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1. Introduction

We are here concerned with the oscillatory behavior of solutions of higher-
order retarded differential equations of the form

(A) y™M(x) +y(gNF([y(g(x)N]?, x)=0,  nz2,

where the following conditions are always assumed to hold:
(a) g(x) is continuous for x>0, g(x)<x and hm g(x) =00}

(b) yF(y?, x) is continuous for x>0 and |y| < oo, and F(t, x) is nonnegative
for t=0 and x>0.
Equation (A) is classified according to the nonlinearity of F(t, x) with respect
to t, namely (A) is called superlinear if F satisfies

(1.1) F(t,, x)<F(t,, x), t;<ty, x€(0, o),

and sublinear if F satisfies

(1.2) F(ty, x)=F(t,, x), t;<t,, x€(0, o).

Moreover, (A) is called strongly superlinear if there is an ¢>0 such that
(1.3) t18F(t,, X) S t38F(t,, X), t,<t;, x&(0, o0),

and strongly sublinear if there is an £¢>0 such that

(1.4) 1 F(ty, x)Zt5F(t,, x), t;<ty, x&(0, o).

(See e.g. Nehari [29], Coffman and Wong [8].) The prototype of equation
(A)is

()] y(x) + p(x)| ¥(g(x))|*sgn y(g(x)) =0,

where p(x)=0 for x>0 and a>0, which may be considered as a generalization
of the Emden-Fowler equation. Equation (B) is superlinear, strongly super-
linear, sublinear or strongly sublinear according as =1, a>1, a<1 or a<l.
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It will be tacitly assumed that under the initial condition
y(x)=¢(x), X = Xo, and y(j)(x0)=y9’ j=Ll...,n—1,

equation (A) has a solution which can be extended to the interval [x,, ). A

nontrivial solution y(x) of (A) is said to be oscillatory if there exists a sequence

{x,}=, such that limx,=oco and y(x,)=0 for all k. Otherwise, a solution is
k=

said to be nonoscillatory; thus a nonoscillatory solution has to be of constant
sign for all large x. A nonoscillatory solution is called strongly monotone if
it tends monotonically to zero as x— oo together with its first n—1 derivatives.

The problem of oscillation and nonoscillation of solutions of retarded dif-
ferential equations is of great importance both in theory and in applications,
and has drawn increasing attention in the last few years. Among numerous
papers dealing with this problem (and accessible to the present author), we refer
in particular to [1-5,9, 17, 23, 32, 36, 41-43, 45, 48, 49] concerning second
order oscillations, and to [10, 18-22, 24, 26-28, 30, 33-35, 37-40] concerning

oscillations of higher order.

The purpose of this paper is to present a number of results concerning the
oscillation and asymptotic behavior of solutions of equation (A). In Section
2 we prove two theorems on the asymptotic behavior of solutions of (A). In
Section 3 we prove oscillation theorems for (A) which give conditions that all
solutions of (A) be oscillatory in the case n is even, and be either oscillatory or
strongly monotone in the case n is odd. In Section 4 we study the problem of
maintaining the oscillations of all solutions of (A) under the effect of a forcing
term.

Our results include as special cases oscillation and nonoscillation theorems
not only for the retarded differential equation (B) but also for the ordinary dif-
ferential equation

© yM(x)+ y(x)F([y(x)]?, x)=0,

which has been the subject of investigations initiated by Nehari [29] and continu-
ed by Kiguradze [14], Coffman and Wong [6-8] and others. It seems to the
author that most of the results obtained here are new even in the reduced case of

equation (C).

2. Asymptotic Behavior

In this section we shall study the asymptotic behavior for x— co of solutions
of the retarded differential equation (A). Our basic results give necessary and
sufficient conditions for equation (A) to have a nonoscillatory solution which is
asymptotic to a nonzero constant as x—co, and to have a nonoscillatory solu-
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tion which is asymptotic to bx"~1(b#0) as x—»>o. The special case n=2 and
g(x)=x was discussed by Nehari [29] and Coffman and Wong [8].

THEOREM 2.1 Let equation (A) be either superlinear or sublinear. Then,
a necessary and sufficient condition in order that:
(i) for n even, there exists a bounded nonoscillatory solution of (A),
(ii) for n odd, there exists a bounded nonoscillatory solution of (A) with
lim y(x) =a +0,

X0

is that
2.1) gwx""lF(cz, x)dx<co  for some c¢>0.

PrROOF. (Necessity). Our proof has basic elements in common with those
of Kartsatos [11] and Ladas [22].

Let y(x) be a bounded nonoscillatory solution of (A). Assume that y(x)
>0 for x=x,. The case y(x)<0 can be treated similarly. Since lim g(x) =0,

there exists an x, =Xx, such that g(x)=x, and so y(g(x))>0 for x=x,. There-
fore, by (A), we have y™(x)<0 for x=x,;. Since y(x) is bounded and positive,
yE(x)y**+1)(x)<0 for x=x, and for k=1, 2,...,n—1. It follows that

(2.2) (= DF*F1y=k)(x)>0, x=x,, k=0, 1,.., n—1.

Since y’(x) is of constant sign for x = x,, it follows that the limit hm y(x) y(o0)

exists and is finite. If n is even, then y’(x)>0 by (2.2), so that y(00)>0 If n
is odd, then y’(x)<0 by (2.2), so that either y(o0)>0 or y(o0)=0; the latter
possibility is excluded by (ii). So we assume that y(o0)>0 for n even or odd.
Since lim y(g(x))=y(o0) and y(co) is finite, for some positive constant ¢>0,

there exists an x,=x, such that

(2.3) <y(g(x))=<c forall x=x,.

7
Let (A) be sublinear. Then, from (1.2), (2.3) and (A), we have

(2.4) y™m(x)+ -S—F(cz, x)<0.

Multiplying both sides of (2.4) by x"~! and integrating from x, to x, we obtain

(2.5) Szzs"“y(")(s) ds+ —;—Szzs"‘ 1F(c?, s)ds<0.

Successive integration by parts of the first integral in (2.5) gives
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@) [T ety =P~ Pe)+ (= D D)~y
where

P(x) =:§11(—1)"+1(n— 1)(n—2)...(n—k+ 1)x"~kyr=h)(x)

which is positive because of (2.2). Since y(x) is a bounded function, from (2.5)
and (2.6), we conclude that

%—Sm x"1F(c?, x)dx < o,

2

which implies (2.1).
Let (A) be superlinear. Then, from (1.1), (2.3) and (A), we have

2
o)+ 5B, x)=0,

from which, exactly as in the sublinear case, we conclude that

© 2
—;~g x"‘1F<—c4—, x)dx < oo,
Xy

which again implies (2.1). This proves the necessity part of the theorem.

(Sufficiency). The proof is based on the arguments developed by Staikos
and Sficas [38]. The main tool is the following fixed point theorem which is
a special case of Tychonoff’s theorem [46].

FixED POINT THEOREM. Let Z be a Fréchet space and Y be a convex
and closed subset of Z. If S is a continouus mapping of Y into itself and the
closure SY is a compact subset of Y, then there exists at least one fixed point
yeYof S, i.e. y=Sy.

Now, suppose that condition (2.1) holds and we construct a solution y(x)
of (A) which satisfies lim y(x)=a, where a is some nonzero constant. To this

X0

end, it suffices to prove the existence of a continuous solution of the integral
equation

@1 ym=a+ DI 0m (gD L)% 9)ds.

Sublinear Case: Suppose that (A) is sublinear. Let a>c be arbitrary but
fixed and put 6=a—c. We choose T so large that

(2.8) (2a—c)S:(s— TYm=1-nF(c2, 5)ds <5,

for every m=0, 1,..., n—1, and put t=ming(x). Let Z be the vector space of
x2T
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all continuous real-valued functions on [z, o) which are constants on [z, T]
and n—1 times continuously differentiable on [T, ). The space Z endowed
with the topology 7 given by the family of seminorms {p,: a=(T, =)}:

n—2
Pz)= max [z""D(x)|+ 3 [z¢)(T)]
xe[T,a] k=0

becomes a Fréchet space.
Let us now consider the set Y of all yeZ with
@D |y(x)—a|<é for all x=7,
an |ym(x)| <o forall x=T (m=1,2,...,n—1).
Clearly, Y is a nonvoid convex and closed subset of the space Z.
We define a mapping S: Y- Z by the formula

I a+ D (=0 g PO9(91%, )5 ifxzT
2(x) = (Sy)(x) = -
[ a+——((;_1)1)! [“G-Dmy@rEs©1 9ds  itrsxsT,
where we have used the notation
yg(x) if g(x)=T
y(x)= {

W(T) if g(x)=T.
Since (A) is sublinear, we have for any yeY
(2.9) [9)F([9()]?, %) =(a+6)F((a—6)?, x)<(2a—c)F(c?, x), x=T,

and thus, the mapping S is well defined.
We shall show that S has the properties as required in the fixed point theorem.
(@) S maps Yinto Y. In fact, by (2.8) and (2.9), we have for z=Sy and
x=T

|z(x)—al é(—ia_;l)c,go:(s— T)""'F(c?, s)ds<$

and

2 ()| = (=D D =) (% tomp () F(L9(9)]2, $)ds

< (n— 1)('(';_23')"'("_”') (2a—c)S:(s— T)r~1-mF(c2, s)ds< 6.

(b) SYis a compact subset of Y. It follows from the definition of S that

200 (x) - 200 = | [ JOFDIOT, )ds| <=0 (R, s)as
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for any ye Y, which shows that the (n—1)th derivatives of the functions zeSY
are equicontinuous at each point of the interval of [T, c0). Hence, by the Arzela-
Ascoli theorem, any sequence {z,} in SY contains a subsequence {w,} such that
the sequence {w{"~1} converges uniformly on every compact subinterval of
[T, ). Since, by (I) and (II), the sequences {wi™(T)}, m=0, 1,..., n—2 are all
bounded, there exists a subsequence {v,} of {w,} for which every sequence {v{™(T)},
m=0, 1,..., n—2, is convergent. Thus, we conclude that
7 —limy,=veY.

k-
() Siscontinuous. Let {y,} bea convergent sequence in Y, i.e. J —limy,
k-
=y, yeY. Then, for every m=1, 2,..., n—1 and x=T, we have

—1)(n—-2)...(n—m)

zg‘m)(x)z(_l)n—l—-m (n (Y

[ 5= P12, $)ds

where z, =Sy,. Itis easy to see that

lim §,(s) = $(s) for all s=T,
k— o0

and consequently, by the continuity of yF(y2, x), it holds that
Lmpy()F(99]% 9) =IOFIS% 9) s T.

On the other hand, we have by (2.9)
[(s=x)"= 1" P (S)F([Iu()]?, ) = (2a—c)(s—x)" ' ~™F(c?, s),
so that we can apply the Lebesgue dominaged convergence theorem to obtain

(2.10) limz{m™(x) = z(m)(x)
k— o

for every m=0, 1,...,n—1 and x=T, where z=Sy. It is easily verified that for
m=n-1 in (2.10) the convergence is uniform on every compact subinterval of
[T, o) and hence for all m=0, 1,..., n—1. Thus, we conclude that
I —limz,=z.
k- o0

We can now apply the fixed point theorem to conclude that the mapping
S has a fixed point ye Y, which is obviously a solution of the integral equation
(2.7) for all sufficiently large x, and hence asymptotic to @ as x—>oco. Thus the
required solution of (A) is obtained for the sublinear case.
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Superlinear Case: Let (A) be superlinear. In this case, we take a so that
O<a<ec, put d=c—a, choose T so that

cS:(s— T)r=1-mF(c2, s)ds<é

for m=0, 1,..., n—1, and then proceed exactly as in the sublinear case, except
that we use instead of (2.9) the following inequality

|9GF([9()]?, X <cF(c? x),  x=T,

which holds for all ye Y. Then we can obtain a solution of (A) with the desired
property. This completes the proof of the sufficiency part of the theorem.

ReMaRrRk. From the above proof we see that the statements (i) and (ii) of
Theorem 2.1 together are equivalent to saying that equation (A) has a nonoscil-
latory solution which is asymptotic to a nonzero constant as x— co.

CoROLLARY 2.1. Let a>0. Assume that p(x)=0. Then, equation (B)
has a nonoscillatory solution which is asymptotic to a nonzero constant as
x— oo if and only if

wa"‘ 1p(x)dx < oo.

COROLLARY 2.2. Equation (C), superlinear or sublinear, has a nonoscil-
latory solution which is asymptotic to a nonzero constant as x— oo if and only
if 2.1) holds.

ReEMARK. Inthe case n=2, Corollary 2.1 was proved by Wong [49, Theorem
(2.1)] and Corollary 2.2 by Nehari [29, Theorem I] and Coffman and Wong
[8, Theorem 1]. For other related results the reader is referred to Kiguradze
[15], Burkowski [3], Staikos and Sficas [38] and others.

THEOREM 2.2. Assume that: Either

(i) equation (A) is superlinear; or

(ii) equation (A) is sublinear and g'(x)=0.
Then, a necessary and sufficient condition for (A) to have an unbounded solu-
tion with the asymptotic property

2.11) Lim ) _p 0

X0

is that

@.12) S“’[g(x)]n-lF(cZ[g(x)]zw-1>, X)dx<oo  for some ¢>0.



340 Hiroshi ONosE

Proor. Our proof was suggested by Coffman and Wong [8].

(Necessity). Suppose that there exists an unbounded solution y(x) of (A)
satisfying (2.11). We may assume that b>0, because a parallel argument holds
if b<O.

From (2.11) it follows that there exists an x,>0 such that for x=x,

(2.13) LYo,

Since lim g(x) = oo, there exists an x; = x, such that g(x)=x, for x=x,. In view

of (A), we have y™(x)<0 for x=x,, so y»1)x) is nonicnreasing for x=x,.
Hence, if y("~1)(x,)<0 for some x,=x,, then wehave y("~1)(x)< y(»=1)(x,)<0
for x=x,, which implies that hm y(x) — oo, a contradiction to (2.13). Thus,

we conclude that y("“)(x)>0 for x=x,. Integrating (A) from x; to x gives
(2.19) Y""”(x)=)""””(x1)—8 Y(g(NF(Ly(g(s)]?, s)ds.

x1
Now, letting x— co in (2.14) and using y(»~1)(x) =0, we obtain

(2.15) S:) YGONF(Ly(g(x)]?, x)dx < oo.

If (A) is superlinear, then, using (1.1) and (2.13) in (2.15), we have

2 L1 (G Lan12ems, x)ax

= WaEDFOGEN, v <o,

proving (2.12).
If (A) is sublinear, then, using (1.2) and (2.13) in (2.15), we have

2 Lo F@pLg(01207 0, x)dx
= {7 yeeDFIee?, x)dx<oo,
again proving (2.12).

(Sufficiency). We assume that (2.12) holds and show that there exists a
solution of (A) with the property (2.11). Choose x, so large that

(2.16) [ Lo Fe o120, x)dx <

Superlinear Case: Let equation (A) be superlinear. We construct a solu-
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tion y(x) of (A) satisfying the initial conditions
yx)=0, x=x,

2.17) yE(xg)=0, k=1,2,...,n—2,
YD (xo) =c.

By hypothesis this solution can be continued to [xy, o). We claim that y(»~1)(x)
>c/2 for x=x,. Otherwise, let x, be the point in (x,, o) such that y(»=1)(x)
>cf2 for xo<x<x; and y" 1)x,)=c/2. Integrating the inequality y~1)(x)
=c/2 n—1 times from x, to x and using (2.17), we have

y(x)zmu—xo)n-l, XoS XX
Therefore,
Y(g0)) 255551 l9(0 = X011, xoSg(0) S x5,

y(g(x)) =O’ g(x)éxOs

in particular, y(g(x))=0 for x, <x=<x,.
Now, integrating (A) once from x, to x and using (2.17) and the fact that
¥(g(x))=0, we find

(2.18)  yD(x)=c— S: YGEIF([y(g(sN]?, )yds<c,  for xo=x=x;.
Integration of (2.18) n—1 times then gives
y(x)é(n—_cl—)!(x—xo)"‘l, Xo=X=Xy,
from which there follows:
y(g(x) = (n_—”m[g(x) —xo]" !, Xxo=g(x)<xy,

W(g(x) =0, g(x)=x,,
in particular,
(2.19) ygx)=clg(x)]1""!,  x=x,.
Using (1.1) and (2.19) in (2.18), and taking (2.16) into account, we obtain for x,
=X=Xx4

yro@zefi- 7 g1 Fetg)12emn, dsh> 2 e,
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which gives a contradiction to y*~1)(x,)=c/2. Therefore, we must have y("=1)(x)
=c/2, x=x,. This inequality together with (2.17) shows that y(x) is nonnegative
for all x=x,. Observing that the integral in (2.18) is nonnegative, we see that
the limit 11m y("‘l)(x) b exists and is a finite number: c¢/2<b<c. Thus, we

have shown that the solution y(x) under consideration has the desired asymp-
totic property (2.11).

Sublinear Case: Now let equation (A) be sublinear. Take a constant
¢’ such that ¢’/(n—1)!>c, put c¢’'(n)=c’/(n—1)! for simplicity, and define x{, by

¢'(n) 1=y
¢ (n) /=D 1(=1y

-
Xo=

We remark that xy,—x, as ¢’>c. Let x; and x; be such that g(x;)=x, and
g(x)=x5. Since g'(x)=0 and 11mg(x)=oo we may assume without loss of

generality that g’(x)>0 in a nexghborhood J of x;. Choose ¢’ sufficiently large
that x, €J. Observe that

(2:20) c[g()]"" = c'(mlg(x) —x01" "1,

if x=x1, i.e. g(x)=xp.
We show that the constant ¢’ can be chosen such that

@ay [Tl o a0 - o107, Wdxs L

In fact, using (1.2) and (2.20), we obtain

[ L@ =xel™ R m)2Lg(s)=x0120 D), 5)ds

=g:‘%Fw(n)z[g(s)—xo]“"‘”, s)ds

+{7 L2l Ry Lg(s) = %0100, s)ds

< (eI =20l perfg(r) - 20120, s)ds

+g [i](x)})' F(cz[g(x)]z(" D, 5)ds.
1
Letting x— oo, the inequality (2.21) then follows from the above, (2.16) and the

fact that x, »x; as ¢’— .
We fix such values of x, and ¢’, and construct a solution of (A) satisfying

the initial conditions
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y(x)=0, X< X,
(2.22) y®)(x4) =0, k=1,2,...,n=2,
yor=(xo)=2¢'.

We claim that y*~1(x)>¢’ for all x=x,. Suppose that there exists an x, €(x,,
) such that y(*~1)(x)>¢’ for xo<x<x, and y"~1)(x,)=c’. Integrating (A)
and using (2.22), we have

(223) yH(x)=2c'— Sx YGEDF([y(g()]?, 5)ds  for Xo=x=x,.

An argument similar to that we used for the superlinear case shows that ¢’ < y(»~1)
(x)<2¢’ for xo<x=<x,. This can be integrated as follows:
' (n)(x—xg)" ' < y(x) <2’ (n)(x —xo)* 1, Xo=XE X,
Therefore, we have
c'(mlg(x) —xo1" ' = y(9(x)) = 2¢'(n)[g(x) — xo]"
(2.24) for xqo=<g(x)<x,,
y(g(x))=0  for g(x)=x,.
Using (2.24) in (2.23) and in view of (1.2), we obtain

Yy D(x)=2c¢', xo<x=Zx,, if x;=x,,

225 yohz2e{1- S:___—_—_[g - ’l‘g,]_ (e (m)2[g(s) — %0127V, 5)ds,}

XoS X< X,, if x;<x,.

In view of (2.25), (2.21), we find y(»~1)(x,)=3c’/2. This contradicts y"~1)(x,)
=c¢’. Therefore, it follows that y(»~1)(x)>c¢’ for all x=x,. Now proceeding
as in the superlinear case, we conclude that y(x) has the property: lim y(x)/x""!
=b, ' <b=2c'. i

This completes the proof of Theorem 2.2.

COROLLARY 2.3. Let a>0. Assume that p(x)=0. Assume, moreover,
that g'(x)=0. Then, equation (B) has an unbounded solution which is asymp-
totic to bx"~1 (b+0) as x— = if and only if

["locorrepdx<oo.

CoROLLARY 2.4, Equation (C), superlinear or sublinear, has an unbound-
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ed solution which is asymptotic to bx"~! (b+0) as x— oo if and only if
(2.26) wa”‘lF(czxz("‘”, x)dx < oo for some ¢>0.

RemARK. Corollary 2.3 was given for the case n=2 by Wong [49, Theorem
(2.2)] and for the case of arbitrary n=2 by Kusano and Onose [20, Theorem 3]
without the assumption g’(x)=0. Corollary 2.4 extends results of Nehari [29,
Theorem II] and Coffman and Wong [8, Theorem 2] for the second order equa-
tion (C). For related results see Burkowski [4], Kiguradze [15, 16], Ladas [22],
Marusiak [27, 28], Waltman [47] and others.

3. Oscillation Theorems

In this section, we prove several oscillation theorems for the retarded dif-
ferential equation (A). As witness the recent results of Kusano and Onose [18-

207, Sevelo and Odari¢ [32], Sevelo and Vareh [33, 34] and Wong [49], in
order to obtain sharp oscillation criteria it is natural to exclude linear equations
from our considerations. Here, we focus our attention on the equation (A) which
is in the strongly superlinear case or in the strongly sublinear case, and establish
sufficient conditions (Theorems 3.1, 3.2 and 3.3) and necessary and sufficient
conditions (Theorems 3.4 and 3.5) in order that all solutions of (A) be oscillatory
when n is even, and be either oscillatory or strongly monotone when n is odd.

Before stating the theorems, we give the following lemmas, which can be
found in [31].

LemMmA 3.1. Suppose that y(x)e C™[a, =), y(x)=0 and y™)(x) is monotone
on [a, ). Then, exactly one of the following is true:
(@) lim y™(x)=0;

(i) lim y™X(x)>0 and y'(x),..., y™ (x) tend to oo as x—oo.

LeMMA 3.2. Suppose that y(x)eC"[a, ), y(x)=0 and y")(x)<0 on
[a, o). Then, exactly one of the following is true:

@O  y'(x),..., y=1)x) tend monotonically to zero as x—oo;

(1) there exists an odd integer k, 1<=k<n—1, such that limy®)(x)

X—*00
=0 for 1=5j<k—1, limy"(x)=0, limy" ¥ 1(x)>0, and y(x), y'(x),...,
X000 X0
y(=k=2)(x) tend to co as x— oo,
First, we consider the strongly superlinear case.

THEOREM 3.1. Let equation (A) be strongly superlinear. Assume that
g’'(x)=0 for x>0. A sufficient condition in order that;
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(i) for n even, every solution of (A) be oscillatory,

(i) for n odd, every solution of (A) be either oscillatory or strongly mo-
notone,
is that

3.1 gw[g(x)]"'lF(cz, xX)dx=oc0  for any ¢>0,

PrOOF. Our proof is based on the use of techniques introduced by Kusano
and Onose in [18].

Let y(x) be a nonoscillatory solution of (A). Without loss of generality,
we may suppose that y(x)>0 for x=x,. Since limg(x)=oo, there is an x; =x,

such that y(g(x))>0 for x=x,. From (A) we haJ\c/eOo

(32) ym(x)=— y(g(x))F([y(9(x))]?, x)<0

for x=x,, so that, by Lemma 3.1, y(»~1)(x) decreases to a nonnegative limit as
x— oo, Integration of (3.2) from x to infinity yields

yo 00 2 (e PO ods,  xzx,

from which, using the nonincreasing character of y(*~1)(x), we obtain

(3.3) yo ) 2 | WD OGO 9ds,  x2 3.,

Suppose that Case (I) of Lemma 3.2 holds. Multiplying both sides of (3.3)
by g'(x) and integrating from x to u, x, <x<u, we have

y=2)(g(u))— y"=2)(g(x)) =
(3.4
S:[g(S) —g(x)1y(g(s))F([y(g(s)]?, s)ds.

Letting u— oo in (3.4) we have
— =290 2 | "9~ g GEFTyGON?, 9)ds.

Proceeding in this way, we arrive at

(35 (=g z | TOZIEN 4 g(5) F(Lg(s)]2, 5)ds.

Let n be even. We integrate (3.5) multiplied by g'(x) from T to x, x;<T
<x, to obtain
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(3.6) y(g(x))gg’; Lo(s)=g(DI™" |\ 4(s) F(Ly(g(s))12 s)ds.

(n—1)!
Since g’(x)=0 by hypothesis and y’(x)=0 for x=g(T) by (3.5), we get
(3.7 gGNI*=[y(g(TH]*>  for x=T.

Using (3.7) and the strong superlinearity of (A), i.e.,
t18F(ty, x)<t3°F(t,, x), t;<t,, &>0,
we obtain

Y(GONF(Ly(g(x)1?, x)
=[y(g(N]**2=[y(g(N]~>*F([y(g(x)1?, x)
(3.3 2 [y(g(xN]** 2 [y(g(THI~2*F(Ly(g(TH]?, x)
, =c! 7 [y(g(x)I*F(c?, x),
where ¢ =y(g(T)) and a=1+2¢. It follows from (3.6) and (3.8) that

(3.9 [o(g s {er={ " LIO—0DI 1y go)1erce?, s)as) ™.

Multiplying both sides of (3.9) by [9("2; _gg)T,)]"" [¥(g(x)]*F(c?, x) and in-

tegrating from x, to u, T<T, <u, we find

u — T)]n—1
ST [g(X)(n —9(1)!)] F(c?, x)dx<

1

(3.10)

cala—1) {Sx [g(s)—g(T)]n—l [y(g(s))]aF(CZ, s)ds} 1-

l1—a T (n—-l)!

Since a>1, the right side remains finite as u— o ; consequently, the integral on
the left converges as u—oo:

T

© —ag(T)]" !
b G e adx<ee

1

which contradicts (3.1).
Let n be odd. Then (3.5) reduces to

G —y(genz (LI IENTE o) F(Lrte(s11% s,

which implies that y’(x)<O0 for x=g(T). Hence, y(x) decreases to a limit h=0.
Suppose that h>0. Integrating (3.11) multiplied by g’(x) from K to x, g(T)
= K<x, we have
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y(g(K))—y(g(x))2
(3.12)

[ L) =gO" y o) AL g(sNI2, s)ds.

We observe that the strong superlinearity of (A) implies that yF(y2, x) is a nondec-
reasing function of y>0. Therefore, we obtain

(3.13) YGCNF([y(g(x)1%, x)zhF(h?, x), x=T,
since y(g(x))=h>0 for x=T. Tt follows from (3.12) and (3.13) that

y(g(K)z y(g(K)—h

2 (" L= g g FTr(g(s)I2 9)ds

2y oL9(s) = g(K)1 FUR, s)ds,

which is again a contradiction to (3.1). Thus we must have h=0, and this com-
pletes the proof of Case (I).

Suppose that Case (II) of Lemma 3.2 holds. We note that there exists an
x,2x, such that yU)(x)>0 for x=x, and j=O0, 1,...,n—k—1. Proceeding as
in Case (I), we have

yo0(gCenz |~ LIS (g Ry g(an2, )ds.

Multiplying the above inequality by g’(x) and integrating from x, to x, we obtain

yorko1(g(x)) 2 LI IOV (® g5 Py (95T, 5)ds.

Repetition of this procedure yields

y () 2 DD "y g5 i g(s0I2, 5)ds,

and upon an integration of the above, we find

yg@)z | L~ IEI y(g(s) Ly (g(s)T2, s)ds.

(

Now the proof proceeds exactly as in Case (I).

CoROLLARY 3.1. Leta>1. Assume that p(x)=0, g'(x)=0 and the follow-
ing condition holds:
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S”[g(x)]"—lp(x)dxma

Then, every solution of (B) is oscillatory if n is even, and is either oscillatory
or strongly monotone if n is odd.

COROLLARY 3.2. Let equation (C) be strongly superlinear. Assume
that the following condition holds:

(3.14) Smx"‘lF(cz, X)dx = oo for any ¢>0.

Then, every solution of (C) is oscillatory if n is even, and is either oscillatory

or strongly monotone if n is odd.

RemaARrk. Corollary 3.1 was obtained independently by Kusano and Onose

[18], and Sevelo and Vareh [34].

In the above theorem it was assumed that g’(x)=0. In the next theorem
an attempt is made to avoid this smoothness assumption on g(x) and produce
an oscillation criterion which applies at least to the case where the delay t(x)=
x —g(x) is bounded.

THEOREM 3.2. Let (A) be strongly superlinear and let there exist a func-
tion g4(x) such that

9x(x)20, gu(x)=g(x) and limg,(x)=-co.
Assume that
(3.15) Sm[g*(x)]"“F(cz, x)dx = oo for any ¢>0.

Then, every solution of (A) is oscillatory if n is even, and is either oscillatory
or strongly monotone if n is odd.

Proof. The proof patterns after that of Kusano and Onose [19].
Let y(x) be a nonoscillatory solution of (A) which can be assumed positive,
say y(x)>0 for x=x,. Since limg,(x)=oco, there exists an x,=x, such that

X =00

g(x)=g«(x)=x, and y(g(x))>0 for x=x;. Proceeding in the same manner
as the proof of Theorem 3.1, we obtain for x=x,

(3.16) Yo g 2 | g OFCae)T, 5)ds,

which corresponds to (3.3).
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We consider Case (I) of Lemma 3.2. Multiply both sides of (3.16) by g4(x),
integrate from x to u and let u tend to infinity. Repeated application of this
procedure then gives

(3.17) (= D"y (gx(x))

2 (Lo~ 0N y (DAL g(NI% s, x2x,,

which corresponds to (3.5) in the preceding proof.

Let n be even. Then, by (3.17), y’(x)=0 for x=x,. Let T be fixed so that
T>x;. Using (1.3), g(x)=g4(x) and the nondecreasing character of y(x), we
obtain

Y(GCNF([y(g(x))1?, x)
=[(g(xN1**2=[y(g(x))1~2F([y(g(x))1?, x)
Z [y(gxNI* 25 [y(g (N1~ 2F([y(g£(x))1?, x)
Zc! 7 [y(g#(x))]*F(c?, x),

where ¢c=y(g4(T)) and a=1+2¢. From (3.17) and (3.18) it follows that

(3.18)

(3.19)  y(gu(n) 2ot IOy g (5))10R (2, 5)ds.

It is a matter of easy computation to derive from (3.19) the following inequality
[ 94001 1Fe?, Wdx< oo,

which contradicts (3.15).
Let n be odd. Then, (3.17) becomes

(3:20) =y (g = LIV 4 o)) FLy (012, 9)ds,

and this implies that y(x) is nonincreasing for all sufficiently large x, say for x=T.
Let 11my(x) h=0. Suppose that h>0. Integrating (3.20) sultiplied by g4(x)

from K to x with g(T)<K<x and using the inequality

(GO F([y(g(x))]?, x) =hF(h?, x)

which is implied by the strong superlinearity of (A), we find

(20)  plgaBN=2(@u(0) 2 5y TTauls) = g (ROT FOR2, s)ds.
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Letting x— oo in (3.21), we get a contradiction to (3.15). Therefore, we must
have h=0.

The proof for Case (IT) of Lemma 3.2 also proceeds, with necessary modifi-
cations, in a manner similar to the corresponding part of the proof of Theorem 3.1.
So, we omit the details.

Now, we turn to the strongly sublinear case.

THEOREM 3.3. Assume that equation (A) is in the strongly sublinear
case. Then, a sufficient condition in order that:

(i) for n even, every solution of (A) be oscillatory,

(ii) for n odd, every solution of (A) be either oscillatory or strongly mono-
tone, is that

(3.22) Sw[g(x)]"‘1F(cz[g(x)]2("‘1), X)dx = oo for any ¢>0.
We need the following lemma due to Kiguradze [16].

LemMmA 3.3. If y(x) is a function such that it and all its derivatives up
to order (n—1) inclusive, are absolutely continuous and of constant sign in the
interval [x,, ), and y(x)y")(x)<O0, then there is an integer |, 0< 1< n—1, which
is odd if n is even and even if n is odd, such that for x=x, we have

yx)yUax)=0, j=0,1,..., 1,

(3.23)

(=D~ ly(x)y P (x)20,  j=I+1,...,n,
and if 1>0,
(3.24) Ip(x)| = (n(fir)fc..l():,_—lz)‘ P12 1= 1 ).

ProoF of Theorem 3.3. Let y(x) be a nonoscillatory solution of (A). We
may assume that y(x)>0 for x=x,. There is an x,; =x, such that y(g(x))>0
for x=x;. In view of (A), y™(x)<0 for x=x,, so we can find an integer ! such
that (3.23) holds.

Assume that [>0. Then, by (3.23), y'(x)=0 for x=x,. It follows from
Kiguradze’s formula (3.24) and the nondecreasing character of y(x) that for x = x,

2(l—n+1)(n—l)(x_x1)n—1

CE VT A e

y(x)zy2rrix)z

Therefore,

(3.25) y(x)= Axn—1y(n=1)(x), X2 x,=2x,
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where A=20""*D=Dj(p—1)..(n—1). Since lim g(x)=co, there is an x;=x,
such that g(x)=x, for x=x;. From (3.25) and the fact that y(»~1)(x) is nonin-
creasing, we then have

(3.26) Ygx)zZ ALyt (x),  xzx;.

On the other hand, since y™)(x)<0 for x=x,, by Taylor’s theorem, there
exists a constant a =1 such that y(x)<ax"! for x=x,, which implies

(3.27) ygx)=alg(x)]"!,  xzx,.
Using (3.27) in (1.4), i.e.,
e F(t,, x)2t5F(t,, x), t;<t,, &>0,
we have
(328)  [y(@GNI**F([y(g(x)]?, x) 2z a*[g(x)]>"~*F(a2[g(x)]*"~ D, x).
Now, suggested by Coffman and Wong [8], we consider
— (OO ITPY = = 2sLy e (912 y(x)
(3.29) =2e[y"= ()] (gD F(Ly(g(x)]?, x)
=2e[y"=(x)12* [ p(g ()] 2> [¥(g(xN]**F([y(g(x))]?, x).
Using (3.26) and (3.28) in (3.29), we obtain
—([y=D(x)]2e) = 2e[y"~ (x)] 2+~ 1
(Alg() 1"~ 1 yr=1(x)) 1~ 22-a2*[g(x)]> ("~ 1 F (a2 [g(x)]* "~ 1), x)
=k[g(x)]" " F(a’[9(x)]*"" D, x),  x=x3,

where k=2¢a?¢41~2¢ and we have assumed that ¢<1/2 without restricting gener-
ality. Integrating the above inequality from x; to x, we have

[y~ D)2 = [y D12 2
(3.30) .
K" L1 F@ g2, 9)ds.
Since y(»~1)(x)>0 for all large x, it follows from (3.30) that

§°° [9(x)]" ' F(a2[g(x)]2" D, x)dx < oo,

which is a contradiction to (3.22). Thus, we conclude that I=0. Obviously,
this is possible only when n is odd. In view of (3.23), y(x) decreases to a limit
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h=0 as x—»>o. Let h>0. Then, since the strong sublinearity implies the sub-
linearity, it follows from Theorem 2.1 that

Smx"‘lF(cz, X)dx < oo for some ¢>0.

Noting that g(x) < x and ¢2 < ¢2[g(x)]2~V for all large x, and using the sublineari-
ty of (A), we obtain from the above

Sw[g(x)]”"1F((:2[g(x)]2‘”‘1), X)dx<oo  for some ¢>0,

contradicting (3.22). Therefore, we must have h =0, that is, y(x) must tend mono-
tonically to zero together with its first n — 1 derivatives. This completes the proof.

CorROLLARY 3.3. Leta<1. Then, a sufficient condition that every solution
of (B) be oscillatory if n is even, and be either oscillatory or strongly monotone
if n is odd is that

(3.31) [ rocorepde=co.

CorROLLARY 3.4. Let equation (C) be strongly sublinear. Then, a suffi-
cient condition that every solution of (C) be oscillatory if n is even, and be either
oscillatory or strongly monotone if n is odd is that

(3.32) wa"‘lF(c2x2(”‘1), X)dx=co  for any ¢>0.

ReEMARK. Corollary 3.3 was proved independently by Kusano and Onose

[18-20] and Sevelo and Vareh [34].
Combining Theorems 2.2 and 3.3 we obtain the following

THEOREM 3.4. Let equation (A) be strongly sublinear. Assume that
9'(x)=0 for x>0. Then, a necessary and sufficient condition in order that every
solution of (A) be oscillatory in the case n is even, and be either oscillatory or
strongly monotone in the case n is odd is that (3.22) be valid.

Proor. The sufficiency part follows from Theorem 3.3. The necessity
part is contained in Theorem 2.2, because the strong superlinearity of (A) implies
the superlinearity of (A).

A question naturally arises as to whether (3.1) is a necessary and sufficient
condition for oscillation of all solutions of (A) which is in the strongly superlinear
case. A partial answer to this question is given in the following theorem.

THEOREM 3.5. Let equation (A) be strongly superlinear. Assume that
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g(x) satisfies

(3.33) lim inf_g%) —7>0.
Then, a necessary and sufficient condition that every solution of (A) be oscillatory

if n is even, and be either oscillatory or strongly monotone if n is odd is that
(3.14) be valid.

Proor. Since the strong superlinearity of (A) implies the superlinearity of
(A), the necessity part is contained in Theorem 2.1. To prove the sufficiency,
we observe from (3.33) that y/2<g(x)/x, i.e. yx/2<g(x) for all sufficiently large
x. Put g4 (x)=yx/2. Then, condition (3.14) can also be written as

["roueo1m 1R, Wdx=co  forany c>0.

Applying Theorem 3.2, we conclude that every solution of (A) is oscillatory if n
is even, and is either oscillatory or strongly monotone if n is odd.

ReMARK. The condition (3.33) was proposed by Wong [49]. It contains
as special cases the following:

D) gx)=x—1(x), 0=1(x)=M;

(i) g'(x)=0 and limg'(x)=y>0.

The following corollaries are immediate consequences of Theorems 3.4 and
3.5.

COROLLARY 3.5. With regard to equation (B) assume that either (i) a<1
and g'(x)=0, or (ii) a>1 and g(x) satisfies (3.33).

Then, a necessary and sufficient condition that every solution of (B) be oscil-
latory if n is even, and be oscillatory or strongly monotone if n is odd is that (3.31)
be valid in the case (i), and that ‘

wa"‘lp(x)dx =o0
in the case (ii).

COROLLARY 3.6. A necessary and sufficient condition that every solution
of (C) be oscillatory if n is even, and be oscillatory or strongly monotone if
n is odd is that (3.14) be valid in the strongly superlinear case, and (3.32) be
valid in the strongly sublinear case.

ReMARK. Corollary 3.5 (i) was given in a stronger form by Wong [49, Theo-
rem (3.1)] and Kusano and Onose [20, Theorem 3] where the assumption g’(x) =0
is not required. Corollary 3.5 (ii) is an extension of a result of Wong [49, Theorem
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(3.2)]. Gollwitzer’s result [9] is contained in Corollary 3.5. Corollary 3.6 gene-

ralizes results of Li¢ko and Svec [25] and Kiguradze [15, Theorems 3,4]. Re-
lated results can be found in Kiguradze [14, 16], Ryder and Wend [31], Staikos
and Sficas [37-39] and others.

We close this section by stating two propositions concerning the ordinary
differential equation (C), which are duals to one another in the sense specified in
Coffman and Wong [8].

CorROLLARY 3.7. Let equation (C) be strongly superlinear. Then, the
following statements are equivalent:
(i) Equation (C) has a bounded solution which is asymptotic to a non-
zero constant as x— oo ;
(ii) Egquation (C) has a nonoscillatory solution which is not strongly mono-
tone;
(iii) For some c¢>0, (2.1) holds.

COROLLARY 3.8. Let equation (C) be strongly sublinear. Then, the follow-
ing statements are equivalent:
(i) Equation (C) has an unbounded solution which is asymptotic to bx"!
(b+#0) as x>0}
(ii) Equation (C) has a nonoscillatory solution which is not strongly mono-

tone;
(iii) For some ¢>0, (2.26) holds.

ReMARK. Corollary 3.7 follows from Corollaries 2.2 and 3.6 and extends
a result of Coffman and Wong [7] (see also [8, Theorem E]). Corollary 3.8
is derived by combining Corollaries 2.4 and 3.6; it contains a theorem due to
Coffman and Wong [8, Theorem 2].

4. Forced Oscillations

Of mathematical and physical importance is the problem of maintaining
the oscillation of all solutions of equation (A) under the effect of a forcing term.
In the case of differential equations without delay, that is, when g(x)=x, this
problem was studied by Kartsatos [12, 13] and Teufel [44]. An attempt was
made by Kusano and Onose [21] to extend part of Kartsatos’ results to retarded
differential equations.

In this section, we present theorems to the effect that all solutions of the equa-
tion

(D) YA(x) + y(g)F([(g(x)]?, x)=4(x)

are oscillatory if the forcing term g(x) is sufficiently small or periodic (in the sense
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specified below).
First, we consider the maintenance of the oscillations of the strongly super-
linear equation (A).

THEOREM 4.1. Let F(t, x) satisfy (1.3). Assume that g'(x)=20 and
4.1) Sw[g(x)]"‘lF(cz, X)dx=co  for any ¢>0.

Let there exist a function Q€ C"[(0, ), R], R=(— o0, =), such that Q"(x)=
q(x) for x>0 and either

(D LimQ(x)=0; or

X0

(II) there exist constants q4, q, and sequences {x.,}, {x\.} with the follow-

ing property: limx,=limx,=c, Q(xp)=4q;, Q(xn)=4q2 ¢1=0(x)=q,
m— oo m—o

for x>0.

Let (I) hold. Then, every solution y(x) of (D) is oscillatory or such that
lim y(x)=0.

Let (I1) hold. Then, if n is even, every solution y(x) of (D) is oscillatory,
while if n is odd, every solution is either oscillatory or such that lim[y(x)—

Q(x)]=—q, or —q,.

Proor. We follow closely the arguments developed by Kartsatos [12, 13]
and Kusano and Onose [21].

Case (I). Let y(x) be a nonoscillatory solution of (D) such that y(x)>0

for x=x,. Choose an x; =x, such that y(g(x))>0 for x=x,. If we put Y(x)=
y(x)—Q(x), then Y(x) is a solution of the equation

4.2) Y (M(x) +[Y(g(x)) + Qg(NIF([Y(g(x)) + Q(g(x))]?, x)=0
with the property: Y(g(x))+Q(g(x))>0 for x=x,. From (4.2) it follows that
4.3) Y™M(x)<0 for x=x,.

Suppose that y(x) is unbounded for all large x; then, so is Y(x) and, in view
of (4.3), it is easily verified that Y(x) and all its first n—1 derivatives are eventually
of fixed sign. In particular, we have Y’(x)=0, x=x,; and limY(x)=co. There-

fore, we can choose an x,=x; and an &£>0 such that e
(44 Y(g(x)+Qg(x)>Y(g(x)—&,  x=x,.
Put Z(x)=Y(x)—e. Then, we see that limZ(x)=co. On the other hand, Z(x)

X0

satisfies the retarded differential equation

4.5) Z)(x)+ Z(g()F ([Z(g(x)]?, x)=0,
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where

_ [¥(g()) +0gGNIF( Y (g(x) +Q(g(x))]2, x)
(4.6) Fi(2% x) [Y(g(x)) = eJF([¥(g(x)) =612, x) F(Z2, x).

Equation (4.5) is again strongly superlinear. From (4.4) and (4.6) we find F,(Z2,
x)2F(Z2, x), Z>0, which in view of (4.1) gives

[“lo@m1Fiet, vdx=co  for >0,

Thus it follows from Theorem 3.1 that Z(x) has to be oscillatory or tends to zero
as x—oo. But this contradicts the fact that hmZ(x) =o0,

Next suppose that y(x) remains bounded as x—» oo, Then, Y(x) is also bound-
ed and from (4.3) we conclude that

“.7 (=D)*HYU)x)<0, x=x,, j=1,..,n.

Let nbeeven. Then, (4.7) implies Y’'(x)=0for x=x,. If Y(x)>O0 eventually,
then the limit hm Y(x) =n exists and is a positive number. Introducing the func-
tion Z(x)= Y(x) g, 0<e<n/2, and arguing as in the case y(x) is unbounded,
we arrive at a contradiction. Consequently, we must have Y(x)<0, i.e., y(x)<
Q(x) for all large x. Of course, this is possible only when Q(x)>0 eventually,
and in this case we have l1my(x) =0. Let n be odd. Then, Y'(x)<0, x=x,,
by (4.7), so that Y(x) decreases to a limit # as x—oo. Again it cannot happen
that n>0. Since Y(x)+ Q(x) is eventually positive, we conclude that n =0, which
implies hmy(x) 0.

A parallel argument holds if we assume that y(x) is eventually negative.
This completes the proof of Case (I).

Case (II). Let y(x) be a nonoscillatory solution of (D) such that y(g(x))>0
for x=x;,.

Assume that y(x) is unbounded; then, as in the corresponding part of the
proof of Case (I), we can show that Y(x)= y(x)— Q(x) has the property: Y'(x)=0,
x=x,, limY(x)=o0, and there exists an x,>=x, such that
38) Y(@()+ Q@GN Z V(gD +4,>0,  x2xy.

The function W(x)=Y(x)+gq, satisfies the retarded differential equation
4.9) W™(x)+ W(g(x)F([W(g(x)]?, x)=0,

where



Oscillation and Asymptotic Behavior of Solutions of Retarded Differential Equations 357

_ [Y(g()) +0gNIF( Y (g(x)) +Q(g(x)]?, x)
BV, )=S0 Gt0) + 4 I V(g 44,17, 0y L5 %)

In view of (4.8) we have F,(W?2, x)=F(W?2, x). This implies that

("l 1Facr, ax=co  forany c>0,

so, by Theorem 3.1 applied to (4.9), W(x) must be either oscillatory or tending
to zero as x—oo. This contradicts the fact lim W(x)=oo.

Assume now that y(x) is bounded. If n is e\’;grgo, then Y(x)=y(x)—Q(x) also
satisfies Y’(x) =0 for x =x;, and (4.8) holds for all large x. Thus, we arrive again
at equation (4.9) which implies a contradiction to hm [Y(x)+4,]1>0. Ifnis

odd, then Y(x)=y(x)—Q(x) satisfies Y'(x)<0 for xe1 If we suppose that
Y(x;)+q,;<0 for some x,=x,, then Y(x)+q,=<0 for all x=x,, contradicting
the eventual positivity of Y(x)+Q(x). Hence, we have Y(x)+q,>0 for all x=x,
and, applying Theorem 3.1 to equation (4.9), we conclude that lim [Y(x)+¢q,]=0,

that is, hm [yx)—Q(x)]1=—q;.

The case where y(x) is eventually negative can be treated quite analogously.
This completes the proof of Case (II).

The maintenance of the oscillations of the strongly sublinear equation (A)
is contained in the following

THEOREM 4.2. Let F(t, x) satisfy (1.4). Assume that
(410) ylF(y%’ x)§y2F(y§’ X), 0§Y1<y;, XE(O, °°)9
and

["aor1Fg12e-0, x)ax =0 for any e>0.

Let q(x) be as in Theorem 4.1. Then, the conclusion of Theorem 4.1 holds.

The proof of this theorem may be omitted.

CoROLLARY 4.1. Consider the equation

(B Y™(x) + p(x)| y(g(x))|*sgn y(g(x)) =4(x),

where p(x)=0, a>0, a#1, and q(x) is as in Theorem 4.1. If

["rocoremvpdr=co,  ay=ming, 1),

then the conclusion of Theorem 4.1 holds for equation (E).
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CoROLLARY 4.2. Consider the equation
(F) yM(x)+ y()F([y(x)]?, x)=¢(x),

where q(x) is as in Theorem 4.1. Assume that either (i) F(t, x) satisfies (1.3) and
wa”‘IF(cz, x)dx=o00  for any ¢>0,
or (ii) F(t, x) satisfies (1.4), (4.10) and
wa"'lF(czxz("‘”, X)dx=oc0  for any ¢>0.
Then, the conclusion of Theorem 4.1 holds for equation (F).

ReMARK. Corollary 4.2 overlaps with but is not covered by the results of
Kartsatos [12, 13].
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