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Abstract

In this paper, we investigate the long-time behavior of the solutions for the Hirota equation with the peri-
odic boundary condition. At first, by time uniform priori estimates of solutions, we obtain the existence of
global solutions. Furthermore, we prove the existence of a global attractor. Finally, by squeezing property
and Lipschitz continuity, we prove the existence of an exponential attractor of finite fractal dimension
which contains the global attractor.
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1 Introduction

In this paper, we consider the long time behaviour of solutions to the following Hirota equation with the
periodic boundary condition

u(x,t) =u(x + L,t), t€RL xeR!, (1.2)
u(z,0) = ugp(z), z € R, (1.3)

where i, A, L are positive constants, «, (3, 7y, ¢ are real constants, L is a period.

Physical, chemical, biological, and many other areas put forward a lot of infinite dimension dynamical
system problem. The Hirota equation (1.1) is Ginzburd-Landau-KdV type. Nonlinear Schrodinger (NLS)
and Korteweg-de Vries equations are asymptotical models for the waterwave propagation. These models
supplemented with a damping and an external force provide examples of infinite-dimensional dynamical
systems, in the framework described in [16]. There is an extensive literature on the study of Korteweg-de
Vries equations [8, 9, 10, 11]. On the other hand, there is an extensive literature on the study of Schrodinger
equations, and many of the studies were concerned with the existence of the absorbing sets and the global
attractor. For example, in [1] the authors studied the long time behaviour of the solutions to a nonlinear
Schrodinger equation, in presence of a damping term, and a forcing term, when the space variable = varies
over R and shown that the long time behaviour is described by an attractor which captures all the trajectories
in H*(R). Their main result is concerned with the asymptotic smoothing effect for the equations. In other
words, they prove that the attractor is included and compact in H2(R). In [5] the authors discussed that
the weakly damped nonlinear Schrodinger flow in L?(R) provides a dynamical system which possess a
global attractor. In [17] proved the existence of the global attractor A for the non-local equation in the
strong topology of H* and that the global attractor is regular, i.e., A C H? assuming that f(z) is of class
C?. In [15] studied the existence, uniqueness, continuity and the asymptotic compactness of the solutions
on the initial data for the Klein-Gordon-Schrédinger type equations and obtained the existence of a global
compact attractor. In [6], the existence of global attractor for a generalized Ginzburd-Landau equation has
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been studied. In [12], the author considered the initial boundary value problems of dissipative Schrodinger-
Boussinesq equations and proved the existence of global attractors.

On the other hand, there is an extensive literature on the study of exponential attractor. In [13] con-
sidered a complex Ginzburd-Landau type equation with periodic initial value condition in three spatial di-
mensions and finally proved the existence of exponential attractor. In [14] was constructed quasiperiodic
non-autonomous evolution equations and presented two methods to prove the squeezing property, the first
one is well adapted to dissipative equations and the second one to partially dissipative equations. In [4]
the existence of exponential attractor for Ginzburd-Landau equation has been proved. In [7] was shown the
squeezing property and the existence of finite dimensional exponential attractor.

In this paper, we investigate the long-time behavior of the solutions for (1.1)-(1.3). At first, by time-
uniform a priori estimates of solutions, we obtain the existence of global solutions. Furthermore, we prove
the existence of a global attractor. Finally, by squeezing property and Lipschitz continuity, we prove the
existence of an exponential attractor of finite fractal dimension which contains the global attractor.

We introduce the following standard notations.

H=1L2,0,L] = {ue L0, L},u(x + L) = u(x)},

V=H,,[0,L={u:ueHu, € H}.

Let (u,v) = fOL uvdz; ||u|| = v/(u,u) denote the inner product and norm in H. Respectively, the norm
in Vis defined: ||ul|? = ||u||® + [Jue||.

The main results of this paper is stated as follows.

Theorem 1.1. Let ug given in V, then there exists a unique solution u of (1.1)-(1.3) satisfying u(t) €
C([0,00); V) N C((0, 00); H).

Theorem 1.2. The semigroup of operator (S(t));>o defined by the problem (1.1)-(1.3) possesses a compact
global attractor A in V.

Theorem 1.3. There exists an exponential attractor .2 for ({S(¢)}+>0, B) such that

log(16L + 1)

< N, 1
dp(A#) < Nomax{1, STog2

}
and

disty (S(t)ug, ) < c1 exp{(—%)t},

*

for all ug € B, ¢, co are the constants independent of ug, t, where dr(.#') denotes the fractal dimension of

M.

This paper is organized as follows. In next section, we establish some time-uniform a priori estimates
and the existence of absorbing set in V/, then we prove the existence of the global attractor for the problem
(1.1)-(1.3). In section 3, we prove the squeezing property on BB and Lipschitz continuity of the semi-group
{S(t)}+>0, therefore we obtain the the existence of exponential attractor for the problem (1.1)-(1.3).

2 Existence of Global attractor

In this section, we derive the time uniform a priori estimates, which enable us to show the existence of the
global attractor.
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Lemma 2.1. If up(x) € V, the problem (1.1)-(1.3) possesses a unique solution
u(t) € C((0,7); V) N CH((0,7); H), 2.1)
for some 7 > 0, which depends on ug.

Proof. By the standard methods, as A. Henry and A. Pazy, it can be proved.
To extend local solution to global solution, we must derive the uniform a priori estimates for the problem

(1.1)-(1.3).

Lemma 2.2. Let i > 0, A > 0, we have
lu(®)]|* < [luol?e™*, ¢ € [0, +-00). (2.2)
Proof. (1.1) is equivalent to
up = (10 + gy — Buges — 29|uluy — 70", +i(Jul*)u — Au. (2.3)

Taking the real part of the inner product of (2.3) with u in L2, we see that

1d [E L L
—— lu|?de = —,u/ \um|2d:c—27Re/ |u|? v, Tudx
L L
f'yRe/ uzﬂzﬂdx—/\/ lu|?dz. (2.4)
0 0
Since
L L
Re/ ugudr = 0, Re/ |u|?u udr = 0,
0 0
L L
Re / uyudr =0, Re / u?u,ude =0,
0 0
we have

d
Sl & 2pflue 2 + 27 [[u]* = 0. (2.5)

(2.2) follows by Gronwall Lemma [16].

Lemma 2.3. On the assumption of Lemma 2.1 and Lemma 2.2, we have
t
20 [ st Pdr < (o), @6

t
20 [ fus()lPdr < ()P Xy
0

Proof. We integrate (2.5) on [s, t], [0, t] separately, and we obtain (2.6) and (2.7).
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Lemma 2.4. On the assumption of Lemma 2.1 and Lemma 2.2, we have
d 2 2 22
Fplluell” + pllues || < Ki(1 + [luz|%)°,

where K depends on a, 3, v, 0, A, but not irrelevant with L and ||ug].

Proof. Taking the real part of the inner product of (2.3) with u,,, we have

1d L L L
Py / |u$|2dx + :u/ |uww|2dx = 2’YRC/ |U|2U$@dl‘

L L L
f’yRe/ g |Putipdr — 5Im/ g dr — )\/ | |2de,
0 0 0

We now majorize the right hand side of (2.9). Firstly,

L L
—6Im/ wugtde < (5/ [u|?[ug |Pde < 6||u||% e |jus |,
0 0

by Agmon inequality
[ull 7o < Colllull? + flual®)[ull,
we have
L
—51111/ w?ugde < 6y/Cr(Jull® + [lull[[ua)lue
0
< 6C([[ue|1* + Nlual?) < 26Cs([Juall® + (v ).
Secondly,
L L
27Re/ |u)|?uplgpdr < 27/ ) [t | |1 | d
0 0
A2 L
S R
51 0
A2 L
< el + Dl [l e
El 0
2
v
< erflugal® + o Cr(llull® + lullllue N Co(lfue1* + lual?)
C!
< elluae|® + f(llum\l2 + [lua ).
Thirdly,

Nl

L L L 3 L
—vRe/ \ux|2u1dex < *y/ |u||um|3dx <~ / |u|2|uw|2dm / |uw|4dx
0 0 0 0

)

(2.8)

2.9

(2.10)

@2.11)
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. . . L
here by Nirenberg inequality and fo uzdr = 0, we have

L
/ g |d < Otz o,
0

SO,

L L
1
e [ Pumds < €3 [ fuPlusfde + 4 s P,
0 0

by (2.10) and Young inequality, we have

L
—vRe/ luoPutizde < Cs([Juall® + llusl*) + eallusl|*. (2.12)
0

Put (2.10)-(2.12) into (2.9), let 1 = g5 = %, we have

1d [ L
T ; \ux|2da¢—|—,u/0 |um|2dx
L Cs
< [ Pt e P+ 22 + )
+ O (a2 + Nuall?) + eslltme |2 + 26Cs (fua |2 + [lus[*):
The lemma is proved.
Lemma 2.5. Under the assumption of Lemma 2.1 and Lemma 2.2, we have
u)]v < K, (2.13)

where K5 depends on K and ||ug||v.

Proof. By Lemma 2.1 and Lemma 2.2, we have

d
(U lual?) < Ka (1 + Jlue )7, (2.14)

lety =1+ ||ug||? when T < (K1Cy + [Juoz||?) ™%, By (2.14) we have

1+ Jlug|* < ( —Kit) Lt <,

1+ [|uoq |2

lett < (2K1(1 + [Juoz||?)) ™! = 7, we have |Jug[|? < 1+ 2||lugs||> t < 7. whent > 7,t —7 < s < t, let
2(t) = y(t)exp(— [ Kry(r)dr), Then z(t) < 0.
Thus,

2(t) < 2(s) = y(s) = 1+ [luo %,

y(t) < (1+ e |2) exp(Ky / y(r)dr),
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by (2.6), we have

t
1
exp(K: / y(r)dr) < exp(~ Kaelu(s)]* + Ki7) < exp( o),

therefore,
y(s) < (1 + ||Jugl/?) exp(K,Cs). (2.15)
We integrate (2.15), s € [t — T, t], we have

§ C(; expEKlCG) )
T

y(t)

This concludes Lemma2.5.
By Lemma 2.1 and Lemma 2.5, we can extend 7 = co. Thus, we have proved Theorem 1.1.
Now let us prove the existence of global attractor.

Proof of Theorem 1.2. At first, let us prove the existence of the bounded absorbing set in V.
By (2.14) we have % < Ki1y? = Kiy - y. On the other hand, by (2.15) we replace interval (s,t) with
(t,t + 1), and we have

t+1 9 1 )
[l < 1+ ),
t K

let ||uo|| < R, whent > 0, by (2.2), we have ||u(t)||?> < R

Now K is irrelevant with ug, and K fttH y(7)dT < K1+ K1 R? = p;. Thus, by the Uniform Gronwall
inequality, we have y(t + 1) < py exp(p1), t > 0. So, when t > 1, we have |lu,||?> < p1exp(p1) — 1 = p3.

Thus, we get the existence of the bounded absorbing set in V. That is, if u is the solution of the problem
(1.1)-(1.3), and |lug|| < R, when t > 1, we have ||ul|}, < R% + p3.

Next we prove the semigroup (S(t));>o defined by (1.1)-(1.3) is compact. To this end, taking the inner
product of (1.1) with w5, use Gagliardo-Nirenberg inequality, Sobolev imbedding theorem and some
basic inequalities, we have

d
%”umnz + MHUm”2 <Cr+ CS||U:13:I:||2¢
thus,

d
7 (tlwae®) + p(tllus |?) < Cr + Cs(tuae |*) + Iz,

by Lemma 2.4, we have

1
/ ae|2dt < C(R)E.
0
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By Gronwall lemma, we have
t||luge ||?dt < C(R,t), t € (0,+00).

Thus, when ¢ € (0, +00), S(t) is compact in V. Therefore, if u(¢) is the solution of the problem (1.1)-(1.3),
u(t) = S(t)ug, let B = {u € V, |lu||?, < R% + p3}, then the omega limit set of B, & = w(B), is the
compact global attractor of S(¢) in V, the proof of Theorem 1.2 is completed.

3 Existence of exponential attractor

Let 7 be a separable Hilbert space and B be a compact subset of . Let {S(t)}+~0 be a nonlinear
continuous semi-group that leaves the set B invariant and set

o = 5(t)B,

>0
that is, 7 is the global attractor for {S(¢)}+~0 on B.

Definition 3.1. A compact set ./ is an exponential attractor for S(¢) if
(1) it has finite fractal dimension, dimg .# < +o0;
(2) it is positively invariant, S(t).# C .#, for every t € [0, +00);
(3) it attracts exponentially the bounded subsets of E in the following sense:

VB C E bounded, dist(S(t)B, #) < Q(|B||g)e”*, t € [0, +00),
where the positive constant o and the monotonic function () are independent of B.

We have given a sufficient condition for the existence of exponential attractors in [2]. The key idea to
prove this is the so-called squeezing property; we recall this property as follows:

Definition 3.2. A mapping S: X — X, where X is a compact subset of a Hilbert space F, enjoys the
squeezing property on X if, for some ¢ € (0, i), there exists an orthogonal projector P = P(¢§) with finite
rank such that, for every u, v € X, either

I(I = P)(Su—Sv)|g < [|[P(Su—Sv)|e,
or
[Su— Svl|g < dllu—vlE.

We can note that this property makes an essential use of orthogonal projectors with finite rank, so the
corresponding construction is valid in Hilbert spaces.

Theorem 3.3. ([3]) Let JZ be a separable Hilbert space and B be a nonempty closed bounded subset of E.
Assume that

(1) S is a Lipschitz continuous map with Lipschitz constant L on B;

(2) S is asymptotically compact on B;

(3) S satisfies the discrete squeezing property on B (with rank Ny), then S has an exponential attractor
o/ C ./ on B, where o/ is a global attractor for S on B. Moreover, the fractal dimension of .# satisfies

log(16L + 1)

<
dp(A#) < Nomax{1, 210z 2

b
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and

dist e (S(t)ug, A) < 1 exp{—%t}.

Where c1, co are the constants which are irrelevant of u, t.

Clearly, we need only to find the time ¢, and the projection P of rank Ny to evaluate the right-hand sides
of the above inequality. That is what we proceed to do.
Now, we take #’ = V = H}_,[0, L] and choose By as follows,

By = {u € H,, [0, L], [[ull < po, [us|l < p1},

where pg, p1 are constants which depend on the coefficients of (1.1). If ug € By, then by the Sobolev
embedding theorem we have ||u|pe~ < p, ||u[lwie < ps. By the second section we know By is an
absorbing set of S(¢) in V, and there is 77 > 0, when ¢t > T, and ||u|| + ||us|| + ||uez ()] < p2, p2 only
depends on pg, p;. Let

B= | S(t)B,,

t>T4

then B is a compact subset in V3, and is invariant under the action of S(¢). Let {\,},cn denote the
eigenvalues of —0,, with perdioc boundary condition, {w,},cn are the eigenfunctions with respect to
{)‘n}neN . Let

Hy = span{wy,- - -,wn},

then we let Py : H — Hpy be the orthogonal projection onto Hy, and @y = 1 — Py. Note that the
projection Py and @) are the orthogonal both in H and V. It follows easily from the definition of the
projection @y that

1 i
[Jul|? < WH%IIQ, Yu in QnVi. (3.1)

H

We intend to show the sequeezing property (defined by Definition 3.2) by these orthogonal projection; let
us emphasize once again that B is a bound set in ngr [0, L]. Once t, and Ny are specified, we can obtain
the existence of an exponential attractor directly from Theorem 3.1. Moreover, both the fractal dimension
of ./ and the exponential rate of convergence to .# can be estimated explicitly.
Firstly, we give the estimate of the difference of two solutions of (1.1)-(1.3). Let u, v be the solutions of
(1.1) with initial value ug, vo respectively, we have:
u,v € C((0,00); V) N CH((0,00); V) N C((0,00); H™,.[0, L]),

per

forn < 2, let w = u — v, then w satisfies

wy = (ia + M)Wx;c — Bweze — 27(|u|2ua: - ‘U|2Ux)

—y (P, — v*,) + i6(|ul?u — |v[*v) — Aw.
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Since

similarly

then

|u|2u$ - ‘U|2UI = |u\2uw - |U|2ua: + |U|2uw - |U‘2Uw

(|u\2 - ‘9‘2)%5 + |v‘2wr

= uﬁ7u5+uﬁfvﬁum+v2wz
( ) [v]

= u@—!—wﬁuw—&—vaI
( Jua + [V we,

i, — 0%, = 02w, + (u + v)Tw,

[u|?u — |v)?v = v?@ + wiu + [v]2w,

wr = (i 4 1) wee — Bwezs — 2v(|0]Pwe + Wi, + Duuy)
—y(V @, + (U + v)Tw) + i8(uT + wou + |vPw) — Iw, = € Rt € RL,

w(z,t) =w(x+L,t), zcRteRy,
w(z,0) = wo(x), r € RL

Taking the real part of the inner product of (3.2) with w, we have

IN

IA

1d (¥ Lo
o | oPdan [ s
2dt/0 0

L
—2’yRe/ (|v|*Bw, + uu,@? + vug |w|?)de
0
L
—vRe/ (V?@, @ + Ty (u 4 v)|w|?)dx
0
L L
—(5Im/ (u252+u§|w\2)dx—)\/ |w|?dx
0 0
L
27/0 (o1 wllws| + Jullullw]® + o] jug||w]?)dz
L
[ QePlsllel + sl (ul + ol f)dz
0
L L
+5/ (|u|2\w\2+|u\|v||w|2)dx+)\/ |w|?dx
0 0

L
/ 3P lwllws] + (Bylullue] + 3y[vllus| + lul® + dlullv] + A)|w|*da
0

59

(3.2)
(3.3)
34
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since ug, vg € B, by the invariant of B, we know u, v € B, then

d L
p |w\ da:—l—Zu/ |w|*dx
L
< / 6pav|w||wm\dx+ | 2mpir + 430 + 20 wPde
0 0
L L 9/)472
< [ i+ [P i+ / (1200017 + 4936 + 2\) o,
0 0
thus, we get
d L
|w| dac—l—,u/ |w |2da < Mo/ |w|?dz,

where My = 9"” + 12pop1y + 4p30 + 2, that is,

d
Sl < Mol
Taking the real part of the inner product of (3.2) with w,,,, we have

1d L L
5@ |Wz|2dx + :U’/O ‘wmw‘gd‘r
L
= 27Re/ (Jv|2we + W, + Wun, wygda
0
L
+7Re / (V?@y + (U + 0)Tpw ) g da
0

L
+HImé (v*@ + wou + |v|*w)igzdr — /\/ |wz|?dx
0

IN

L
37 [ (08lis] + 2001 ) s d
0
L L
P R
0 0
L L
= 3p(2)'y/ |wx||wm|dac+)\/ |we |2 dx
0 0

L
(6popry + 3020) / ]| waalde,
0

that is,

d

L
" e + 20 / lwre 2

L L
< 6/)(2)'7/ |we | |wee |dz + 2)‘/ |Wx|2dx + (12pop1vy + GP%‘S)/ |wl|wee |d,
0 0 0

(3.5)

(3.6)
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since
L e [V 1 L
/ \wx||wm|d:r§—/ |wm|2dx—|——/ |wz|2dx,
0 2 Jo 2e1 Jo
L ey [L 1 L
/ | |wadz < 7/ |wm|2dx+—/ w|2dz,
0 2 Jo 2e2 Jo
we have
d L
L JRRE
L
< (513037+€2(6P0P1’Y+3l)35))/ |wae |*da
0
3p2 L 6 3p36
(2P +2)\)/ MFdww/ lw|?dz
€1 0 €2 0
Lete; = p”v, gy = W‘W, we can find a suitable M7, such that:
d 2 g 2 g 2
7 |w$\ da:—&—,u |wu| de < Mi( | |w|?dx+ lw |“dz), 3.7)
0 0
that is

d
%mell2 < My(lwl® + llws 1) (3.8)

Thus, by (3.6) and (3.8), we have

d
%(Hsz + [lwa %) < (Mo + My)(J|wll* + llwe ),
then
w]lf = llwll” + llwz 1> < exp[(Mo + M1)E([|w(0)[* + [|lwz (0)]1?)- (3.9)
We apply Qn to (3.2) and note that Q ;y commutes 0., hence p = Q yw satisfies

or — (i + @) pze = Qn(F(u) — F(v)), (3.10)

where F'(u) is the right hand of (2.3) subtract (i + ) Uz
Take the real part of the inner product of (3.10) with ¢ and proceed with the similar estimate for (3.5) ,
then we have

Mo+ 101

d 2 2 2
i " M,
dtlls@ll + pllez* < (Mo + p)||l]* < py

Similarly,

d
Zleell® + ullpaall® < (M + wllioa* + Mol



62

Because

1
||%0:v||2 < mH‘PGMHQ’

and Ay 41 — +oo when N — +00, we can choose Ny such that when N > N,
PAN+1 > My + p,
therefore
d 2 2 My 2
. T < M < — xT )
g leel? < Mol < 5]
d 2 2 1 2
7||‘P93H +M||<Pa;“ < (MO+M1 +M)wa“ .
dt ANF1

If we give . and Ny, such that if
[(Prow(t))all < [(@now(t))all,
satisfies, then
[wa(E)N < < [lwa(0)]],

thus we complete our proof.
Combine (3.9) with (3.11), we have

Xianyun Guo, Chaosheng Zhu

3.11)

d 1
ezl + plleoal® < 3= (Mo + My + p)|w ||
N+1

1

AN1

< (Mo + M + o) exp(Mo + My)t]|wa (0)]|*.

Integrate above inequality, we obtain

1
leal® < exp(=pt)la(0)] + 5
N+1

< exp(—ut)lez(0)* + exp[(Mo + M) [lws (0)]1%,

1
AN+1
that is

1(@nw(t))all* < exp(—pt)||lws (0)]* +

AN+1

Now we are to choose the value of ¢, and Ny. First, we choose ¢, such that exp(—put.) = i -(

choose N; large enough, such that

(3

exp[(Mo + Mi)t.] <

o~ =

AN+1

(exp[(Mo + M1)t] — exp(—put))||ws (0)|*

exp[(My + M1)t]||w, (0)|*. (3.12)

£)?, then we
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Assume that for this particular choice of

(P, w(t))all? < (@, w(t))al?,

then from (3.12) we deduce that

lwa (£

(Pt + (@)
< 2Que(t )l < gl O,

so, we take Ny = maX(NO, Nyp), t. = gln 2, L = % Thus, there exist ¢, = %ln 2, Ny is large
enough, such that

M
ANo+1 = max(512exp[(My + My)t.], 1+ 71)7

then S(t) satisfies the squeezing property on B, and S, = S(t.) is Lipschitz constant L, by the Theorem
3.1, we get Theorem 1.3.
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