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In a finite mixture of location—scale distributions the maximum likelihood estimator does not exist
because of the unboundedness of the likelihood function when the scale parameter of some mixture
component approaches zero. In order to study the strong consistency of the maximum likelihood
estimator, we consider the case where the scale parameters of the component distributions are
restricted from below by ¢,, where {c,} is a sequence of positive real numbers which tend to zero as
the sample size n increases. We prove that under mild regularity conditions the maximum likelihood
estimator is strongly consistent if the scale parameters are restricted from below by c, = exp(—n9),
0<d<l.
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1. Introduction

In some finite mixture distributions the maximum likelihood estimator (MLE) does not
exist. Let us consider the following example. Denote a normal mixture distribution with M
components and parameter 0 = (a, Ui, 0%, ey O, U, 0%/[) by

M
f(x; 0) = Z A D m(X;5 U, O%n)a

m=1

where the a, (m=1,..., M) are non-negative real numbers that sum to one and the
D m(x; U, ofn) are normal densities. Let xi, ..., x, denote a random sample of size n = 2
from the density f(x; 6p). In view of the identifiability problem of mixture distributions
discussed below, here 6, is a parameter value designating the true distribution. However, for
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simplicity we henceforth just say that 0 is the true parameter. If we set x; = x;, then the
likelihood tends to infinity as 0 — 0. Thus the MLE does not exist.

But when we restrict 0, = ¢ (m=1, ..., M) by some positive real constant ¢, we can
avoid the divergence of the likelihood. Furthermore, in this situation, it can be shown that
the MLE is strongly consistent if the true parameter 6, is in the restricted parameter space.

On the other hand, the smaller 0% is, the smaller the contribution ¢;(x; u; = xj, o%)
makes to the likelihood at other observations xy, ..., x,. Therefore an interesting question
here is whether we can decrease the bound ¢ = ¢, to zero with the sample size n and yet
guarantee the strong consistency of the MLE. If this is possible, a further question is how
fast ¢, can decrease to zero.

This question is similar to the (so far open) problem stated in Hathaway (1985), which
treats mixtures of normal distributions with constraints imposed on the ratios of variances,
while our restriction is imposed on the variances themselves. See also the discussion in
Section 3.8.1 of McLachlan and Peel (2000).

In the above example, the normality of the component distributions is not essential and
the same difficulty exists for finite mixtures of general location—scale distributions such as
mixtures of uniform distributions. Furthermore, in this paper we allow each component to

belong to different location—scale families. Let o, (m=1, ..., M) denote the scale
parameters of the component distributions, and consider the restriction o, = ¢,
(m=1,..., M). Then a question of interest here is whether we can decrease the bound
¢, to zero.

For the case of mixtures of uniform distributions, Tanaka and Takemura (2005) proved
that the MLE is strongly consistent if ¢, = exp(—n¢), 0 < d < 1. Here d can be arbitrarily
close to 1 but fixed. In this paper, we prove that the same result holds for general finite
mixtures of location—scale distributions under very mild regularity conditions (Assumptions
1—-4 below). As discussed in Section 5, the normal density satisfies the regularity conditions
and our result implies that the MLE is strongly consistent for the finite normal mixture if
Om=cp=exp(—n?), 0<d<1, m=1,..., M.

Our framework is closely related to the sieve method (Grenander 1981), in which an
objective function is maximized over a constrained subspace of the parameter space and
then this subspace is expanded to the whole parameter space as the sample size increases.
Some applications and consistency results for the method are given in Geman and Hwang
(1982). An MLE based on a sieve is called a sieve MLE. The convergence rates of sieve
MLEs for Gaussian mixture problems are studied in Genovese and Wasserman (2000) and
Ghosal and van der Vaart (2001), and their ideas are very interesting. They obtain the
convergence rates by bounding the Hellinger bracketing entropy of subsets of the function
space and assume that the corresponding subsets of the parameter space are compact so that
their bracketing entropy does not diverge. In the case of the sieve MLE, the approximating
subspaces are usually taken to be compact, whereas we treat a sequence of non-compact
subsets of the parameter space expanding to the whole parameter space as the sample size
increases. Therefore results on sieve MLEs are not directly applicable in our framework.

The paper is organized as follows. In Section 2 we summarize some preliminaries. In
Section 3 we state our main results (Theorems 1 and 2), giving their proofs in Section 4.
We conclude in Section 5 with some discussions.
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2. Preliminaries: strong consistency and identifiability of
mixture distributions

A mixture of M densities with parameter 0 = (ay, u1, 01, ..., Ay, Un, Oy) 1S defined by
f(x; 0) = Zgzlamfm(x; Ums> Om), where the «, (m=1,..., M), called the mixing
weights, are non-negative real numbers that sum to one and the f,(x; t;, o), called
the components of the mixture, are density functions. In this paper we consider the case
where the components are location—scale densities with location parameter u, € R and
scale parameter ¢, > 0, that is,

Om

1 —HMm
fm(X; Hms Um) - O__ fm (x a 5 0’ 1) (1)

As mentioned above, we allow f,,(x; un, 0,) to belong to different families. For example,
f1(x; w1, o) may be a normal density, f>(x; u2, 0;) may be a uniform density, and so on.
Let Q,, = R X (0, co) denote the parameter space of the mth component (u,,, 0,,) and let ©
denote the entire parameter space:

M M
0= {(al, s, Q) € RM|Z a, =1, a, 20} X H Q.
m=1 m=1
Let K be a subset of {1,2,..., M} and let || denote the number of elements in K.
Denote by 0 a subvector of 6 € © consisting of the components in /. Then the parameter
space of subprobability measures consisting of the components in C is

@KE{O;CBEG,ZOL,”$1}.

mekC

The corresponding density and the set of subprobability densities are denoted by

fiets 0) =Y arfulx s o), G = {fi(x; 6x)| Ok € Ok}

kel

Furthermore, denote the set of subprobability densities with no more than K components by

Ggr=J &k U=sk=m. ()

IK|I=K

We now briefly discuss identifiability of parameters. In mixture models, different
parameters may designate the same distribution. When the component densities belong to a
common location—scale family, we can permute the labels of the components and the
distribution remains the same. A mixture model of K — 1 components can be obtained by
setting one weight a, =0 (with arbitrary u, and o0,) in a model with K components.
These are trivial cases of unidentifiability of parameters. However, there are more
complicated cases. Let U(x; a, b) denote the uniform density on the interval [a, b]. Then,
for example, {U(x; —1, 1) +3U(x; —2,2) and 1U(x; =2, 1) +3U(x; —1, 2) represent the
same distribution (Everitt and Hand 1981). In this case the limiting behaviour of the MLE
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is not obvious, although the estimated density should be consistent. Therefore, we first give
a definition of consistency in terms of the estimated density. .

Let fo(x) = f(x; 6p) denote the true density and let f,(x) = f(x; 6,) denote the estimated
density.

Definition 1. An estimator f w I8 strongly consistent if
Prob(lim ||/, — fol| = 0) =1,
n—oo
where || - || is the Li-norm.

Although Definition 1 is conceptually simple, in order to prove the strong consistency of
the MLE we work with the location and scale parameters in (1) and the mixing weights. In
order to deal with the identifiability problem let us introduce a distance between two sets of
parameters. Let dist(6, 6") denote the ordinary Euclidean distance (or any other equivalent
distance) between two parameter vectors 6,60 € ©®. For U, V C O define
dist(U, V) = infgcy infycy dist(6, 6'). For a parameter 6, let

O) = {0 €O f(x; 0') = f(x: ) Va}.

Then ©¢ = ©(6y) denotes the set of true parameters. Since our densities are continuous with
respect to 6, by Scheffé’s theorem (Theorem 16.12 of Billingsley 1995) dist(©(6,), ©¢) — 0
implies ||/, — fol| — O.

3. Main results

We assume the following regularity conditions for strong consistency of the MLE.

Assumption 1. There exist real constants vy, vy > 0 and ff > 1 such that
Sm(x; um =0, 0, = 1) < min{vy, vy - |x|”8}

for all m.
This assumption means that the f,, (m =1, ..., M) are bounded and that their tails decrease
to zero as fast as or faster than |x|#, which is a very mild condition.

The following three regularity conditions are standard conditions assumed in discussing
strong consistency of the MLE. Let I denote any compact subset of ©.

Assumption 2. For 0 € © and any positive real number p, let

f(x;0,p)= sup  f(x; 0).
dist(6'.6)<p

For each 0 € T and sufficiently small p, f(x; 0, p) is measurable.
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Assumption 3. For each 0 € T, if lim;_, 0¥ = 6 (Y € I) then lim;_, f(x; 6Y) = f(x; 0)
except on a set which is a null set and does not depend on the sequence {G(f)};il.

Assumption 4.

J“ng(x; 00)| f (x; 6p)dx < oco.

Let Eg[-] denote the expectation under the true parameter 6y. The following theorem is
essential to our argument as well as being of some independent interest.

Theorem 1. Suppose that Assumptions 1—4 are satisfied and fo € Gy \Guy—1, where Gy and
Gu—1 are defined in (2). Then there exist real constants i, A > 0 such that

Eo[log{g(x) + r}] + 4 < Eo[log f(x; 60)] 3)
forall g € Gy

We now state the main theorem of this paper.

Theorem 2. Suppose that Assumptions 1—4 are satisfied and fo € Gy \Guy—1, where Gy and
Gy are defined in (2). Let co >0 and 0 < d < 1. If ¢, = cq - exp(—n?) and
0,={0€B|o,=c,,(m=1,..., M)},

then
Prob( lim dist(©(8,,), Og) = 0) —1,
where é,, is an MLE restricted to ©,,.

As remarked at the end of the previous section, Theorem 2 implies the following
corollary.

Corollary 1. Under the assumptions of Theorem 2, fn is strongly consistent in the sense of
Definition 1.

4. Proofs

In this section, we prove the theorems stated in Section 3. In Section 4.1 we state some
lemmas required for Theorems 1 and 2. Then, in Section 4.2 we prove Theorem 1, which is
also essential for Theorem 2. Finally, in Section 4.3 we prove Theorem 2. Our proofs are
basically along the same lines as in the case of finite mixtures of uniform distributions in
Tanaka and Takemura (2005). Therefore we omit the proofs of the lemmas. Full details of
our proofs can be found in the preprint version of this paper (Tanaka and Takemura 2006).
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4.1. Notation and some lemmas

Fix an arbitrary xy > 0, which corresponds to x in Theorem 1. Define B and v(y), y >0, as

- -1 /B
p=to ME%>ﬁ @

where v, and S are given in Assumption 1. Noting that v; - (¥()) ™ = Ko /v, the following
lemma is easily proved.

Lemma 1. Under Assumption 1, for arbitrary xy > 0 each component density f,(x; u, o) is
bounded by a step function

Uo Uo
Sm(xs u, 0) < maX{ 1[/471/(0),M+v(0))(x) : ;, KO} = l[ﬂfv(a),/htv(d))(x) : ; + Ko,
where 1y(x) denotes the indicator function of U C R.

From Lemma 1,

M M
120
Z A fm(Xs Uy Op) < Z 1[/Am—v(o,,,),,um+v(am))(x) : o + Ko. (5)
n—1 m

m=1

The right-hand side of (5) is a step function. We look at this step function where the density
f(x; 0) is high, that is, the scale parameter of some component is small.
For a given choice of xy > 0, choose ¢y > 0 such that

Vo

co < ——.
O k(M £ 1)

Below we will impose additional constraints on xy and ¢y to make them sufficiently small to
satisfy other conditions. For each 6, let
Ko<eo = Ko<y @) ={m|l <=m <M, 0, <c}
denote the set of components with 0,, < ¢y and define
JO= | [m—v0n) thm+v(0w).
meky <cq

On J(0) the density f(x; ) is high. Now dividing J(6) according to the height of the step
function on the right-hand side of (5), for x € J(0) we can write the right-hand side of (5) as

M
Vo
Lyo)(x) - {Z L—vo mtvio () - =+ KO} =
m

m=1

7(0)
H(J(0)) - 1,,6)(x),

=1

where J,(0) (t =1, ..., T(0)) are disjoint intervals, [, — V(O ), Um + V(O m)) (m € Ks<c,)

are unions of some of the J,(0)s and the height H(J;(0)) for each ¢ is defined by any

x € J,(0) as
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M
Up
HITAO) =Y gy st msen 1o)X 5t

m=1

For x € J,(0), there is at least one m = m, such that x € [u,, — v(0 ), Um + v(0,)) and
H(J(0)) = vy/co + 9. Also note that the total number 7(0) of J,(6)s satisfies T(0) < 2M,
because the change in the height can only occur at u,, — v(o,,) or u, + v(o,).

By (5) we have the following lemma for x € J(0).
Lemma 2. Under Assumption 1, for each x € J(6),

M T(0)

D @Sl toms 00) <D HITAO)) - 1y,0)()-
t=1

m=1

A density can be high only in a small region, and we want to have some explicit bound
on the length W(J,(60)) of J,(0) in terms of its height H(J,(60)). Let

AN P N~
0252<K—0) (o - (M + 1)), ) =u;- (;) , y=>0, (6)

where vy, vy and f are given in Assumption 1 and B is defined in (4).

Lemma 3. Under Assumption 1, the length W (J,(0)) of J(0) for each t is bounded by

1 B
W(J(0)) <uv,- <H(Jt(t9))> = &(H(J(0))).

So far we have been concerned with bounding the density at its peaks. Now we consider

bounding the tail of the true density f(x; 6y). Write o = max(|uo1l, ..., |[#osm]) and
0o = (ao1, Hot, Oots - - > Qom, Homs Tom). Let
M
uy = sup f(x; 6y), u; = max| ug - (2ﬁ0)ﬁ, Zﬁvl Z ao,,,og;,l . (7)
X m=1

Lemma 4. Under Assumption I,
f(x; o) < min{ug, uy - |x|_5}, Vx € R.
Based on Lemma 4, we can bound the behaviour of the minimum and the maximum of
the sample. Let xj, ..., x, denote a random sample of size n from f(x; 6y) and let

Xp1 =min{xy, ..., X, }, X, = max{xy, ..., x,}. The following lemma follows from the
Borel-Cantelli lemma.

Lemma 5. For any real constant Ay > 0 and & > 0, define 4, = Ay - n**9/G=D_ Then
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Prob(x,; < —A4, or x,, > A, infinitely often) = 0.

Finally, we consider subprobability densities in Gx. For any positive real number p, let

S Ok, p) = sup  fie(x; O) (Ok € O).
dist(0.,0c)=<p

The following lemma follows from the bounded convergence theorem.

Lemma 6. Let T denote any compact subset of Ox. For any real constant ¥ =0 and any
point Ok € Ik, the following equality holds under Assumptions I and 3:

11)13% Eo[log{ fx(x; Ok, p) + x}] = Eo[log{ fi(x; Ox) + x}].

4.2. Proof of Theorem 1

In this section we prove Theorem 1 by contradiction. Fix an arbitrary proper subset £ of
{1, ..., M}. Tt suffices to prove that (3) holds for all g € G.. Suppose that (3) does not
hold for some G.. Then for any A, k¥ > 0, there exists g € G, such that

Eo[log{g(x) + x}]1+ A = Eq[log f(x; 6)].

Here, let {4;}, {x;} be positive sequences which decrease to zero. Then for each 4;, x; > 0,
there exists g; € G, such that Eg[log{g;(x) + x;}] + 4; = Eo[log f(x; 6)]. It follows that

lim inf Eo[log{g;(x) + 1;}] + 4; = Eollog f(x; 60)]. ®)

Now g; can be written as g;(x) = fr(x; Qg)). Then the following lemma holds by
compactification argument.

Lemma 7. There exist a subsequence of {9(2)};0:1 = {{aV, u, 6 |me L3}, and
disjoint subsets Ky |0, Ko1oor Kiyjtoo C L such that along the subsequence

a%)—>0 SJor m € Ky o, U(,',?—>OO Jor m € Ko,
o' converges to a finite value and |u| — oo for m € Kjufroos

(a%), /t(,{;), 0%)) converges to a finite point (a(,;’c), u(n‘z’o), U(,jc)) for m € Kg,

where Kr = L\{Ks 10 U Kotoo UK 100 }-

From Lemma 7, we define go as guo(x) =3 ,cx, a5 fulx; u$?), 04)) € Gk, For

m
notational simplicity and without loss of generality, we replace the original sequence with
this subsequence, because (8) holds for this subsequence as well. Furthermore, by
considering the sequence {G(EJ)};’O: , Where jo is sufficiently large and replacing j by j — jo if
necessary, we can assume without loss of generality that there exist sufficiently small real
constants o > 0 and ¢y > 0 such that
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Uo
Eo[l : 60)] — Eoll 310}] > 0 <0
ollog f(x; 69)] — Eo[log{ goc(x) + 310}] > 0, Ko NS
. . U
oD < ¢y (me Ky o > K—O (m € Ko1o0),
0
o <oV < % (m € Kjj100), for all J. )
0
From Lemmas 1 and 2, we have
Eollog{f(x: 09) +1;} + 4]
(6%
< J L) @) - log > HI(0)) - L0 + K5 0 f(x; Bo)dx
t=1
+ JlR\J(H?)(x) 10g{ fie, 20055 0 ) + Ko + K; b O)dx + 2, (10)

where K=o = L\Kq 0.
Now we evaluate the first term on the right-hand side of (10). From Lemma 3,
76
J1J<9g>)(x) -log ; H(J(0%)) - Ly o)) + 15 0/ (x; Op)dx
76
<> WO log{ HUOD) +15} o —0  (n—o0), (D)

t=1

where uy = sup, f(x; 0y) defined in (7). Next we evaluate the second term on the right-
hand side of (10). Let AY =minex,, {min{|u$) + (@), [uP) —v(@)]}}. Then

Frey (X eﬁgm) + fip (6 eﬁgfw ) <Ko for x € [~AD, AD\J(OD). Therefore, the follow-
ing inequality holds:

[0 o5 024 a4 s e
< [V om0 Tor{ Fea(as 60+ 20+ .} B

+ J1R\{[,A(/),A<,f)]uj(9(£f))}(X) . log{flcu>o(x; 9%) )+ K0 + Kj}f(xé 0p)dx

o >0
=19+ 1 (12)

(say). By the bounded convergence theorem, we obtain
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19 - Jlog{ Zoo(X) 4 210} £ (x5 Go)dx, 15 —o. (13)

From (10)—(13), we have
Eo[log f(x; 6)] < limsup Eg[log{ g;(x) + x;}] + 4; < Eo[log{ goc(x) + 2K }].

J—oo

This is a contradiction to (9). This completes the proof of Theorem 1.

4.3. Proof of Theorem 2

We choose real constants k and A to satisfy (3) by using Theorem 1. Having chosen these
constants, from now on we proceed along the lines of the proof in Tanaka and Takemura
(2005), although the details of the proof here are much more complicated. For the sake of
readability, we divide our proof into further sections.

4.3.1. Setting up constants

For k, A satisfying (3), let kg, A9 be real constants such that 0 < 4ky <k, 0 <41y < /.
Note that 4y, 44y also satisfy (3). Define

v

= =2 > max{am, ey O'()M}.

Ko
If 0,, = B, then the density of the mth component is almost flat and makes little contribution
to the likelihood.

Because {c,} is decreasing to zero, by replacing ¢y by some c, if necessary, we can

assume without loss of generality that ¢y is sufficiently small to satisfy the following
conditions,

B
Do . L))
— | >e, co < min\Ogy, ..., O R g < —————,
<00> ’ too o " T e(M + 1)
3M - Uup - 2V(CQ) . \log K0| < /l(), (14)

3-2M - ug - &(vo/ o) - log(vo/co) < Ao,

where B, v(-) and &(-) are defined in (4) and (6).
For any subset V' C R, let Py(V) denote the probability of ¥ under the true density

P(V) = Jyf(x; O0)dx.

Let Ayp > 0 be a positive constant which satisfies

Po(Ao) - log (W) < Jo. (15)
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where Ay = (—oo0, —Ag] U[A4g, 00). Let A, = Ay - n®*9/F=D a5 in Lemma 5. Define a
subset ©;, of ®, in Theorem 2 by

0,={0€0,|Imst. c, <0, <cyor |u,| > A4y} C O,.

4.3.2. Partitioning the parameter space

In view of theorems in Wald (1949) and Redner (1981), for the strong consistency of the
MLE on ®, under Assumption 1-4, it suffices to prove that

sup [ /Cxis 0)

3 0cO), 71
lim ——————=0, almost everywhere (a.e.).
n—oo
11 /s 60)
i=1
In our proof, we consider finer and finer finite coverings of ©;,.
Let 60 € ©). Let Ko<, Ko=p, Kjy=4, represent disjoint subsets of {1, ..., M} and
define

Kr=A{l ..., M\\{Ks<c, UKo UK =4, }
For any given Ky<c,, Ko=p, K|y=4,, We define a subset of © by
O,c={0€0,|o,<cy(meKy<e); Om =B (m € Ky=p);
co <Oy <B, |un| = Ao (m € Kjy=4,); co < 0m < B, |un| < Ao (m € Kp)}.

As above, it suffices to prove that for each choice of disjoint subsets Ky<c), Ko=5, Kjyj= 4,5
the ratio of the supremum of the likelihood over ®; « to the likelihood at 6y converges to
zero almost everywhere. We fix Ko<y, Ko=5, Kjy=4,, from now on.

Next we consider coverings of Og,. The following lemma follows from Lemma 6 and
compactness of Of,.

Lemma 8. Let B(0, p(0)) denote the open ball with centre 0 and radius p(6). Then Oy, can
be covered by a finite number of balls B(H(ll, p(@%i)), R B(G;gz, p(@fz)) such that
Eollog{ fic, (5 010 p(O)) + 101+ A0 < Eollog f(x; 0)] (s =1,..., S).

R

Based on Lemma 8 we partition O, . Define a subset of O, by
Ohks = {0 € O | O, € BOR, p(6))}.

Then O,k is covered by O, k.1, - .., O, .s. Again it suffices to prove that for each choice of
Ko<co» Ko=8, Kjy=4,> s the ratio of the supremum of the likelihood over ©j ks to the
likelihood at 6y converges to zero almost everywhere. We fix Ko<y, Ko=p, Kjy=4, and s
from now on. Then it suffices to prove the following inequality, which is a new intermediate
goal of our proof:



1014 K. Tanaka and A. Takemura

im sup ! sup zn: log f(x;; )} < Ep[log f(x; 6p)], a.e. (16)

n—oo  MgeO), ., 7

4.3.3. Bounding the likelihood by four terms

In this section we bound the log-likelihood function of the left-hand side of (16) by four
terms depending on the positions of the observations x, ..., x,. Let R,(V) denote the
number of observations which belong to a set V' C R.

Lemma 9. For 0 € O}« ,,
lim f(x»'O)}<lzn:10 (e, (x5 Oc,s p(Orc,)) + 30}
" - g is = n — E1J Kr\Xis Uk, PUUK, 0

1 Muv 2
+—Rn(A0)~10g< 0/co + Ko)
n 3K

1 1
+= Ry(J(0) - (~logro) +— > log f(xs; 0). (17)
n =T0)

From Lemma 8 and the strong law of large numbers, the first term on the right-hand side
of (17) converges to the expectation of a density which has fewer than M components and
the expectation is less than that of the true density by Theorem 1. The second term
converges to a small value because the relative frequency on Ay is very small. The third
term also converges to a small value because the relative frequency on J(0) is very small.
The fourth term is somewhat complicated. The component in ;<. may have high peaks.
However, the peaks are very narrow and the relative frequency on the interval is very small.
Hence, the fourth term makes little contribution to the likelihood. Therefore, the mean log-
likelihood (the left-hand side of (17)) converges to a value which is less than that of the
true density. In the following we consider the details.

The first and second terms are easy. For the first, by Lemma 8 and the strong law of
large numbers we have

IS
Jim — > " log{ ficy(xi O, p(0kc,)) +4K0} < Eollog f(x; 00)] — 4o, ae. (18)
i=1

For the second, by (15) and the strong law of large numbers we have

Uo/Co + 2K

o1
lim - R,(Ap) - log( 3

n—0o0

) < Ao, a.c. (19)

Note that we have —44( from the first term and A from the second term. In the rest of our
proof we show that both the third and fourth terms can be bounded by A,.
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4.3.4. Bounding the third term

The third term can be bounded by dividing the interval [—A4,, 4,] into short intervals of
length 2v(cy).

Lemma 10.

1
limsup sup o R,(J(0)) = 3M - up - 2v(cy), a.e.

n—oo 0O k.
By this lemma and (14) we have

1
limsup sup — R,(J(0)) - (—logry) < 3M - ugy - 2v(cy) - [log ko| < Ao, a.e. (20)

N0 BE@) s

This bounds the third term on the right-hand side of (17) from above.

4.3.5. Bonding the fourth term

Finally, we bound the fourth term on the right-hand side of (17) from above. From Lemma
2 we have

M 7(6)
Lioy®) =Y anfm( toms 0) <> HIO) - L), xeJ@O). (1)
m=1 =1

We now classify the intervals J,(0), t=1,..., T(0), by the height H(J,(0)). Let
ch = co - exp(—n'/*) and define 7,(0) and 7,(0) by

7,(0) = {t e{l,...,TO)} | HU(0) < M ?} (O = {1, ..., TON\1.x(6).

n

Now suppose that

7(0)
limsup sup [Z % R.(J (0))log H(J (0))

n—o0  0€0 i | =1

—3{ > uy - EHI(0)) - log HJ(0) + > %log H(J,(G))H <0, ae (22

teT,(0) tet,(0)

Then, from (14), (21) and (22), the fourth term on the right-hand side of (17) is bounded
from above by

1
limsup — sup Z log f(xi; 6) < Ao, a.e. (23)
n—o0 n 96@;,,&3 x,-EJ(O)
Combining (17)—(20) and (23), we obtain (16). Therefore it suffices to prove (22), which is a
new goal of our proof.
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We now consider a further finite covering of ®; . For any 7T (1 <7 <2M) and
T C{l,..., T(0)}, define a subset of O, by

;’l,/C,S,T,T = {0 S ®;1,IC,S ‘ T(G) =T, Tn(g) = T}'

Then (22) is derived from the following two lemmas.

Lemma 11. For ' = {1, ..., T}\z

limsup  sup lz % Ry(J(0)) - log H(J,(6)) =3 % log H(J,(o))] <0, a.e.

n—00 €O 511 | ter tet’

Lemma 12.

limsup sup [syem % R,(J(0)) - log H(J(0))

n—00 €0 k10

— 33w EHJ(O)) - log H(J,w))} <0, ae

et

This completes the proof of Theorem 2.

5. Discussions

In this paper we consider the strong consistency of the MLE for mixtures of location—scale
distributions. We treat the case where the scale parameters of the component distributions
are restricted from below by ¢, = exp(—n?), 0 < d < 1, and give the regularity conditions
for the strong consistency of MLE.

As in the case of the uniform mixture in Tanaka and Takemura (2005), it is readily
verified that if ¢, decreases to zero faster than exp(—n), then the consistency of the MLE
fails. Therefore the rate of ¢, = exp(—n?), 0 < d < 1, obtained in this paper is almost the
lower bound of the order of ¢, which maintains strong consistency.

Although we treat the univariate case in this paper, it is clear that the result obtained here
can be extended to the multivariate case under the condition that components are bounded
and their tails decrease to zero fast enough if the minimum singular values of the scale
matrices of the components are restricted from below by c,,.

Finally, let us consider some sufficient conditions for the regularity conditions. For
0, € Q,, and any positive real number p, let f,,(x; 0,1, p) = SUPdis(0;,.6,)<pf m(x; 07,). Let T
be any compact subset of Q,,. Consider the following two conditions.

Assumption 5. For each 0, € I and sufficiently small p, f,,(x; 0,,, p) is measurable.

Assumption 6. For each 0,, € T, if lim; . 0Y) = 0, then lim; .o fu(x; 09) = f1.(x; 6,,)
for all x.
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If Assumptions 5 and 6 hold, then it is easily verified that Assumptions 2 and 3 hold.
Thus Assumptions 1 and 4—6 are sufficient conditions for regularity conditions and
Assumptions 5 and 6 are checked more easily. For example, a finite mixture density which
consists of a normal, ¢ and uniform on an open interval satisfies Assumptions 1 and 4-6.
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