f Þ ¼
Xr
i¼1

ei n
X

ð�a2o
a1
1 oa2�1

2 f ðiÞa1a2
þ ðhigherÞÞ;

then ‘x1ð f Þ and ‘x2ð f Þ are elements of ðF �S VW 2p�3�iÞnK. Let us put
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‘p�1�i
x1

‘p�1�i
x2

¼ ‘x1 � � � � � ‘x1|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
ðp�1�iÞ-times

�‘x2 � � � � � ‘x2|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
ðp�1�iÞ-times

:

Then it turns out that

‘p�1�i
x1

‘p�1�i
x2

ð f Þ ¼
Xr
i¼1

ei n
X

a1þa2¼2ðp�1Þ�i;
0aa1;a2ap�1

a1!

ða1 � ðp� 1� iÞÞ!

� a2!

ða2 � ðp� 1� iÞÞ! � o
a1�ðp�1�iÞ
1 o

a2�ðp�1�iÞ
2 f ðiÞa1a2

þ ðhigherÞ

and ‘p�1�i
x1

‘p�1�i
x2

ð f Þ is an element of ðF �S VW iÞnK whose residue class

corresponds to

Xr
i¼1

ei n
X

a1þa2¼2ðp�1Þ�i;
0aa1;a2ap�1

a1!

ða1 � ðp� 1� iÞÞ!
a2!

ða2 � ðp� 1� iÞÞ!

� oa1�ðp�1�iÞ
1 o

a2�ð p�1�iÞ
2 f ðiÞa1a2

A ðEn I i=I iþ1ÞnK :

Hence we have the following commutative diagram

ðF �S VW 2ðp�1Þ�i=F �S VW 2ðp�1Þ�iþ1ÞnK ���! ðW 2ðp�1Þ�i=W 2ðp�1Þ�iþ1ÞnK???y o

???yj

ðF �S VW i=F �S VW iþ1ÞnK ���! ðW i=W iþ1ÞnK;

where j is the isomorphism obtained by multiplications by nonzero elements
a1!

ða1�ðp�1�iÞÞ!
a2!

ða2�ðp�1�iÞÞ! for a1 þ a2 ¼ 2ðp� 1Þ � i ð0a a1; a2 a p� 1Þ. There-

fore we have proved the following.

Lemma 2.6. With the above notation, we have ri b r2ðp�1Þ�i for 0a ia

p� 1.

In particular, assume r2p�2 ¼ r. Then we can take a basis feig ð1a ia rÞ
of EnK such that fei no

p�1
1 o

p�1
2 g ð1a ia rÞ is a basis of ðF �S VW 2p�2Þn

K . Hence taking Corollary 2.4 into consideration, we obtain the following by

arguments similar to the above.

Lemma 2.7. If r2p�2 ¼ r, then we have

ri ¼
rði þ 1Þ; 0a ia p� 1;

rð2p� 1� iÞ; pa ia 2p� 2:

�
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3. Main results

Using the canonical filtrations and canonical connections, we prove the

following theorem, which is a partial a‰rmative answer to the problem when X

is an algebraic surface.

Theorem 3.1. Let X be a nonsingular projective surface over k and let H

be a numerically positive divisor on X such that jmHj is base point free and it

contains a nonsingular member for su‰ciently large integers m. Assume that

W1
X is semistable with respect to H and KXH > 0. Then F�ðLnW1

X Þ is

semistable with respect to H for any line bundle L on X.

Proof. Assuming that F�ðLnW1
X Þ is not semistable with respect to H,

we shall derive a contradiction. Let S be the maximal destabilizing subsheaf

of F�ðLnW1
X Þ. Then we have by Theorem 2.1 [9]

mðSÞ > mðF�ðLnW1
X ÞÞ ¼

1

2
KXH þ 1

p
c1ðLÞH:

Let W � ¼ fW ig ð0a ia 2p� 1Þ be the canonical filtration of F �F�ðLnW1
X Þ.

Then we see by Corollary 2.4 that

F �F�ðLnW1
X Þ ¼ W 0 IW 1 I � � �IW 2p�1 ¼ ð0Þ

and

W i=W iþ1 ¼
LnW1

X nS iðW1
X Þ; 0a ia p� 1;

LnW1
X nK

nði�pþ1Þ
X nS2p�2�iðW1

X Þ; pa ia 2p� 2:

(

It follows from Ilangovan-Mehta-Parameswaran’s Theorem ([5, 16]) and the

restriction theorem (cf. [11, Corollary 5.4]) that W i=W iþ1 is semistable with

respect to H for 0a ia p� 2 and pa ia 2p� 2 since W1
X is semistable

with respect to H. In addition, F �S VW � is a filtration of F �S. If we

put

Si ¼ F �S VW i=F �S VW iþ1 ð0a ia 2p� 2Þ;

then we have that

mðSiÞa mðW i=W iþ1Þ except for i ¼ p� 1:

Thus the following inequalities hold for i0 p� 1

c1ðF �S VW iÞH � c1ðF �S VW iþ1ÞHa
1

2
þ i

2

� �
rðSiÞKXH þ rðSiÞc1ðLÞH:
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Summing up the above inequalities, we see that

c1ðF �SÞH � c1ðSp�1ÞHa
1

2

X 0
rðSiÞ þ

1

2

X 0
irðSiÞ

� �
KXH

þ
X 0

rðSiÞc1ðLÞH ð1Þ

where
P 0 ¼

P
i0p�1 ¼

Pp�2
i¼0 þ

P2p�2
i¼p .

1) Assume that W1
X nSp�1ðW1

X Þ is semistable with respect to H. Then

we have that

c1ðSp�1ÞHa
1

2
rðSp�1Þ þ

p� 1

2
rðSp�1Þ

� �
KXH þ rðSp�1Þc1ðLÞH

because Wp�1=Wp is semistable with respect to H. Hence combining the

above inequality with the inequality (1), we have

c1ðF �SÞHa
1

2

X2p�2

i¼0

rðSiÞ þ
1

2

X2p�2

i¼0

irðSiÞ
 !

KXH þ
X2p�2

i¼0

rðSiÞc1ðLÞH;

mðF �SÞa 1

2
þ 1

2

P
irðSiÞP
rðSiÞ

� �
KXH þ c1ðLÞH:

On the other hand,

mðF �SÞ ¼ pmðSÞ > p
1

2
KXH þ 1

p
c1ðLÞH

� �
¼ p

2
KXH þ c1ðLÞH:

Therefore it follows that

0 <
X2p�2

i¼0

ði � ðp� 1ÞÞrðSiÞ ¼
Xp�2

i¼0

ði � ðp� 1ÞÞðrðSiÞ � rðS2p�2�iÞÞ:

However rðSiÞb rðS2p�2�iÞ for 0a ia p� 1 by Lemma 2.6 and we have a

contradiction.

2) Assume that rðS2p�2Þ0 0.

Take a su‰ciently small a‰ne open subset U ¼ Spec A of X such

that W 2p�2 ¼ op�1hp�1A on U , where o ¼ xn 1� 1n x, h ¼ yn 1� 1n y

(fx; yg being a regular system of parameters of A) and LnW1
X is free

on U . Let f ¼
P2

i¼1 ei nop�1hp�1fi be a nonzero element of GðU ;F �S V
W 2p�2Þ, where fe1; e2g is a basis of GðU ;LnW1

X Þ and fi 2 GðU ;OX Þ
ði ¼ 1; 2Þ, and let ‘ : F �F�ðLnW1

X Þ ! F �F�ðLnW1
X ÞnW1

X be the canonical

connection of F �F�ðLnW1
X Þ. Then it holds from Lemma 2.5 that
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‘ð f Þ ¼
X
i

ei n �ðp� 1Þop�2hp�1fi þ op�1hp�1 qfi

qx

� �
n dx

þ
X
i

ei n �ðp� 1Þop�1hp�2fi þ op�1hp�1 qfi

qy

� �
n dy:

Hence if we write

‘xð f Þ ¼
X
i

ei n �ðp� 1Þop�2hp�1fi þ op�1hp�1 qfi

qx

� �
;

‘yð f Þ ¼
X
i

ei n �ðp� 1Þop�1hp�2fi þ op�1hp�1 qfi

qy

� �
;

then both ‘xð f Þ and ‘yð f Þ are contained in GðU ;F �S VW 2p�3Þ because ‘

induces a connection on F �S. For every a and b ð0a aa p� 1; 0a ba

p� 1Þ, let us put

‘x ay b ¼ ‘x � � � � � ‘x|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
a-times

�‘y � � � � � ‘y|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
b-times

:

By direct calculations, we observe that

‘x ay bð f Þ

¼
X
i

ei n ð�1Þaþb ðp� 1Þ!
ðp� 1� aÞ!

ðp� 1Þ!
ðp� 1� bÞ!o

p�1�ahp�1�bfi þ ðhigherÞ
� �

A GðU ;F �S VW 2p�2�ðaþbÞÞ:

Hence for every fa; bg such that aþ b ¼ p� 1, we see that

Sp�1 ¼ F �S VWp�1=F �S VWp K��! Wp�1=Wp ¼ LnW1
X nSp�1ðW1

X Þ

A A

‘x ay bð f Þ ���! P
i

ðp�1Þ!
ðp�1�aÞ!

ðp�1Þ!
ðp�1�bÞ! fiei n dxp�1�adyp�1�b

on U , where ‘x ay bð f Þ is the residue class of ‘x ay bð f Þ in F �S VWp�1=

F �S VWp. Therefore, there exists a rank 1 torsion free subsheaf M of

LnW1
X satisfying the conditions

(a) rðSp�1 VMnSp�1ðW1
X ÞÞb p,

(b) LnW1
X=M is a rank 1 torsion free sheaf.

Indeed, the saturated rank 1 torsion free subsheaf M of LnW1
X which is an

extension of the line bundle on U associated to the rank 1 free A-moduleP2
i¼1 fieiA to X satisfies the above conditions (a) and (b).
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Consider the following commutative diagram with exact columns:

0 0???y
???y

Sp�1 V ðMnSp�1ðW1
X ÞÞ ���! MnSp�1ðW1

X Þ???y
???y

Sp�1 ���! LnW1
X nSp�1ðW1

X Þ???y
???y

Sp�1=Sp�1 V ðMnSp�1ðW1
X ÞÞ ���! ðLnW1

X=MÞnSp�1ðW1
X Þ???y

???y
0 0:

Since MnSp�1ðW1
X Þ and ðLnW1

X=MÞnSp�1ðW1
X Þ are semistable with re-

spect to H, it follows that

c1ðSp�1 V ðMnSp�1ðW1
X ÞÞÞHa c1ðMÞH þ p� 1

2
KXH

� �
t1;

c1ðSp�1=Sp�1 V ðMnSp�1ðW1
X ÞÞÞH

a 2c1ðLÞH þ KXH � c1ðMÞH þ p� 1

2
KXH

� �
t2;

where t1 ¼ rðSp�1 V ðMnSp�1ðW1
X ÞÞÞ and t2 ¼ rðSp�1=Sp�1 V ðMnSp�1ðW1

X ÞÞÞ.
Thus combining the above inequalities, we obtain that

c1ðSp�1ÞHa
p� 1

2
ðt1 þ t2Þ þ t2

� �
KXH þ ðt1 � t2Þc1ðMÞH þ 2t2c1ðLÞH:

Further, we have that c1ðMÞHa c1ðLÞH þ 1
2KXH and t1 � t2 b 0 because

rðSp�1Þ ¼ t1 þ t2 a 2p and t1 b p. Hence it follows that

c1ðSp�1ÞHa
1

2
rðSp�1Þ þ

p� 1

2
rðSp�1Þ

� �
KXH þ rðSp�1Þc1ðLÞH;

which leads to a contradiction similar to the case 1).

3) Assume that W1
X nSp�1ðW1

X Þ is not semistable with respect to H and

rðS2p�2Þ ¼ 0.

3.1) There are the following canonical exact sequences for any rank 2

vector bundle E in positive characteristic p > 0.
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0 ! Sp�2ðEÞn det E ! EnSp�1ðEÞ ! SpðEÞ ! 0;

0 ! EðpÞ ! SpðEÞ ! Sp�2ðEÞn det E ! 0;

where EðpÞ ¼ F �E is the Frobenius pull-back of E. Hence in particular, we

have the exact sequences:

0 ! Sp�2ðW1
X ÞnOX ðKX Þ ! W1

X nSp�1ðW1
X Þ ! SpðW1

X Þ ! 0; ð2Þ

0 ! ðW1
X Þ

ðpÞ ! SpðW1
X Þ ! Sp�2ðW1

X ÞnOX ðKX Þ ! 0: ð3Þ

Thus if ðW1
X Þ

ð pÞ is semistable with respect to H, then it turns out from the exact

sequences (2) and (3) that W1
X nSp�1ðW1

X Þ is also semistable with respect to H

because mððW1
X Þ

ðpÞÞ ¼ mðSp�2ðW1
X ÞnKX Þ ¼ mðSpðW1

X ÞÞ ¼ ðp=2ÞKXH. Hence

ðW1
X Þ

ðpÞ is not semistable with respect to H. Let

0 ! A ! ðW1
X Þ

ð pÞ ! B ! 0 ð4Þ

be the Harder-Narasimhan filtration of ðW1
X Þ

ðpÞ and let

‘ : ðW1
X Þ

ðpÞ ¼ F �W1
X ! F �W1

X nW1
X

be the canonical connection of F �W1
X . Then ‘ induces a nonzero OX -

homomorphism A ! ðW1
X Þ

ðpÞ=AnW1
X (cf. [19]), from which we obtain

p

2
KXH < c1ðAÞHa

1

4
ð1þ 2pÞKXH: ð5Þ

3.2) Consider the following commutative diagram with exact columns:

0 0???y
???y

Sp�1 V ðLnSp�2ðW1
X ÞnOX ðKX ÞÞ ���! LnSp�2ðW1

X ÞnOX ðKX Þ???y
???y

Sp�1 ���! LnW1
X nSp�1ðW1

X Þ???y
???yj

jðSp�1Þ ���! LnSpðW1
X Þ???y

???y
0 0;

ð6Þ

where j : LnW1
X nSp�1ðW1

X Þ ! LnSpðW1
X Þ is the canonical surjection

associated to the exact sequence (2) and put r1 ¼ rðSp�1 V ðLnSp�2ðW1
X Þn

OX ðKX ÞÞÞ, r2 ¼ rðjðSp�1ÞÞ. Since LnSp�2ðW1
X ÞnOX ðKX Þ is semistable with

respect to H, it follows from (6) that
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c1ðSp�1 V ðLnSp�2ðW1
X ÞnOX ðKX ÞÞÞHa r1

p

2
KXH þ c1ðLÞH

� �
: ð7Þ

Further, consider the following commutative diagram with exact columns:

0 0???y
???y

jðSp�1ÞVLn ðW1
X Þ

ðpÞ ���! Ln ðW1
X Þ

ðpÞ???y
???y

jðSp�1Þ ���! LnSpðW1
X Þ???y

???yc

cðjðSp�1ÞÞ ���! LnSp�2ðW1
X ÞnOX ðKX Þ???y
???y

0 0;

ð8Þ

where c : LnSpðW1
X Þ ! LnSp�2ðW1

X ÞnOX ðKX Þ is the canonical surjection

associated to the exact sequence (3) and put s1 ¼ rðjðSp�1ÞVLn ðW1
X Þ

ðpÞÞ,
s2 ¼ rðcðjðSp�1ÞÞÞ. Then we obtain from (8) similarly to the above argument

that

c1ðcðjðSp�1ÞÞÞHa s2
p

2
KXH þ c1ðLÞH

� �
: ð9Þ

3.3) Finally let us consider the following commutative diagram with exact

columns:

0 0???y
???y

jðSp�1ÞVLnA ���! LnA???y
???y

jðSp�1ÞVLn ðW1
X Þ

ðpÞ ���! Ln ðW1
X Þ

ðpÞ???y
???yx

xðjðSp�1ÞVLn ðW1
X Þ

ðpÞÞ ���! LnB???y
???y

0 0;

ð10Þ
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where x : Ln ðW1
X Þ

ðpÞ ! LnB is the canonical surjection associated to

the Harder-Narasimhan filtration (4) and put t1 ¼ rðjðSp�1ÞVLnAÞ, t2 ¼
rðxðjðSp�1ÞVLn ðW1

X Þ
ð pÞÞÞ. Then we have from (10) that

c1ðjðSp�1ÞVLnAÞHa t1ðc1ðAÞH þ c1ðLÞHÞ;

c1ðxðjðSp�1ÞVLn ðW1
X Þ

ðpÞÞÞHa t2ðc1ðBÞH þ c1ðLÞHÞ:

Hence it holds that

c1ðjðSp�1ÞVLn ðW1
X Þ

ðpÞÞHa t1c1ðAÞH þ t2c1ðBÞH þ s1c1ðLÞH

¼ pt2KXH þ ðt1 � t2Þc1ðAÞH þ s1c1ðLÞH:

Combining the above inequality with (9) and (7), we obtain

c1ðjðSp�1ÞÞHa t2 þ
1

2
s2

� �
pKXH þ ðt1 � t2Þc1ðAÞH þ r2c1ðLÞH;

c1ðSp�1ÞHa t2 þ
1

2
ðr1 þ s2Þ

� �
pKXH þ ðt1 � t2Þc1ðAÞH þ rðSp�1Þc1ðLÞH:

Therefore we get the following in combination with (5) according to the values

of ti ði ¼ 1; 2Þ:
3.3.1) t1 ¼ 0, t2 ¼ 1 or t1 ¼ t2 ¼ 1.

c1ðSp�1ÞHa
p

2
rðSp�1ÞKXH þ rðSp�1Þc1ðLÞH;

whence a contradiction similar to the case 1) is derived.

3.3.2) t1 ¼ 1, t2 ¼ 0.

c1ðSp�1ÞHa
p

2
rðSp�1ÞKXH þ 1

4
KXH þ rðSp�1ÞKXH:

In the case 3.3.2), it follows that

X2p�2

i¼0

ði � ðp� 1ÞÞrðSiÞ þ
1

2
> 0: ð11Þ

However, since rðS0Þ > rðS2p�2Þ ¼ 0 from our assumption, the inequality (11)

can not hold. r

As a corollary of Theorem 3.1, we have the following.
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Corollary 3.2. Under the assumptions in Theorem 3.1, F�ðLnTX Þ is

semistable with respect to H for any line bundle L on X, where TX is the

tangent vector bundle of X.

Proof. It is known that ðF�ðLnTX ÞÞ4FF�ðW1
X nL�1 nK

1�p
X Þ, where

E4 is the dual vector bundle of E ([14]). Hence, F�ðLnTX Þ is semistable

with respect to H by Theorem 3.1. r

Let us consider the de Rham complex of X :

F�OX !d0 F�W
1
X !d1 F�ðOX ðKX ÞÞ

and put P1 ¼ Imðd0Þ, P2 ¼ Imðd1Þ and Q1 ¼ Kerðd1Þ. Then we observe from

Theorem 1.1 and Theorem 3.1 that the de Rham complex of X consists of

semistable vector bundles with respect to H under the assumptions in Theorem

3.1.

On the other hand, there exist the following exact sequences by the

Cartier’s isomorphism theorem (cf. [6]):

0 ! OX ! F�OX ! P1 ! 0

0 ! P1 ! Q1 ! W1
X ! 0

0 ! Q1 ! F�W
1
X ! P2 ! 0

0 ! P2 ! F�ðOðKX ÞÞ ! OðKX Þ ! 0:

Hence it follows that

rðP1Þ ¼ p2 � 1; c1ðP1Þ ¼
p2 � p

2
KX ; mðP1Þ ¼

p

2ðpþ 1ÞKXH;

rðP2Þ ¼ p2 � 1; c1ðP2Þ ¼
p2 þ p� 2

2
KX ; mðP2Þ ¼

pþ 2

2ðpþ 1ÞKXH;

rðQ1Þ ¼ p2 þ 1; c1ðQ1Þ ¼
p2 � pþ 2

2
KX ; mðQ1Þ ¼

p2 � pþ 2

2ðp2 þ 1Þ KXH:

Concerning the semistability of those vector bundles, we shall show the

following.

Theorem 3.3. Let X be a nonsingular projective surface over k and let H

be a numerically positive divisor on X such that jmHj is base point free and

it contains a nonsingular member for large integers m. Assume that W1
X is

semistable with respect to H and KXH > 0. Then P1 and P2 are semistable

with respect to H.
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Proof. 1) Assuming that P1 is not semistable with respect to H, we

shall derive a contradiction. Let S be the maximal destabilizing subsheaf of

P1. Then we have c1ðSÞH > ðp=2ðpþ 1ÞÞrKXH where r ¼ rðSÞ. Let ~SS ¼
d�1
0 ðSÞHF�OX and let W � ¼ fW ig ð0a ia 2p� 1Þ be the canonical filtra-

tion on F �F�OX . Put ~SSi ¼ F � ~SS VW i=F � ~SS VW iþ1 ,! W i=W iþ1 and ri ¼ rð ~SSiÞ
ð0a ia 2p� 2Þ. Then it follows from Corollary 2.4 that

c1ðF � ~SS VW iÞH � c1ðF � ~SS VW iþ1ÞHa
i

2
riKXH for 0a ia 2p� 2:

Summing up the above, we have c1ðF � ~SSÞHa ðð1=2Þ
P2p�2

i¼0 iriÞKXH. Since

c1ð ~SSÞ ¼ c1ðSÞ and
P2p�2

i¼0 ri ¼ rþ 1, the inequality

X2p�2

i¼0

ððpþ 1Þi � p2Þri þ p2 > 0 ð12Þ

holds. If r2p�2 0 0, i.e., r2p�2 ¼ 1, then it follows from Lemma 2.7 that ri ¼
i þ 1 for 0a ia p� 1 and ri ¼ 2p� 1� i for pa ia 2p� 2. Hence we have

rðSÞ ¼ rð ~SSÞ � 1 ¼ p2 � 1, which contradicts to rðSÞa p2 � 2. Thus we see

r2p�2 ¼ 0. We shall check the inequality (12).

The left hand side ¼ �p2r0 þ
Xp�2

i¼1

ððpþ 1Þi � p2Þri � rp�1

þ
X2p�3

i¼p

ððpþ 1Þi � p2Þri þ p2

¼
Xp�2

i¼1

ððpþ 1Þi � p2Þðri � r2p�2�iÞ � p2r0 � rp�1

� 2
Xp�2

i¼1

r2p�2�i þ p2:

However, since r0 ¼ 1 and ri b r2p�2�i for 0a ia p� 1 by Lemma 2.6, it

follows that the left hand sidea 0, which is a contradiction.

2) The semistability of P2 is proved by arguments similar to P1 and

hence we shall omit the proof. r

Remark 3.4. (1) Unfortunately, it is left open whether Q1 is semistable

with respect to H or not.

(2) Let X be a nonsingular projective curve with genus gðX Þb 2 and

F�OX !d0 F�ðOX ðKX ÞÞ the de Rham complex and let P1 ¼ Imðd0Þ. Then it
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is easily proved by arguments similar to 1) in Theorem 3.3 that P1 is

stable.
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