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1. Introduction

In this paper we are concerned with the first and the second boundary
value problems for the one-dimensional heat equation

(1.1) ur(x, 1) =ur,(x, 1) 0=x=1,0=2)
with the initial condition
(1.2) u(x, 0)=gp(x) 0=x=1).

For the numerical solution of this problem by the finite-difference
methods, there are known the two-level explicit formula with the truncation
error of order A%, Crank-Nicolson’s method [16 ¥, Douglas’ high order correct
method [4], three-level difference formulas [ 6], and so on.

The object of this paper is to construct two-level explicit formulas with
truncation errors of orders A* and 4% to determine their ranges of stability,
and to derive the unconditionally stable two-level implicit formulas of higher
order accuracy. Although the formulas obtained here are not all new, the
stability conditions are considered in a somewhat unified form. These
formulas will be useful not only for the direct use but also for the approxi-
mation of the truncation errors of the formulas of the lower order accuracy.

2. Preliminaries

2.1 Difference formulas

Let  and % be the mesh-sizes in the x- and (-directions respectively and
put r=£k/h% Then, for the function u(x, ¢) which is sufficiently smooth and
satisfies the equation (1.1), using the relations

2n n
@.1) 07u 0w (1,2, ..),

ox>" 00"

1) Numbers in square brackets refer to the references listed at the end of this paper.
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we have the following results:

(2.2) diu(x, )=ulx, t+k)—ulx, t)=rh%u,(x, )+ —;—rzh‘lu,t(x, t)

+—31TT B (x, t)"‘ 1 r*hSupn(x, t)+0R°),
(2.3) 0%u(x, )=u(x+h, )—2u(x, t)+ulx—h,t)

—h ut(x t)‘l‘ h un(x, t)"‘ h U¢”<x t)

T o By (0, £)+0(h'"),

8
2.4) S4u (e, ) =htun(x, 1)+ ih winr(m, 1)+ L 0 Rz, £+ ORY),
2.5) 8% (x, 1) =hOupmi(x, £) -+ %hsum,(x, )+ 0R),
2.6) 2 (x, 1+ k) —0%u(x, ) =rhtum(x, t)+r< A 112 >h wins(, ©)
+ (Pt 610 a5 W, 40,
@7 B, t4 k) —0'u(x, ) =rhCum(x, t)-l—r<%-|——61;~>h8ut,,t(x, )
LOR),

1

(2.8) 6ZZL(QC, t+k)—§2u(x, t)_< P 12

>§4u(x L k) — <———I—1—2>64u(x )

= {7(%—%)]181””1(% t) +0(h10),

where 4; is a forward difference operator and ¢ is a central differecne opera-
tor.
From these we obtain the following formulas:

(2.9) du(x, t)—ro*ulx, t)——r(T 19 )64u(x t)

rf.e_ T 1 6 8
: (r T >h iz, )+ O,

(2.10) Ao, £)—rd%u(x, t)—r(%———ll—z—>64u(x, 0
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g e

= 27'4 <7‘ —r —|"-2%7' 730 >h umt(x, t>+0(h10),

@.11) Aty = (-~ 112>62u(x,t—|-k)< +1—12>62u<x, )
el ot o e

_%>h8utttt(x: £)+0h'),

a2 1 4
(2.12) diu(x, ©)—ro%u(x, z:—l—k)+?< 5 )a u(x, t+k)

e 1 N\sa
+6<r+2+15>au(x,t)

1 r

10
=3I (r + = 3 920 630>h win(x, ) +0MR°),

(2.13) diu(x, t)—ro?u(x, t—|—k)+%<r—|—%>§4u(x, t+k)

T(r —I— + 1];,) )h (20, 1) +O(R®).

2.2 Boundary conditions

In the sequel, we are concerned with the following three cases of bounda-
ry conditions:

Case 1. case where u(0, ¢t) and u(1, ¢) are given;

Case 2. case where u,(0, ) and u.(1, t) are given;

Case 3. case where u,(0, t) and u(1, ¢) are given.
We assume that the initial and boundary data are sufficiently smooth.

Corresponding to the above three cases, we choose the mesh-size as
h=1/(N+1), h=1/(N—1) and h=1/N respectively, and replace u(— ph, ) and
u(l+ph, t) (p=1, 2, 3) by the following formulas:

(2.14) u(—ph, t)=2u(0, t)—u(ph, t)+p*h*u,(0, t)+ fuu (0, ¢)

121’

+ %pshﬁuttt(oa t) + %p*’hsumt@, t) + O(hlo);
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@15)  u(l+ph, D=2u(l, ) —u(l—ph, )+ p*hPu,(l, D)+ -5 p'htun(l, 1)

4
127
2 616 2 8718 10
+ PR (1, )+ -5 pPhPunn (1, 1) +00),
6! 8!
216)  w(—ph, =1 (ph, )—2ph] (0, O+ phPun(0, 0
1 474 1 676 9
“I-ﬁp h* (0, t)"l‘T!‘P T (1N t)]—l—O(h )s

2.17) w(l+ ph, £)=u(1—ph, t)—|—2ph|:u,x(l, D+-a PR (L, D

g PR sl O PR (L, £) |+ 0.

Then we obtain the systems of linear equations in NV unknowns of the form
(2.18) X1 =Mz, + fr (n=0,1,...;i=1,2, 3)

in the case of explicit formulas, and those of the form

(2.19) Py =Qmntfu  (n=0,1,..;i=1,2,3)

in the case of implicit formulas, where M;, P; and Q; are Nx N matrices, and
x; and f; (j=0, 1, ...) are N-vectors.

2.3 Special matrices

Let L; (i=1, 2, 3) be the Nx N matrices such that

0, 1 0, 2 0, 2
1,0, 1 1,0, 1 1, 0,1
(2.20)  Ly= | ‘e |y Lp= | e |, Lg= | e
1,0, 1 1,0, 1 1,0, 1
1, 0 2, 0 1, 0

Then, as is easily checked, the following relations are valid:

5, —4, 1
—4, 6, —4, 1
1, —4, 6, —4,1
.21 (L,—21)%= :
1, —4, 6, —4, 1
1, —4, 6, —4
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(L,—21)*=
(Lg —2.[)2:
(2.22) (Li—21)%=
(2.23) (L,—2I)*=

for One-dimensional Heat Equation

6, -8, 2
4, 7, —4, 1
1, —4, 6, —4, 1
1, —4, 6 —4, 1|
1, —4, 17, —4
2, -8, 6
6, —8, 2
4, 7, —4, 1
1, —4, 6, —4, 1
1, —4, 6 —4, 1|
1, —4, 6 —4
1, -4, 5

1, —6, 15 —20, 15, —6, 1
1, —6, 15, —20, 15, —6, 1
1, —6, 15, —20, 15, —6
1, —6, 15, —20, 14
1, —6, 14, —14
20, 30, —12, 2

1, —6, 15, —20, 15, —6, 1
1, —6, 15, —20, 15, —6,
1, —6, 15, —20, 16, —6

263
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—20, 30, —12, 2
15, —26, 16, —6, 1

—6, 16, —20, 15, —6, 1

(224) (Ls—20)°= 1"-. 6"-. 15"-. 20"~. 15"-. 6"-. 1". .

1, —6, 15, —20, 15, —6, 1

1, —6, 15, —20, 15, —6

1, —6, 15, —20, 14

1, —6, 14, —14

From these results it can readily be seen that, corresponding to the differences
0%u(x, t) (p=1, 2, 3) and the boundary conditions of the Case i (i=1, 2, 3),
we obtain the matrices (L;—2I)” (i, p=1, 2, 3).

Put
(2.25) G;=diag (2cos0;1, 2co80,2, ---, 2c080;x) (i1=1, 2, 3),
(226) H;:diag (wih Wizy -y a)iN) (L:1> 2> 3):

(2.27)  Ry=(sin(i0y))), Ry=(cos(i—1)0s), Rs=(cos(i—1)6s;)
<i>j:1) 23 s N))

where
2.28)  01,— A{j: . azjz(év—_li”, asj=<2—72’;—)”, u),j:sinz%i.
Then it is evident that
(2.29) G;=2I—4H; (i=1, 2, 3).
In our previous paper [15], we have shown the following
Lemma. There hold the relations
(2.30) L;=R,G;R;* i=1,2,3)
and R;' (i=1, 2, 3) can be represented as follows:
@2.31) Ri= 2Ry, RPP=( P RID,  Ry'=—2-RID,
where
(2.32) D,=diag(1/2,1, ...,1,1/2), D;=diag(1/2,1,...,1, 1).

By this lemma we can express the matrices (L;—27)? as follows:
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(2.33) (L;—2I)'=R,(—4H)'R;' (i, p=1, 2, 3).

Hence we can directly find out the eigenvalues and eigenvectors of the
matrices M;, P; and Q; i=1, 2, 3), so that the stability conditions can be
obtained easily.

The elements of the matrices R; (i=1, 2, 3) need not be stored but can
be generated through recurrence formulas [14], so that the systems (2.19)
can be solved without the direct inversion of matrices. Needless to say, they
can also be solved by the Gaussian elimination method with interchanges or
by the LR-decomposition method.

8. Explicit formulas
8.1 Formula with truncation error of order h'
From (2.9) we have the following formula [ 137] and matrices:
(3.1 u(x, t+k)y=al u(x+2h, t)+u(x—2h, t)]
+b[ulx+h, t)tulx—nh, t)]+culx, t)+ T(x, 1),

3.2) Mi=a(L;i—21)%+r(L;—21)+ 1,
where

(1N a2 1B
(3.3) a—7<7 6 >, b—2r< 3 r), c=1 5 r-+3r°,
(3.4) T(x, t):%<rz—%+%>h6um(x, 1) +0®).

Let 2;; (j=1, 2, ..., N) be the eigenvalues of M; (i=1, 2, 3). Then, since
by the lemma

it follows that

(3.6) hy=1—4roy;+-8r(r— 5~ )03,

From this we find that 1;>—1 (j=1,2, ..., N; i=1, 2, 3), because 0 =w; =1
and

(3.7 i+ 1) /2=Cro;—0;)*+1—0%;>0,
where
1 1 2
R R e
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On the other hand, the inequalities 2;,<1 (j=1,2, ..., N;i=1,2,3) are
valid, if r<-2_. The sign of equality holds when i =2, j=1 and when i =2,

3
j=N and rz—g—, but then 1,, and 21,y are eigenvalues corresponding to
linear elementary divisors because the matrix M, is similar to a diagonal

matrix. Thus the difference scheme connected with (3.1) is stable if r§—§~.

8.2 Formula with truncation error of order h°
From (2.10) we have the following results:
(3.8) w(x, 6+ k) =alu(x+3h, 1)+ ulx—3h, 1))+ b[u(x-+2h, £)
+u(x—2h, t) |+ clul(x+h, t)+u(x—h, t)]
+du(x, t)+ T (x, t),

(3.9) My=a(Li—21) + (b+6a) (Li—21)?+r(L;—21) + 1,
where
_rfe_r 1 e,y 3
(3.10) =g <r et ! ’<’ rt 20)
_r (g2 13r 2 49
=1 <5r : +3> d= (10 4 )
_.T T3\ 10
3.11) T(x, t)—2—< r e )h wisni(x, ) +OR).
Since
(3.12) M= Ri[ —8aH? + 28H? —ArH;+ IR,

it follows that

(313) /Iij=1—4rw,~j—216’a)%j—8aa)§j (]:1, 2, Ty N; l:1> 2: 3))
where
_ 1 _ dr/ 1N o
(3'14) B—'zr(? 2r>, a= 8a-——3—<r T) _l' f8—0 >0.
It is easily seen that 1, <1 (j=1,2, ..., N; i=1, 2, 3), because 0 <w; =1 and
Cdi—dros L N, N B8 3V 2
@18) 1 dy=drog] (1(-—r)ou) +o-(r— 1) ok |20

The equal sign is valid only when ;=2 and j=1.
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Now we seek for the condition under which 2,22 —1. From (3.138) it
follows that

(3.16) (ii+1)/2=1—2rw;— Bu?; —dawn},.
Corresponding to (3.16) we put
3.17) f(x)=1—2rx—ﬁxz—4ax3 0<x<1),

and transform (3.17) as follows:

(3.18) 2=y f(%): ¥ 2y’ —fy—da,

and

(3.19) h(z)=g(z+1)=2"+ci1z* +coz+c3,

where

(3.20) =32, c=tr—tiig =113, B2 000

It can be shown by means of the discriminant that the cubic equation c¢;=0
has one and only one real root r,, which is given numerically as follows:

(3.21) ro=0.8413602280....

Then, since ¢; >0 for r <ry, ¢2>0 and ¢; >0 for r<ro, it follows that f(x) =0

for r <r,, and the sign of equality holds only when x=1 and r=r,. Hence

Aij== —1 for r <r, and the equal sign is valid only when ;=2, j=N and r=r,.
Thus the difference scheme corresponding to (3.8) is stable if r <r,.

4. Implicit formulas
4.1 Formula with truncation error of order h!

From (2.11) we have the following formula [4 ] and matrices:

(4.1) alu(x+h, t+k)+u(x—h, t+k)]+bu(x, t+k)
=alulx+h, )+ulx—h, )]+ Lulx, )+ T(x, 1),

4.2) Pi=a(L;—21)+12I,  Qi=a(L;—2I)+12I,

where

(4.3) a=1—6r, b6=10+4+12r, a=1+6r, pF=10—12r,

(4.4) T(x, 1) :r<—2:% ~—r2>h6um(x, ) +0(h®).
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Let yi;, 0;;and 2; (j=1,2, ..., N) be the eigenvalues of P;, Q; and P;'Q;
(i=1, 2, 3) respectively. Then, since
(4.5) P;=R,[46r—1)H;+12I|R;', Q;=R,[ —46r+1)H;+12I IR},
it follows that
(4.6) 1i;=124+46r— Doy, 0;=12—406r+ Doy,  Ai;=0i/ltij.

it is easily seen that 1>1;,> —1 and that the sign of equality holds only
when ;=2 and j=1.

Thus  the difference scheme corresponding to (4.1) is unconditionally
stable.

4.2 Formula with truncation error of order h°
From (2.12) we have the following results:
4.7 alu(x+2h, t+k)+u(x—2h, t+k) 1+ b u(x+h, t+k)
+ulx—h, t+k) ]+ cu(x, t+k)=al u(x+2h, t)
+ulx—2h, )]+ BLulx+h, )+ u(x—h, £) |+ rulx, t)+ T(x, 1),
(4.8) Pi=a(L;—21)*+ (b+4a) (L;—21)+901, Q;=a(L;—2I)*+901,

where
(4.9) a=30r"—1, b= —120r2—90r+4, ¢—180r%+180r-+ 84,
a=—B/4  [—=60r-+30r+4, = —90r2—ABr+84,
(4.10) T(x, 1) :%(15# +5r? —%r—%yﬁu,m(x, £)+0(h').
Since

(4.11) P;=R[16aH?+360rH;+901 |R;7', Q;=R,[16aH2?+901 |R;?,
it follows that

(4.12) 1:;=90+360rw; +16(30r* —1)w?; >0
and
(4.13) 0;;=90— (240r* + 1207 4 16) ;.

It can be seen that 12>1;;> —1 and that the equal sign is valid only when ;=2
and j=1, because

0,']' + Lij= 148 ‘I‘ 240T60ij(1 + Ta),']) -+ (1 — (,0,'j> (32 -+ 32(,(),']' + 120?‘60,']') > O
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and
HUij— O;’j = 1207‘(,0{/[3 —+ (1 + 67‘)(,01]'] _2 O.
Thus the difference scheme connected with (4.7) is unconditionally stable.

Remark. For the boundary value problem of the Case 2, the matrices M,
and P;'Q, have eigenvalues equal to one in modulus, so that the persisting
errors 11, 7] will be observed.

5. Numerical example
We consider the problem (1.1) with the following conditions:
(6.1) u(x, 0)=sinzx, u(0, t)=u(l, t)=0.
Its exact solution is given by
(5.2) u(x, t)=exp(—r?)sinnx.

This problem is solved numerically first by the well-known formula

(5.3) Ulx, t+k)=r[ Ulx+h, t)+U(x—h, 1) ]+ A —2r)U(x, t),

and then by the formulas corresponding to (3.1), (3.8), (4.1) and (4.7), with

the uniform mesh-sizes hz% and r= 7411—' The approximate values of

u<%—, t> are given in Table 1.

Table 1.
— - - N — S — _
0.25 0.5 0.75 1.0

formula
(5.3) 0.83457281847-01 | 0.69651178933-02 | 0.58128980711-03 | 0.48512867266-04
3.1 0.84808500771-01 | 0.71924818031-02 | 0.60998359853-03 | 0.51731794488-04
(3.9) 0.84805045131-01 | 0.71918956799-02 | 0.60990903771-03 | 0.51723363470-04
4. 1) 0.84799916378-01 | 0.71910258176-02 | 0.60979838803-03 | 0.51710852311-04
4.7) 0.84805117504-01 | 0.71919060356-02 | 0.60991027361-03 | 0.51723498613-04
(5.2 0.84804972470-01 | 0.71918833555-02 | 0.60990746996-03 | O0.51723186198-04
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