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Abstract. M. G. Cowling and J. F. Price showed a generalization of Hardy’s theorem

as follows. If v and w grow very rapidly, then the finiteness of kvf kp and kwf̂f kq implies

that f ¼ 0, where f̂f denotes the Fourier transform of f . We give an analogue of this

theorem for the Helgason–Fourier transform for homogeneous vector bundles over Rie-

mannian symmetric spaces and for connected noncompact semisimple Lie groups with

finite centre.

1. Introduction

The mathematical uncertainty principle, roughly speaking, states that a

nonzero function and its Fourier transform cannot both be sharply local-

ized. First of all, in the case of Euclidean space, G. H. Hardy showed that if

a measurable function f on R satisfies j f ðxÞjeCe�ax
2
and j f̂f ðyÞjeCe�by

2
and

ab > 1=4, then f ¼ 0 (a.e.). Here we use the Fourier transform defined by

f̂f ðyÞ ¼ ð1=
ffiffiffiffiffiffi
2p

p
Þ
Ðy
�y f ðxÞe

ffiffiffiffiffi
�1

p
xy dx. M. G. Cowling and J. F. Price [3] gen-

eralized Hardy’s theorem as follows. Suppose that 1e p; qey and one of

them is finite. If a measurable function f on R satisfies kexpfax2g f ðxÞkL pðRÞ <
y and kexpfby2g f̂f ðyÞkLqðRÞ < y and abf 1=4, then f ¼ 0 (a.e.). The case

where p ¼ q ¼ y and ab > 1=4 is covered by Hardy’s theorem. S. C. Bagchi

and S. K. Ray [1] showed that if ab > 1=4, then Hardy’s theorem on R is

equivalent to the Cowling–Price theorem.

Some generalizations of Hardy’s theorem and the Cowling–Price theorem

to various homegeneous spaces were obtained (e.g. [1], [4], [5], [6] and [12]).

In these papers, the theorems were proved by using the estimates of matrix

elements of representations and the Phragmén–Lindelöf theorem. The purpose

of this paper is to prove an analogue of the Cowling–Price theorem for semi-

simple Lie groups. On the other hand, J. Sengupta [11] proved the Cowling–

Price theorem on Riemannian symmetric spaces, by using the argument that

the Fourier transform is decomposed into the composition of the Radon

transform and the Euclidean Fourier transform. We consider the Helgason–

2000 Mathematics Subject Classification. 43A15, 43A85.

Key words and phrases. semisimple Lie groups, Hardy theorem



Fourier transform as the Fourier transform on homogeneous vector bundles over

Riemannian symmetric spaces. By using an argument similar to [11], we get

the Cowling–Price theorem for the vector bundles. From this result and the

estimate of the Plancherel measures, we obtain the Cowling–Price theorem for

semisimple Lie groups.

2. Notaion and preliminaries

The standard symbols Z, R and C shall be used for the sets of the in-

tegers, the real numbers and the complex numbers, respectively. For z A C, <z
and =z denote its real and complex part, respectively. If U is a manifold, then

we denote by CðUÞ the set of continuous complex valued functions on U and

by Cy
0 ðUÞ the set of compactly supported smooth functions on U. If SHU

and f is a function on U, then f jS denotes the restriction of f to S. If V is a

vector space over R, VC, V
� and V �

C denote its complexification, its real dual

and its complex dual, respectively. For a Lie group L, L̂L denotes the set of

equivalence classes of irreducible unitary representations of L. As usual, we

use lower case German letters to denote the corresponding Lie algebras.

If H is a complex separable Hilbert space, BðHÞ denotes the Banach

space comprised of all bounded operators on H with operator norm k  ky.

For T A BðHÞ and 1e p < y, we indicate the p-th norm by kTkp, that is,

kTkp ¼ ðtrðT �TÞp=2Þ1=p, with T � being the adjoint operator of T. For a com-

plex separable Hilbert space H and a s-finite measure space ðX ; mÞ, we de-

note by LpðX ;BðHÞÞ the noncommutative Lp-space relative to the gauge

ðL2ðX ;BðHÞÞ;LyðX ;BðHÞÞÞ.
Let G be a connected semisimple Lie group with finite centre, K a maxi-

mal compact subgroup of G and G=K the associated Riemannian symmetric

space of noncompact type. Let G ¼ KAN be an Iwasawa decomposition.

Each g A G can be uniquely decomposed as g ¼ kðgÞ expðHðgÞÞnðgÞ. We de-

note by y the Cartan involution fixing the elements in K. Let g ¼ k þ p be the

Cartan decomposition of g defined by y. Denote by d the real rank of G. Let

D be the set of restricted roots, Dþ the set of all positive restricted roots and

r the half the sum of the elements in Dþ. Denote by aþ the positive Weyl

chamber in a and set Aþ ¼ exp aþ. Then G ¼ K ClðAþÞK is a Cartan decom-

position, where ClðAþÞ denotes the closure of Aþ in A. Let dk be the Haar

measure on K normalized as
Ð
K
dk ¼ 1. We normalize the Lebesgue mea-

sure dH on a by multiplying ð2pÞ�d=2. We write for dg the Haar measure on

G given by dg ¼ Dðexp HÞdk1dk2dH, where Dðexp HÞ ¼
Q

a ADþ jsinh aðHÞjmðaÞ
and mðaÞ denotes the multiplicity of a. Let M be the centralizer of A in K.

Then P ¼MAN is a minimal parabolic subgroup of G. The Killing form of

g induces an inner product h ; i on a and a�. We write jHj ¼ hH;Hi1=2.
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Let W be the restricted Weyl group. When g ¼ k exp X for k A K and X A p,

we set sðgÞ ¼ jX j. For n A a�, there exists a unique element Hn A a such that

nðHÞ ¼ hH;Hni for all H A a. For H A a and r AR>0, we set BðH; rÞ ¼ fX A a j
jX �Hj < rg.

For t A K̂K , we denote by M̂MðtÞ the subset of M̂M contained in the restric-

tion of t to M. For d; t A K̂K , we write M̂Mðd; tÞ ¼ M̂MðdÞV M̂MðtÞ. We denote

the degree of t by dðtÞ and the character of t by wt. We set xt ¼ dðtÞwt.
We set for k; k1; k2 A K , g A G

Lpt ðGÞ ¼ f f A LpðGÞ j f �K xt ¼ f g;

LpðG; tÞ ¼ fF A LpðG;EndðVtÞÞ jFðgkÞ ¼ tðkÞ�1
F ðgÞg;

LpðG;VtÞ ¼ f : G ! Vt j
ð
G

k f ðgÞkpVt
dg < y; f ðgkÞ ¼ tðkÞ�1

f ðgÞ
� �

;

LpðG; t; tÞ ¼ fF A LpðG;EndðVtÞÞ jFðk1gk2Þ ¼ tðk2Þ�1
FðgÞtðk1Þ�1g:

Let DtðGÞ (resp. DðG; tÞ, DðG;VtÞ, DðG; t; tÞ) be the subset of Lpt ðGÞ (resp.

LpðG; tÞ, LpðG;VtÞ, LpðG; t; tÞ) comprised of all compactly supported Cy-

functions. For f A DtðGÞ, we set Ff ðgÞ ¼
Ð
K
f ðgkÞtðkÞdk. Then the mapping

f 7! Ff is a topological isomorphism of DtðGÞ onto DðG; tÞ and its inverse is

the mapping F 7! dðtÞ Tr F , ðF A DðG; tÞÞ (cf. [8], p. 397). For f A LpðG;VtÞ
and v A Vt, we define f n v by

hð f n vÞðgÞ;wiVt
¼ hw; viVt

f ðgÞ; for all w A Vt:

For f A LpðG;VtÞ and v A Vt, we have

k f n vkL pðG; tÞ ¼ k f kL pðG;VtÞkvkVt
;ð1Þ

and thus f n v A LpðG; tÞ. For F1;F2 A DðG; tÞ, we define the convolution

F1 � F2 by

ðF1 � F2ÞðgÞ ¼
ð
G

F1ðx�1gÞF2ðxÞdx:ð2Þ

This definition is arranged so that F1 � F2 A DðG; tÞ. And we also define the

convolution for C A DðG; t; tÞ and f A DðG;VtÞ by

ðC � f ÞðgÞ ¼
ð
G

Cðx�1gÞ f ðxÞdx:ð3Þ

It is easy to show that C � ð f n vÞ ¼ ðC � f Þn v.
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3. The vector-valued Helgason–Fourier transform

Let ðs;HsÞ be a unitary representation of M and n A
ffiffiffiffiffiffiffi
�1

p
a�. We denote

by ps; n the representation induced from sn nn 1 of P to G. The represen-

tation space Hs; n is

Hs; n ¼ fj A L2ðK ;HsÞ j jðkmÞ ¼ sðmÞ�1
jðkÞ;m AM; k A Kg;

with the norm

kjkHs; n ¼
ð
K

kjðkÞk2Hs
dk:

The action of ps; n on Hs; n is given by

ðps; nðgÞjÞðkÞ ¼ e�ðnþrÞHðg�1kÞjðkðg�1kÞÞ:

It is known that ðps; n;Hs; nÞ is unitary. We set

Hs; n
t ¼ fj A Hs; n j j �K xt ¼ jg:

For P A HomMðVt;HsÞ, v A Vt, we write jPnvðkÞ ¼ PðtðkÞ
�1
vÞ. Then the

mapping Pn v 7! jPnv is a bijection of HomMðVt;HsÞnVt onto Hs; n
t . For

f A L1ðGÞ, its Fourier transform on G is defined by

ps; nð f Þ ¼
ð
G

f ðgÞps; nðgÞdg:ð4Þ

R. Camporesi defined the Helgason–Fourier transform of f A L1ðG;VtÞ by

~ff ðk; nÞ ¼
ð
G

e�ðnþrÞHðg�1kÞtðkðg�1kÞÞ�1
f ðgÞdg;ð5Þ

for k A K and n A a�
C. The Plancherel formula for f A DðG;VtÞ is given by

k f k2L2ðG;VtÞ ¼
X
P 0
cP 0

X
s 0

1

d
s 0e
ð

a 0�

ð
K

hT
s 0e ~ff ðk; n 0 þ

ffiffiffiffiffiffiffi
�1

p
m1Þ;Ts 0e ~ff ðk; n 0 �

ffiffiffiffiffiffiffi
�1

p
m1ÞiVt

ps 0 ðn 0Þdn 0dk;

(see [2], p. 286). The relation between (4) and (5) is given by the following

proposition.

Proposition 3.1. If f A L1
t ðGÞ and Tn v A HomMðVt;HsÞnVt, then we

have

ðps; nð f ÞjTnvÞðkÞ ¼ Tð efvfvðk; nÞÞ;
where fvðgÞ ¼ Ff ðgÞv.
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Proof. We have

Tð ~ffvðk; nÞÞ ¼ T
ð
G

e�ðnþrÞHðg�1kÞtðkðg�1kÞÞ�1

ð
K

f ðgk1Þtðk1Þdk1v dg
	 


¼
ð
G

f ðgÞe�ðnþrÞHðg�1kÞTðtðkðg�1kÞÞ�1
vÞdg

¼
ð
G

f ðgÞps; nðgÞjTnvðkÞdg

¼ ðps; nð f ÞjTnvÞðkÞ: r

Let f A L1ðG;VtÞ. We have

~ff ðk; nÞ ¼
ð
G

e�ðnþrÞHðg�1Þtðkðg�1ÞÞ�1
f ðkgÞdg

¼
ð
A

ð
N

ð
K

e�ðnþrÞHðk�1
1
n�1a�1Þtðkðk�1

1 n
�1a�1ÞÞ�1

f ðkank1Þdadndk1

¼
ð
A

ð
N

e�ðnþrÞHða�1Þf ðkanÞdadn ¼
ð
A

enHðaÞ
ð
N

erHðaÞf ðkanÞdnda:

For k A K and a A A, we set

Rf ðk; aÞ ¼
ð
N

erHðaÞf ðkanÞdn:ð6Þ

We call Rf the (vector-valued) Radon transform of f . And also, define the

Fourier transform of f A L1ðK � AÞ on A by

FA f ðk; nÞ ¼
ð
A

enHðaÞf ðk; aÞda

for k A K .
Let s A M̂Mðd; tÞ. In the following, we write ms ¼ ½tjM : s� and ns ¼

½djM : s�. Let fPs; jgj¼1;2;...;ms
and fQs; jgj¼1;2;...;ns

be bases of HomMðVt;HsÞ
and HomMðVd;HsÞ, respectively, such that

TrðP�
s; iPs; jÞ ¼ dðsÞdij ; TrðQ�

s; iQs; jÞ ¼ dðsÞdij :

For s A M̂Mðd; tÞ, we set Ts; ij ¼ Q�
s; j Ps; i A HomMðVt;VdÞ. Let fvlgl¼1;2;...;dðtÞ

and fwlgl¼1;2;...;dðdÞ be orthonormal bases of Vt and Vd, respectively.

Lemma 3.2. The set

1ffiffiffiffiffiffiffiffiffiffi
dðsÞ

p Ts; ij j s A M̂Mðd; tÞ; i ¼ 1; 2; . . . ;ms; j ¼ 1; 2; . . . ; ns

( )
is an orthonormal basis of HomMðVt;VdÞ.
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Proof. For k ¼ 1; 2; . . . ;ms and l ¼ 1; 2; . . . ; ns, we have

hTs; ij;Ts;kliHomM ðVt;VdÞ ¼ TrðT �
s;klTs; ijÞ ¼ dðsÞdik djl:

In a similar fashion,

hTs; ij ;Tm;kliHomM ðVt;VdÞ ¼ 0;

for m; s A M̂Mðd; tÞ such that ml s. For T A HomMðVt;VdÞ, we obtain

T ¼ 1VdT1Vt
¼

X
m A M̂MðdÞ

Xnm
j¼1

X
s A M̂MðtÞ

Xms

i¼1

Q�
m; jQm; jTP

�
s; iPs; i:

Let

ðs; iÞHomMðVt;VdÞðm; jÞ ¼ fQ�
m; jQm; jTP

�
s; iPs; i jT A HomMðVt;VdÞg:

Then we have

HomMðVt;VdÞ ¼
X

s A M̂MðtÞ

X
m A M̂MðdÞ

Xms

i¼1

Xnm
j¼1

ðs; iÞHomMðVt;VdÞðm; jÞ:ð7Þ

From Qm; jTP
�
s; i A HomMðHs;HmÞ, we have ðs; iÞHomMðVt;VdÞðm; jÞ ¼ 0 for ml s.

Since Qs; jTP
�
s; i AEndMðHsÞ, there exists cðTÞ AC such that Qs; jTP

�
s; i ¼ cðTÞ1Hs

.

Therefore,

Q�
s; jQs; jTP

�
s; iPs; i ¼ cðTÞTs; ij:

Especially, we have

Q�
s; jQs; jTs; ijP

�
s; iPs; i ¼ Ts; ij:

Hence cðTs; ijÞ ¼ 1 and ðs; iÞHomMðVt;VdÞðs; jÞ ¼ CTs; ij. From (7), we obtain

HomMðVt;VdÞ ¼
X

s A M̂MðtÞ

X
s A M̂MðdÞ

Xms

i¼1

Xns
j¼1

ðs; iÞHomMðVt;VdÞðs; jÞ

¼
X

s A M̂Mðd; tÞ

Xms

i¼1

Xns
j¼1

CTs; ij : r

Let d; t A K̂K . For T A HomMðVt;VdÞ, we set

EðT ; n; gÞ ¼
ð
K

dðkÞTtðkðg�1kÞÞ�1
e�ðnþrÞHðg�1kÞ dk:

The function EðT ; n; gÞ is so called the Eisenstein integral. In case xd �K f ¼ f ,

R. Camporesi gave the expression of the Helgason–Fourier transform ~ff ðk; nÞ in
terms of the Eisenstein integrals.
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Proposition 3.3 ([2]). If xd �K f ¼ f , for f A DðG;VtÞ, then

~ff ðk; nÞ ¼
X

s A M̂Mðd; tÞ

dðdÞ
dðtÞ

Xms

i¼1

Xns
j¼1

T �
s; ij dðkÞ

�1

ð
G

EðTs; ij ; n; gÞ f ðgÞdg:

We define the Helgason–Fourier transform F̂F ðk; nÞ A EndðVtÞ of F ADðG; tÞ
by

F̂F ðk; nÞ ¼
ð
G

e�ðnþrÞHðg�1kÞtðkðg�1kÞÞ�1
FðgÞdg:

From the definition of F̂F for F A DðG; tÞ, we have F̂F ðk; nÞv ¼ gðFvÞðFvÞðk; nÞ for

v A Vt. For C A DðG; t; tÞ, we have

ĈCðk; nÞ ¼
ð
G

e�ðnþrÞHðg�1kÞtðkðg�1kÞÞ�1CðgÞdg

¼
ð
AN

eðnþrÞðlog aÞCðkanÞdadn

¼
ð
AN

eðnþrÞðlog aÞCðanÞdadntðkÞ�1:

Therefore, we define the Fourier transform of C A DðG; t; tÞ by

ĈCðnÞ ¼
ð
AN

eðnþrÞðlog aÞCðanÞdadn:

Remark. R. Camporesi (cf. [2]) defined the Fourier transform of C A
DðG; t; tÞ by

ĈCsðnÞðPÞ ¼
Xms

j¼1

1

dðsÞ

ð
G

TrðCðgÞEðP�
s; jP; n; gÞÞdgPs; j;

for P A HomMðVt;HsÞ. Each v A Vt can be decomposed into

v ¼
X

s A M̂MðtÞ

Xms

i¼1

P�
s; iPs; iv A

X
s A M̂MðtÞ

HomMðVt;HsÞnHs:

Accordingly, for v A Vt, the relation between ĈC A EndðVtÞ and ĈCs is

ĈCðnÞv ¼
X

s A M̂MðtÞ

Xms

i¼1

P�
s; iĈCsðnÞðPs; iÞv

¼
X

s A M̂MðtÞ

Xms

i¼1

Xms

j¼1

P�
s; i

1

dðsÞ

ð
G

TrðCðgÞEðP�
s; jPs; i; n; gÞÞdgPs; jv:

We have the following proposition.
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Proposition 3.4. If f A DðG;VtÞ and v A Vt, then the Helgason–Fourier

transform of f ðgÞn v A DðG; tÞ is given by

ð f ðgÞn vÞðk; nÞ ¼ ~ff ðk; nÞn v:d
From the definition of ĈC for C A DðG; t; tÞ, we have

Proposition 3.5. If C A DðG; t; tÞ, then we have ĈCðk; nÞ ¼ ĈCðnÞtðkÞ�1.

The next proposition can be proved by using an argument similar to the

K-biinvariant case.

Proposition 3.6. Let C A DðG; t; tÞ and F A DðG; tÞ. Then we have

ðC � F Þðk; nÞ ¼ ĈCðnÞF̂F ðk; nÞ:d
From Proposition 3.6, we have

Corollary 3.7. If C A DðG; t; tÞ and f A DðG;VtÞ, then

ðC � f Þðk; nÞ ¼ ĈCðnÞ ~ff ðk; nÞ:g
4. The Cowling–Price theorem for vector-valued Helgason–Fourier transform

In this section, we shall prove the Cowling–Price theorem for a vector-

valued function over G=K . The following is the Cowling–Price theorem for a

vector-valued function on Rn.

Lemma 4.1. Let a; b > 0, 1e p; qey, minðp; qÞ < y and V a finite-

dimensional vector space. Let f be a measurable V-valued function on Rn such

that

keax 2

f ðxÞkL pðRn;VÞ < y; keby2 f̂f ðyÞkLqðRn;VÞ < y:

If abf 1=4, then f ¼ 0 (a.e.).

Proof. For v A V , we set hðxÞ ¼ h f ðxÞ; viV . Then

h f̂f ðyÞ; viV ¼
ð
Rn
e

ffiffiffiffiffi
�1

p
xyf ðxÞdx; v

� �
V

¼ ĥhðyÞ:ð8Þ

We have ð
Rn

jeax 2

hðxÞjpdx ¼
ð
Rn
epax

2 jh f ðxÞ; viV jpdx

e

ð
Rn
epax

2k f ðxÞkpVkvk
p
Vdx < y:
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Similarly, from (8), we have keby2 ĥhðyÞkLqðRnÞ < y. Applying the Cowling–

Price theorem to h, we obtain h ¼ 0 (a.e.). Then f ¼ 0 (a.e.). r

Let c ACy
0 ðAÞ be a non-negative W-invariant function with suppðc�expÞO

Bð0; 1Þ and
Ð
aþ

cðexp HÞDðexp HÞdH ¼ 1. For H A aþ, e > 0 and k1; k2 A K ,
we set

Ceðk1 exp Hk2Þ ¼ e�dDðexp HÞ�1
Dðexp e�1HÞcðexp e�1HÞtðk1k2Þ�1;

and

ceðexp HÞ ¼ e�dDðexp HÞ�1
Dðexp e�1HÞcðexp e�1HÞ:

From the smoothness of Ce, Ce is well-defined on G. And also, we setð
aþ

ceðexp HÞDðexp HÞdH ¼ 1:

The next lemma is given by the same way as in [13].

Lemma 4.2 (cf. [13]). If f A LpðG;VtÞ and 1e pey, then

lim
e!0

kCe � f � f kL pðG;VtÞ ¼ 0:

We have the following Cowling–Price theorem for Vt-valued functions.

Theorem 4.3. Let 1e p; qey and a; b;C > 0. Let f be a measurable

Vt-valued function such that

keasðgÞ
2

f ðgÞkL pðG;VtÞ < C; kebjnj
2 ~ff ðk; nÞkLqðK� ffiffiffiffiffi

�1
p

a �;Vt;mðnÞdndkÞ < C;

where mðnÞ is a positive function on
ffiffiffiffiffiffiffi
�1

p
a� of polynomial order. If ab > 1=4,

then f ¼ 0 (a.e.).

Proof. First, by using a similar argument of J. Sengupta [11], we have
~ff ¼ 0.

Second, we shall show f ¼ 0 (a.e.). If 1e p 0; q 0 ey and r�1 ¼ p 0�1 þ
q 0�1 � 1f 1, then the Young inequality implies that

1

dðtÞ kukVt
kC � f kLrðG;VtÞ ¼ kC � Fh f ;uikLrðG; t; tÞ

e kCkL p 0 ðG; t; tÞkFh f ;uikLq 0 ðG; t; tÞ

¼ 1

dðtÞ kukVt
kCkL p 0 ðG; t; tÞk f kLq 0 ðG;VtÞ;

for u A Vt and C A DðG; t; tÞ. From the assumption, we have C � f A
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L1ðG;VtÞVL2ðG;VtÞ. Corollary 3.7 implies C � f ¼ ĈC ~ff ¼ 0.g Then we ob-

tain C � f ¼ 0. As shown in Lemma 4.2, we can compose fCege>0 such that

lim
e!0

kCe � f � f kL1ðG;VtÞ ¼ 0:

Therefore, this proves f ¼ 0 (a.e.). r

5. The Cowling–Price theorem for semisimple Lie groups

We need the following lemma, which can be proved by a slight modifi-

cation of [3].

Lemma 5.1. Let 1e pey, s > 0 and A > 0. Let g be an entire function

on C such that

jgðxþ
ffiffiffiffiffiffiffi
�1

p
yÞjeAepx

2

; ðx; y A RÞ;ð
R

jgðxÞjpjxjsdx
	 
1=p

eA:

Then g is a constant function on C. Moreover, if p < y then g ¼ 0.

Let mðs; nÞ be the Harish-Chandra m-function. We need the following

estimate for general m-functions.

Lemma 5.2. Let s A M̂M and n A
ffiffiffiffiffiffiffi
�1

p
a�. Then there exist B1;B2 > 0, tf0

and s A R such that

B1mðs; nÞe
Y
a ADþ

hn; ai

4hr; ai

���� ���� t 1þ hn; ai

4hr; ai

���� ����	 
s
eB2mðs; nÞ:

Proof. By [15, p. 47], there exist ai; bi, ði ¼ 1; . . . ;mÞ, cj; dj, ð j ¼ 1; . . . ; nÞ
such that

mðs; nÞ ¼
Y
a ADþ

Y
1eiem
1e jen

Gðhn; ai=4hr; ai� aiÞGð�hn; ai=4hr; ai� cjÞ
Gðhn; ai=4hr; ai� biÞGð�hn; ai=4hr; ai� djÞ

:

In [14, p. 96], Trombi proved that ai and cj must be real numbers. By con-

sidering zeros of the Plancherel measure (cf. [10], p. 536) and the property of

GðzÞ, bi and dj must be real numbers. Let m0 and n0 be numbers of the case

bi00 and dj00, respectively. In a similar fashion to [7], we can find B1;B2 >

0 such that

B1mðs; nÞe
Y
a ADþ

hn; ai

4hr; ai

���� ���� t 1þ hn; ai

4hr; ai

���� ����	 
s
eB2mðs; nÞ;
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where

t ¼ mþ n�m0 � n0;

s ¼ �mai þm0bi � ncj þ n0dj �m� nþm0 þ n0: r

Remark. In the case when s is the trivial representation, an estimate of

m-function is given in [7, Lemma 5].

Finally, we shall prove the Cowling–Price theorem for G.

Theorem 5.3. Let 1e p; qey and a; b;C;Cs > 0. Let f be a measur-

able function on G such that

keasðgÞ
2

f ðgÞkL pðGÞ < C; kebjnj
2

ps; nð f ÞkLqð ffiffiffiffiffi
�1

p
a �;BðHs; nÞÞ < Cs:

If ab > 1=4, then f ¼ 0 (a.e.).

Proof. It is su‰cient to prove the case when f ¼ xd �K f �K xt. Our

first assumption and fv A L1ðG;VtÞ imply that

keasðgÞ
2

fvðgÞkL pðG;VtÞ < C:ð9Þ

From f A L1
t ðGÞ and Proposition 3.1, we have

ðps; nð f ÞjPnvÞðkÞ ¼ Pð effvðk; nÞÞ
for Pn v A HomMðVt;HsÞnVt. We also have ps; nð f ÞjPnv A Hs; n

d G
HomMðVd;HsÞnVd. Therefore, we obtain

effvðk; nÞ ¼ 1Vt
effvðk; nÞ ¼ X

s A M̂Mðd; tÞ

Xms

i¼1

P�
s; iPs; i

effvðk; nÞ
¼

X
s A M̂Mðd; tÞ

Xms

i¼1

Xns
j¼1

XdðdÞ
l¼1

hps; nð f ÞjPs; inv; jQs; jnwl
iHs; nP�

s; iQs; jðdðkÞ�1
wlÞ;

where P�
s; iQs; j A HomMðVd;VtÞ. And we see that

kjPs; jnvk
2 ¼ hjPs; jnv; jPs; jnviHs; n

¼ 1

dðtÞ hv; viVt
TrðP�

s; jPs; jÞ ¼
dðsÞ
dðtÞ kvk

2
Vt

(cf. [2], p. 281). Hence we obtain
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k effvðk; nÞkLqðK� ffiffiffiffiffi
�1

p
a �;Vt;mðnÞdkdnÞ

e
X

s A M̂Mðd; tÞ

Xms

i¼1

Xns
j¼1

XdðdÞ
l¼1

khps; nð f ÞjPs; in v
; jQs; j nwl

iHs; nkLqð ffiffiffiffiffi
�1

p
a �;mðnÞdnÞ

� kP�
s; iQs; jðdðkÞ�1

wlÞkLqðK ;VtÞ

e
X

s A M̂Mðd; tÞ

Xms

i¼1

Xns
j¼1

XdðdÞ
l¼1

kps; nð f ÞkLqð ffiffiffiffiffi
�1

p
a�;BðHs; nÞ;mðnÞdnÞ

dðsÞ
ðdðtÞdðdÞÞ1=2

kvkVt

� kP�
s; iQs; jðdðkÞ�1

wlÞkLqðK ;VtÞ:

Put

Es ¼ max
i¼1;2;...;ms

j¼1;2;...;ns;l¼1;2;...;dðsÞ

dðsÞ
ðdðtÞdðdÞÞ1=2

kP�
s; iQs; jðdðkÞ�1

wlÞkLqðK;VtÞ

( )
;

then we have

k effvðk; nÞkLqðK� ffiffiffiffiffi
�1

p
a �;Vt;mðnÞdkdnÞ

e
X

s A M̂Mðd; tÞ

Esmsns dðdÞkvkVt
kps; nð f ÞkLqð ffiffiffiffiffi

�1
p

a �;BðHs; nÞ;mðnÞdnÞ:

We set

zðn; rÞ ¼
Y
a ADþ

hn; ai

4hr; ai

���� ���� t:
Lemma 5.2, the second assumption and the Hölder inequality imply that

keb1jnj
2 effvðk; nÞkL1ðK�

ffiffiffiffiffi
�1

p
a �;Vt; zðn;rÞdkdnÞð10Þ

eC1

X
s A M̂Mðd; tÞ

B2CsEsmsns dðdÞkvkVt
< y;

where C1 > 0 and 0e b1 < b such that ab1 > 1=4. Applying Theorem 4.3 and

Lemma 5.1 to (9) and (10), we conclude f ¼ 0 (a.e.). r

References

[ 1 ] S. C. Bagchi and S. K. Ray, Uncertainty principle like Hardy’s theorem on some Lie

groups, J. Austral. Math. Soc. 65 Ser. A (1998), 289–302.

[ 2 ] R. Camporesi, The Helgason Fourier transform for homogeneous vector bundles over Rie-

mannian symmetric spaces, Pacific J. Math. 179 (1997), 263–300.

[ 3 ] M. G. Cowling and J. F. Price, Generalizations of Heisenberg’s inequality, Lecture Notes

in Math. 992, Springer-Verlag, Berlin, 1983, 443–449.

[ 4 ] M. Cowling, A. Sitaram and M. Sundari, Hardy’s uncertainty principle on semisimple

groups, Pacific J. Math. 192 (2000), 293–296.

Mitsuhiko Ebata et al.348



[ 5 ] M. Ebata, M. Eguchi, S. Koizumi and K. Kumahara, A generalization of the Hardy the-

orem to semisimple Lie groups, Proc. Japan Acad. 75, Ser. A (1999), 113–114.

[ 6 ] M. Eguchi, S. Koizumi and K. Kumahara, An Lp version of the Hardy theorem for mo-

tion groups, J. Austral. Math. Soc. 68, Ser. A (2000), 55–67.

[ 7 ] M. Eguchi and K. Kumahara, An L p Fourier analysis on symmetric spaces, J. Funct.

Anal. 47 (1987), 230–246.

[ 8 ] S. Helgason, Groups and Geometric Analysis, Academic Press, New York, 1984.

[ 9 ] A. Knapp, Representation Theory of Semisimple Groups, an Overview Based on Examples,

Princeton University Press, 1986.

[10] A. W. Knapp and E. M. Stein, Intertwining operators for semisimple Lie groups, Ann. of

Math. 93 (1971), 489–578.

[11] J. Sengupta, The uncertainty principle on Riemannian symmetric spaces of the noncom-

pact type, preprint.

[12] A. Sitaram and M. Sundari, An analogue of Hardy’s theorem for very rapidly decreasing

functions on semi-simple Lie groups, Pacific J. Math. 177 (1997), 187–200.

[13] R. J. Stanton and P. A. Tomas, Pointwise inversion of the spherical transform on L pðG=KÞ,
1a p < 2, Proc. Amer. Math. Soc. 73 (1979), 398–404.

[14] P. C. Trombi, Harmonic analysis ofCpðG : F Þ ð1a p < 2Þ, J. Funct. Anal. 40 (1981), 84–125.

[15] N. R. Wallach, Real Reductive Groups II, Academic Press, Inc., Boston, MA, 1992.

[16] G. Warner, Harmonic Analysis on Semi-Simple Lie Groups, Vol. I, II, Springer-Verlag,

New York, 1972.

Mitsuhiko Ebata

Department of Mathematics

Graduate School of Science

Hiroshima University

Higashi-Hiroshima 739-8526, Japan

ebata@mis.hiroshima-u.ac.jp

Masaaki Eguchi

Faculty of Integrated Arts and Sciences

Hiroshima University

Higashi-Hiroshima 739-8521, Japan

eguchi@mis.hiroshima-u.ac.jp

Shin Koizumi

Faculty of Economy

Management and Information Sciences

Onomichi University

1600 Hisayamada-cho, Onomichi, 722-8506, Japan

Keisaku Kumahara

The University of the Air

2-11 Wakaba, Mihama-ku

Chiba 261-8586, Japan

kumahara@u-air.ac.jp

The Cowling–Price theorem for semisimple Lie groups 349


