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1. Introduction

The oscillatory behavior of differential equations with retarded arguments
has drawn increasing attention in the last few years. There are two main direc-
tions in the investigation of the subject. The first direction is to generalize to
retarded differential equations oscillation results already known for ordinary
differential equations without delay. In the case of higher-order equations, this
was done, for example, in [4-8, 13-17, 19, 21, 22]. The second direction is to
establish results regarding the oscillation which is generated by the retarded
arguments and which does not always occur for the corresponding ordinary differ-
ential equations. Efforts in this direction were undertaken in [3, 9-12, 18, 20, 23].

The purpose of this paper is to proceed in both directions to establish some
oscillation and nonoscillation theorems for the retarded differential equations of
the form

(*) xM() +q(1) S (x(go(DNP(X'(91 (D)., X"~ D(g,—4(1))) =0

an important particular case of which is the ‘‘sublinear’ equation
xM()+q(1)lx(g())*sgn x(g(1)) =0,  0<a<l.
It is tacitly assumed that under the initial condition
xD()=¢(1), t=t,, i=0,1,...,n—1,

equation (*) has a solution which can be continued to [#,, o). We restrict atten-

tion to solutions x(#) of (*) which exist on some ray [T, c0) and are nontrivial

for all large t. A solution x(f) is called oscillatory if there is a sequence {t;},

such that ’Eim t,=00 and x(t;)=0 for all k. Otherwise, a solution is called
-0

nonoscillatory.

In Section 2 we consider equation (*) in which g(¢) is nonpositive and present
results regarding oscillation and asymptotic behavior of its solutions. Our main
concern is to extend some of the basic results of Kiguradze [2] for ordinary
differential equations.

In Section 3 we study the effect of the delay on the oscillatory and asymptotic
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character of equation () in which g(t) is nonnegative if n is odd and nonpositive
ifniseven. The results in this section are closely related to those recently obtained
by Koplatadze [3] for second order equations and by Sficas and Staikos [20]
for higher order equations.

In Section 4 we state a further oscillation theorem which can be obtained by
combining results of Section 3 with those of Section 2 and of our previous paper

[5].

2. Asymptotic Behavior and Oscillation

Let us consider the retarded differential equation
A x(@0)—pO)f(X(go(MNP(x'(g1(D));-.., X"~ D(g,—1(1))) =0
where the following assumptions are assumed to hold:
(@ peC[0, ©), R]l, p(H20, p(H)#0;
(b) feC[R,R], yof(¥o)>0 for yo,#0, f(y,) is nondecreasing;
(© ¢eC[R"™, R], ¢(¥ises Yu-1)>0;
(d) g;eC[[0, ), R], gi()=t, 1112 gi(f)=o00, i=0,1,...,n—1.
We shall need the following lemmas due to Kiguradze ([1], [2]).

LemMA 1. If u(?) is a function such that it and all its derivatives up to
order (n—1) inclusive are absolutely continuous and of constant sign in the
interval [t;, o), and u()u™(t)<0, then there is an integer I, 0=<I<n-—1,
which is odd if n is even and even if n is odd, such that for t=t,

u(ud () =0, i=0,1,..., 1,
(= D= y(Hu®() =20, i=l+1,...,n,
and if 1>0,

(1) PIOIE (nfl‘)f}.)(";l) lut=D@=1-17) .

LemMMA 2. If u(t) is a function such that it and all its derivatives up to
order (n—1) inclusive are absolutely continuous and of constant sign in the
interval [t,, ) and u(tyu™(t) =0, then either

u(ud () =0, i=0,1,..., n,

or there is an integer 1, 0< 1< n—2, which is even if n is even, and odd if n is odd,



Oscillatory and Asymptotic Behavior of Sublinear Retarded Differential Equations 345

such that for t=1,
u(Huli 1) =20, i=0,1,..,1,
(=D uu® () 20, i=l+1,..,n
and inequality (1) holds.

THEOREM 1. Let assumptions (a)~(d) hold. A necessary and sufficient
condition in order that:
(i) for n even, there exist a bounded nonoscillatory solution of (A) such
that lim x(t)=a#0,

t—roo

(ii) for n odd, there exist a bounded nonoscillatory solution of (A),
is that

2 Swt"‘ Ip(f)dt<oo.

Proor. (Necessity) Let x(f) be a bounded nonoscillatory solution of (A)
with the property as described in the theorem. We may assume without loss of
generality that x(#)>0 for t=t,. Since lim g,(f)=o0, there is ¢, =7, such that

t—>o0

x(go(1)>0 for t=t,. From (A) we have
3) xM(8) =p(O) f(x(go(NP(x'(g (D)., x*~ (g, - ()20
for t=t,. By Lemma 2 and the boundedness of x(¢) it follows that

limx(f)=c,>0, limx((f)=0, i=1,...,n—1.
t— o0

=0

Since f and ¢ are continuous, there is ¢, >, such that
@ SG(goONP(x'(g1 (D)., x"" D (g,-4 (D) 2 %f (c0)9(0, ..., 0)

for t=t,. Integrating (3) n times from ¢ to co, we obtain

) xO=co+- S 6= S (060 SO g (51 ds

where we have put

d(xD(g(0) =¢(x'(g1(D)s..., x"" (g, 1(1))) .
Using (4) in (5), we obtain

(=1 [x0) = o) 2 PO O (%5 )1 p(syas
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Since x(?) is bounded, the above inequality yields
0
g (s—t)" p(s)ds< oo
t

which implies (2).
(Sufficiency) It suffices to show that under condition (2) there exists a bound-
ed continuous solution, defined for all sufficiently large ¢, of the integral equation

x(1) = o+ "5 =)™ 1p(5) f(x(90(©)(x 0 (g,(9))) ds

where ¢, is an arbitrary but fixed nonzero constant. This can be done with the
use of the fixed point technique as developed in [7]. We omit the details.

CoROLLARY 1. Let assumptions (a)—(d) hold. A necessary and sufficient
condition in order that:
(i) for n even, every bounded solution of (A) either oscillate or tend mono-
tonically to zero together with its first n—1 derivatives,
(ii) for n odd, every bounded solution of (A) oscillate,
is that

©) [t pdr=oo
THEOREM 2. In addition to (a), (c), (d) assume that
© f(ro)=lyol*sgny,,  O<a<l;

(f) there exist positive constants y, I' such that

Y§¢(y19---’ yn—l)ér for a” Yisees Yu—1-

A necessary and sufficient condition for (A) to have an unbounded nonoscillatory
solution such that lim x("~)(¢)=b+#0 is that

Q) S”[go(t)]m-”p(t)d« w.

Proor. (Necessity) Let x(f) be a nonoscillatory solution of (A) with the

property lim x("~D(tf)=b#0. We may suppose that b>0. Since, by L’Hospi-
t— o

tal’s rule, lim x(t)/t*~ ! =b/(n—1)!, there are positive numbers h, k and t, such that
t—ao0

8) ht-t<x()<kt=!  for t2t,.

Taking t, = t, so large that go(t)=t, for t=t,, integrating (A) from ¢, to t and using
(8), we obtain
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-1 -1 ' i
xe 0 =x0(1) =" LGN DO G (5))ds
1

27he{| [go(@1p(s)ds.,

which gives (7) in the limit as t— oo.
(Sufficiency) Assume that (7) holds. Let x(¢) be a solution of (A) satisfying
the initial condition ’

©) x(t) =x'(f) =+ =x=2(1)=0, xD(E)=K>0, t<t,.

By our hypothesis such a solution exists on [#,, o). It is easy to verify that
x(H)=0,i=0,1,...,n—1, and

(10) x() S (t—to)" 1x(= (1) for t=t,.
From (10) and the increasing character of x(*~1)(f) we find
(11) x(go(M =[go(O]"~Ix*=D(r)  for t2t,.

Integrating (A) from ¢, to t and using (9), (11), we get

* D) SK+ (" pOLHGONI DO (g ()i

<K+ D01 1900101 ps)ds.
to
Therefore, if K is sufficiently large, then we obtain
X 00] * SK+T| (o) Dp()ds
to

which shows that x("~1(f) remains bounded as t—oo. Since x(*~1)(t) is nonde-
creasing, it follows that the nonzero limit lim x(*~1)(¢) exists.
t— o0
THEOREM 3. Assume that the hypotheses of Theorem 2 are satisfied. A
necessary and sufficient condition in order that:
(i) for n even, every solution of (A) either oscillate or else tend monotonical-
ly to zero or infinity as t— oo together with its first n—1 derivatives,
(ii) for n odd, every solution of (A) either oscillate or else tend monotonical-
ly to infinity as t—co together with its first n—1 derivatives,
is that

a2 [ o011 p)dr =co.
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Proor. The necessity follows from Theorem 2. To prove the sufficiency,
let x(t) be a nonoscillatory solution of (A). We may suppose that x(gy(t))>0
for t=t,. In view of (A), x""(£)=0 for t=1¢,, so thatfrom Lemma 2 it follows

that either
(13) x®O()=0 for t=1t,, i=0,1,...,n-1,

or there is an integer I, 0</<n—2, which is even if n is even and odd if n is odd,
such that for t=>t,

(14) x(H=0, i=0,1,...,1, (=D*ix)(H=0, i=Il+1,.,n-1,
and if [>0

(15) x(t)gv(:t_;)#.{_)(:;_l:ﬁ[_x(rl)(zn—zqt)] .

Suppose that (13) holds. Then, for some ¢>0 and t,=t¢,, we have
(16) x(H)=ctn1! for t=t,.

We choose t3;=1t, so that go(t)=t, for t=t,, integrate (A) from ¢; to ¢ and use
(16) to obtain

x(n=1)(g) = x(n- 1)(t3) + yeag: [90(s)1*™ D p(s)ds

which, by (12), implies that lim x("~1)(f)=o00, and consequently,
t—

lim x()(f)= o0, i=0,1,...,n—1.

t—o0

Suppose now that both (14) and (15) hold. Then, from (15) we have
x(H) = A" [ —x("~1(1)] for t=t,=2t,,

where 4 =20-"*1/(n—1)...(n—1), and we can choose t5=1, such that

17 x(go(MN 2 A[go(O]* ' [—x""D(®)]  for t2ts.
Combining (A) with (17), we have
(18) xM(H) 2y4°p(OLgo()1* "~ D[ —x"=D(5)]*.

Dividing both sides of (18) by [ —x("~1(#)]* and integrating from #5 to ¢ we obtain

[oxm 201 Lxm 2O1 2yaef, Lo Dp(@)as,

which implies Sw[go(t)]“("‘l)p(t)dt< o0, a contradiction. Thus, we must have
ts
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1=0. (We observe that this can happen only when n is even.) In this case x(f)
decreases to a finite limit ¢, =0 as ¢t grows to infinity. We claim that ¢, =0. In
fact, if ¢y >0, then from (A) we find

(19) xM()zycgp(t)  for t2ts.

Multiplying both sides of (19) by t*~! and integrating from t5 to t we obtain
@) PO=Pt)+(= 1 (= DI~ x(t9]Z9eh|| 5 p(s)ds,
where

P@)="%, (= )= Hn=1)n=2)+(n— i+ Dir=ix=d()

which is nonpositive on account of (14). Since x(f) is bounded, from (20) we
conclude that Smt"‘ 1 p(t)dt < oo, which clearly contradicts (12).
ts

ReEMARK 1. When g(t)=t, i=0, 1,..., n—1, Theorems 2 and 3 reduce to
the analogues of Lemma 5 and Theorem 2 of Kiguradze [2], respectively.

3. Effect of the Delay

In this section, motivated by a recent paper by Koplatadze [3], we investigate
the effect of the delay on the oscillatory and asymptotic behavior of the retarded
differential equation

B  xPO+(=D" p()f (x(go(DNP(X'(g1(D));-.., x"= (g, - 1(1))) =0.

THEOREM 4. In addition to (a)~(d) assume that:

(8) 1/IZIfWf(  forall y,z;

+a dy -a dy
(h) Sm__—f(y) <00, S—of(y) <o for some a>0.

If
@ ["n0s (11— go(01 )t =00,

then, every solution of (B) is either oscillatory or tending monotonically to
infinity as t—o0.

Proor. Let x(t) be a nonoscillatory solution of (B) such that x(gq(#))>0
for t=t,. From (A) we see that x("(¢)=0 if n is even and x"(£) <0 if nis odd.
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If n is even, then from Lemma 2 it follows that either

(22) x()=z0 for t=t,, i=0,1,..,n-1,

or there exists an even integer [, 0<1<n—2, such that for t>¢,

(23) xH()z0, i=0,1,...,1, (=Dix®()=0, i=I+1,...,n—1.

If n is odd, then, by Lemma 1, there exists an even integer m, 0<m=<n—1, such
that for t=1¢,

(24) xO®20, i=0,1,...m, (=1)ixO(#)=0, i=m+1,.,n—1.

It is easy to see that if (22) holds or I <0 [or m>0], then x(¢) tends to infinity
as t—oo. Therefore, it remains to examine the case where =0 [or m=0].
In this case, by (23) [or (24)], we have

(25) (=D)ixD(@)=0 for t=t,, i=0,1,..,n—1,
from which we conclude that x(¢) is decreasing as t— oo and
(26) lim x®)(t) =0, i=1,...,n—1.

t—o0

Applying Taylor’s theorem to the function x(s) about the point ¢+ we obtain
< x( . (n)
@7) x(6)="5 X0 5=y 4 XD (s pyr, s, 120,

where 7 is a point between s and ¢. In view of (25) we get from (27)

x(n— )(t)
(n=DI

Since go(t)<t and lim gy(f)=o00, it follows from (28) that there exists t,>t,
t— o
such that

(28) x(s)= (-1t (t—s)" 1 fortzs=t, .

29) x(@o(®)2 (1 220 [ gy, vz,

Choosing t, sufficiently large, if necessary, and using (26) and (d), we find
(30) O (x'(g,(®)),..., x""”(gn-l(t)))é—;41(0,.--, 0)>0, t2t;.

Substituting (29), (30) in (B) and using (g), we obtain
(3D (= D"x"() 2 kp(0) f((— D" ' x= D) f([t—go(HI* 1)
for t>t,, where k=¢(0,..., 0) f(1/(n—1)!)/2. Dividing (31) by f((—1)*~1x("~1)(¢))
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and integrating from ¢, to t, we obtain

S(—l)"-lw-ﬂ(:z) dv

_ ! — n—1
2k pA(Ts =01 ds

which in view of (26), (h) produces a contradiction to (21). Thus, under the
assumptions of the theorem, a nonoscillatory solution of (B) must tend to infinity
as t—oo0. This completes the proof.

COROLLARY 2. Consider the equation
© xM() +(— 1" 1 p(1)|x(go(1))|*sgn x(go(1)) =0,
where 0<a< 1, and p(t) and g(t) satisfy (a) and (d), respectively.
If
(32) [ pore - go01ee- D=0,
then every solution of (C) is either oscillatory or tending monotonically to
infinity as t—oo.

REMARK 2. Theorem 4 is closely related to a recent result of Sficas and
Staikos [20] for the sublinear delay equation (B) with ¢ =1 but with less restrictive
assumption on f.

We shall give some generalizations of Theorem 4. Namely, let us consider
the retarded differential equation

(B)  xM@O)+ (=) pOf(X(Go)NP(X' (§1(2)),..., X"(p-1(2))) =0
where
)Nc(i)(gi(t))E(x(i)(gil(t))’-"a x(i)(gimi(t)))’ l=0, ls'--, n—1.

The following vector notation will be used. R9 denotes the real d dimensional
space of vectors E=(¢ 15--+» &4). The zero vector in R? is denoted by 0. In-
equality between vectors & and 7 =(#,..., n,) is defined as

£>% [E>%] equivalent to &izn; [E;>n;] for j=1,...,d.
With regard to (B’) we make the following assumptions:
(@) peC[[0, «), R], p(t)20, p(1)#0;
(b)) feC[R™, R], f(§5)>0 for §,>0, f(7,)<0 for Jo<0,

f(Fo) 2 f(Z,) for j, éfoéa,f(f’o)éf(fo) for jio éfoéa;
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(c') ¢eCR™ ¥ m=1, R], ¢(J 1505 Fu-1)>0,

(@) gi;€CL[0, ®), R], gi(N=t, lim g;(f) =00,
j=1,..,m;, i=0,1,.,n-1.

A generalization of Theorem 4 is given in the following

THEOREM 5. In addition to (a’)~(d’) assume that:

(8) 1S1zieess YimoZm| Z U W 15ves Ymo) (215015 Zmo) |5

’ ta dy -4 d'V .
(h) S*’O f(y""y J’) <w’g'0 f(J’,---, .V)

<o for some a>0;
If
[P0 T = G010, 1= GomeO1 Dt =00,

then, every solution of (B’) either oscillates or tends monotonically to infinity

as t—oo.
This theorem can be proved by an argument similar to that in the proof of

Theorem 4. So, we omit the details.
CoROLLARY 3. Consider the equation

©) X0(1)+(= 11 p(0) I Ix(go,(D)I*ssEn X(go:(1) =0,

where 0;>0, oty + -+ +a,,, <1 and p(t) and g, (t) satisfy (a') and (d’), respectively.
If

(33 {00 [ 1= go,(01 Dt =0,

then every solution of (C') either oscillates or tends monotonically to infinity
as t— .

Proor. We need only to observe that the function

™Mo
S ym,)EjI:I1 |y;l*isgn y,

satisfies conditions (b’), (g") and (h’) of Theorem 5 provided a; >0, ot; + -+ +,,, < 1.
The following corollary can easily be proved with the aid of the result of
Corollary 3.

CoROLLARY 4, Consider the equation
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(D)  xM@O+(=D"FE, X(§o(0), X(§1(0)s...; X" (G,-1(0)))=0

where FeC[[0, 0)xRN, R], N=mo+m;+---+m,_;, and condition (d)
is satisfied. Assume that there exist functions p(t) and ¢(¥,..., y,—1) satisfying
(@’) and (c'), respectively, and positive constants o; with o+ +a,, <1,
such that

- "10 - .
F(t, Jo5 J1seees Yn-1)580 Yo 2 P(2) Hl [ 0,150 (F1seees Fn-1)
j=

for all (t, o, ¥1s-» ¥u—1)€[0, 00) xRN, where ¥o=(Vo1,---» Yom,)- Then,
(33) is a sufficient condition that every solution of (D) be either oscillatory or
tending monotonically to infinity as t— 0.

REMARK 3. Corollary 4 is an extension of a recent result of Koplatadze
[3, Corollary to Theorem 1] for the second order equation

X”(t)+F(t, x(gl(t))a seey x(gm(t)), x,(gl(t))’-"s x,(gm(t))) =0

4. Concluding Remarks

Let us further consider equation (B) for which assumptions (a), (c)—(f) are
satisfied. Suppose that n is even. Combining Theorem 3 with Theorem 4, we
see that if both (12) and (32) hold, then every solution of (B) either oscillates or
tends monotonically to infinity as t—oco together with its first n—1 derivatives.
Suppose now that nis odd. We have recently shown in [5] that (12) is a necessary
and sufficient condition for every solution of (B) to oscillate or tend monotonically
to zero as t— oo together with its first n—1 derivatives. From this and Theorem
4 it follows that if both (12) and (32) hold, then all solutions of (B) are oscillatory.
We summarize these facts in the following theorem.

THEOREM 6. Consider equation (B) for which (a), (c)-(f) are satisfied.
Assume that both (12) and (32) hold.
(i) If nis even, then every solution of (B) either oscillates or tends monoto-
nically to infinity as t— o0 together with its first n—1 derivatives.
(i) If n is odd, then every solution of (B) is oscillatory.
We observe that if g(¢) is such that

0<lim inf 90 <lim sup 9@ <1
t— 0 t t— o0 t

and if

(34) S°°ta<n- Dp(di=oo
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then both (12) and (32) are satisfied.

It would be of interest to compare this theorem with Theorem 3 of Kiguradze
[2] to the effect that the ordinary differential equation (B) with g/(f)=t, i=0,
1,..., n—1, has nontrivial solutions which tend monotonically to zero as t— o0

provided n=3 and (12) [i.e. (34)] holds.

We then conclude that the absence of

such solutions in the statement of Theorem 6 is caused by (32), that is, the effect
of the delay t—g(?).
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