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Abstract

In this paper, we investigate the long-time behavior of the solutions for the Hirota equation with the peri-
odic boundary condition. At first, by time uniform priori estimates of solutions, we obtain the existence of
global solutions. Furthermore, we prove the existence of a global attractor. Finally, by squeezing property
and Lipschitz continuity, we prove the existence of an exponential attractor of finite fractal dimension
which contains the global attractor.
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1 Introduction
In this paper, we consider the long time behaviour of solutions to the following Hirota equation with the
periodic boundary condition

iut + (α− iµ)uxx + iβuxxx + iγ(|u|2u)x + δ|u|2u+ iλu = 0, t ∈ R1
+, x ∈ R1, (1.1)

u(x, t) = u(x+ L, t), t ∈ R1
+, x ∈ R1, (1.2)

u(x, 0) = u0(x), x ∈ R1, (1.3)

where µ, λ, L are positive constants, α, β, γ, δ are real constants, L is a period.
Physical, chemical, biological, and many other areas put forward a lot of infinite dimension dynamical

system problem. The Hirota equation (1.1) is Ginzburd-Landau-KdV type. Nonlinear Schrödinger (NLS)
and Korteweg-de Vries equations are asymptotical models for the waterwave propagation. These models
supplemented with a damping and an external force provide examples of infinite-dimensional dynamical
systems, in the framework described in [16]. There is an extensive literature on the study of Korteweg-de
Vries equations [8, 9, 10, 11]. On the other hand, there is an extensive literature on the study of Schrödinger
equations, and many of the studies were concerned with the existence of the absorbing sets and the global
attractor. For example, in [1] the authors studied the long time behaviour of the solutions to a nonlinear
Schrodinger equation, in presence of a damping term, and a forcing term, when the space variable x varies
over R and shown that the long time behaviour is described by an attractor which captures all the trajectories
in H1(R). Their main result is concerned with the asymptotic smoothing effect for the equations. In other
words, they prove that the attractor is included and compact in H2(R). In [5] the authors discussed that
the weakly damped nonlinear Schrödinger flow in L2(R) provides a dynamical system which possess a
global attractor. In [17] proved the existence of the global attractor A for the non-local equation in the
strong topology of H1 and that the global attractor is regular, i.e., A ⊂ H2 assuming that f(x) is of class
C2. In [15] studied the existence, uniqueness, continuity and the asymptotic compactness of the solutions
on the initial data for the Klein-Gordon-Schrödinger type equations and obtained the existence of a global
compact attractor. In [6], the existence of global attractor for a generalized Ginzburd-Landau equation has
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been studied. In [12], the author considered the initial boundary value problems of dissipative Schrödinger-
Boussinesq equations and proved the existence of global attractors.

On the other hand, there is an extensive literature on the study of exponential attractor. In [13] con-
sidered a complex Ginzburd-Landau type equation with periodic initial value condition in three spatial di-
mensions and finally proved the existence of exponential attractor. In [14] was constructed quasiperiodic
non-autonomous evolution equations and presented two methods to prove the squeezing property, the first
one is well adapted to dissipative equations and the second one to partially dissipative equations. In [4]
the existence of exponential attractor for Ginzburd-Landau equation has been proved. In [7] was shown the
squeezing property and the existence of finite dimensional exponential attractor.

In this paper, we investigate the long-time behavior of the solutions for (1.1)-(1.3). At first, by time-
uniform a priori estimates of solutions, we obtain the existence of global solutions. Furthermore, we prove
the existence of a global attractor. Finally, by squeezing property and Lipschitz continuity, we prove the
existence of an exponential attractor of finite fractal dimension which contains the global attractor.

We introduce the following standard notations.
H = L2

per[0, L] = {u ∈ L2[0, L], u(x+ L) = u(x)},
V = H1

per[0, L] = {u : u ∈ H,ux ∈ H}.
Let (u, v) =

∫ L
0
uv̄dx; ‖u‖ =

√
(u, u) denote the inner product and norm in H. Respectively, the norm

in V is defined: ‖u‖2V = ‖u‖2 + ‖ux‖2.
The main results of this paper is stated as follows.

Theorem 1.1. Let u0 given in V , then there exists a unique solution u of (1.1)-(1.3) satisfying u(t) ∈
C([0,∞);V ) ∩ C1((0,∞);H).

Theorem 1.2. The semigroup of operator (S(t))t≥0 defined by the problem (1.1)-(1.3) possesses a compact
global attractor A in V .

Theorem 1.3. There exists an exponential attractor M for ({S(t)}t≥0, B) such that

dF (M ) ≤ N0 max{1, log(16L+ 1)

2 log 2
},

and

distV (S(t)u0,M ) ≤ c1 exp{(−c2
t∗

)t},

for all u0 ∈ B, c1, c2 are the constants independent of u0, t, where dF (M ) denotes the fractal dimension of
M .

This paper is organized as follows. In next section, we establish some time-uniform a priori estimates
and the existence of absorbing set in V , then we prove the existence of the global attractor for the problem
(1.1)-(1.3). In section 3, we prove the squeezing property on B and Lipschitz continuity of the semi-group
{S(t)}t>0, therefore we obtain the the existence of exponential attractor for the problem (1.1)-(1.3).

2 Existence of Global attractor
In this section, we derive the time uniform a priori estimates, which enable us to show the existence of the

global attractor.



Long-time behaviour for Hirota equation 53

Lemma 2.1. If u0(x) ∈ V , the problem (1.1)-(1.3) possesses a unique solution

u(t) ∈ C((0, τ);V ) ∩ C1((0, τ);H), (2.1)

for some τ > 0, which depends on u0.

Proof. By the standard methods, as A. Henry and A. Pazy, it can be proved.
To extend local solution to global solution, we must derive the uniform a priori estimates for the problem

(1.1)-(1.3).

Lemma 2.2. Let µ > 0, λ > 0, we have

‖u(t)‖2 ≤ ‖u0‖2e−2λt, t ∈ [0,+∞). (2.2)

Proof. (1.1) is equivalent to

ut = (iα+ µ)uxx − βuxxx − 2γ|u|2ux − γu2ux + iδ(|u|2)u− λu. (2.3)

Taking the real part of the inner product of (2.3) with u in L2, we see that

1

2

d

dt

∫ L

0

|u|2dx = −µ
∫ L

0

|ux|2dx− 2γRe
∫ L

0

|u|2uxudx

−γRe
∫ L

0

u2uxudx− λ
∫ L

0

|u|2dx. (2.4)

Since

Re
∫ L

0

uxudx = 0, Re
∫ L

0

|u|2uxudx = 0,

Re
∫ L

0

uxudx = 0, Re
∫ L

0

u2uxudx = 0,

we have

d

dt
‖u‖2 + 2µ‖ux‖2 + 2λ‖u‖2 = 0. (2.5)

(2.2) follows by Gronwall Lemma [16].

Lemma 2.3. On the assumption of Lemma 2.1 and Lemma 2.2, we have

2µ

∫ t

s

‖ux(·, τ)‖2dτ ≤ ‖u(s)‖2, (2.6)

2µ

∫ t

0

‖ux(·, τ)‖2dτ ≤ ‖u(0)‖2. (2.7)

Proof. We integrate (2.5) on [s, t], [0, t] separately, and we obtain (2.6) and (2.7).
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Lemma 2.4. On the assumption of Lemma 2.1 and Lemma 2.2, we have

d

dt
‖ux‖2 + µ‖uxx‖2 ≤ K1(1 + ‖ux‖2)2, (2.8)

where K1 depends on α, β, γ, δ, λ, but not irrelevant with L and ‖u0‖.

Proof. Taking the real part of the inner product of (2.3) with uxx, we have

1

2

d

dt

∫ L

0

|ux|2dx+ µ

∫ L

0

|uxx|2dx = 2γRe
∫ L

0

|u|2uxuxxdx

−γRe
∫ L

0

|ux|2uuxdx− δIm
∫ L

0

u2ux
2dx− λ

∫ L

0

|ux|2dx, (2.9)

We now majorize the right hand side of (2.9). Firstly,

−δIm
∫ L

0

u2ux
2dx ≤ δ

∫ L

0

|u|2|ux|2dx ≤ δ‖u‖2L∞‖ux‖2,

by Agmon inequality

‖u‖4L∞ ≤ C1(‖u‖2 + ‖ux‖2)‖u‖2,

we have

−δIm
∫ L

0

u2ux
2dx ≤ δ

√
C1(‖u‖2 + ‖u‖‖ux‖)‖ux‖2

≤ δC2(‖ux‖2 + ‖ux‖3) ≤ 2δC2(‖ux‖2 + ‖ux‖4). (2.10)

Secondly,

2γRe
∫ L

0

|u|2uxuxxdx ≤ 2γ

∫ L

0

|u|2|ux||uxx|dx

≤ ε1‖uxx‖2 +
γ2

ε1

∫ L

0

|u|4|ux|2dx

≤ ε1‖uxx‖2 +
γ2

ε1
‖u‖2L∞

∫ L

0

|u|2|ux|2dx

≤ ε1‖uxx‖2 +
γ2

ε1

√
C1(‖u‖2 + ‖u‖‖ux‖)C2(‖ux‖2 + ‖ux‖3)

≤ ε1‖uxx‖2 +
C3

ε1
(‖ux‖2 + ‖ux‖4). (2.11)

Thirdly,

−γRe
∫ L

0

|ux|2uuxdx ≤ γ
∫ L

0

|u||ux|3dx ≤ γ

(∫ L

0

|u|2|ux|2dx

) 1
2
(∫ L

0

|ux|4dx

) 1
2

,
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here by Nirenberg inequality and
∫ L
0
uxdx = 0, we have∫ L

0

|ux|4dx ≤ C‖uxx‖‖ux‖3,

so,

−γRe
∫ L

0

|ux|2uuxdx ≤ C2
4

∫ L

0

|u|2|ux|2dx+
1

4
‖ux‖3‖uxx‖,

by (2.10) and Young inequality, we have

−γRe
∫ L

0

|ux|2uuxdx ≤ C5(‖ux‖2 + ‖ux‖4) + ε2‖uxx‖2. (2.12)

Put (2.10)-(2.12) into (2.9), let ε1 = ε2 = µ
4 , we have

1

2

d

dt

∫ L

0

|ux|2dx+ µ

∫ L

0

|uxx|2dx

≤ λ
∫ L

0

|ux|2dx+ ε1‖uxx‖2 +
C3

ε1
(‖ux‖2 + ‖ux‖4)

+ C5(‖ux‖2 + ‖ux‖4) + ε2‖uxx‖2 + 2δC2(‖ux‖2 + ‖ux‖4).

The lemma is proved.

Lemma 2.5. Under the assumption of Lemma 2.1 and Lemma 2.2, we have

‖u(t)‖V ≤ K2, (2.13)

where K2 depends on K1 and ‖u0‖V .

Proof. By Lemma 2.1 and Lemma 2.2, we have

d

dt
(1 + ‖ux‖2) ≤ K1(1 + ‖ux‖2)2, (2.14)

let y = 1 + ‖ux‖2, when τ < (K1C1 + ‖u0x‖2)−1, By (2.14) we have

1 + ‖ux‖2 ≤ (
1

1 + ‖u0x‖2
−K1t)

−1, t < τ,

let t ≤ (2K1(1 + ‖u0x‖2))−1 = τ , we have ‖ux‖2 ≤ 1 + 2‖u0x‖2, t ≤ τ . when t > τ , t− τ ≤ s ≤ t, let
z(t) = y(t)exp(−

∫ t
s
K1y(τ)dτ), Then zt(t) ≤ 0.

Thus,

z(t) ≤ z(s) = y(s) = 1 + ‖u0x‖2,

y(t) ≤ (1 + ‖ux‖2) exp(K1

∫ t

s

y(τ)dτ),
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by (2.6), we have

exp(K1

∫ t

s

y(τ)dτ) ≤ exp(
1

α
K1c‖u(s)‖2 +K1τ) ≤ exp(K1C6),

therefore,

y(s) ≤ (1 + ‖ux‖2) exp(K1C6). (2.15)

We integrate (2.15), s ∈ [t− τ , t], we have

y(t) ≤ C6 exp(K1C6)

τ
.

This concludes Lemma2.5.

By Lemma 2.1 and Lemma 2.5, we can extend τ =∞. Thus, we have proved Theorem 1.1.

Now let us prove the existence of global attractor.

Proof of Theorem 1.2. At first, let us prove the existence of the bounded absorbing set in V .
By (2.14) we have dy

dt ≤ K1y
2 = K1y · y. On the other hand, by (2.15) we replace interval (s, t) with

(t, t+ 1), and we have ∫ t+1

t

(1 + ‖ux‖2)dτ ≤ 1 +
1

2µ
‖u(t)‖2,

let ‖u0‖ ≤ R, when t ≥ 0, by (2.2), we have ‖u(t)‖2 ≤ R2.
NowK1 is irrelevant with u0, andK1

∫ t+1

t
y(τ)dτ ≤ K1+K1R

2 = ρ1. Thus, by the Uniform Gronwall
inequality, we have y(t+ 1) ≤ ρ1 exp(ρ1), t ≥ 0. So, when t ≥ 1, we have ‖ux‖2 ≤ ρ1 exp(ρ1)− 1 = ρ22.

Thus, we get the existence of the bounded absorbing set in V . That is, if u is the solution of the problem
(1.1)-(1.3), and ‖u0‖ ≤ R, when t ≥ 1, we have ‖u‖2V ≤ R2 + ρ22.

Next we prove the semigroup (S(t))t≥0 defined by (1.1)-(1.3) is compact. To this end, taking the inner
product of (1.1) with uxxxx, use Gagliardo-Nirenberg inequality, Sobolev imbedding theorem and some
basic inequalities, we have

d

dt
‖uxx‖2 + µ‖uxx‖2 ≤ C7 + C8‖uxx‖2,

thus,

d

dt
(t‖uxx‖2) + µ(t‖uxx‖2) ≤ C7 + C8(t‖uxx‖2) + ‖uxx‖2,

by Lemma 2.4, we have ∫ 1

0

‖uxx‖2dt ≤ C(R)t.
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By Gronwall lemma, we have

t‖uxx‖2dt ≤ C(R, t), t ∈ (0,+∞).

Thus, when t ∈ (0,+∞), S(t) is compact in V . Therefore, if u(t) is the solution of the problem (1.1)-(1.3),
u(t) = S(t)u0, let B = {u ∈ V , ‖u‖2V ≤ R2 + ρ22}, then the omega limit set of B, A = ω(B), is the
compact global attractor of S(t) in V , the proof of Theorem 1.2 is completed.

3 Existence of exponential attractor
Let H be a separable Hilbert space and B be a compact subset of H . Let {S(t)}t>0 be a nonlinear
continuous semi-group that leaves the set B invariant and set

A =
⋂
t>0

S(t)B,

that is, H is the global attractor for {S(t)}t>0 on B.

Definition 3.1. A compact set M is an exponential attractor for S(t) if
(1) it has finite fractal dimension, dimF M < +∞;
(2) it is positively invariant, S(t)M ⊂M , for every t ∈ [0,+∞);
(3) it attracts exponentially the bounded subsets of E in the following sense:

∀B ⊂ E bounded, dist(S(t)B,M ) ≤ Q(‖B‖E)e−αt, t ∈ [0,+∞),

where the positive constant α and the monotonic function Q are independent of B.

We have given a sufficient condition for the existence of exponential attractors in [2]. The key idea to
prove this is the so-called squeezing property; we recall this property as follows:

Definition 3.2. A mapping S: X → X , where X is a compact subset of a Hilbert space E, enjoys the
squeezing property on X if, for some δ ∈ (0, 14 ), there exists an orthogonal projector P = P (δ) with finite
rank such that, for every u, v ∈ X , either

‖(I − P )(Su− Sv)‖E ≤ ‖P (Su− Sv)‖E ,

or

‖Su− Sv‖E ≤ δ‖u− v‖E .

We can note that this property makes an essential use of orthogonal projectors with finite rank, so the
corresponding construction is valid in Hilbert spaces.

Theorem 3.3. ([3]) Let H be a separable Hilbert space and B be a nonempty closed bounded subset of E.
Assume that

(1) S is a Lipschitz continuous map with Lipschitz constant L on B;
(2) S is asymptotically compact on B;
(3) S satisfies the discrete squeezing property on B (with rank N0), then S has an exponential attractor

A ⊆M on B, where A is a global attractor for S on B. Moreover, the fractal dimension of M satisfies

dF (M ) ≤ N0 max{1, log(16L+ 1)

2 log 2
},
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and

distH (S(t)u0,M ) ≤ c1 exp{−c2
t∗
t}.

Where c1, c2 are the constants which are irrelevant of u0, t.

Clearly, we need only to find the time t∗ and the projection P of rank N0 to evaluate the right-hand sides
of the above inequality. That is what we proceed to do.

Now, we take H = V = H1
per[0, L] and choose B0 as follows,

B0 = {u ∈ H1
per[0, L], ‖u‖ ≤ ρ0, ‖ux‖ ≤ ρ1},

where ρ0, ρ1 are constants which depend on the coefficients of (1.1). If u0 ∈ B0, then by the Sobolev
embedding theorem we have ‖u‖L∞ ≤ ρ, ‖u‖W 1,∞ ≤ ρ3. By the second section we know B0 is an
absorbing set of S(t) in V , and there is T1 > 0, when t ≥ T1, and ‖u‖ + ‖ux|| + ‖uxx(t)‖ ≤ ρ2, ρ2 only
depends on ρ0, ρ1. Let

B =
⋃
t>T1

S(t)B0,

then B is a compact subset in V1, and is invariant under the action of S(t). Let {λn}n∈N denote the
eigenvalues of −∂xx with perdioc boundary condition, {ωn}n∈N are the eigenfunctions with respect to
{λn}n∈N . Let

HN = span{ω1, · · ·, ωN},

then we let PN : H → HN be the orthogonal projection onto HN , and QN = 1 − PN . Note that the
projection PN and QN are the orthogonal both in H and V . It follows easily from the definition of the
projection QN that

‖u‖2 ≤ 1

λNH

‖ux‖2, ∀u in QNV1. (3.1)

We intend to show the sequeezing property (defined by Definition 3.2) by these orthogonal projection; let
us emphasize once again that B is a bound set in H2

per[0, L]. Once t∗ and N0 are specified, we can obtain
the existence of an exponential attractor directly from Theorem 3.1. Moreover, both the fractal dimension
of M and the exponential rate of convergence to M can be estimated explicitly.

Firstly, we give the estimate of the difference of two solutions of (1.1)-(1.3). Let u, v be the solutions of
(1.1) with initial value u0, v0 respectively, we have:

u, v ∈ C((0,∞);V ) ∩ C1((0,∞);V ) ∩ C((0,∞);Hn
per[0, L]),

for n ≤ 2, let ω = u− v, then ω satisfies

ωt = (iα+ µ)ωxx − βωxxx − 2γ(|u|2ux − |v|2vx)

−γ(u2ux − v2vx) + iδ(|u|2u− |v|2v)− λω.
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Since

|u|2ux − |v|2vx = |u|2ux − |v|2ux + |v|2ux − |v|2vx
= (|u|2 − |v|2)ux + |v|2ωx
= (uu− uv + uv − vv)ux + |v|2ωx
= (uω + ωv)ux + |v|2ωx,

similarly

u2ux − v2vx = v2ωx + (u+ v)uxω,

|u|2u− |v|2v = u2ω + ωvu+ |v|2ω,

then

ωt = (iα+ µ)ωxx − βωxxx − 2γ(|v|2ωx + ωvux + ωuux)

−γ(v2ωx + (u+ v)uxω) + iδ(u2ω + ωvu+ |v|2ω)− λω, x ∈ R1, t ∈ R1
+, (3.2)

ω(x, t) = ω(x+ L, t), x ∈ R1, t ∈ R1
+, (3.3)

ω(x, 0) = ω0(x), x ∈ R1. (3.4)

Taking the real part of the inner product of (3.2) with ω, we have

1

2

d

dt

∫ L

0

|ω|2dx+ µ

∫ L

0

|ωx|2dx

= −2γRe
∫ L

0

(|v|2ωωx + uuxω
2 + vux|ω|2)dx

−γRe
∫ L

0

(v2ωxω + ux(u+ v)|ω|2)dx

−δIm
∫ L

0

(u2ω2 + uv|ω|2)dx− λ
∫ L

0

|ω|2dx

≤ 2γ

∫ L

0

(|v|2|ω||ωx|+ |u||ux||ω|2 + |v||ux||ω|2)dx

+γ

∫ L

0

(|v|2|ωx||ω|+ |ux|(|u|+ |v|)|ω|2)dx

+δ

∫ L

0

(|u|2|ω|2 + |u||v||ω|2)dx+ λ

∫ L

0

|ω|2dx

≤
∫ L

0

3γ|v|2|ω||ωx|+ (3γ|u||ux|+ 3γ|v||ux|+ δ|u|2 + δ|u||v|+ λ)|ω|2dx
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since u0, v0 ∈ B, by the invariant of B, we know u, v ∈ B, then

d

dt

∫ L

0

|ω|2dx+ 2µ

∫ L

0

|ωx|2dx

≤
∫ L

0

6ρ20γ|ω||ωx|dx+

∫ L

0

(12ρ0ρ1γ + 4ρ20δ + 2λ)|ω|2dx

≤
∫ L

0

µ|ωx|2dx+

∫ L

0

9ρ40γ
2

µ
|ω|2dx+

∫ L

0

(12ρ0ρ1γ + 4ρ20δ + 2λ)|ω|2dx,

thus, we get

d

dt

∫ L

0

|ω|2dx+ µ

∫ L

0

|ωx|2dx ≤M0

∫ L

0

|ω|2dx, (3.5)

where M0 =
9ρ40γ

2

µ + 12ρ0ρ1γ + 4ρ20δ + 2λ, that is,

d

dt
‖ω‖2 ≤M0‖ω‖2. (3.6)

Taking the real part of the inner product of (3.2) with ωxx, we have

1

2

d

dt

∫ L

0

|ωx|2dx+ µ

∫ L

0

|ωxx|2dx

= 2γRe
∫ L

0

(|v|2ωx + ωvux + ωuux)ωxxdx

+γRe
∫ L

0

(v2ωx + (u+ v)uxω)ωxxdx

+Imδ(u2ω + ωvu+ |v|2ω)ωxxdx− λ
∫ L

0

|ωx|2dx

≤ 3γ

∫ L

0

(ρ20|ωx|+ 2ρ0ρ1|ω|)|ωxx|dx

+3δ

∫ L

0

ρ20|ω||ωxx|dx+ λ

∫ L

0

|ωx|2dx

= 3ρ20γ

∫ L

0

|ωx||ωxx|dx+ λ

∫ L

0

|ωx|2dx

+(6ρ0ρ1γ + 3ρ20δ)

∫ L

0

|ω||ωxx|dx,

that is,

d

dt

∫ L

0

|ωx|2dx+ 2µ

∫ L

0

|ωxx|2dx

≤ 6ρ20γ

∫ L

0

|ωx||ωxx|dx+ 2λ

∫ L

0

|ωx|2dx+ (12ρ0ρ1γ + 6ρ20δ)

∫ L

0

|ω||ωxx|dx,
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since ∫ L

0

|ωx||ωxx|dx ≤
ε1
2

∫ L

0

|ωxx|2dx+
1

2ε1

∫ L

0

|ωx|2dx,∫ L

0

|ω||ωxx|dx ≤
ε2
2

∫ L

0

|ωxx|2dx+
1

2ε2

∫ L

0

|ω|2dx,

we have

d

dt

∫ L

0

|ωx|2dx+ 2µ

∫ L

0

|ωxx|2dx

≤
(
ε13ρ20γ + ε2(6ρ0ρ1γ + 3ρ20δ)

) ∫ L

0

|ωxx|2dx

+(
3ρ20γ

ε1
+ 2λ)

∫ L

0

|ωx|2dx+
6ρ0ρ1γ + 3ρ20δ

ε2

∫ L

0

|ω|2dx

Let ε1 = µ
6ρ20γ

, ε2 = µ
12ρ0ρ1γ+6ρ20δ

, we can find a suitable M1, such that:

d

dt

∫ L

0

|ωx|2dx+ µ

∫ L

0

|ωxx|2dx ≤M1(

∫ L

0

|ω|2dx+

∫ L

0

|ωx|2dx), (3.7)

that is

d

dt
‖ωx‖2 ≤M1(‖ω‖2 + ‖ωx‖2). (3.8)

Thus, by (3.6) and (3.8), we have

d

dt
(‖ω‖2 + ‖ωx‖2) ≤ (M0 +M1)(‖ω‖2 + ‖ωx‖2),

then

‖ω‖2V = ‖ω‖2 + ‖ωx‖2 ≤ exp[(M0 +M1)t](‖ω(0)‖2 + ‖ωx(0)‖2). (3.9)

We apply QN to (3.2) and note that QN commutes ∂xx, hence ϕ = QNω satisfies

ϕt − (iα+ µ)ϕxx = QN (F (u)− F (v)), (3.10)

where F (u) is the right hand of (2.3) subtract (iα+ µ)uxx.
Take the real part of the inner product of (3.10) with ϕ and proceed with the similar estimate for (3.5) ,

then we have

d

dt
‖ϕ‖2 + µ‖ϕx‖2 ≤ (M0 + µ)‖ϕ‖2 ≤ M0 + µ

λN+1
‖ϕx‖2.

Similarly,

d

dt
‖ϕx‖2 + µ‖ϕxx‖2 ≤ (M1 + µ)‖ϕx‖2 +M1‖ϕ‖2.
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Because

‖ϕx‖2 ≤
1

λN+1
‖ϕxx‖2,

and λN+1 → +∞ when N → +∞, we can choose N0 such that when N ≥ N0,

µλN+1 ≥M1 + µ,

therefore 
d

dt
‖ϕx‖2 ≤M1‖ϕ‖2 ≤

M1

λN+1
‖ωx‖2,

d

dt
‖ϕx‖2 + µ‖ϕx‖2 ≤

1

λN+1
(M0 +M1 + µ)‖ωx‖2.

(3.11)

If we give t∗ and N0, such that if

‖(PN0
ω(t∗))x‖ ≤ ‖(QN0

ω(t∗))x‖,

satisfies, then

‖ωx(t∗)‖ ≤
1

6
‖ωx(0)‖,

thus we complete our proof.
Combine (3.9) with (3.11), we have

d

dt
‖ϕx‖2 + µ‖ϕx‖2 ≤

1

λN+1
(M0 +M1 + µ)‖ωx‖2

≤ 1

λN+1
(M0 +M1 + µ) exp[(M0 +M1)t]‖ωx(0)‖2.

Integrate above inequality, we obtain

‖ϕx‖2 ≤ exp(−µt)‖ϕx(0)‖2 +
1

λN+1
(exp[(M0 +M1)t]− exp(−µt))‖ωx(0)‖2

≤ exp(−µt)‖ϕx(0)‖2 +
1

λN+1
exp[(M0 +M1)t]‖ωx(0)‖2,

that is

‖(QNω(t))x‖2 ≤ exp(−µt)‖ωx(0)‖2 +
1

λN+1
exp[(M0 +M1)t]‖ωx(0)‖2. (3.12)

Now we are to choose the value of t∗ and N0. First, we choose t∗ such that exp(−µt∗) = 1
4 · (

1
8 )2, then we

choose N1 large enough, such that

1

λN+1
exp[(M0 +M1)t∗] ≤

1

4
· (1

8
)2.
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Assume that for this particular choice of

‖(PN1
ω(t∗))x‖2 ≤ ‖(QN1

ω(t∗))x‖2,

then from (3.12) we deduce that

‖ωx(t∗)‖2 = ‖(PN1
ω(t∗))x‖2 + ‖(QN1

ω(t∗))x‖2

≤ 2(QN1
ω(t∗))x‖2 ≤

1

82
‖ωx(0)‖2,

so, we take N0 = max(N0, N1), t∗ = 8
µ ln 2, L = λN0+1

512 . Thus, there exist t∗ = 8
µ ln 2, N0 is large

enough, such that

λN0+1 ≥ max(512exp[(M0 +M1)t∗], 1 +
M1

µ
),

then S(t) satisfies the squeezing property on B, and S∗ = S(t∗) is Lipschitz constant L, by the Theorem
3.1, we get Theorem 1.3.
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