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1. Introduction

Let R" be the n-dimensional Euclidean space. E. M. Stein [5] gave a
weighted norm inequality for singular integrals on R" as follows (see also
C. Sadosky [4; Theorem 6.1]):

THEOREM A. Let Q(x) be a homogeneous function of degree —n on R",
and suppose that 2(x) satisfies the cancellation property

(1.1) J Q(x)do(x) =0,
s

where do is the induced Euclidean measure on the unit sphere S, and Q(x) is
bounded on S. Let Tf(x) denote the corresponding singular integral:

Tf (x) = lim f Q(x — y)f(y)dy.
lx=yl=>e

0

Then

1/p 1/p
(1.2) <JITf(x)I”IxI""dx> sC(jlf(y)l”lyI"”dy> ,

provided that 1 < p < o and —n/p’ <r <n/p where (1/p)+ (1/p") = 1.

For the ordinary singular integrals the above restriction of r is
necessary. Indeed, when r >n/p, for f(y)=(1 +1log|y|)”?%, |y| =1, we see
j'|f(y)|”|y|""dy < o0 and jlx—ylzslg('x — ¥ f(y)|dy = o, so (1.2) fails. When
r< —n/p, for f() =1 —log|y])"tly|"% |yl <1, (1.2) does not hold with
n<pB<(n/p)—r. The purposes of this paper are to introduce modified
singular integrals and give integral estimates similar to (1.2) which holds for
all r > —n/p’ such that r — (n/p) # a nonnegative integer.

Let Q(x) be a homogeneous function of degree — n, and suppose that
Q(x) satisfies (1.1) and Q(x)e C*(R" — {0}). For an integer k > — 1 we set
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Qx =) = XD (=), k=0

Q"(X’y)z{a(x—y), k=—1

where y is a multi-index (yq,...,7,), X’ = x}*---x)", D? = D}*-..DIn pl =y, 1...p, !
and |y| =7y, +---+7,. We define modified singular integrals as follows:

Lf(x) = lim . (v,

Trg(y) = lim T%g(y)
where

T f (x) = J Qulx, ) f (1) dy,

|x—yl=>¢

Txg(y) = J Qi (x, y)g(x)dx

lx=yl=e

for ¢ > 0.
Throughout this paper we take p as 1 < p < c. For a real number r,

we set
1/p
1 — {f: I, = <f|f(X){P|X|’de> < oo}

and simply write || f |, o = || fIl,. Moreover [r] denotes the integral part of r.
The main results of this paper are the following.

THEOREM 1. Let r > —n/p’, r — (n/p) # a nonnegative integer and

kz{[r—(n/pn, if r—(/p) >0,

-1, if r—(n/p)<O.
Then
(1) [ TS Np,—r < CU SN p, =05
(ii) IT%gllyr < Cllglly .

where C is a constant independent of f, g and e.

THEOREM 2. Let r and k be as in Theorem 1. Then
(i) for felL?»™r
” T;C,elf_ T;c,e:f”p,—r —0 (819 1) _’O)a
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@ii) for gelLr "
I L%.9 — TX.9l,., —0 (61, &, — 0).
On account of Theorems 1 and 2 we have

COROLLARY. Let r and k be as in Theorem 1.
(i) If fel”™", then lim, T, ,f = T, f exists in the L "-norm and

I TS N, —r < CUSlp, -
(i) If geLr"", then lim,.,Txg = T*g exists in the L?""-norm and
1Tl < Clglly .

REMARK. For the kernel functions

Dkp(x — 1) = ¥ sk /WD k(= 1), Iyl = 1

K , ) =
m 1 9) {Nmu—w, Iyl <1

where k,(x) is the Riesz kernel of order 2m and |A| = 2m, Y. Mizuta [2] gave
the following weighted LP-estimates:

J ‘ J Ko k(x5 ) f (v) dy

w*(Ix])dx < Cflf(y)l"w(IXI)dx.

In our case, w(t) = w*(t) =1t""".

2. Lemmas

In this section we prepare several lemmas which are necessary for the
proofs of Theorems 1 and 2. Hereafter the letter C is used for a generic
positive constant whose value may be different at each occurrence. First, by
Taylor’s theorem we have

LeEmMA 2.1. (cf. [1; Lemma 3.1]) For |x — y| = 3|x|/2 > 0 and an integer
k> —1, it holds

I'Qk(x’ y)l < Clxlk*'llyl"‘—l—n‘

The following Lemmas 2.2 and 2.3 follow from Hardy’s inequalities
[6; p. 272].

LEMMA 2.2. If a > n/p, then

(I

P 1/p
le‘“f lyl*"f(y)dy dx> < Clfllp-
Iyl <5x|/2
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LemMa 23. If a <n/p, then

p 1/p
<f le‘“f jlyl““"f(y)dy’ dx) <Clflly-
Iyl 22]x|/5

To prove the Lemmas 2.5 and 2.6 below, we use Okikiolu’s result.

LemMMA 24. ([3]) Let K(x, y) be a nonnegative measurable function on
R" x R". Suppose that there are measurable functions ¢, >0, ¢, >0 and
constants M, >0, M, > 0 such that

21 Jfﬁz(y)”'K(x, y)dy < MY ¢, (x)",

2.2 J¢1(X)"K (x, y)dx < M5, (y)
for all x, yeR". Then the operator Kf defined by
Kf(x)= f K(x, y)f(y)dy

satifies
IKfll, < MMl fl,.
LEMMA 2.5. If a >0, then

(I

PrROOF: For ¢,(x) = ¢,(x) = |x| %0 < b < n/p’) and

P 1/p
IXI‘“J Ix—yl“"’f(y)dy’ dx) < Clfl,.
|x=yl<3|x|/2

x| — yI*7",if |x —y| <3]x]/2

K, y)z{o, if |x— y|>3|x|/2

we shall verify (2.1) and (2.2). From the conditions « >0 and b <n/p it
follows that

fd’z(y)"'K(x, y)dy=f IyI7%% x|~ |x = y|*~"dy

|x=yl<3|x|/2

= lxl"""f 2| =P |x — z|*""dz
|x'—z|<3/2

= Clx|™ = C¢,(x)"

with x" = x/|x|(x # 0). Moreover by « >0 and b >0 we have
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|x]752)x] %|x — y[*~"dx

f &1 (K (x, y)dx = J
[x=yl<3|x|/2
=1yr"PJ 21777z — 7 dz
lz=y"1<3lz}/2

= Cly|™" = C¢,(y).

Thus we obtain (2.1) and (2.2) and so the lemma follows from Lemma 2.4.

LEMMA 2.6. If a<n/p, then

<f le‘“J Ix —yl*""f(y)dy
lx—yl=|x|/2

PrROOF: For ¢,(x) = ¢,(x) = |x| "®P) and
—a _ a—n f _

K(xy) = {le =yl X =yl 2 1x/2

0, if |x — y| <|x|/2

4 1/p
dx> <CIfl,

we shall show (2.1) and (2.2). By the condition « < n/p we have

Jqﬁz(y)”'K(x, y)dy =J
Ix~yl>|x]/2
=|x|"‘“’f |z|™™P|x — z|* " "dz
|x'—z|>1/2

= Clx|™"" = C$,(0)"

IpI7"P1x| 7% x — yI*~"dy

and
x| 7" x| 7% x — y|*""dx

J(bl(x)”K(x, y)dx =j
Ix=yl=|x|/2

- lyr"“’f 2772z - yf | dz
lz=y'lzzl/2

= Cly| "% = Co,(y).

Hence by Lemma 2.4 we obtain the present lemma.

As a consequence of Lemmas 2.2, 2.3 and 2.5 we obtain the following
lemma.

LEMMA 2.7. Let L(x, y) = ||x|™" = |y|™"lIyI"|x — y|™".

(i) If r<n/p, then

4 1/p
(J f L(x, y) f(y)dy dx) < Clfll,.
x =yl 23|x|/2
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(ii) If r> —n/p’, then

(I

(i) For all r,

(I

Proor: (i) We note that |x — y| > 3|x|/2 implies |x — y| > 3|y|/5. Hence
for [x — y| = 3|x|/2,

P 1/p
dx> < ClIfll,-

J L(x, y) f(y)dy
Ix]/2 <|x—yl<3|x|/2

p 1/p
dx) <CIlfl,

J L(x, y) f(y)dy
|x—yl<|x|/2

Lix, y) < (g)"u»cr' N TaE IR

—(5>"|xr'| |""+<5)"| E
~\3 Y 3)
Since |x — y| > 3|x|/2 implies |y| > |x]|/2, (i) follows from Lemma 2.3.
(i) For |x|/2<|x —yl,
L(x, y) < 2"(Ix|”" + [yI7) [ y[" x| 7"
= 2|x| 7" yF 4 2]

Since |x — y| < 3|x|/2 implies [y| < 5|x|/2, (ii) follows from Lemma 2.2.
(iii) By the mean value theorem,

Hx] ™" =y < rllx = ylIx + 0y —x) 7771, 0<6<1.

If [x — y| <|x|/2, then |x|/2 < |x + 6(y — x)| < 3|x|/2. Therefore for |x — y|
<Ixl/2,

x| ™" = yI7" I < Clx| 7" Hx =yl

and hence

f L(x, y)f(y)dy4 sCle”j [x — yI" " f ()l dy.
|x—yl<|x|/2 |

x=y|<|x|/2

Consequently (iii) follows from Lemma 2.5.
The following lemma is proved in [6] (Theorem 2 in Chap. II).

(I

LEMMA 2.8.

p 1/p
dx) <Clfll,

f Qx -y f(»dy
|x—yl=1
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Let G(x, y) be a measurable function on R" x R" such that
(2.3) G(dx, oy) = 0 "G(x, y) for 6 >0
and let D(x, &) be measurable subsets of R" such that
(24) D(x, d¢) = 6D(x, €) for 6>0,xeR", ¢>0.

We set
G/(x) =j G(x, y)f(y)dy.
D(x,¢)

By the change of variables, we see
G{(x) = G{*(x/e),
where f,(x) = f(ex). Therefore we obtain
Lemma 29. If

1G{ Iy, - < MU flip, -
for all feL”™", then

IGL Ny~ < MU fllp, -
for all felL”™" with the same constant M.

In the proof of Theorem 2, we use the fact that a certain class of
C*-functions is dense in L”~", namely the following lemma.

LEMMA 2.10. If feLP ™", then there exists a sequence {¢;} < C'nL»~"
such that

(1) JIV%(X)I"IXI“”’dx < oo,

(i1) l¢;j—fllp-r—0  (j —> 00),

where V¢ denotes the gradient of ¢.

Proor: Since f(x)|x| "€ L?, there exists a sequence {y/;} < C'nL? such that
supp¥; < {x;a;<|x|<b;}, 0<a;<b;<©

and ;- f(x)|x|™" in L? as j— oo. The sequence {y;(x)|x|[’} = C'nL>~"
satisfies the conditions (i) and (ii).
The final lemma is easily seen.

LEMMA 2.11. If a is a real number and f is a nonnegative locally integrable
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function such that

flyl“f(y)dy < o,
then

J Ix —yI*f(y)dy
|x—yl=2]x|/3

is bounded on {|x| < 1}.

3. Proof of Theorem 1

Since G(x, y) = 2,(x, y) and D(x, &)= {y; |x — y| > ¢} satisfy the conditions
(2.3) and (2.4), respectively, by Lemma 2.9 it suffices to show the theorem for
e=1.

(i) We decompose T, ;f as follows:

T f(x) = f Qx -y f(yady

[x=yl21,|x—y|<3|x|/2

x‘/
- f = D7) (= y)f()dy
Irl<k Jix=yp|>1,|x—y|<3|x|/2 V*

N f Qu(x, 1)) dy
Jx=yl=1,|x=y|=3|x|/2

=1,(x)= Y I3+ I3(x).

vl <k

For I;(x), since r — (n/p) < k + 1, by Lemmas 2.1 and 2.3 we have

1/p
(jlla(X)I”IXI""dx>

P 1/p
(3.1) < C<f<f le“1"|yl"“”’_”lf(y)lIyl_’dY> dX>
Iyl =1x]/2

1/p
< C(flf(y)l"lyl"”dy> :

Since r —(n/p) is not a nonnegative integer and |y| <k, we see that
|y] <r—(n/p). Hence by Lemma 2.2,
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1/p
<j11%(x)l”|x|"”dx>
p 1/p
(32) < Cq(f IXI'V"’IyI"”""If(y)|Iyl"dy> dX>
Iyl <Slx|/2
1/p
< C<j|f(y)l"lyl"”dy> :

For I,(x), we have

1/p
(J!Il(x)l"lxr’”dx)

=<J|J‘ [x|7"Q(x — y) f(y)dy
lx=yl=1,lx=y| <3]xl/2

—j Q(x —y) fIyl~"dy
|x=yl=1,|x=-y|<3|x|/2

+

1/p
f Q(x —y)f(y)lyl"dyl”dx>
|x=yl=1,|x—y|<3|x|/2

p 1/p
= C(J(j x| = yI7 iyl | x — yl_"lf(Y)llyl_'dy> dx>
|x=yl<3|x|/2
p 1/p
+<Jf Q(X—y)f(y)lyl"dy‘ dx)
Jx=yl>1,lx—y|<3|x|/2
= 111 + 112.

Since r > — n/p’, it follows from Lemma 2.7 (ii) and (iii) that

1/p
I, < C<J|f(y)l"|yl"”dy> :

Moreover by Lemmas 2.6 and 2.8 we have
p 1/p
dx>

112$<JJ Q(x —y) flyl~"dy
[x=ylz1

P 1/p
+C<j(f |x—yl‘"|f(y)lly|"dy> dx>
[x=y|23|x|/2

1/p
< C(flf(y)l"lyl"”dy> :

Thus we obtain (i).
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(i) When —n/p <r<n/p, T = T, with Q,(x) = 2(— x); hence (i)

follows from (i). Let r > n/p and r — (n/p) # a nonnegative integer. We shall
prove that for geLP"" and fel” "nL" ™",

(3.3) f (j Q(x, ») f(y) dy)g(x) dx
Jx=yl=1

= f ( j Q(x, y)g(x) dx)f () dy.
|x—yl=1

From this equality, (i) readily follows from (i), since L” ~"nL'~" is dense in
L»~". We have

J (J |12, )/ ) dy) lg(x)| dx
Jx—yl=1
Sf(j |Q(x—Y)f(y)|dy>|g(x)|dx
Ix—y|>1,|x—y| <3|x|/2

|7l <k |x=y|>1,|x—y|<3|x|/2

+ J(J | Q,(x, y)f(y)ldy>lg(x)ldx
|x=yl=1,]x—y|23|x|/2

=A, + ) A+ A;.

vl<k

;i,um)(— y)f(y)‘dy> 1g(x)] dx

For A;, since r — (n/p) < k + 1, by a calculation similar to (3.1) and Holder’s
inequality we have

A, < Cj(f e 1Ty ()] Iyl"dy>|g(X)| x| dx
Iyl =x]/2

< C”f“p,—r”gllp’,r < 0.
For A}, since |y| <r —(n/p), by (3.2) and Holder’s inequality we have

Ay < CJ(J X Pyl ()] lyl”dy>|g(X)| |x["dx
Iyl <51xl/2

< C”f”p,—r”g”p’,r < 0.

For A, since r > n/p > 0, and |x — y| < 3|x|/2 implies |x|/|y| > 2/5, we have

Ay SCKJ Ix—yl"‘lf(y)llyl_'dy> lg(x)] x| dx.
lx—yl=>1
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For s with 1 <s<p, we put 1/t =(1/s")+(1/p). Since t > 1 and felL>™",
by Young’s inequality we see that

1/t
Al S C(J\ |x|_mdx> ”f”s.—rng”p’,r < 0.
|x|>1

Thus by Fubini’s theorem we obtain (3.3), and hence (ii) is proved.

REMARK. By Theorem 1 (i) and (3.3), for feL” " and geL?"" we have

JRJUM&Mx=me@V@MM

4. Proof of Theorem 2
(i) By Lemma 2.10 and Theorem 1 it is sufficient to show (i) for

feC'nLP~" such that

4.1) JIVf(x)I”le"”dx< .

Let 0 <e¢, <e, <1. We decompose T, , f— T, ., f as follows:

n,exf(x) - T;c,szf(x)

f Q(x —y) f(y)dy
e1<|x—y|<ea,|x—y|<3|x|/2

-2 (x?/y)D*Q(— y) f (y)dy

IPI<k Jey<|x—y|<ea,|x—y|<3|x|/2

+J Q(x, y) f(y)dy
e1<|x—y|<ez,|x—y|=3|x|/2

=J1(0) = Y Jix) + J3().

[yl <k

By Lemma 2.1 and (3.1) we have

1/p
(fua(x)v'lxr'wx)
p 1/p
< c(f (J |x|"“-'|y|'-k'*'”lf(y)nyr'dy) dx)
|x| <2¢&2/3 Iyl=]x]/2

—0 (82 _>0)

Since |y| <r — (n/p), by (3.2) and Lebesgue’s dominated convergence theorem
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we have

1/p
(flJz(X)!”lxl""dx>
P 1/p
< C(f(le”"'J Iyl"”""lf(y)llyl"dy> dX>
|x =yl <ez, |yl <5|x|/2

—0 (e, — 0).

For J,, by the cancellation property of Q we see that

~

1/p
B |J1(X)|”IXI"”dX>

Y

r

p 1/p
f QYY) (f(x —y) — f(x)dy IXI""dX)
e1< |yl <ez2,|y <3|x|/2

Iyl p 1/p
< J Q(Y)(J Vf(x—sy’)-(—y’)d8>dy IXI“"’dx>
e1<|yl <ez2,lyl <3|x|/2 0
Iyl 1/p
Sf IQ(y)I<f (f IVf(x—sy’)l”IXI"”’dX) dS>dy,
e1<|yl<ez 0 |x]>2]y|/3

where y' =y/|y| and x-y=37_ x;y;. Therefore it follows from (4.1) and
Lemma 2.11 that

r

o
o

BSCJ‘ ly|* ™ "dy — 0 (e, —0).
e1<|yl<ex

We have completed the proof of (i).
(i) By Theorem 1 (ii) and Lemma 2.10, We may assume that ge C'nL?""
and

JI Vg(x)|” |x|™" dx < co.

For 0 <e¢, <¢, <1, we decompose T,%, g — T;*%,g as follows:

Tk, 9(y) — T.X,9(»)

f Q(x — y)g(x)dx
e1<|x~y|<ez,|x—y|<3|yl/5

+ f Q(x — y)g(x)dx
e1<|x—yl<ez,|x—y|23yl/5,|x -yl <3|x|/2
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J. (7 /y) (D Q) (— y)g(x)dx
<k Jer<lx—yl<e2,|x—yl <3]x|/2

+ J Q(x, y)g(x)dx
a1<|x—yl<ez,|x—yl=3|x|/2

= H,(y) + H,() = Y Hi() + Ha(y).

Iyl <k

By the same discussion as for J,(x) of (i), we see that
, o\
( [H, )P Lyl™” dy) —0 (e —0).

Since |x— y|>3|y|l/5 and |x—y|<3|x|/2 imply |x—y|=>3|x|/8 and
[x] > 2|y|/S5, by r > —n/p’ and Lemma 2.3 we have

P , 1/p
(KJ |Q2(x — y)g(X)IdX> Iyl’® dy)
|x=yl=3Iyl/5,Ix—yl <3|x|/2
P 1/p’
< C<j<lyl'f [x]7 " g(x)] IXI’dX) dy)
|x|=2yl/5

, ‘ 1p
< C(jlg(x)l" |x|™? dx) < 0.

Hence

A\
(JIHz(y)I" 2 dy>

P’ 1/p’
< C(j (J |Q2(x — y)g(x)ldx> [yl d)’>
|yl <5e2/3 Ix=yl231yl/5,|x—pl <3|x|/2

—0 (e, — 0).

We note that i, <., [x["1 " |g()l|x"dx 0 (&, »0) since [y| <r — (n/p).
Hence by Lemma 2.3 and Lebesgue’s dominated convergence theorem

, , 1/p’
( f HYW)IP [y dy>
P’ 1/p’
SC(J'<|y|’—IVI-nJ~ lelyl-rlg(x)||x]rdx> dy)
|x—y| <ez2,lx|>2|yl/5

—50 (e, —0).

Finally by Lemmas 2.1, 2.2 and r — (n/p) < k + 1,
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R S V7
<JIH4(y)I” [yI'® dy>
p 1/p’
< C<j (J IXI"“"IyI""'l‘"Ig(X)IIXI’dX> dy>
|yl <562/3 |x] <2yl

—0 (g, —0).

This completes the proof of (ii).
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