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We propose the cross-validated log likelihood (CVLL) criterion for selecting multivariate time series
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1. Introduction

Let {X;,:¢t=...,—-1,0,1,...;a=1,..., r} be an r-variate stationary time series and
f(A), —mt < A <m, be its spectral density matrix (sdm). To analyse time series, parametric
models are often fitted to f(A). With a parametric matrix-valued function gy(4), a
parametric model is described as

Fo = {go(ﬂ.),GEG)C[R”}C]:, (1)

where © is a parameter space and F is the set of all possible » X r sdms. It follows that
fitting a parametric model is equivalent to identifying a subset in F. Autoregressive moving
average (ARMA) models are typical examples of parametric models. Specifically, the sdms of
these models consist of components which are rational functions of exp(id) and with
parameters 6.

Estimation of the parameter 0 has been examined by many authors — see, for example,
Dunsmuir (1979), Brockwell and Davis (1991, Section 10.8) and Hosoya (1997). Moreover,
model selection criteria such as Akaike’s information criterion (AIC, Akaike 1974) have
been proposed for selecting an appropriate model from several candidate parametric models.
In particular, the order determination for ARMA processes by AIC has been investigated
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extensively in the literature. For discussions of the order selection by AIC see, for example,
Brockwell and Davis (1991, Section 9.3), Shibata (1980), Hurvich and Tsai (1989).

Though parametric models (1) provide useful tools for linear time series analysis, we are
often interested in aspects of the component time series which are of such a very different
nature that a radically different approach is called for. For example, we may be interested in
investigating the plausibility of mutual independence of the component time series without
wishing to make as strong an assumption as a rational sdm. Other general aspects of the
component time series that are often of interest include separable correlation, time
reversibility and graphical interaction. For the above purpose, let G, a, b=1, ..., r, be a
function from R™ to R and consider the subset Fg C F prescribed by G in the following
way:

Fo={g) :=(gu(A) € F]|

gab() = Gup(0, gea(A), c,d=1,...,7),a,b=1, ..., r, almost everywhere in [—z, 7t]}.
(2)
The subset F¢ C F is defined in a very different way from the parametric models (1) and is
called an sdm model described by Gy, a, b =1, ..., r. In general G, need not depend on a

parameter, although in some cases it may. We give examples of both situations in Section 4,
which will show how F can easily accommodate the component-time-series-specific aspects
mentioned above.

The purpose of this paper is to propose a selection criterion for sdm models
corresponding to different G,,. Many existing criteria developed for model (1) rely on
penalizing model complexity by reference to ‘the number of parameters’. However, as we
have seen, for an sdm model the notion of a parameter need not be relevant, and even when
it is there is usually no simple way to count the number of parameters. An alternative
approach is cross-validation (CV), which requires no such counting. For examples, see Shao
(1993) for linear model selection, Kavalieris (1989) for order selection of AR models,
Hardle ef al. (1988) for a smoothing parameter determination of nonparametric regression
models and Cheng and Tong (1992) for order determination of nonparametric autoregressive
models. CV penalizes the complexity of a model by the leave-one-out approach instead of
an explicit expression for model complexity.

In this paper, we adopt the cross-validated log quasi-likelihood — which we refer to for
convenience as the cross-validated log likelihood (CVLL) — as a criterion for sdm model
selection. The distinctive features are as follows. First, the sdm model having the smallest
CVLL is asymptotically the one with the minimum mean integrated squared estimation
error for f(1). Secondly, in contrast to the inconsistency of CV selection in parametric
situations (Shao 1988, Kavalieris 1989), it should be emphasized that CV can provide
consistent selection procedures outside the parametric context.

This paper is organized as follows. We introduce the CVLL criterion in Section 2, and
show its asymptotic properties in Section 3. In Section 4 we give several examples of the
sdm models. In Section 5 we apply the CVLL criterion to graphical modelling and prove
the consistency of the CVLL selection for graphical models. In Section 6 we use simulation
and real data to show empirical properties of the criterion. In Section 7 we give concluding
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remarks. In Sections 8 and 9 we finally present the proofs of lemmas and theorems,
respectively.

2. The CVLL criterion

Throughout this paper, A, and A4“ are generic symbols for the (a, b)th element of
matrices 4 and 47! respectively, and AT is the matrix transpose of A.

Let {X;,=X,s,a=1,...,77, —00<t<oo} be an r-dimensional stationary time
series with the sdm (1), —t < 1 < m. We define /(1) outside the region [—, 7] to have a
period of 2m. Suppose Xi, X, ..., X,, are given. The discrete Fourier transform W (1) and
the periodogram matrix /(1) of X, are defined as follows:

W) = (un) '/ Zn:xt exp(—il?),

=1
IA) == WAWQA)'.

I(A) is defined periodically with the period 2m for A¢ [—m, m]. Let A; =2mj/n,
j=-[(n-=-1/2],...,-1,0,1,...,[n/2], be the jth Fourier frequency and
wi, k=—m/2, ..., m/2, be a weight sequence. It is well known that the sdm f(4) is
consistently estimated under suitable conditions by the smoothed periodogram

-1
m/2 m/2
Sar(A)) = Z Wi Z widap(Aji 1), a,b=1,...,r
k=—m/2 k=—m/2

Under an sdm model described by G in (2), define the sdm g(4) = (gu»(4)) and the estimator
g(/,{) = (gab(/l)): a, b= 1: BRI by

ga(A) := Gap(0, feaA), ¢, d =1, ..., 7) G3)

and

(1)) = Gap(0, feal)), ¢, d =1, ..., 1), 4)

respectively, where 6 is an estimator for 6. Let us define the CVLL for an sdm model
described by G with the cross-validated version of (4).

Definition 1 Cross-validated log likelihood. For an sdm model described by G, the CVLL is
defined by

[n/2]
CVLL(G) = ) logdet(g-,(1)) + tr(l(,l Y ,-)), (5)

Jj=1

where g_i(A;) = (&ap—(4;)), a, b=1, ..., r, and
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8ab—j(A)) == Gup (é, fea—iOp) e, d=1,..., r),

m/2 m/2
fea—iOp=1 > w S wilea@ii). (6)
k=—m/2,k#0 k=—m/2,k#0

The sdm model which minimizes the CVLL over given candidates is the CVLL selected
model. Not the usual spectral estimator (4) but the cross-validated version (6) must be put
in the CVLL (5) to make the CVLL criterion work for sdm model selection, which is
justified empirically and theoretically. See the proof of Theorem 2 in Section 9 for the
theoretical justification, where cross-validation is required to prove that the third term of
(26) is op(nm‘l). Hurvich (1985) and Beltrao and Bloomfield (1987) used the CVLL
criterion to determine the optimal bandwidth for univariate kernel spectrum estimates.
Hurvich’s definition may be viewed as a univariate version of our CVLL, not for sdm model
selection but for bandwidth selection.

3. Asymptotic properties of the CVLL

An sdm model described by G is correct for X, if f(1) € Fg; it is incorrect if /(1) ¢ Fg.
Following the notation of Shao (1993), we designate the latter models as category I, and the
former as category II. Note that if an sdm model G is in category II, any model G, such
that Fg, D F¢ is in category II.

We evaluate the asymptotic behaviours of the CVLL for an sdm model described by G.
They are shown to depend on the category to which G belongs by Theorems 1 and 2 under
the following assumptions:

Assumption 1. {X,} is an r-dimensional Gaussian stationary process.
Assumption 2. f (1) is positive definite for —mu < A < .
Assumption 3. f,,(A), a, b=1,...,r, -1 <A <, is twice continuously differentiable.

Assumption 4. m = O(nP), 1/2<p<3/4 and the weight function wy, k=—m/2,
.., m/2, is given with a positive continuous even function u(x) on [—1/2, 1/2] by

k
=ul|— k=-m/2, ... 2.
Wi u(m>, m/2, , m/

Assumption 5. When Gu, a, b =1, ..., r, depends on a parameter 0, there exists a 0y such
that 6 — 6y = Op(nl/z) and satisfing

Jar() = Gap(Oo, fea(A), ¢, d =1, ..., 1), a,b=1,...,r
if G is in category Il
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Theorem 1. Under Assumptions 1-5, if Gu(0, Yea, c,d=1,...,01),a,b=1,...,r is
continuously differentiable with respect to 6 and y.q,

[7/2]
CVLL(G) = Y _ (logdet f(1)) + r) + nKL(f, g) + 0,(n).

J=1

where g(A) is the sdm (3) under G in which 0 is replaced with 0y and KL( f, g) is the
Kullback—Leibler divergence between the two Gaussian stationary processes whose sdms are
f(A) and g(A), that is,

KLU/, 9= 5 | (7 ) — £~ logde fDg '}

See Section 9 for the proof of Theorem 1. Theorem 1 implies that an sdm model whose
KL(f, g) is smallest gives the smallest CVLL asymptotically. Theorem 1 is, however,
powerless to distinguish among the sdm models in category II, since KL(f, g) = 0 for all
the models in category II. It is necessary to evaluate the terms of smaller order than » in
probability when G is in category II, which is expressed by the asymptotic mean integrated
squared error (AMISE) of G.

Definition 2 Asymptotic mean integrated squared error. When G is in category II, the
asymptotic mean integrated squared error of G is defined by

[n/2]
AMISE(G) = p lim =3~ r{(&(4)) — f)f " AP

J=1

where g(A;) is the estimated sdm (4) under G.

Theorem 2. Under Assumptions 1-35, if G is in category Il and Gup(0, yeq, ¢, d =1, ..., 7),

a,b=1, ..., r is three times continuously differentiable with respect to 0 and y.q, then
(/2] nl n
CVLL(G) = Y {logdet f(A)) + t(I(4)f ~ (1)} + - = AMISE(G) + 0, (—)
- m m
Jj=1

and

7T r

c,
AMISE(G) = 5% [ 5™ stupnlfn D)0 )

0 apyr=1

where
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1/2 -2 1/2
C, = <J u(x)dx> J u?(x)dx,
—1/2 —1/2

Uap ) =D > Taey ap (SO s (fONS Q) f 2R,

a,b=1 ej,er=1

8Ga€1(909 Veds €, d= 19 e I")
ayaﬁ .

hael,aﬁ(y) =

The proof of Theorem 2 is given in Section 9. Theorem 2 implies that the sdm model in
category II which attains the smallest AMISE gives the smallest CVLL asymptotically.
Corollary 1 summarizes the consequences of Theorems 1 and 2.

Corollary 1. Let G;, i =1, 2, describe sdm models. Under Assumptions 1-5, and if G,
i=1,2, is three times differentiable,

1. if Gy is in category I and G, is in category I, then

lim P(CVLL(G;) > CVLL(G,)) = 1;

2. if both Gy and G, are in category Il and AMISE(G;) > AMISE(G,), then

lim P(CVLL(G;) > CVLL(G)) = 1.

Let us define consistency of CVLL selection here. Let S be a set of candidate sdm
models from which the CVLL criterion selects.

Definition 3 Consistency of CVLL selection for S. Let G;, i = 1, 2, describe two sdm models
in SN {category II}. CVLL selection is consistent for S, if Fg D Fg, implies
lim, ., P(CVLL(G;) > CVLL(G,)) = 1.

It follows from Corollary 1 that the consistency for S is equivalent to the statement:
Fg, O Fg, implies AMISE(G)) > AMISE(G,) for G;, i =1,2 in SN {category IT}. We
shall show in Sections 4 and 5 that CVLL selection is consistent for some important
specific cases: the decomposition into independent subseries and graphical modelling. We
leave it to future studies to investigate if the consistency holds true for general sdm model
selection, namely to show whether Fg, D Fg, implies AMISE(G,) > AMISE(G,) for any
G;, i=1,2, in category IL.

Remark 1. The same weight function should be used for all the candidates to evaluate their
CVLLs, since their AMISEs depend on weight functions. In choosing the bandwidth m, it
seems plausible in practice to adopt the one which satisfies Assumption 4 and minimizes the
CVLL.
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4. Examples of sdm models

In this section, we show typical examples of sdm models and derive their AMISE values by
(7). In the following, for a condition C, let /. take the value 1 if C is satisfied and 0
otherwise. Let y be an r X r positive definite matrix. In this sections Assumptions 1—4
hold, and in addition Assumption 5 holds in Example 3.

Example 1 No constraint. Consider the sdm model described by

Gis(Vea, ¢, d=1,...,7):= yap, a,b=1,...,r. ()

In this case F¢ reduces to F, which means that (8) is always in category II. Since
hae, ap(f(A)) = Liae))=(ap)> W€ have tgg,,(A) = fﬁy(/l)f”“(l). Hence,

Cu T r
AMISE(G) = 5% | 3™ P S0

0 apyv=1

Cu " C,r?
= 1 1= .
PNPIS

Example 2 Mutual independence among subseries. Let My U...U M, be a partition of
the set {1,2,..., r}. Suppose that an r-dimensional time series is grouped into p
independent subseries X; = (X, - .., X4, Mp)T such that { X, } and { X} are mutually
independent for i # j. This is the sdm model described by

Yap, 1f a € M; and b € M; for some i,
Gu(Yea, ¢, d=1,...,r):= a,b=1,...,r.
0, otherwise

(€]
Put £ := {(a, b)la € M; and b € M, for some i}. Since
hael,aﬁ(f(/l)).fmb(l) = ](a,[)’)EE[a:aIel :ﬁfqb(/l)a
we have uqp,(A) = Lupceliymeef Br(2)f*(X). By noting that f(1) is block diagonal,
CU " va
AMISEG) = 3% |30 57 1700 ™ ()l

0 (ap)eE (y.v)eE

_C#E)
2

_CUHMY 4t #{M,))

5 ; (10)

where # denotes the cardinality of a set.

Let S be the set of sdm models which decompose the original time series into all
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possible independent subseries. It follows from (10) and Theorem 2 that CVLL selection is
consistent for S in the sense of Definition 3.

Example 3 Separable correlations. A separable correlation is defined to satisfy
covV(X 4, Xsp) = Oapp(t — ), a,b=1,...,r,

for all ¢, s, where (04), @, b=1, ..., r, is an r X r positive definite matrix and p is a
positive definite function on integers (Haslett and Raftery 1989; Martin 1990; Matsuda and
Yajima 2004). A separable model includes a mutually independent component model with an
identical autocorrelation as the special case when o, = 0 for a # y, which is often useful
for longitudinal data analysis (Diggle et al. 1994, Chapter 4).

By applying an inverse Fourier transform to the separable correlation, the spectral density
matrix is

) = 0 f(A), (11)

where f (A) is a scalar-valued non-negative integrable function on [—u, ;]. Hence the
separable model is the sdm model described by

Oab x— Vii
Gas(0, Vear e d =1, ..., 1) =8N Y =1, (12)
=
where 0 = (0), a, b=1, ..., r, is the parameter vector. This model is an example of the
case where G depends on a parameter. Noting that
Oae /P (A)
haeyap(SONS P (A) = Tqop =",
70 qq
from (11) we have
1
a Vj‘ =loplymy——————.
Hapyv(4) Bly Vraaaawf(i)z
Hence
Cy — Uiy
AMISE(G) = =% —
(G) 2r 21 040 yy

a,y

which reduces to C,/2 in the special case where o,, =0 for a # y. It follows that CVLL
selection is consistent for the set of the sdm models obtained from (8) and the separable
models in the sense of Definition 3. See Remark 2 below for a practical application.

Example 4 Time reversibility. An r-dimensional time series {X,} is said to be time-
reversible if, for any k= 1,2, ... and any k-tuple #; < ... < #, the joint distribution of
(X4 - .-, Xy,) is the same as that of (X_;, ..., X_,,). See Chan et al. (2005) for a recent
discussion of time reversibility for multivariate time series. The necessary and sufficient
condition of time reversibility for Gaussian time series is that the spectral density matrix is
real-valued. Hence time reversibility is identified with the sdm model described by
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_ Yab + Yba

Gay(Yea, c,d=1,...,7r): : , ab=1. .. .r
Noting that
haapt iy = Lemelep Lo lece
i) =L PN + AT If YOO+ D)
we have
AMISE(G) = W_

It follows that CVLL selection is consistent for the set of the sdm models obtained from (8)
and the time reversibility in the sense of Definition 3. See Remark 2 below for a practical
application.

Example 5 Graphical models. Graphical models were originally defined for a random vector
and were estimated based on its independent realizations. See Lauritzen (1996) for the basic
notation and definitions of graphical models. Dahlhaus (2000) extended the concept of
undirected conditional independence graphs to multivariate time series. The key idea is to
regard a graphical model for multivariate time series as a kind of sdm model, which makes it
possible to apply the CVLL criterion to graphical modelling. In the next section, we discuss
this application specifically.

Remark 2. The CVLL criterion can be applied to the following testing problem. For an sdm
model described by G,

Hy : G is in category II versus H; : G is in category .

Accept Hj if the CVLL of G is smaller than that of (8), and accept H; otherwise. Then the
testing procedure is consistent if AMISE(G) is smaller than C,r?/2.

Remark 3. The expression for an sdm model is not always unique. It is desirable to adopt the
one having the smaller AMISE if possible, which makes it easier to distinguish it from other
redundant sdm models. For example, the separable correlations can be expressed in another
way:

Gz,ab(oaycdscsdzl""’r)::Oab&s a,b:l,...,r, (13)

011

whose AMISE is equal to C,7/2, which is larger than that of (12). Hence expression (12) is
preferable to (13).
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5. Application to graphical models

We will show in this section that the CVLL criterion is an effective tool to identify the
undirected graph for multivariate Gaussian time series {X,4, a=1,...,r}. Set X, =
{X,ﬁa, —oo <t < OO}, Yt,ab = {X,,j,j #a, b} and Y, = {Yt,ab, —oo <t < OO} The
conditional independence between X, and X, given Y, is defined by

XL Xp|Yap < coV(egfapye(5)s Epf{apye(1)) = 0, forall s, t € Z, (14)

where
Ea|{a,b}"(t) = Xt,a - ‘uzpt - Z d?,pt(f - ”)Yu,ab,
u—0oo

which minimizes

2
E<Xt,a — Ua — Z da(t - u)Yu,ab> .
Now let us recall the definition of an undirected graph (¥, E) due to Dahlhaus (2000).

Definition 4 Partial correlation graph. Let V ={1,...,r} be the set of vertices and
E(CV X V) be a set of edges. Let (a, b)¢ E if and only if X1 Xy|Yap. Then (V, E) is
called a partial correlation graph for time series.

Dahlhaus (2000, Theorem 2.4) proved that (14) is equivalent to
gy =o, —n<A<am. (15)

It follows that the missing edges in the partial correlation graph can uniquely be identified
from the zeros in the inverse of the sdm f(4). With a suitable estimator f(1), Dahlhaus
(2000: 171) used the test statistic

up DL

r [
to detect the zeros in his empirical studies. Though the statistic is intuitively appealing and
easy to construct, it is difficult to determine the null distribution when (15) is true, as he
mentioned.

Instead we apply the CVLL criterion to graphical model selection. Let (V, E) be a graph
for X; with the sdm f(4). For the graph (V, E), consider the sdm g(4) which satisfies

gav(A) = far(A), for (a, b) € E, 16
g =0, for (a, b) ¢ E.

The unique existence of the sdm g(4) is guaranteed in Lemma 7. Let us define the function
Gab by

Gar(feaR), e, d=1,...,1r):= gu(d), a,b=1,...,r. (17)
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It follows from (15) that the graph (V, E) is identified with the sdm model described by the
function G,,. We derive the AMISE of a graphical model by applying the implicit function
theorem to (16) in (7).

Theorem 3. Let G describe a graphical model (V, E). Then under Assumptions 1—4,

Cu(r2 B 2]ME)

2 2
where Mg := #{(a, b)|(a, b) ¢ E, a < b}, which is the number of conditional independent
pairs of (V, E).

AMISE(G) =

The proof of Theorem 3 is given in Section 9. Let S be the class of 2" graphical
models {(V, E))J M =0,1,...,,C}. Tt follows from Theorems 2 and 3 that CVLL
selection is consistent for S in the sense of Definition 3.

In the following, we show a practical way to perform graphical model selection with the
CVLL. The explicit form of G defined by (17), which is necessary to evaluate the CVLL
by (5), cannot be given for Mg > 1. Hence we use the recursion introduced by Wermuth
and Scheidt (1977) as an alternative way. For a positive definite matrix y, let us show the
recursion to obtain the matrix g which satisfies

8ab = Yab, (a, b) S Ea
g% =0, (a,b)¢ E. (18)
Let F; ={(a;, b)), (bi, a;))}, i=0,1,...,Mp—1, be the elements of {{(a,b),

(b, a)}|(a, b)¢ E}, and put n' =n (modMpg). Set go =y and calculate g,, n=1,
2, ..., recursively by

b
g‘rlzfl
g*l,b+ 5 for(aab)eF':
Gnay =14 T g gl — gt ghe ! (19)

&gn—1,abs for (a, b) ¢ F,.

Then it follows from Proposition 3 of Speed and Kiiveri (1986) that g := lim,_., g, satisfies
(18).

The graph with the smallest CVLL among the 2-¢> candidate graphs is the CVLL
selected graph. However, it is difficult to perform the search in practice, especially for large
r. This and the recursion (19) lead to a backward stepwise selection procedure. Let G
describe the graphical models (V, Ex), k=0, 1, ..., in the following procedure.

0. Put k=0, set (V, Ey) as the graph with no conditional independent pairs and
calculate CVLL(Gy).

1. Calculate the CVLLs of the candidates (V, E’)(_H), i=1,...,,C,— k, via (19), each
of which has one more conditional independent pair than the graph (V, Ey).

2. Select the best graph (V, E;.;) minimizing the CVLL among the candidates.

3. If CVLL(Gjy1) < CVLL(Gy), set k = k+ 1 and return to step 1. Otherwise, stop the
procedure and take (V, Ej) as the selected model.
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Remark 4. Speed and Kiiveri (1986, pp. 146—147) showed that the recursion (19) was a
special case of the first cyclic algorithm (FCA). In the FCA, they set F;, i=
0,1,..., Mg — 1, as the off-diagonal elements of the cliques of the complimentary graph
(V, E) instead of the conditional independent pairs. The FCA is more effective and accurate
than (19), since Mg, which is the number of the cycle, can be made smaller in the FCA.
Equation (19) is, however, more suitable for practical use, since it is hard to find a clique in
computer programming.

6. Empirical studies

In this section, our interest is focused on the empirical properties of CVLL selection. We
shall conduct computational simulation and analyse hospital admissions data in Hong Kong
to examine the properties. Throughout this section, we use the weight function w; =
cos(wk/m), k=—m/2, ..., m/2, with the bandwidth m which was set to minimize the
CVLL.

First we apply the CVLL criterion to sdm model (9) which stipulates independence of
component time series. Consider a three-variate time series generated by

X1 02 x 00 Xy 1
X,,z = X —-0.2 0.0 Xt,1,2 + | €2 |, (20)
X,,3 0.0 0.0 0.3 X[,1,3 €13

where {&,,, a =1, 2, 3} is a sequence of normally distributed random vectors with mean 0
and variance matrix E3. Note that {X,;, X;»} and {X,3} are independent for x # 0, and
{X:1}, {X:2} and {X,3} are mutually independent for x = 0. We consider the following
four sdm models as candidates:

I. No constraint (8).
IV. M, ={1}, My, ={2}, M5 ={3} in (9).

For x # 0, cases II and IV are in category I and cases I and III are in category II. For x = 0,
all the cases are in category II.

We select the case which has the smallest CVLL 1000 times. Table 1 shows the empirical
frequencies of the CVLL selection for x = 0.0, 0.1 and 0.2 when the sample sizes are 101,
201 and 401. Table 1 clearly lends support to the consistency of the CVLL selection. The
CVLL tends to select the optimal model — case III for x # 0 and case IV for x = 0 — more
frequently as the sample size increases.
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Table 1. Empirical frequencies of selection by the CVLL criterion based on 1000 replications. The
case which has the smallest CVLL is selected from cases I-IV for time series (20)

Sample size X Case | Case | Case III Case 1V
101 0.0 0.019 0.146 0.162 0.673
0.1 0.052 0.127 0.320 0.501
0.2 0.103 0.056 0.664 0.177
201 0.0 0.021 0.144 0.139 0.69
0.1 0.053 0.082 0.461 0.404
0.2 0.089 0.012 0.867 0.032
401 0.0 0.015 0.117 0.108 0.760
0.1 0.031 0.056 0.639 0.274
0.2 0.062 0.000 0.938 0.000

Next we apply the CVLL criterion to graphical modelling. Consider the following vector
autoregressive model:

Xt,l 0.2 0.0 03 0.0 0.3 Xt—l,l €l
X[,Z 03 -02 X 0.0 0.0 Xt,1,2 €12
X | =102 X 0.3 0.0 0.0 Xi13 &3 | (21)
X,,4 0.2 0.3 0.0 0.3 0.0 Xt,1,4 Er4
Xis 03 0.0 00 02 03 Xi1s €45
where {¢;,, a =1, ..., 5} is a sequence of normally distributed random vectors with mean 0

and variance matrix Es. By Dahlhaus (2000: 164), this process provides an example of a
graph (V, E) such that

— (23 5)3 (3’ 4)}, if x 7é 0,
{a bl(a. b)F £ a < b} = {{(z, 5. .4 2.3}, ifre0

We consider the following four candidate graphs (V, E;), i=1, ..., 4:

L. {(a, b)|(a, b) ¢ Ei, a < b} = &, which is equivalent to no constraint.
1. {(a, b)|(a, b) ¢ E», a < b} ={(2,5)}.

L. {(a, b)|(a, b) ¢ E5, a < b} ={(2,5), (3, 4)}.

IV. {(a, b)|(a, b) ¢ Es, a < b} ={(2,5), (3, 4), (2, 3)}.

Note that all the graphs except graph IV are in category II for x # 0, and all the graphs are in
category II for x = 0.

We select the graph which has the smallest CVLL 1000 times. Table 2 shows the
empirical frequencies of the CVLL selection when x = 0.0, 0.1 and 0.2 and sample sizes
are 101, 201 and 401. Table 2 lends support to the consistency of the CVLL selection for
graphical modelling. The CVLL tends to select the optimal graph — graph III for x # 0 and
graph IV for x = 0 — more frequently as the sample size increases.

Finally, we consider a seven-variate time series of pollutants, weather and daily hospital
admissions of patients suffering from circulatory and respiratory problems. The pollutant

—
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Table 2. The empirical frequencies of selection by the CVLL criterion based on 1000 replications.
The graph which has the smallest CVLL is selected from graphs I-IV for time series (21)

Sample size X Graph | Graph 11 Graph III Graph IV
101 0.0 0.025 0.037 0.134 0.804

0.1 0.024 0.074 0.271 0.631

0.2 0.035 0.099 0.638 0.228
201 0.0 0.033 0.039 0.119 0.809

0.1 0.033 0.089 0.383 0.495

0.2 0.049 0.099 0.801 0.051
401 0.0 0.010 0.036 0.109 0.845

0.1 0.021 0.064 0.578 0.337

0.2 0.025 0.095 0.878 0.002

and weather data are the daily average levels of sulphur dioxide (SO, ugm~3), nitrogen
dioxide (NO,, ugm™3), respirable suspended particulates (ugm™3), ozone (O3, ugm™),
temperature (degrees Celsius) and relative humidity (%), which were collected daily in
Hong Kong from 1 January 1994 to 31 December 1995 (Figure 1). Taking the admissions
series as the response variable and the other series as the explanatory variables, Xia et al.
(2002) analysed the data using a semiparametric regression model. Their method is
motivated by the nonlinearity expected to exist in some parts of the very complex weather—
pollutant interaction.

Here, we explore the extent to which our simple linear-based technique can yield useful
results even in a complex situation. We apply graphical models to the data. All the series are
detrended by extracting the 15-day moving averages. For the hospital admissions series, the
trend component caused by the day-of-the-week effect (Xia et al. 2002: 378) is removed by a
simple regression method using dummy variables. For the seven-variate detrended time series,
we estimate the spectral coherency |fur(A)|*/{fua(A)fpp(A))}, a,b=1,...,7, and the
spectral partial coherency |f“(4,)|*/{f“(A,)f**(A;)}, a, b=1, ..., 7, as shown in Figure
2. The alignment technique for the coherency estimation (see Priestley 1981, Section 9.5.4) is
used to increase the estimation accuracy, though it is not used for the partial coherency
estimation, since the technique does not preserve the positive semi-definiteness of the
estimated density matrix required for the matrix inversion. In Figure 3, we show the partial
correlation graph estimated by the backward stepwise selection mentioned in Section 5.

Figures 2 and 3 suggest the following features:

1. The number of hospital admissions (HA) is conditionally independent of SO,
humidity and particulates, while it is conditionally dependent on NO,, Os; and
temperature especially at low frequencies, which suggests a long-range dependence
between HA and the latter pollutant variables. Xia and Tong (2005) used a weighted
average of the past levels of the pollutant variables up to time point L (they took
L = 365) for the explanatory variables. Our observation lends support to the findings
based on their cumulative model.
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Figure 1. Average levels of (a) sulphur dioxide, (b) nitrogen dioxide, (c) respirable suspended
particulates, (d) ozone, (e) temperature, (f) humidity, and (g) total number of daily hospital admissions
of circulatory and respiratory patients, from 1 January 1994 to 31 December 1995, with trends
estimated by 15-day moving averages.
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Figure 3. Estimated partial correlation graph for the detrended time series of Figure 1.

2. Temperature is the most influential of the three variables dependent conditionally on
HA, which reinforces the observation of Xia et al. (2002) that weather has an
important role to play for HA.

3. Humidity shows its strong dependence on NO,, Oz and particulates. Humidity is a
factor which may boost the impact of the pollutants under certain conditions, and is
therefore considered to have an indirect but principal effect for HA.

4. Figure 3 supports the fact that NO, plays an important role in the process of Oj
generation (Dahlhaus 2000: 168).

7. Concluding remarks

This paper proposes the CVLL criterion for sdm model selection for time series. Regarding
a graphical model for time series as an example of sdm models, we provide a consistent
method for graphical modelling by the CVLL criterion. There are interesting extensions of
graphical modelling to the following two cases. One is directed graphs which can detect
causal relationships among variables. Undirected graphs only describe mutual relations
which cannot make clear which variables are the cause and which the effect. The extension
to directed graphical modelling is a challenging problem. The other is nonlinear undirected
graphical modelling. Our approach considers only linear relationships among variables, and
is powerless to detect nonlinear relationships, such as the nonlinear dependency between the
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hospital admissions and the pollutant variables identified by Xia er al (2002). We leave
these interesting extensions of graphical modelling to future studies.

8. Lemmas

We require a number of lemmas. The proofs of Lemmas 1-4 are given by Yajima and
Matsuda (2003, Lemmas 1—4).

Lemma 1. Under Assumptions 1, 3 and 4,
EVaG) W) ~ fur(2y) = O™ log n).

—m/2+1=<j<[n/2]+ m/2,
E(W.(A)Wi(Ar)) = O(n~" log n), —m/2+1<j<sk<[n/2]+m/2, j+k#0,n,

E(W.A)Wi(i) — fap(A;) = O(n™ " log n),
—m24+1<j<k<[n/2]+m/2,j+k=0,n,

E(W.(A)Wy(Ar)) = O(n~ " log n), —m2+1<j<k=<[n/21+m/2,
uniformly in j and k for a, b=1,2, ..., r.
Lemma 2. Under Assumptions 1, 3 and 4,
E(fa(3) = far(A) = O(m*n72),
uniformly in j=1,2,...,[n/2], for a, b=1,2, ..., r.
Lemma 3. Under Assumptions 1, 3 and 4,

o(m™), if i~k =<m,
O(n2log?n),  if [j— k| >m,

cov(fap(y). feahn)) = {
uniformly in j, k=1,2,...,[n/2), fora, b, ¢, d=1,2,...,
Lemma 4. Under Assumptions 1, 3 and 4,
cum(fa,p (). Fan ). - i (350) = O(m' "),
uniformly in 1 < j; <[n/2] forany k=3 and 1 <a;, b;<r,i=1,..., k.
Lemma 5. For an invertible r X r matrix A,

OAPY

_ _APaAﬁq’
0Aup
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forp, q a, p=1,...,r

Proof. The result is derived simply by componentwise calculaton using rule 9 of Liitkepohl

(1991: 471). O
Lemma6. Let U = (Uy, ..., Up)T and V=0, ..., I/q)T be mutually independent random
vectors whose covariance matrices are positive definite. Then the covariance matrix of the
pq-dimensional random vector (U;V;), i=1,..., p, j=1, ..., q, is positive definite.

Proof. The covariance matrix of (U;V;), i=1,...,p, j=1,...,¢q, is the Kronecker
product of the covariance matrices of U and V. Hence the assertion follows from Liitkepohl
(1991, A.11 (6)). O

Let (V, E) be a graphical model for r-dimensional time series with Mg :=
#{(a b)(a, by ¢ E, a < b}, and let (a;, b)), i=1,...,2Mg, and (p;, q;), i=1,
7> —2Mpg, be the elements of the sets {(a, b)|(a b)gé E} and {(p, 9|(p, q)eE}
respectively.

Lemma 7. Let y be a positive definite r X r matrix with the property that y*® =0 for

(a, b)¢ E. Then there exist holomorphic functions Ggp, i=1,...,2Mp on a
neighbourhood of (yp,q,)s j=1,..., r? —2Mp, such that
ydibi:Gaib,(yqu_,sj:19""rz_ZME)a l:1’>2ME (22)

Define the derivatives of Gap, as  hap, pq,(y) = 8Gaibi(y)/8yquj, i=1,...,2Mpg,
j=1,..., 1 —2Mg. Then

AWV H () + B(y) = Oy —20m (23)

where A(y), H(y) and B(y) are 2M g X 2M g, 2M g X (r> —2M ) and 2M g X (r> —2M )
matrices, respectively, given by

A(y) = —y“uybitn, Lj=1,...,2Mp,
H(y) = (ha,-b,,p,-q,(J’))a l: 19 R 2ME9]: 19 R r2 _2M59
B(y) := (—y®%Piydib), i=1,....,2Mpg, j=1,...,r* —2My.

Proof. y satisfies the following 2M g restrictions:
Yyt = 0, i=1,...,2Mg.

The Jacobian for the 2M ¢ equations is, by Lemma 5, |4(y)|. Note that —A4(y) is equal to the
covariance matrix of a random vector c¢:= (X, -Yp,..., X wuy Y baut )T, where
Xgpi=1,...,2Mg) and (Y5, i =1, ...,2Mp) are zero-mean and mutually independent
random vectors with E(X,X,) = y““, B(YyY,) =", for i, j=1,...,2Mg. Let
ai, ..., a;, be the largest subset of ay, ..., app, with distinct elements a;, # a;,, (m # n).
Define b;, ..., biq in the same way. Then the covariance matrices U = (X s - L X ai, )T
and V = (Y, , ..., ¥, )T are positive definite. Noting that ¢ is a subvector of (U; V)
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i=1,...,p,j=1,..., q, and applying Lemma 6 to the U, V, we have | — A(y)| > 0. The
assertion follows from the implicit function theorem. O

Lemma 8. For a positive definite r X r matrix y with the property that y** = 0 for (a, b) ¢ E,
define

X, B a. by y) =Y habpg(3)VagVpp — YabYap-
(p.g)ek

(i) If (a, p) € E, then for (a, b) ¢ E,
x(a, B, a, b, y) = 0.
(i) If (a, p) ¢ E, then for (¢, d) ¢ E,

> xa. B, a, b, y)y“yH + Ieply—a = 0.
(a,b}¢E

Proof. (i) Define the (#> —2Mf) X 1 vector
u(y) = (Vaq, Y p:p)s i=1,..., r2—2ME
and 2My X 1 vector
0(y) = (Yab,Yap)» i=1,...,2Mg.
Multiplying (23) on the right by u(y), we have
A H(y)u(y) + B()u(y) = Orne-
Hence
AY)(H)u(y) — v(y) = =(B()u(y) + A)v(y))
= Ompis
since the ith component of the right-hand side in the first equation is equal to
Sy Pyt > Y yagyp = > P yagyp
(P.9)€E (P.9¢E pg=1
= Ip—g Loy, (24)
=0.
(i1). Let us define the 2M g X 1 vectors
X(a, p) == H(y)u(y) — v(y),

S B) = Upoalas).  i=1,...,2Mp.
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Then from (24),

X(a, By — AW~ J(@, B) = Orpry1-

Multiplying the above expression on the left by the 1 X2Mjy vector (y<iybid),
i=1,...,2Mpg, we obtain the result. Cl

9. Proofs of theorems

Throughout this section, assume that Zﬁ 2_m Wk = 1 without loss of generality.

Proof of Theorem 1. For notational simplicity, put W; = W(4)), 1; = 1(4)), f; = f(4)),
g =8y, f-j;=f-iA)), &j; = &-j(A;). Then

[n/2] [n/2]
CVLL(G) = > (logdet f;+r)+ Y {tr(f;g;") — logdet(f;g;") — r}
J=1 j=1

[n/2]
+ Z{logdet(g,j,jg;') +tr(g:j'.,j - g;‘)fj (25)
=

+ tr(lj — f]) (g:},l — gj_l> + tr(Ij _fj) gj_l }

We will show that each of the last four terms is 0,(n). Then Theorem 1 is proved since the
second term is nKL(f, g) + o(n).

Put D;=(g_;,;— gj)gjfl. Since max;|D;q| = op(n’l/“) for a,b=1,...,r by
Proposition 1 of Matsuda and Yajima (2004),

[n/2]

3 1ogdet(g,,«,,g;1) =Y logdet(D; + E)
J

J=1

J

= 0(2 |tr(D,-)|>

= 0,(n).

In the same way,
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[yi:/j]tr(g},j ) Ztr(g,“ -8 ]])gj lfj)
J= J

= 0,(n).

By Lemma 1, Y-;tr(/; — f))g;' = > tr(1; — E(I)))g; ' + O(log n), and

(/2] : r /2]
E (Z tr(f; — E(Ij))gfl> = > > E(ljw —EUw) (ke — EUkca)) 80 g5
=

a,b,c,d=1 j,k=1

= Z ij,adfj,cbgjmgj/c + O(log n)
a,b,c,d j

= O(n).

Hence ) ;tr(I; — f j)gj p(nl/ 2). Finally, by Proposition 1 of Matsuda and Yajima
(2004),

I

[n/2]
Z <g Jii gfl)‘ = Z m?X|ghi/ g7a|z|]fs“b_ff’”b|
j=1 ’ J

a,b=1

= 0,(n""")0,(n)
= 0,(n).

O

Proof of Theorem 2. Since f; = g; forall j =1, ..., [n/2], the second term of (25) is 0 and
we have

[n/2]

CVLL(G) = Y {logdet f;+ r+tr(/; — f)f;'}

=

+ [nzzm{log det<g—j,jf;1> + tr(g:}’j - fjl)fj} -

=

[n/2]

+ Z tr(1; — f7) (g:.}',.i _ff_'l>'

J=1

First we shall show that the third term is o p(nm"). For simplicity, we give a proof for » = 1
and one-dimensional 6, but the general case is proved in essentially the same way. By
applying Taylor’s expansion,
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&= f'=G6"0. /-G 6 1)
2 i _
RGO, f7) -
= (0= 00) (- — )
i+k:§>30,k>0 00'0y*

8i+k G—l(e*’ y*)

+ ,. 6= 00)'(f-yy = /)"
i+k=3.1=0,k=0 00'0y*
2 ~ . A~
= > Mg 0-60'(f - D
i+k=1,i=0,k=0 i+k=3,i=0,k=0

243

Nie (0 — 00)'(f—j; — f)F,

say, where »* and 0™ are mean values of (fs f, ;) and (6o, é), respectively. Note that Ny ;

is random, while M ; is a constant. It suffices to show that

[n/2]

Z (1; = f7) M10,1(6 — 60) = 0,(nm™"),

=

[n/2]

Z (7; - fj)MOLJ(ffj,j — [ =o0p(nm™"),

=

[n/2]

Z(Ij *fj)Nm,j(flj,j *fj)3 = op(nm’l),

J=1
since these terms dominate the others. First,

[n/2]

(- fj)MIO,j(é —6)| =16 — 6
-

J

> U= f)My
J

= 0,(n'?)0,(n'?) = 0,1,

Next, by Lemmas 1 and 2,

[n/2] [n/2]

S Uj=fIMof(fpg— [ =D U= EUNMoy(fj; — E(f- ;) + Op(m*n?),

=1 =1

and by Theorem 2.3.2 of Brillinger (1981),
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[n/2] ) ) ?
E{ > U= EU)Mo (/- — E(f __,-,_,-))}
=

[n/2] m/2
= § E Moy j, Moy j, Wi, Wi,
Jus2=1 ki,ka=—m/2,ky, k270

X E{(Ijl - E([jl ))([jz - E([jz))(1j1+k1 - E([j1+k1 ))(Ij2+kz - E(]szrkz))}

= E g Moy j Moy j,wi,wi, {eum(Z;,, 1) eum(Z; 5,5 1j,44,)
Jisj2 ki,ka#0

+cum(/;,, 1 youm(d;,, 1,0 p,) +cum(l;, 1, ) )oum(d,, 14 x)
+eum(Z;,, 1, Ljiiys Ljpiin)}
= O(m_znm) + O(m_znzmz(log n)4n_4) + O(m_znm) + O(m_znm) = O(nm_l),
where Lemma 1 is used in the last equality. It follows that

Z:([j _fj)MOI,j(f_j,j —f)= Op(nl/zmﬂ/z) n OP(mzn’z’/z)

= op(nm_l).

Finally, by Proposition 1 of Matsuda and Yajima (2004),

[n/2] A 1/2 A 1/2
> U= f)Nosj(f-jj — fj)3‘ < mj?lX|No3,j| {Z(Ij - fj)z} {Z(fj,j - fj)é}
Jj=1 J J

_ {Op(n)}l/z{op(nn_3/2)}1/2 _ op(nl/4).

Put 6, =(g_;, — fj)fjfl. Then the second term of (26) is
[n/2]
> logdet(d; + E) — tr{6,(0, + £)'}

j=1
= tr(éj — %6?) —tr(0E —0)) + 0(2 Ir;a})XIéiaA)
j i
Z tr(é?) +o, (n1/4).

J

N —

By Taylor’s expansion,
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[n/2]

> (6%

=

)
~
N
<

0;,ab0 j,ba
1 ab=1

~.
Il

2

n

~
~

Iz

D (& jsaer = fraer) (&—rjver = Fiper) S5 15

1 ab=1 e),er=1

8Gael 0 i 8Gae1 0 ’
3 Z(M(e 6o) + Z %f’)(ff Jap fm/”)
J ab ene wp=1 v

~.
Il

9Gpe, (G0, 1)) OGhe, (60, 1) b pese
X (%(9 6) + Z %(/{ﬁjw fj}’v)> bf.

yv=1

+ 0<Z max|f_a — £ |3>
 a
B Z Z Z Z Z Raer () bes v () (f_,,aﬁ f]aﬁ) (ffuyv f]VV)felbfeza

a,b enex a,ff YV

+ op(n1/4)

=320 3 205 heass s 1D (s = ECF s

ab enex aff YV

X ( Afj,j,yv _ E(ffj,j,yv))fjlbfjw + Op(m2 n—3/2) +o (n1/4)

where the fourth and fifth equalities follow from Proposition 1 of Matsuda and Yajima (2004)
and Lemmas 1, 2, respectively. Let us define

Hapyr()) = Z Z haer ap (S ) hoern (NS5 15,

a,b=1 ej,er=1

Yapj = S -sjap — BC ~jjap)-

We shall prove that
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[n/2] r C. [T r
E(Z Z ﬂaﬁyv(&j))’aﬁ,j}’yv,j) = ! uJ Z ﬂaﬁyv(/l)fav(/l)fyﬁ(l)dl

m2m

j=1 ap,yv=1 0 aByv=I1
+ o(nm™ 1), (27)
[n/2] r
var( > Y e Vap vy | = O(nm™) (28)
j=1 apyy=1
and thus complete the proof of Theorem 2.
By Lemma 1,
m/2
E(Yap,jyyv.) = Z wiw{E(ag jiLyv 1) — B o ju ) EU v ji 1) }
k,l=—m/2,k,I0
m/2
= > iSalyen+ O((mm)logn)
k=—m/2,k#0

B <Z W%‘>f aifyp.j + O(mn=?) + O((nm)~'log n).
k

The last equality is given by Taylor’s expansion. It follows from Exercise 1.7.14 of Brillinger
(1981) that the left-hand side of (27) is

C, _
D D Happ )~ fanif s+ Olmn™")

afyv

Cu [ )
= J > tapp ) farP) fyp2)dA + o(nm ™).

m 27 Jo apyv

We can put tgy,,(4;) = 1 without loss of generality. By Lemmas 3 and 4, the left-hand side
of (28) is evaluated as

var (Z )@zﬁ,j)’yv,j) = cov (Z Yap,jVyv.j» Z )_/aﬁ,kyyv,k)
/ J k

J

= Z{Cum(yaﬁ,ja Yyvjs yaﬁ,ka yyv,k)
Ik

+ Cum(yaﬂ,_ja yaﬂ,k)cum(y;/v,ja yyv,k) + Cum(yaﬂ,ja yyv,k)cum(yaﬁ,ka yyv,j)}
= O0(n*m™) + Z(O(nmmfz) + O(n*(log n)zn’z)) = O(nm™),

which proves (28). O
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Proof of Theorem 3. We derive the AMISE of the graph (V, E) for a time series

{Xta»a=1,..., r} applying (7).
Since hap.ca( f(A)) =0 for (a, b) ¢ E, (¢, d) ¢ E (see (22)), and

D haerap(FONS P R) = Lamatape e D) + D Taepgrhae.ap(SONS ),
er=1 e1=1

the integrand of AMISE(G) is

S0 DD D frpR)

(a.p)EE (y.v)EE

YD D hean (SO Q) fur D) frpR)

(P)EE (yIEE (b))t E

F 30 T YT b s (FONS TS ) D) SR

(YEE (af)EE (aen)EE

30 Y D D haeap(f O oo, (SO PRV ) forrR) fyp(A)

(wP)E (yIEE (ae)EE (ber)EE

=) + 12(4) + 13(A) + n4(A),

say. Then

mA)y=r—aMe+ > DL D D) fypA).
(PRE(yEE

By Lemma 8(i),

mA =Y > PO D) faerD) frpR)

(w.BEE (ber)t E

=2Mp— > > PO D e DS R
(PWEE (b))t E

In the same way,

A =2Mp— > > LTDS DB fye, D).

(Y VEE (a,e))EE

By Lemma 8(i) and (ii),
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A= DY hep(SONSPA R Y e ap(SON SR fypR)

(a,e)EE(b,e)t E (v:v)EE (w.pEE

= Y DS Mg (fONfar D) fre ()

(a,e1)fE(b,ex)t E (yWw)eE

= Z fEIb(/l)feza(l)(faez(i)fbel(’1) + x(aa €1, b’ €2, f(/l)))

(a,e)EE(b,e)t E

= > [PV D e W f e W)= Y]

(a,e) ) E(b,e)t E (a,e)¢ E

= > [D D) aes () fre, () — 2M g,
(a,e1)tE(b,e2)t E

which completes the proof. O
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