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Abstract. Large time behavior of solutions to the compressible Navier-Stokes equa-

tion around a given constant state is considered in an infinite layer Rn�1 � ð0; aÞ, nb 2,

under the no slip boundary condition for the velocity. The Lp decay estimates of the

solution are established for all 1a pay. It is also shown that the time-asymptotic

leading part of the solution is given by a function satisfying the n� 1 dimensional heat

equation. The proof is given by combining a weighted energy method with time-weight

functions and the decay estimates for the associated linearized semigroup.

1. Introduction

This paper is concerned with the initial boundary value problem for the

compressible Navier-Stokes equation in an infinite layer W:

qtrþ divðrvÞ ¼ 0;ð1:1Þ

qtðrvÞ þ divðrvn vÞ þ ‘PðrÞ ¼ mDvþ ðmþ m 0Þ‘ div v;ð1:2Þ

vjxn¼0;a ¼ 0; rjt¼0 ¼ r0ðxÞ; vjt¼0 ¼ v0ðxÞ:ð1:3Þ

Here W is an n-dimensional infinite layer that is defined by

W ¼ fx ¼ ðx 0; xnÞ; x 0 ¼ ðx1; . . . ; xn�1Þ A Rn�1; 0 < xn < ag; nb 2;

r ¼ rðx; tÞ and v ¼ ðv1ðx; tÞ; . . . ; vnðx; tÞÞ denote the unknown density and

velocity at time tb 0 and position x A W, respectively; P ¼ PðrÞ is the pressure;

m and m 0 are the viscosity coe‰cients that satisfy m > 0, 2
n
mþ m 0 b 0; and the

notation divðrvn vÞ means that its j-th component is given by divðrv jvÞ.
We are interested in the large time behavior of solutions to problem (1.1)–

(1.3) when the initial value ðr0; v0Þ is su‰ciently close to a given constant state

ðr�; 0Þ, where r� is a given positive number.

Matsumura and Nishida [22, 23] proved the global in time existence of

solutions to the Cauchy problem for (1.1)–(1.2) on the whole space Rn around
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ðr�; 0Þ and obtained the optimal L2 decay rate of the perturbation uðtÞ ¼
ðrðtÞ � r�; vðtÞÞ. Kawashima, Matsumura and Nishida [17] then showed that

the leading part of uðtÞ is given by the solution of the linearized problem. (See

[16] for the case of a general class of quasilinear hyperbolic-parabolic systems.)

The solution of the linearized problem reveals a hyperbolic-parabolic aspect

of system (1.1)–(1.2), a typical property of system (1.1)–(1.2). It is written

asymptotically in the sum of two terms, one is given by the convolution of the

heat kernel and the fundamental solution of the wave equation, which is the so-

called di¤usion wave, and the other is the solution of the heat equation. Ho¤

and Zumbrun [7, 8] showed that there appears some interesting interaction of

hyperbolic and parabolic aspects of the system in the decay properties of Lp

norms with 1a pay. The di¤usion wave decays faster than the heat kernel

in Lp norm for p > 2 while slower for p < 2. (See also [20].) This decay

property of the di¤usion wave also appears in the exterior domain problem [18,

19] and the half space [14, 15].

On the other hand, in contrast to the domains mentioned above, we know

that the Poincaré inequality holds for functions on the infinite layer W. There-

fore, if one considers, for example, the incompressible Navier-Stokes equation

on W under the no-slip boundary condition for the velocity, it is easily seen that

the L2 norm of the velocity decays exponentially. (See [1, 2, 3] for the Lp

decay estimates.) As for problem (1.1)–(1.3), the Poincaré inequality still holds

for the velocity vðtÞ but not for the density part fðtÞ ¼ rðtÞ � r�. This leads to

that the spectrum of the linearized operator reaches the origin but it is like the

one such as the n� 1 dimensional Laplace operator. As a result, the solution

of the linearized problem behaves in large time such as a solution of an n� 1

dimensional heat equation [11]. In this paper we will prove that the leading

part of the solution of the nonlinear problem (1.1)–(1.3) is given by the solution

of the linearized problem. More precisely, we will show that under suitable

assumptions on the initial value, uðtÞ satisfies

kuðtÞ � uð0ÞðtÞkL p ¼ Oðt�ððn�1Þ=2Þð1�1=pÞ�1=2LðtÞÞð1:4Þ

for all 1a pay as t ! y. Here LðtÞ ¼ 1 when nb 3 and LðtÞ ¼ logð1þ tÞ
when n ¼ 2; and uð0Þ ¼ ðfð0Þðx 0; tÞ; 0Þ with fð0Þðx 0; tÞ satisfying

qtf
ð0Þ � kD 0fð0Þ ¼ 0; fð0Þjt¼0 ¼

1

a

ð a
0

ðr0ðx 0; xnÞ � r�Þdxn;

where k ¼ a2g2

12n2
, n ¼ m

r�
, g2 ¼ P 0ðr�Þ and D 0 ¼ q2x1 þ � � � þ q2xn�1

. We will also

establish decay estimates of kqxuðtÞkp for all 1a pay.

The estimate (1.4) means that the leading part of uðtÞ is given by a

solution of the n� 1 dimensional heat equation and no hyperbolic feature
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appears in the leading part. We also note that, even in the case of n ¼ 2, any

e¤ect from the nonlinearity does not appear in the leading part.

As for related works, we mention that the structure of the spectrum of the

linearized operator near the origin is quite similar to that of the linearized

operator appearing in the free surface problem of viscous incompressible fluid

studied in [4]. So, the leading part of uðtÞ has a similar form to that of the

free surface problem. We also mention the work of Benabidallah [5] where

the global existence of the solution was proved in the isothermal case under

the action of a large potential force such that the density tends to 0 as

jxj ! y.

The proof of (1.4) is similar to that of an analogous result on the half

space problem investigated in [15]. It is based on the Hs a priori estimate with

time-weight function by the energy method [13, 15, 21, 24] and the decay

estimates for the linearized semigroup [10, 11]. There are, however, several

aspects di¤erent from the half space problem, especially in low-dimensional

cases. One thing is that the decay rate of the linearized semigroup is not so

fast in the case n ¼ 2; 3. Therefore, for these cases, a more detailed treatment

of the nonlinearity is needed.

The paper is organized as follows. In Section 2 we state our main results

concerning the large time behavior. The proof of the main results is given in

Section 3. We first show the asymptotic behavior (1.4) for p ¼ 2. We then

investigate the asymptotic behavior in Ly space by combining the linearized

analysis and the decay estimate of the Hs norm. We finally study the

asymptotic behavior in L1 space. In the Appendix we give a proof of the

estimates for the solutions of the Stokes problem which are used in the proof of

the energy estimates.

2. Main result

We first introduce some notation. For 1a pay we denote by Lp the

usual Lebesgue space on W and its norm is denoted by k � kp. The L2 inner

product will be denoted by ð� ; �Þ2. Let l be a nonnegative integer. The

symbol W l;p denotes the l-th order Lp Sobolev space on W with norm

k � kW l; p . When p ¼ 2, the space W l;2 is denoted by H l and its norm is

denoted by k � kH l . C l
0 stands for the set of all C l functions which have

compact support in W. We denote by H 1
0 the completion of C 1

0 in H 1. The

dual space of H 1
0 is denoted by H�1.

We often write x A W as x ¼ ðx 0; xnÞ, x 0 ¼ ðx1; . . . ; xn�1Þ A Rn�1. Partial

derivatives of a function u in x, x 0, xn and t are denoted by qxu, qx 0u, qxnu and

qtu, respectively. We also write higher order partial derivatives of u in x as

qk
x u ¼ ðqa

xu; jaj ¼ kÞ.

97Compressible Navier-Stokes equation



We next rewrite problem (1.1)–(1.3). We set f ¼ r� r�. Then problem

(1.1)–(1.3) is reduced to finding u ¼ ðf; vÞ that satisfies

qtfþ v � ‘fþ r div v ¼ 0;ð2:1Þ

rðqtvþ v � ‘vÞ � mDv� ðmþ m 0Þ‘ div vþ P 0ðrÞ‘f ¼ 0;ð2:2Þ

vjxn¼0;a ¼ 0; ujt¼0 ¼ u0;ð2:3Þ

where r ¼ fþ r� and

u0 ¼ ðf0; v0Þ; f0 ¼ r0 � r�:

Here (1.1) is used to obtain (2.2).

In the following we set

s0 1
n

2

� �
þ 1:

Here and in what follows ½q� denotes the greatest integer less than or equal to

q.

For a solution of (2.1)–(2.3) we define some quantities. Let u ¼ ðf; vÞ be

a solution of (2.1)–(2.3). We define E s
r ðtÞ and Ds

r ðtÞ by

E s
r ðtÞ ¼ sup

0atat

ð1þ tÞ2rfj½fðtÞ�j2s þ j½vðtÞ�j2sg
� �1=2

and

Ds
r ðtÞ ¼

ð t
0

ð1þ tÞ2rjjjDvjjj20dt
� �1=2

for s ¼ 0;

ð t
0

ð1þ tÞ2rfjjjDfjjj2s�1 þ jjjDvjjj2sgdt
� �1=2

for sb 1:

8>>>><
>>>>:

Here and in what follows we denote

j½cðtÞ�js ¼
X½s=2�
j¼0

kq j
tcðtÞk

2
H s�2j

 !1=2

;

jjjDcðtÞjjjs ¼
kqxcðtÞk2 for s ¼ 0;

ðj½qxcðtÞ�j2s þ j½qtcðtÞ�j2s�1Þ
1=2 for sb 1:

(

We will look for the solution u A 7½s=2�
j¼0

Cð½0;yÞ;Hs�2jÞ satisfying

Es
0ðtÞ

2 þDs
0ðtÞ

2 < y for all tb 0 with sb s0.

Before stating our main results we mention the compatibility condition.

Since we consider strong solutions, we need to require the compatibility

condition for the initial value u0 ¼ ðf0; v0Þ, which is formulated as follows.
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Let u ¼ ðf; vÞ be a smooth solution of (2.1)–(2.3). Then q j
t u ¼ ðq j

t f; q
j
t vÞ

ð jb 1Þ is inductively determined by

q j
t f ¼ �v � ‘q j�1

t f� r div q j�1
t v� f½q j�1

t ; v � ‘�fþ ½q j�1
t ; r div�vg

and

q j
t v ¼ �r�1fAq j�1

t vþ P 0ðrÞ‘q j�1
t fg � r�1f½q j�1

t ; r�qtvþ ½q j�1
t ;P 0ðrÞ‘�fg

� r�1q j�1
t ðrv � ‘vÞ:

Here Av ¼ �mDv� ðmþ m 0Þ‘ div v; and ½C;D� ¼ CD�DC is the commutator

of C and D.

From these relations we see that ðq j
t f; q

j
t vÞjt¼0 is inductively given by

ðf0; v0Þ in the following way:

ðq j
t f; q

j
t vÞjt¼0 ¼ ðfj; vjÞ;

where

fj ¼ �v0 � ‘fj�1 � r0 div vj�1 �
Xj�1

l¼1

j � 1

l

� �
fvl � ‘fj�1�l þ fl div vj�1�lg;

vj ¼ �r�1
0 fAvj�1 þ P 0ðr0Þ‘fj�1g

� r�1
0

Xj�1

l¼1

j � 1

l

� �
fflvj�l þ alðf0; f1; . . . ; flÞfj�1�lg

þ r�1
0 Gj�1ðf0; v0; qxv0; f1; . . . ; fj�1; v1; . . . ; vj�1; qxv1; . . . ; qxvj�1Þ:

Here r0 ¼ f0 þ r�; alðf0; f1; . . . ; flÞ is a certain polynomial in f1; . . . ; fl;

. . . . . . , and so on.

By the boundary condition vjxn¼0;a ¼ 0 in (2.3), we necessarily have

q j
t vjxn¼0;a ¼ 0, and hence,

vjjxn¼0;a ¼ 0:

Assume that ðf; vÞ is a solution of (2.1)–(2.3) in 7½s=2�
j¼0

Cð½0;T �;Hs�2jÞ
for some T > 0. Then, from the above observation, we need the regularity

ðfj; vjÞ A Hs�2j for j ¼ 0; . . . ; ½s=2�, which, indeed, follows from the fact that

ðf0; v0Þ A Hs with sb s0. Furthermore, it is necessary to require that ðf0; v0Þ
satisfies the ŝs-th order compatibility condition:

vj A H 1
0 for j ¼ 0; 1; . . . ; ŝs ¼ s� 1

2

� �
:

We are ready to state our global existence result.
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Theorem 2.1. Let s be an integer satisfying sb s0 and assume that

P 0ðr�Þ > 0. Then there exists a positive number e0 such that if the initial

perturbation u0 A Hs satisfies ku0kH s a e0 and the ŝs-th order compatibility condi-

tion, then there exists a unique global solution uðtÞ A 7½s=2�
j¼0

Cð½0;yÞ;Hs�2jÞ of

problem (2.1)–(2.3), which satisfies

E s
0ðtÞ

2 þDs
0ðtÞ

2
aCku0k2H s

for all tb 0. Furthermore, it holds that limt!ykuðtÞky ¼ 0.

The proof of Theorem 2.1 is similar to that of analogous results in [13,

24]. It is proved by a combination of the local existence and the a priori

energy estimate. The local existence can be proved by applying the local

solvability result in [12]. The a priori energy estimate can be obtained by the

same energy method as in [13, 24]. The decay of the Ly norm can also be

proved in a similar manner as in [13]. We omit the details. (See Lemma 3.5

below for the energy estimate.)

As for the asymptotic behavior of the solution, we have the following

result.

Theorem 2.2. Let s be an integer satisfying sb s0 þ 2 when nb 4,

sb s0 þ 3 when n ¼ 3 and sb s0 þ 4 when n ¼ 2. Assume that P 0ðr�Þ > 0.

In addition to the assumption on u0 in Theorem 2.1, assume also that u0 belongs

to H s V ðW 2;1 �W 1;1Þ. Then if u0 is su‰ciently small, the solution uðtÞ of

problem (2.1)–(2.3) satisfies

kuðtÞkp ¼ Oðt�ððn�1Þ=2Þð1�1=pÞÞ;

kqxuðtÞkp ¼ Oðt�ððn�1Þ=2Þð1�1=pÞ�1=2LðtÞð1=2Þð1�2=pÞþÞ

and

kuðtÞ � uð0ÞðtÞkp ¼ Oðt�ððn�1Þ=2Þð1�1=pÞ�1=2LðtÞÞ

for any 1a pay as t ! y. Here 1� 2
p

� �
þ
¼ max 1� 2

p
; 0

n o
; uð0Þ ¼

ðfð0Þðx 0; tÞ; 0Þ and fð0Þðx 0; tÞ is a function satisfying

qtf
ð0Þ � kD 0fð0Þ ¼ 0; fð0Þjt¼0 ¼

1

a

ð a
0

ðr0ðx 0; xnÞ � r�Þdxn;

where k ¼ a2g2

12n2
, n ¼ m=r�, g2 ¼ P 0ðr�Þ and D 0 ¼ q2x1 þ � � � þ q2xn�1

; and LðtÞ ¼ 1

when nb 3; and LðtÞ ¼ logð1þ tÞ when n ¼ 2.

Remark 2.3. (i) As is well known, kuð0ÞðtÞkp decays exactly in the order

t�ððn�1Þ=2Þð1�1=pÞ. We thus see that the decay estimate for uðtÞ in Theorem 2.2 is

optimal.
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(ii) The regularity assumption on u0 can be relaxed depending on p. See

Theorems 3.4, 3.7, 3.13–3.15 and 3.17 below.

Theorem 2.2 will be proved in the next section.

3. Proof of Theorem 2.2

In this section we prove the asymptotic behavior described in Theorem

2.2. The proof is given by combining the weighted energy estimate (Lemma

3.5) and the estimates for the linearized semigroup (Lemmas 3.1 and 3.2) which

were obtained in [10, 11].

We first transform the unknown v into m ¼ rv. Then (2.1)–(2.3) is

written as

qtfþ div m ¼ 0;

qtmþ div
mnm

r

� �
þ ‘PðrÞ ¼ mD

m

r

� �
þ ðmþ m 0Þ‘ div

m

r

� �
;

mjxn¼0;a ¼ 0; fjt¼0 ¼ f0ðxÞ; mjt¼0 ¼ m0ðxÞ;

where m0 ¼ r0v0 with r0 ¼ f0 þ r�. We rewrite this problem as

qtwþ Lw ¼ div ~NN;ð3:1Þ

mjqW ¼ 0; wjt¼0 ¼ w0;ð3:2Þ

where w ¼ f

m

� �
, w0 ¼

f0
m0

� �
and

L ¼ 0 div

g2‘ �nD� ~nn‘ div

� �
; ~NN ¼

0

ðNjkÞ1aj;kan

� �

with g2 ¼ P 0ðr�Þ, n ¼ m=r�, ~nn ¼ ðmþ m 0Þ=r� and

Njk ¼ �nqxk
fmj

fþ r�

� �
� djk~nn div

fm

fþ r�

� �

� djk f
2

ð 1
0

ð1� yÞP 00ðfyþ r�Þdy� mjmk

fþ r�
:

Here the j-th component of div N is given by
Pn

k¼1 qxkNjk.

In view of the Hs energy bound in Theorem 2.1, it su‰ces to prove

Theorem 2.2 with uðtÞ replaced by wðtÞ.
In [10] we showed that the operator �L with domain DðLÞ ¼

W 1; rðWÞ � ½W 2; rðWÞVW
1; r
0 ðWÞ� generates an analytic semigroup UðtÞ on
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W 1; rðWÞ � LrðWÞ ð1 < r < yÞ and established the estimates of UðtÞ for

0 < ta 2 stated in Lemma 3.1 below.

In the following we will denote by ~QQ the ðnþ 1Þ � ðnþ 1Þ-diagonal matrix

diagð0; 1; . . . ; 1Þ. Note that

~QQw ¼ 0

m

� �
for w ¼ f

m

� �
:

Lemma 3.1. Let l ¼ 0; 1. Then there hold the estimates

kql
xUðtÞw0kr aCt�l=2kw0kW l; r�Lr ; 1 < r < y;

kql
xUðtÞw0ky aCt�ð1�eÞkw0kH ½n=2�þ1þl�H ½n=2�þl

and

kql
xUðtÞw0kp aCt�l=2kw0kW lþ1; p�W l; p ; p ¼ 1;y;

for 0 < ta 2 with some constant 0 < e < 1, provided that w0 belongs to the

Sobolev spaces indicated on the right-hand side of each inequality above.

Furthermore, if ~QQw0jxn¼0;a ¼ 0, then

kqxUðtÞw0k1 aCkw0kW 2; 1�W 1; 1

holds for 0a ta 2.

As for the large time behavior of UðtÞ, we showed the following result in

[11].

Lemma 3.2. Let 1 < r < y and let UðtÞ be the semigroup generated by

�L. Suppose that w0 ¼ ðf0;m0Þ A L1ðWÞV ½W 1; rðWÞ � LrðWÞ�. Then the solu-

tion wðtÞ ¼ UðtÞw0 of problem (3.1)–(3.2) is decomposed as

UðtÞw0 ¼ Uð0ÞðtÞw0 þUðyÞðtÞw0;

where each term on the right-hand side has the following properties.

(i) Uð0ÞðtÞw0 is written in the form

Uð0ÞðtÞw0 ¼ Wð0ÞðtÞw0 þRð0ÞðtÞw0:

Here Wð0ÞðtÞw0 ¼
fð0Þðx 0; tÞ

0

 !
; and fð0Þðx 0; tÞ is a function independent of xn

and satisfies the following heat equation on Rn�1:

qtf
ð0Þ � kD 0fð0Þ ¼ 0; fð0Þjt¼0 ¼

1

a

ð a
0

f0ðx 0; xnÞdxn;

where k ¼ a2g2

12n and D 0 ¼ q2x1 þ � � � þ q2xn�1
. Wð0ÞðtÞ satisfies Wð0ÞðtÞ ~QQw0 ¼ 0,

and, furthermore, for any 1a pay and j; l ¼ 0; 1, there exists a positive

constant C such that
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kq j
t q

l
xW

ð0ÞðtÞw0kp aCt�ððn�1Þ=2Þð1�1=pÞ�jkw0k1:

The function Rð0ÞðtÞw0 satisfies the following estimate. For any 1a pay
and j; l ¼ 0; 1, there exists a positive constant C such that

kq j
t q

l
xR

ð0ÞðtÞw0kp aCt�ððn�1Þ=2Þð1�1=pÞ�1=2�jkw0k1
holds for tb 1. Furthermore, it holds that

kqxRð0ÞðtÞ ~QQw0kp aCt�ððn�1Þ=2Þð1�1=pÞ�1k ~QQw0k1
and

kRð0ÞðtÞ½qx ~QQw0�kp aCt�ððn�1Þ=2Þð1�1=pÞ�1=2k ~QQw0k1:

(ii) There exists a positive constant c such that UðyÞðtÞw0 satisfies

kq j
t q

l
xU

ðyÞðtÞw0kr aCe�ctkw0kW l; r�Lr ; j; l ¼ 0; 1;

for all tb 1. Furthermore, the following estimates

kql
xU

ðyÞðtÞw0ky aCe�ctkw0kH ½n=2�þ1þl�H ½n=2�þl ; l ¼ 0; 1;

kql
xU

ðyÞðtÞw0kp aCe�ctkw0kW lþ1; p�W l; p ; p ¼ 1;y; l ¼ 0; 1;

hold for all tb 1, provided that w0 belongs to the Sobolev spaces on the right of

the above inequalities.

Remark. Although the estimates of the time derivative were not given in

[10, 11], it is easy to prove these estimates by tracing the proof in [10, 11].

We first prove the L2 decay estimates (Theorem 3.4) and then the Lp

estimates for p ¼ y (Theorems 3.7, 3.13 and 3.14) and p ¼ 1 (Theorems 3.15

and 3.17). The Lp estimates for general p can then be obtained by inter-

polation. To prove the Lp estimates for p ¼ y and p ¼ 1, we will use the L2

decay estimates and the Hs energy estimate with a time-weight function.

We define M
ðkÞ
2 ðtÞ and MðtÞ by

M
ðkÞ
2 ðtÞ ¼ sup

0atat

ð1þ tÞðn�1Þ=4þk=2kqk
xwðtÞk2;

MðtÞ ¼ M
ð0Þ
2 ðtÞ þM

ð1Þ
2 ðtÞ:

To obtain the decay estimates for L2 norm we use the following

Lemma 3.3. Let sb s0 þ 1 and assume that ku0k2 a e0. Then the fol-

lowing inequalities hold.

( i ) kdiv Nk1 aCð1þ tÞ�ðn�1Þ=4�1=2fEs
0ðtÞ

1=2
MðtÞ3=2 þ Es

0ðtÞMðtÞg ðnb 3Þ.
( ii ) kdiv Nk1 aCð1þ tÞ�ðn�1Þ=4�1=2fkqxvk1=3H 3MðtÞ5=3 þ Es

0ðtÞMðtÞg ðn ¼ 2Þ.
(iii) kdiv Nk2 aCð1þ tÞ�ðn�1Þ=4�1=2

Es
0ðtÞMðtÞ ðnb 4Þ.
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(iv) kdiv Nk2 aCð1þ tÞ�ðn�1Þ=4�1=2fEs
0ðtÞ

3=4
MðtÞ5=4 þ Es

0ðtÞMðtÞg ðn ¼ 3Þ.
( v ) kdiv Nk2 aCð1þ tÞ�ðn�1Þ=4�1=2fEs

0ðtÞ
1=2

MðtÞ3=2 þ Es
0ðtÞMðtÞg ðn ¼ 2Þ.

(vi) Set NðlÞ ¼ ðNðlÞ
jk Þ, l ¼ 1; 2, with N

ð1Þ
jk ¼ �nqxk

fmj

fþr�

� �
� djk~nn div

fm

fþr�

� �
and

N
ð2Þ
jk ¼ Njk �N

ð1Þ
jk . Then

kNð1Þk1 aCð1þ tÞ�ðn�1Þ=2�1=2
MðtÞ2;

kdiv Nð2Þk1 aCð1þ tÞ�ðn�1Þ=2�1=2
MðtÞ2:

Proof. The inequalities in Lemma 3.3 follow by a direct application of

the Hölder, Poincaré and Gagliardo-Nirenberg-Sobolev inequalities to each term

of div N except kJkp ðp ¼ 1; 2Þ for n ¼ 2; 3 with J ¼ �n
f

r
Dm� ~nn

f

r
‘ div m.

We here estimate it for n ¼ 2. The case n ¼ 3 can be treated similarly.

We write m ¼ rv ¼ fvþ r�v. Then

jq2xmjaCfjq2xvj þ jfq2xvj þ jqxfqxvj þ jq2xfvjg;
and whence,

kJk1 aCfkfq2xvk1 þ kf2q2xvk1 þ kfqxfqxvk1 þ kfq2xfvk1g:

Let us estimate each term on the right-hand side. Since qxv ¼
qxm=r� qxfm=r2, we have

jqxvjaCð1þ jmjÞjqxwj:

Therefore, by the interpolation inequality: kq2xvk2 aCkqxvk2=32 kqxvk1=3H 3 , we

have

kfq2xvk1 aCkfk2kqxvk
2=3
2 kqxvk1=3H 3 aCkfk2kqxwk

2=3
2 kqxvk1=3H 3

aCð1þ tÞ�3=4kqxvk1=3H 3MðtÞ5=3:

Similarly, we have kf2q2xvk1 aCð1þ tÞ�3=4kqxvk1=3H 3MðtÞ5=3. The remaining

terms can be estimated by using the Hölder and Poincaré inequalities, and,

consequently, we obtain

kJk1 aCð1þ tÞ�3=4fkqxvk1=3H 3MðtÞ5=3 þ Es
0ðtÞMðtÞg:

We next consider kJk2. We decompose f as

f ¼ fþ f1; f ¼ 1

a

ð a
0

fðx 0; xn; tÞdxn:

Observe that f does not depend on xn, namely, f ¼ fðx 0Þ ðx 0 A RÞ (Recall that

n ¼ 2.) Therefore, applying the Gagliardo-Nirenberg inequality for f ¼ fðx 0Þ
ðx 0 A RÞ, we have

kfky aCkfk1=2
L2
x 0
kqx 0fk1=2

L2
x 0
aCkfk1=22 kqxfk1=22 :

104 Yoshiyuki Kagei



As for f1, since
Ð a
0 f1 dxn ¼ 0 for all ðx 0; tÞ, the Poincaré inequality gives

kf1k2 aCkqxnf1k2 aCkqxfk2:

It then follows that

kfq2xmk2 a kfkykq2xmk2 aCkfk1=22 kqxfk1=22 kqxmk1=22 kqxmk1=2
H 2

aCð1þ tÞ�1
Es
0ðtÞ

1=2
MðtÞ3=2

and

kf1q2xmk2 a kf1k4kq
2
xmk4 aCkqxf1k2kqxmkH 2

aCð1þ tÞ�3=4
Es
0ðtÞMðtÞ;

from which the desired inequality for kJk2 is obtained. This completes the

proof.

In the following we will denote

E0 ¼ kw0kH s þ kw0k1:

Theorem 3.4. Let sb s0 þ 1. Assume that w0 A Hs VL1. Then there

exists a positive number e1 such that

kql
xwðtÞk2 aCð1þ tÞ�ðn�1Þ=4�l=2E0; l ¼ 0; 1;(i)

for all tb 0, provided that E0 < e1. Furthermore, it holds

kwðtÞ � uð0ÞðtÞk2 aCð1þ tÞ�ðn�1Þ=4�1=2E0:(ii)

Here uð0ÞðtÞ is the function defined in Theorem 2.2.

Proof. To prove (i) we derive a uniform estimate for MðtÞ. By The-

orem 2.1, we know that kwðtÞkH 1 aCE0 for all tb 0. So, it su‰ces to

estimate MðtÞ for tb 2.

We write wðtÞ as

wðtÞ ¼ UðtÞw0 þ
ð t�1

0

Uðt� tÞ div ~NNðtÞdtþ
ð t
t�1

Uðt� tÞ div ~NNðtÞdt

1 I0ðtÞ þ I1ðtÞ þ I2ðtÞ:

We note that

div ~NNðtÞ ¼ 0

div NðtÞ

� �
¼ ~QQ div ~NNðtÞ;

and, therefore, Uð0Þ div ~NNðtÞ ¼ Rð0Þ div ~NNðtÞ. By Lemma 3.2, we see that
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kql
xI0ðtÞk2 aCð1þ tÞ�ðn�1Þ=4�l=2E0:

We next apply Lemmas 3.2 and 3.3 to estimate I1ðtÞ. When nb 3, we

have

kql
xI1ðtÞk2 aC

ð t�1

0

ð1þ t� tÞ�ðn�1Þ=4�ðlþ1Þ=2kdiv NðtÞk1dt

þ C

ð t�1

0

e�cðt�tÞkdiv NðtÞk2dt

aCð1þ tÞ�ðn�1Þ=4�l=2fEs
0ðtÞMðtÞ þ Es

0ðtÞ
3=4

MðtÞ5=4g

for l ¼ 0; 1. We here used the fact that div ~NN ¼ ~QQ div ~NN.

In case n ¼ 2, since sb s0 þ 1 ¼ 3, we similarly have

kql
xI1ðtÞk2

aC

ð t�1

0

ð1þ t� tÞ�1=4�ðlþ1Þ=2ð1þ tÞ�3=4ðkqxvk1=3H 3MðtÞ5=3 þ Es
0ðtÞMðtÞÞdt

þ C

ð t�1

0

e�cðt�tÞð1þ tÞ�3=4
dtðEs

0ðtÞ
1=2

MðtÞ3=2 þ Es
0ðtÞMðtÞÞ:

By Hölder’s inequality, we haveð t�1

0

ð1þ t� tÞ�1=4�ðlþ1Þ=2ð1þ tÞ�3=4kqxvk1=3H 3 dt

a

ð t�1

0

ð1þ t� tÞ�ð6=5Þð3=4þl=2Þð1þ tÞ�9=10
dt

� �5=6 ð t�1

0

kqxvk2H 3dt

� �1=6

aCð1þ tÞ�1=4�l=2
Ds

0ðtÞ
1=3:

It then follows that

kql
xI1ðtÞk2 aCð1þ tÞ�1=4�l=2fDs

0ðtÞ
1=3

MðtÞ5=3 þ Es
0ðtÞMðtÞ þ Es

0ðtÞ
1=2

MðtÞ3=2g

for l ¼ 0; 1.

As for I2ðtÞ, we apply Lemmas 3.1 and 3.3 to obtain

kql
xI2ðtÞk2

aC

ð t
t�1

ðt� tÞ�l=2kdiv NðtÞk2dt

aCð1þ tÞ�ðn�1Þ=4�1=2fEs
0ðtÞMðtÞ þ Es

0ðtÞ
3=4

MðtÞ5=4 þ Es
0ðtÞ

1=2
MðtÞ3=2g

for l ¼ 0; 1.
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Since Es
0ðtÞ þDs

0ðtÞaCE0 for all tb 0 by Theorem 2.1, it follows from

the above estimates that if E0 is su‰ciently small, then

MðtÞaCfE0 þ E
1=3
0 MðtÞ5=3 þ E

3=4
0 MðtÞ5=4 þ E

1=2
0 MðtÞ3=2g:

We thus conclude MðtÞaCE0, provided that E0 is su‰ciently small. This

completes the proof of (i).

We next prove the estimate (ii). By Lemma 3.2, we have

kI0ðtÞ � uð0ÞðtÞk2 aCE0ð1þ tÞ�ðn�1Þ=4�1=2:

We already showed that kI2ðtÞk2 has the desired decay property. As for I1ðtÞ,
we write N ¼ Nð1Þ þNð2Þ as in Lemma 3.3 (vi). It follows from Lemmas 3.2

and 3.3 (vi) that

kI1ðtÞk2 a
ð t�1

0

ð1þ t� tÞ�ðn�1Þ=4�1=2ðkNð1ÞðtÞk1 þ kdiv Nð2ÞðtÞk1Þdt

þ C

ð t�1

0

e�cðt�tÞkdiv NðtÞk2dt

aCE0ð1þ tÞ�ðn�1Þ=4�1=2
LðtÞ:

We thus obtain the estimate in (ii). This completes the proof.

We next establish Ly decay estimates. We first derive a decay estimate of

the Hs norm, which will be also used to obtain the L1 estimate for qxwðtÞ.

Lemma 3.5. Under the assumption of Theorem 3.4, it holds

kwðtÞkH s aCE0ð1þ tÞ�ðn�1Þ=4ðlogð1þ tÞÞ1=2:

Proof. The proof is based on Theorem 3.4 and a weighted energy

estimate with a time-weight function. Let u ¼ ðf; vÞ be a solution of (2.1)–

(2.3). Assume for simplicity that Es
0ðtÞ < 1 for all t. One can then prove that

there exists a positive constant C independent of t such that

Es
r ðtÞ

2 þDs
r ðtÞ

2
aC

�
ku0k2H s þ Es

0ðtÞDs
r ðtÞ

2ð3:3Þ

þ rDs
0ðtÞ

2 þ r

ð t
0

ð1þ tÞ2r�1kuk22dt
�
:

The inequality (3.3) is proved in the same way as in the proof of [13,

Proposition 3.2] and [15, Propositions 11.2, 11.3], where the half space problem

was investigated. In fact, there are only two points to be remarked as

compared with the argument in [13, 15]. One is in the estimate of
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E0
r ðtÞ

2 þD0
r ðtÞ

2. Although we can estimate it as in [13], here we can also use

the Poincaré inequality. Let aðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P 0ðrÞ=r

p
. Then we see from (2.1)–(2.2)

that

qtðaðrÞfÞ þ v � ‘ðaðrÞfÞ þ raðrÞ div v ¼ �ra 0ðrÞðdiv vÞf;ð3:4Þ

rðqtvþ v � ‘vÞ þ Avþ ‘ðP 0ðrÞfÞ ¼ P 00ðrÞð‘fÞf:ð3:5Þ

Taking the L2 inner product of (3.4) and (3.5) with ð1þ tÞ2raðrÞf and

ð1þ tÞ2rv, respectively, and noting that

ðraðrÞ div v; aðrÞfÞ2 ¼ �ð‘ðP 0ðrÞfÞ; vÞ2;
we have

1

2

d

dt
½ð1þ tÞ2rðkaðrÞfðtÞk22 þ k ffiffiffi

r
p

vðtÞk22Þ� þ ð1þ tÞ2rkA1=2vðtÞk22ð3:6Þ

¼ rð1þ tÞ2r�1ðkaðrÞfðtÞk22 þ k ffiffiffi
r

p
vðtÞk22Þ þ RðtÞ;

where kA1=2vk22 ¼ mk‘vk22 þ ðmþ m 0Þkdiv vk22 and

RðtÞ ¼ �ðv � ‘ðaðrÞfÞ; aðrÞfÞ2 þ ðv;‘ðra 0ðrÞaðrÞf2ÞÞ2 þ ðP 00ðrÞð‘rÞf; vÞ2:

For the velocity v, we have the Poincaré inequality: kvk2 aCkqxvk22. There-

fore, RðtÞ is estimated as

jRðtÞjaCð1þ kfkyÞkfkykvk2kqxfk2 aCEs
0ðtÞkqxuk

2
2:

This, together with (3.6), implies that E0
r ðtÞ

2 þD0
r ðtÞ

2 is bounded by the right-

hand side of (3.3).

The second point is as follows. In deriving (3.3) we use regularity

estimates for solutions to the Stokes system. In the case of W it is formulated

in the following way. Let ðp; vÞ A Hkþ1 �Hkþ2 be the solution of the Stokes

system

div v ¼ f in W

�mDvþ P 0ðr�Þ‘p ¼ g in W

vjxn¼0;a ¼ 0:

Then for any k A Z, kb 0, there exists a constant C > 0 such that

kqkþ2
x vk2 þ kqkþ1

x pk2 aCfk f kHkþ1 þ kgkHk þ kqxvk22g:ð3:7Þ

Here the right-hand side of (3.7) is slightly di¤erent from the one for the half

space problem, but it does not a¤ect the argument to obtain (3.3). For

completeness we will give a proof of (3.7) in the Appendix. The other part

of the proof is quite similar to the argument in [13, 15]. We omit the details.
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We continue the proof of Lemma 3.5. We see from (3.3) with r ¼ 0 that

Es
0ðtÞ

2 þDs
0ðtÞ

2
aCku0k2H s ;ð3:8Þ

provided that ku0kH s < e0 for some small e0 > 0. Note that this is just the

energy estimate in Theorem 2.1. Since kuk2 aCkwk2, we see from (3.3) and

(3.8) that

Es
r ðtÞaCku0kH s þ C

ð t
0

ð1þ tÞ2r�1kwk22dt
� �1=2

;

provided that ku0kH s is su‰ciently small. We now take r ¼ n�1
4 and apply

Theorem 3.4 to obtain

Es
r ðtÞaCE0

ð t
0

ð1þ tÞ�1
dt

� �1=2
aCE0ðlogð1þ tÞÞ1=2

with r ¼ n�1
4 . The desired estimate now follows since kwðtÞkH s aCkuðtÞkH s .

This completes the proof.

Before proceeding further, we prepare a lemma to estimate the non-

linearity, which follows from [9, Lemma 3.3.1].

Lemma 3.6. Let F be a smooth function on R. Then

kqk
xF ð f Þgk2 aCð1þ k f kyÞk�1ðk f kykgkH k þ kgkyk f kHk Þ:

Proof. The inequality follows by a direct application of [9, Lemma 3.3.1],

when W is the whole space. The desired inequality can then be obtained by

using the extension argument. This completes the proof.

We set

Mð0Þ
y ðtÞ ¼ sup

0atat

ð1þ tÞðn�1Þ=2kwðtÞky:

Theorem 3.7. Let sb s0 þ 1. Then there exists a positive number e2 such

that

kwðtÞky aCE0ð1þ tÞ�ðn�1Þ=2;

provided that E0 < e2.

Proof. Since kwðtÞky aCEs
0ðtÞaCE0 by the Sobolev inequality, it

su‰ces to show M
ð0Þ
y ðtÞaCE0 for tb 2.

As in the proof of Theorem 3.4, we write wðtÞ ¼ I0ðtÞ þ I1ðtÞ þ I2ðtÞ. By

Lemma 3.2 we have

kI0ðtÞky aCE0ð1þ tÞ�ðn�1Þ=2:
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Applying Lemmas 3.5 and 3.6, we see that

kdiv NkH s0�1 aCkwkykwkH sð3:9Þ

aCE0ð1þ tÞ�3ðn�1Þ=4ðlogð1þ tÞÞ1=2Mð0Þ
y ðtÞ:

This, together with Lemmas 3.2 and 3.3, implies that

kI1ðtÞky aC

ð t�1

0

ð1þ t� tÞ�ðn�1Þ=2ðkNð1ÞðtÞk1 þ kdiv Nð2ÞðtÞk1Þdt

þ C

ð t�1

0

e�cðt�tÞkdiv NðtÞkH s0�1dt

aCE0

ð t�1

0

ð1þ t� tÞ�ðn�1Þ=2ð1þ tÞ�ðn�1Þ=2�1=2
dt

þ CE0M
ð0Þ
y ðtÞ

ð t�1

0

e�cðt�tÞð1þ tÞ�3ðn�1Þ=4ðlogð1þ tÞÞ1=2dt

aCE0fð1þ tÞ�ðn�1Þ=2�1=2
LðtÞ

þ ð1þ tÞ�3ðn�1Þ=4ðlogð1þ tÞÞ1=2Mð0Þ
y ðtÞg:

As for I2ðtÞ, we see from Lemma 3.1 and (3.9) that

kI2ðtÞky aC

ð t
t�1

ðt� tÞ�ð1�eÞkdiv NðtÞkH s0�1dt

aCE0M
ð0Þ
y ðtÞ

ð t
t�1

ðt� tÞ�ð1�eÞð1þ tÞ�3ðn�1Þ=4ðlogð1þ tÞÞ1=2dt

aCE0ð1þ tÞ�3ðn�1Þ=4ðlogð1þ tÞÞ1=2Mð0Þ
y ðtÞ:

We thus conclude that if E0 is su‰ciently small, then M
ð0Þ
y ðtÞaCE0. This

completes the proof.

To obtain the decay estimate for kqxwðtÞky we first show that kqxwðtÞky
decays in the order t�ðn�1Þ=2. We set

~MMð1Þ
y ðtÞ ¼ sup

0atat

ð1þ tÞðn�1Þ=2kqxwðtÞky:

Proposition 3.8. Let sb s0 þ 2. Then there exists a positive number e3
such that

kqxwðtÞky aCE0ð1þ tÞ�ðn�1Þ=2;

provided that E0 < e3.
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Proof. Since sb s0 þ 2, we see from Lemmas 3.5 and 3.6 that

kdiv NkH s0 aCkwkykwkH s

aCE0ð1þ tÞ�3ðn�1Þ=4ðlogð1þ tÞÞ1=2Mð0Þ
y ðtÞ:

Similarly to the proof of Theorem 3.7, we can obtain the desired estimate. We

omit the details. This completes the proof.

To prove kqxwðtÞky ¼ Oðt�ðn�1Þ=2�1=2LðtÞ1=2Þ, we next derive a decay

estimate for kq2xmðtÞk2. We set

Mð2ÞðtÞ ¼ sup
0atat

ð1þ tÞðn�1Þ=4þ1=2
LðtÞ�1=2fkqtwðtÞk2 þ kq2xmðtÞk2g:

Based on the decay estimates obtained above, it is now straightforward to

obtain the following estimates for the nonlinearity.

Lemma 3.9. Let sb s0 þ 2. Assume that E0 < e3. Then the following

inequalities hold.

( i ) kqt div Nk2 aCE0f1þMð2ÞðtÞgð1þ tÞ�ðn�1Þ=4�1=2
LðtÞ1=2.

(ii) kqx div Nk2 aCE0ð1þ tÞ�ðn�1Þ=4�1=2
LðtÞ1=2.

Proposition 3.10. Let sb s0 þ 2. Then there exists a positive number e4
such that

kqtwðtÞk2 þ kq2xmðtÞk2 aCE0ð1þ tÞ�ðn�1Þ=4�1=2
LðtÞ1=2;

provided that E0 < e4.

Proof. Since kqtwðtÞk2 þ kq2xmðtÞk2 aEs
0ðtÞaCE0 for all tb 0, we

may assume that tb 2. As in the proof of Theorem 3.4, we write

wðtÞ ¼ I0ðtÞ þ I1ðtÞ þ I2ðtÞ. By Lemma 3.2 we have

kqtI0ðtÞk2 aCE0t
�ðn�1Þ=4�1=2:

Since

qtI1ðtÞ ¼ Uð1Þ div Nðt� 1Þ þ
ð t�1

0

qtUðt� tÞ div NðtÞdt;

we see from Lemmas 3.2 and 3.3 that

kqtI1ðtÞk2 aCkdiv Nðt� 1Þk2 þ C

ð t�1

0

ð1þ t� tÞ�ðn�1Þ=4�1=2kdiv NðtÞk1dt

þ C

ð t�1

0

e�cðt�tÞkdiv NðtÞk2dt

aCE0ð1þ tÞ�ðn�1Þ=4�1=2:
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By integration by parts, we have

qtI2ðtÞ ¼
ð t
t�1

Uðt� tÞqt div NðtÞdt:

Applying Lemmas 3.1 and 3.9, we then find that

kqtI2ðtÞk2 aC

ð t
t�1

kqt div NðtÞk2dt

aCE0f1þMð2ÞðtÞg
ð t
t�1

ð1þ tÞ�ðn�1Þ=4�1=2
LðtÞ1=2dt

aCE0f1þMð2ÞðtÞgð1þ tÞ�ðn�1Þ=4�1=2
LðtÞ1=2:

We thus obtain

kqtwðtÞk2 aCE0f1þMð2ÞðtÞgð1þ tÞ�ðn�1Þ=4�1=2
LðtÞ1=2:

We next estimate kqx 0qxmðtÞk2. In view of the proof of Lemma 3.2 ([10,

11]), one can see that

kqx 0qxU
ð0ÞðtÞw0k2 aCð1þ tÞ�ðn�1Þ=4�1kw0k1ð3:10Þ

and

kqx 0qxU
ðyÞðtÞw0k2 aCe�ctkqx 0w0kH 1�L2 :ð3:11Þ

We see from (3.10) and (3.11) that

kqx 0qxI0ðtÞk2 aCE0ð1þ tÞ�ðn�1Þ=4�1=2:

By (3.10), (3.11) and Lemma 3.9, we have

kqx 0qxI1ðtÞk2 aC

ð t�1

0

ð1þ t� tÞ�ðn�1Þ=4�1kdiv NðtÞk1dt

þ C

ð t�1

0

e�cðt�tÞkqx 0 div NðtÞk2dt

aCE0

ð t�1

0

ð1þ t� tÞ�ðn�1Þ=4�1ð1þ tÞ�ðn�1Þ=4�1=2
dt

þ CE0

ð t�1

0

e�cðt�tÞð1þ tÞ�ðn�1Þ=4�1=2
LðtÞ1=2dt

aCE0ð1þ tÞ�ðn�1Þ=4�1=2
LðtÞ1=2:

Since qx 0 commutes with UðtÞ, we similarly obtain
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kqx 0qxI2ðtÞk2 aC

ð t
t�1

ðt� tÞ�1=2kqx 0 div NðtÞk2dt

aCE0

ð t
t�1

ðt� tÞ�1=2ð1þ tÞ�ðn�1Þ=4�1=2
LðtÞ1=2dt

aCE0ð1þ tÞ�ðn�1Þ=4�1=2
LðtÞ1=2:

We thus obtain

kqx 0qxwðtÞk2 aCE0ð1þ tÞ�ðn�1Þ=4�1=2
LðtÞ1=2:

It remains to estimate kq2xnmðtÞk2. From equation (3.1) we find that

nq2xnm
0 ¼ qtm

0 � nD 0m0 � ~nn‘ 0 div mþ g‘ 0f� ðdiv NÞ0;

ðnþ ~nnÞq2xnm
n ¼ qtm

n � nD 0mn � ~nnqxn‘
0 �m0 þ gqxnf� ðdiv NÞn;

where ‘ 0 ¼ ðqx1 ; . . . ; qxn�1
Þ and div N ¼ ððdiv NÞ0; ðdiv NÞnÞ. It follows that

kq2xnmðtÞk2 aCfkqtmðtÞk2 þ kqx 0qxmðtÞk2 þ kqxfðtÞk2 þ kdiv NðtÞk2g

aCE0f1þMð2ÞðtÞgð1þ tÞ�ðn�1Þ=4�1=2
LðtÞ1=2:

Therefore, we arrive at Mð2ÞðtÞaCE0f1þMð2ÞðtÞg. The desired inequality

now follows if E0 is assumed to be su‰ciently small. This completes the proof.

The following inequalities immediately follow from Proposition 3.10.

Lemma 3.11. Let sb s0 þ 2 and assume that E0 < e4. Then

kdiv Nk1 aCE0ð1þ tÞ�ðn�1Þ=2�1=2
LðtÞ1=2:

To estimate kqxuðtÞky we also use the following inequality.

Lemma 3.12. Assume that sb s0 þ 2 when nb 4, sb s0 þ 3 when n ¼ 3

and sb s0 þ 4 when n ¼ 2. Assume also that E0 < e4. Then

kdiv NkH s0 aCE0f1þMð1Þ
y ðtÞgð1þ tÞ�ðn�1Þ=2�1=2

LðtÞ1=2:

Proof. We write div N as

div N ¼ fn‘ � ð‘ðF1ðfÞÞmÞ þ n‘ � ðF1ðfÞ‘mÞ

þ ~nn‘ð‘ðF1ðfÞÞ �mÞ þ ~nn‘ðF1ðfÞ div mÞg

þ f‘ðF2ðfÞÞfþ F2ðfÞ‘fg þ � 1

r2
ð‘f �mÞm� 1

r
m � ‘m

� �

1 J1 þ J2 þ J3;
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where FjðfÞ, j ¼ 1; 2, are some smooth functions. By Lemma 3.6, we see

that

kJ1kH s0 aCfkfkykqxmkH s0þ1 þ kqxmkykfkH s0þ2 þ kqxfkykmkH s0þ1g:

We here used the inequality: kmky aCkqxmky, which follows from

mjxn¼0;a ¼ 0.

Similarly we can obtain

kJ2kH s0 aCfkfkykqxfkH s0 þ kqxfkykfkH s0þ1g;

kJ3kH s0 aCkqxwkykwkH s0þ1 :

Consequently, we have

kdiv NkH s0 aCfkwkyðkqxfkH s0 þ kqxmkH s0þ1Þ þ kqxwkykwkH s0þ2g:ð3:12Þ

Let us now consider the case nb 4. Since n�1
4 b 3

4 >
1
2 for nb 4, we see

from (3.12), Lemma 3.5 and Theorem 3.7 that

kdiv NkH s0 aCE0fMyðtÞ þMð1Þ
y ðtÞgð1þ tÞ�ðn�1Þ=2�1=2;

which yields the desired inequality for nb 4.

We next consider the case n ¼ 3. Since s0 ¼ 2 when n ¼ 3, we see from

Theorem 3.4 and Lemma 3.5 that

kqxfðtÞkH s0 aCkqxfðtÞk1=32 kqxfðtÞk2=3H 3

aCE0ð1þ tÞ�2=3ðlogð1þ tÞÞ1=3 aCE0ð1þ tÞ�1=2:

We also obtain, by Theorem 3.4, Lemma 3.5 and Proposition 3.10,

kqxmðtÞkH s0þ1 a kqxmðtÞk2 þ kq2xmðtÞkH 2

a kqxmðtÞk2 þ Ckq2xmðtÞk1=32 kq2xmðtÞk2=3
H 3

aCE0fð1þ tÞ�1 þ ð1þ tÞ�2=3ðlogð1þ tÞÞ1=3g

aCE0ð1þ tÞ�1=2:

This, together with (3.12), implies the desired inequality for n ¼ 3 as in the case

nb 4.

We finally consider the case n ¼ 2. In this case we also have s0 ¼ 2 but

kwðtÞkH s aCE0ð1þ tÞ�1=4ðlogð1þ tÞÞ1=2. Therefore,

kqxfðtÞkH s0 aCkqxfðtÞk1=22 kqxfðtÞk1=2H 4 aCE0ð1þ tÞ�1=2ðlogð1þ tÞÞ1=4

and
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kqxmðtÞkH s0þ1 a kqxmðtÞk2 þ kq2xmðtÞkH 2

a kqxmðtÞk2 þ Ckq2xmðtÞk1=22 kq2xmðtÞk1=2
H 4

aCE0fð1þ tÞ�3=4 þ ð1þ tÞ�1=2ðlogð1þ tÞÞ1=2g

aCE0ð1þ tÞ�1=2ðlogð1þ tÞÞ1=2:

This, together with (3.12), implies the desired inequality for n ¼ 2 as in the case

nb 4. This completes the proof.

We now establish the estimate for kqxwðtÞky.

Theorem 3.13. Assume that sb s0 þ 2 when nb 4, sb s0 þ 3 when n ¼ 3

and sb s0 þ 4 when n ¼ 2. Then there exists a positive number e5 such that

kqxwðtÞky aCE0ð1þ tÞ�ðn�1Þ=2�1=2
LðtÞ1=2;

provided that E0 < e5.

Proof. As in the proof of Theorem 3.4, we write wðtÞ ¼
I0ðtÞ þ I1ðtÞ þ I2ðtÞ. By Lemma 3.2, we have

kqxI0ðtÞky aCE0ð1þ tÞ�ðn�1Þ=2�1=2:

We also see from Lemmas 3.2, 3.11 and 3.12 that

kqxI1ðtÞky aC

ð t�1

0

ð1þ t� tÞ�ðn�1Þ=2�1kdiv NðtÞk1dt

þ C

ð t�1

0

e�cðt�tÞkdiv NðtÞkH s0dt

aCE0

ð t�1

0

ð1þ t� tÞ�ðn�1Þ=2�1ð1þ tÞ�ðn�1Þ=2�1=2
LðtÞ1=2dt

þ CE0f1þMð1Þ
y ðtÞg

ð t�1

0

e�cðt�tÞð1þ tÞ�ðn�1Þ=2�1=2
LðtÞ1=2dt

aCE0f1þMð1Þ
y ðtÞgð1þ tÞ�ðn�1Þ=2�1=2

LðtÞ1=2:

As for I2ðtÞ, we apply Lemmas 3.1 and 3.12 to obtain

kqxI2ðtÞky aC

ð t
t�1

ðt� tÞ�ð1�eÞkdiv NðtÞkH s0 dt

aCE0f1þMð1Þ
y ðtÞg

ð t
t�1

ðt� tÞ�ð1�eÞð1þ tÞ�ðn�1Þ=2�1=2
LðtÞ1=2dt

aCE0f1þMð1Þ
y ðtÞgð1þ tÞ�ðn�1Þ=2�1=2

LðtÞ1=2:
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We thus conclude that M
ð0Þ
y ðtÞaCE0ð1þM

ð1Þ
y ðtÞÞ, from which the desired

inequality follows if E0 is su‰ciently small. This completes the proof.

We next prove the asymptotic behavior in Ly space.

Theorem 3.14. Under the same assumption of Theorem 3.13, it holds

kwðtÞ � uð0ÞðtÞky aCE0ð1þ tÞ�ðn�1Þ=2�1=2
LðtÞ:

Proof. We write N ¼ Nð1Þ þNð2Þ as in Lemma 3.3 (vi). We see from

(3.12), Lemma 3.5 and Theorems 3.7 and 3.13 that

kdiv NkH s0�1 aCE0ð1þ tÞ�ðn�1Þ=2�1=2
LðtÞ1=2:ð3:13Þ

This, together with Lemmas 3.2 and 3.3, implies that

kI1ðtÞky aC

ð t�1

0

ð1þ t� tÞ�ðn�1Þ=2�1=2ðkNð1ÞðtÞk1 þ kdiv Nð2ÞðtÞk1Þdt

þ C

ð t�1

0

e�cðt�tÞkdiv NðtÞkH s0�1dt

aCE0

ð t�1

0

ð1þ t� tÞ�ðn�1Þ=2�1=2ð1þ tÞ�ðn�1Þ=2�1=2
dt

þ CE0

ð t�1

0

e�cðt�tÞð1þ tÞ�ðn�1Þ=2�1=2
LðtÞ1=2dt

aCE0ð1þ tÞ�ðn�1Þ=2�1=2
LðtÞ:

Also, by Lemma 3.1 and (3.13), we have

kI2ðtÞky aC

ð t
t�1

ðt� tÞ�ð1�eÞkdiv NðtÞkH s0�1dt

aCE0

ð t�1

0

ðt� tÞ�ð1�eÞð1þ tÞ�ðn�1Þ=2�1=2
LðtÞ1=2dt

aCE0ð1þ tÞ�ðn�1Þ=2�1=2
LðtÞ1=2:

This completes the proof.

We finally consider the estimates in L1 norm.

Theorem 3.15. In addition to the assumption of Theorem 3.4, assume also

that w0 A W 1;1 � L1. Then the following estimates hold.

kwðtÞk1 aCfE0 þ kw0kW 1; 1�L1g:(i)

kwðtÞ � uð0ÞðtÞk1 aCfE0 þ kw0kW 1; 1�L1gð1þ tÞ�1=2
LðtÞ:(ii)
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Proof. By Lemmas 3.1 and 3.3, we have

kwðtÞk1 aCkw0kW 1; 1�L1 þ C

ð t
0

kdiv NðtÞk1dt

aCfE0 þ kw0kW 1; 1�L1g

for 0a ta 2.

Assume that tb 2. As in the proof of Theorem 3.4, we write

wðtÞ ¼ I0ðtÞ þ I1ðtÞ þ I2ðtÞ. By Lemma 3.2 we have

kI0ðtÞk1 aCfE0 þ kw0kW 1; 1�L1g:

By Lemmas 3.2 and 3.3, we have

kI1ðtÞk1 aC

ð t�1

0

ð1þ t� tÞ�1=2ðkNð1ÞðtÞk1 þ kdiv Nð2ÞðtÞk1Þdt

þ C

ð t�1

0

e�cðt�tÞkdiv NðtÞk1dt

aCE0

ð t�1

0

ð1þ t� tÞ�1=2ð1þ tÞ�ðn�1Þ=2�1=2
dt

þ CE0

ð t�1

0

e�cðt�tÞð1þ tÞ�3=4ðkqxvðtÞk1=3H 3 þ 1Þdt

aCE0 ð1þ tÞ�1=2
LðtÞ þ

ð t�1

0

e�cðt�tÞð1þ tÞ�3=4kqxvðtÞk1=3H 3 dt

� �
:

As for the last term on the right, we see from Hölder’s inequality that

ð t�1

0

e�cðt�tÞð1þ tÞ�3=4kqxvðtÞk1=3H 3 dtaCð1þ tÞ�3=4
Ds

0ðtÞ
1=3:

We thus obtain

kI1ðtÞk1 aCE0ð1þ tÞ�1=2
LðtÞ:

Similarly,

kI2ðtÞk1 aC

ð t
t�1

kdiv NðtÞk1dtaCE0

ð t
t�1

ð1þ tÞ�3=4ðkqxvðtÞk1=3H 3 þ 1Þdt

aCE0ð1þ tÞ�3=4:

We thus obtain the inequality (i).

Furthermore, by Lemma 3.2, we have
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kI0ðtÞ � uð0ÞðtÞk1 aCfE0 þ kw0kW 1; 1�L1gð1þ tÞ�1=2:

Combining this with the estimates for kI1ðtÞk1 and kI2ðtÞk1 obtained above, we

arrive at the inequality (ii). This completes the proof.

To estimate kqxwðtÞk1 we make use of the following inequality.

Lemma 3.16. Assume that sb s0 þ 1 when nb 3 and sb s0 þ 2 when

n ¼ 2. Assume also that E0 < e1. Then

kdiv NkW 1; 1 aCE0ð1þ tÞ�ðn�1Þ=4�1=2ðlogð1þ tÞÞ1=2:

Proof. By Lemma 3.3, we have

kdiv Nk1 aCE0ð1þ tÞ�ðn�1Þ=4�1=2:

Here we used the fact that kqxvðtÞkH 3 aEs
0ðtÞaCE0 when n ¼ 2 since

sb s0 þ 2 ¼ 4 for n ¼ 2.

A direct computation, together with Lemma 3.5, yields the inequality

kqx div Nk1 aCE0ð1þ tÞ�ðn�1Þ=4�1=2ðlogð1þ tÞÞ1=2:

We omit the details. This completes the proof.

We now establish the decay estimate for kqxwðtÞk1.

Theorem 3.17. Assume that sb s0 þ 1 when nb 3 and sb s0 þ 2 when

n ¼ 2. Assume also that w0 A Hs V ðW 2;1 �W 1;1Þ. Then

kqxwðtÞk1 aCfE0 þ kw0kW 2; 1�W 1; 1gð1þ tÞ�1=2;

provided that E0 < e1.

Proof. We first note that m0jxn¼0;a ¼ 0 since u0 satisfies the compatibility

condition. Therefore, for 0a ta 2, we see from Lemmas 3.1 and 3.16 that

kqxwðtÞk1 aCkw0kW 2; 1�W 1; 1 þ C

ð t
0

ðt� tÞ�1=2kdiv NðtÞkW 1; 1dt

aCkw0kW 2; 1�W 1; 1 þ CE0

ð t
0

ðt� tÞ�1=2
dt

aCfE0 þ kw0kW 2; 1�W 1; 1g:

We next consider the estimate for tb 2. As in the proof of Theorem 3.4,

we write wðtÞ ¼ I0ðtÞ þ I1ðtÞ þ I2ðtÞ. By Lemma 3.2, we have

kqxI0ðtÞk1 aCfE0 þ kw0kW 2; 1�W 1; 1gð1þ tÞ�1=2:

We also see from Lemmas 3.2 and 3.16 that
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kqxI1ðtÞk1 aC

ð t�1

0

ð1þ t� tÞ�1kdiv NðtÞk1dt

þ C

ð t�1

0

e�cðt�tÞkdiv NðtÞkW 1; 1dt

aCE0

ð t�1

0

ð1þ t� tÞ�1ð1þ tÞ�ðn�1Þ=4�1=2ðlogð1þ tÞÞ1=2dt

aCE0ð1þ tÞ�1=2;

and, by Lemmas 3.1 and 3.16,

kqxI2ðtÞk1 aC

ð t
t�1

ðt� tÞ�1=2kdiv NðtÞkW 1; 1dt

aCE0

ð t
t�1

ðt� tÞ�1=2ð1þ tÞ�ðn�1Þ=4�1=2ðlogð1þ tÞÞ1=2dt

aCE0ð1þ tÞ�1=2:

We thus obtain the desired estimate. This completes the proof.

Appendix: Proof of (3.7)

In this section we give a proof of the estimate (3.7) for the Stokes system.

The argument is similar to that in the proof of [25, Theorem III.1.5.1].

We begin with

Lemma A.1. Let D ¼ Rn or D ¼ Rn
þ ¼ fx ¼ ðx 0; xnÞ; xn > 0g and let k be

a nonnegative integer. Assume that v A Hkþ2ðDÞ, p A Hkþ1ðDÞ satisfy

div v ¼ f in D;

�mDvþ P 0ðr�Þ‘p ¼ g in D;

v ¼ 0 on fxn ¼ 0g in case D ¼ Rn
þ:

Then

kqkþ2
x vkL2ðDÞ þ kqkþ1

x pkL2ðDÞ aCfkqkþ1
x f kL2ðDÞ þ kqk

x gkL2ðDÞg:

Proof. See, e.g., [6].

In what follows we assume that v A Hkþ2ðWÞ, p A Hkþ1ðWÞ satisfy

div v ¼ f in W;

�mDvþ P 0ðr�Þ‘p ¼ g in W;

v ¼ 0 on fxn ¼ 0; ag:

ðA:1Þ
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We take a family of open cubes fQjgyj¼1 that has the properties: (i)

WH6y
j¼1

Qj, (ii) Wj 1WVQj 0q, (iii) Qj’s are congruent with each other,

and (iv) fQjgyj¼1 has the finite intersection property.

Lemma A.2. Set pj ¼ 1
jWj j
Ð
Wj
pðxÞdx. Then it holds

kp� pjkL2ðWjÞ aCfkgkL2ðWjÞ þ kqxvkL2ðWjÞg:

Here C is a positive constant independent of j.

Proof. We see from (A.1) that

�mDvþ P 0ðr�Þ‘ðp� pjÞ ¼ g a:e: x:

For any j A Cy
0 ðWjÞ, we have

jP 0ðr�Þð‘ðp� pjÞ; jÞL2ðWjÞj ¼ jðg; jÞL2ðWjÞ þ mð‘v;‘jÞL2ðWjÞj

a kgkL2ðWjÞkjkL2ðWjÞ þ mk‘vkL2ðWjÞk‘jkL2ðWjÞ

aCfkgkL2ðWjÞ þ k‘vkL2ðWjÞgk‘jkL2ðWjÞ:

Here we used the Poincaré inequality: kjkL2ðWjÞ aCk‘jkL2ðWjÞ. We thus

obtain

k‘ðp� pjÞkH�1ðWjÞ aCfkgkL2ðWjÞ þ kqxvkL2ðWjÞg:

Since kp� pjkL2ðWjÞ aCk‘ðp� pjÞkH�1ðWjÞ (See, e.g., [25, Lemma II.1.5.4]), we

have

kp� pjkL2ðWjÞ aCfkgkL2ðWjÞ þ kqxvkL2ðWjÞg:

This completes the proof.

In the following we take a family of smooth functions fwjg
y
j¼1 that satisfies

supp wj HQj and
Py

j¼1 w
2
j � 1.

Proof of (3.7). We set vj ¼ wjv and pj ¼ wjðp� pjÞ. Then we see from

(A.1) that

div vj ¼ Fj;

�mDvj þ P 0ðr�Þ‘pj ¼ Gj:

�

Here

Fj ¼ wj f þ v � ‘wj;

Gj ¼ wjg� 2m‘wj � ‘v� mDwjvþ g‘wjðp� pjÞ:

By Lemma A.1 we have
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kq2xvjk2 þ kqxpjk2 aCfkqxFjk2 þ kGjk2g:ðA:2Þ

By Lemma A.2 we have

kGjk2 aCfkgkL2ðWjÞ þ kvkH 1ðWjÞ þ kp� pjkL2ðWjÞgðA:3Þ

aCfkgkL2ðWjÞ þ kvkH 1ðWjÞg:

We also have

kqxFjk2 aCfk f kH 1ðWjÞ þ kvkH 1ðWjÞg:ðA:4Þ

Therefore, we see from (A.2)–(A.4) that

kq2xvjk2 þ kqxpjk2 aCfk f kH 1ðWjÞ þ kgkL2ðWjÞ þ kvkH 1ðWjÞg:ðA:5Þ

Furthermore, since

wjq
2
xv ¼ q2xvj þ ½wj ; q2x�v;

wjqxp ¼ wjqxðp� pjÞ ¼ qxpj þ ½wj; qx�ðp� pjÞ;

we see that

kwjq2xvk2 a kq2xvjk2 þ CkvkH 1ðWjÞðA:6Þ

and, by Lemma A.2,

kwjqxpk2 ¼ kwjqxðp� pjÞk2ðA:7Þ

a kqxpjk2 þ CfkgkL2ðWjÞ þ kqxvkL2ðWjÞg:

It then follows from (A.5)–(A.7) that

kq2xvk
2
2 þ kqxpk22 ¼

Xy
j¼1

kwjq2xvk
2
2 þ kwjqxpk

2
2

aC
Xy
j¼1

fk f k2H 1ðWjÞ þ kgk2L2ðWjÞ þ kvk2H 1ðWjÞg

aCfk f k2H 1 þ kgk22 þ kvk2H 1g

aCfk f k2H 1 þ kgk22 þ kqxvk22g:

Here we used the Poincaré inequality for v. The estimate (3.7) is thus obtained

for k ¼ 0.

The case kb 1 can be shown by induction on k. We have already seen

that (3.7) holds for k ¼ 0. Suppose that (3.7) holds for all ka l. We will

prove (3.7) to hold for k ¼ lþ 1. We apply Lemma A.1 to obtain
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kqlþ3
x vjk2 þ kqlþ2

x pjk2 aCfkqlþ2
x Fjk2 þ kqlþ1

x Gjk2g:ðA:8Þ

By Lemma A.2 we have

kqlþ1
x Gjk2 aCfkgkH lþ1ðWjÞ þ kvkH lþ2ðWjÞ þ kp� pjkH lþ1ðWjÞgðA:9Þ

aCfkgkH lþ1ðWjÞ þ kvkH lþ2ðWjÞ þ kqxpkH lðWjÞg:

We also have

kqlþ2
x Fjk2 aCfk f kH lþ2ðWjÞ þ kvkH lþ2ðWjÞg:ðA:10Þ

Therefore, we obtain

kqlþ3
x vjk2 þ kqlþ2

x pjk2ðA:11Þ

aCfk f kH lþ2ðWjÞ þ kgkH lþ1ðWjÞ þ kvkH lþ2ðWjÞ þ kqxpkH lðWjÞg:

Since

wjq
lþ3
x v ¼ qlþ3

x vj þ ½wj; qlþ3
x �v;

wjq
lþ2
x p ¼ wjq

lþ2
x ðp� pjÞ ¼ qlþ2

x pj þ ½wj; qlþ2
x �ðp� pjÞ

we see that

kwjqlþ3
x vk2 aCfkqlþ3

x vjk2 þ kvkH lþ2ðWjÞgðA:12Þ

and, by Lemma A.2,

kwjqlþ2
x pk2 aCfkqlþ2

x pjk2 þ kqxpkH lðWjÞ þ kgkL2ðWjÞ þ kqxvkL2ðWjÞg:ðA:13Þ

It then follows from (A.11)–(A.13) that

kqlþ3
x vk22 þ kqlþ2

x pk22

¼
Xy
j¼1

kwjqlþ3
x vk22 þ kwjqlþ2

x pk22

aC
Xy
j¼1

fk f k2H lþ2ðWjÞ þ kgk2H lþ1ðWjÞ þ kq2xvk
2
H lðWjÞ þ kqxpk2H lðWjÞ þ kvk2H 1ðWjÞg

aCfk f k2H lþ2ðWÞ þ kgk2H lþ1ðWÞ þ kq2xvk
2
H lðWÞ þ kqxpk2H lðWÞ þ kvk2H 1ðWÞg:

By the inductive assumption and the Poincaré inequality we obtain

kqlþ3
x vk22 þ kqlþ2

x pk22 aCfk f k2H lþ2ðWÞ þ kgk2H lþ1ðWÞ þ kqxvk22g:

Therefore, the estimate (3.7) holds for k ¼ lþ 1. This completes the proof.

122 Yoshiyuki Kagei



Acknowledgement

The author is very grateful to the referee for valuable suggestions and

comments.

References

[ 1 ] T. Abe and Y. Shibata, On a resolvent estimate of the Stokes equation on an infinite

layer, J. Math. Soc. Japan, 55 (2003), 469–497.

[ 2 ] T. Abe and Y. Shibata, On a resolvent estimate of the Stokes equation on an infinite layer,

Part 2, l ¼ 0 case, J. Math. Fluid Mech., 5 (2003), 245–274.

[ 3 ] H. Abels and M. Wiegner, Resolvent estimates for the Stokes operator on an infinite

layer, Di¤. Int. Eq., 18 (2005), 1081–1110.

[ 4 ] J. T. Beale and T. Nishida, Large-time behavior of viscous surface waves, Lecture Notes in

Num. Appl. Anal., 8 (1985), 1–14, Recent Topics in Nonlinear PDE II, Sendai, 1985.
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