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2Université Paris VI, LSTA, Boı̂te 158, 4 Place Jussieu, 75252 Paris Cedex 05, France

In extreme-value analysis, a central topic is the adaptive estimation of the extreme-value index ª.

Hitherto, most of the attention in this area has been devoted to the case ª . 0, that is, when F is a

regularly varying function with index �1=ª. In addition to the well-known Hill estimator, many other

estimators are currently available. Among the most important are the kernel-type estimators and the

weighted least-squares slope estimators based on the Pareto quantile plot or the Zipf plot, as reviewed

by Csörgő and Viharos. Using an exponential regression model (ERM) for spacings between

successive extreme order statistics, both Beirlant et al. and Feuerverger and Hall introduced bias-

reduced estimators.

For the case where ª is real, Hill’s estimator has been generalized to a moment-type estimator by

Dekkers et al. Alternatively, Beirlant et al. introduced a Hill-type estimator that is based on the

generalized quantile plot. Another popular estimation method follows from maximum likelihood

estimation applied to the generalizations of the Pareto distribution. In the present paper, slope

estimators for ª . 0 are generalized to the case where ª is real-valued. This is accomplished by

replacing the Zipf plot by a generalized quantile plot. We make an asymptotic comparison of our

estimator with the moment estimator and with the maximum likelihood estimator. A case study

illustrates our findings. Finally, we offer a regression model that generalizes the ERM in that it allows

the construction of bias-reduced estimators. Moreover, the model provides an adaptive selection rule

for the number of extremes needed in several of the existing estimators.
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1. Introduction

Let X 1, X2, . . . , X n be a sequence of independent and identically distributed random

variables with distribution function F and tail quantile function U (x) ¼ inffy; F(y) >

1� 1=xg. We denote the order statistics by X1,n < . . . < X n,n. In this paper, the statistical

model is given by the maximum domain of attraction condition that governs extreme-value

theory: suppose that there exist some ª 2 R and sequences of constants (an; an . 0) and

(bn), such that

lim
n!1

P
X n,n � bn

an

< x

� �
¼ Gª(x) for all x, (1)

with Gª(x) ¼ exp(�(1þ ªx)�1=ª).
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The main aim of this paper is to discuss the problem of estimating the extreme-value

index ª under this model. This tail index is known to be the crucial indicator for the decay

of the tail of the distribution: distributions with finite endpoint have ª , 0, exponentially

decreasing tails occur when ª ¼ 0, while ª . 0 leads to polynomially decreasing Pareto-

type tails. The extreme-value index ª should not be confused with the extremal index from

stationary time series, which characterizes the change in the distribution of the sample

maxima due to dependence in the series.

Most research in extreme-value theory concentrates on the heavy-tailed distributions

where ª . 0. An excellent overview of the relevant literature can be found in Csörgő and

Viharos (1998). When ª is strictly positive, it follows from (1) that X is a Pareto-type

variable, that is,

F(tx)

F(x)
! t�1=ª as x!1, for all t . 0:

The latter condition is equivalent to the regular variation of the tail function U (x) ¼
Q(1� 1=x) with Q the quantile function of F:

U (x) ¼ xªL(x), (2)

where L is a slowly varying function, that is, L satisfies the condition L(tx)=L(x)! 1 as

x!1 for all t . 0. For this regular variation model, Hill (1975) first proposed the estimator

H k,n ¼
1

k

Xk

j¼1

log X n� jþ1,n � log X n�k,n

of ª. For theoretical asymptotic reasons, we consider intermediate sequences k ¼ k n of

positive integers (1 < k , n) satisfying

k !1,
k

n
! 0 as n!1:

If L is constant, that is, X has a Pareto distribution, a Pareto quantile plot or a Zipf plot

log
nþ 1

j

� �
, log X n� jþ1,n

� �
, j ¼ 1, . . . , n, (3)

is nearly linear, with its slope approximately equal to ª. If L is not constant, the Pareto

quantile plot exhibits this feature only for smaller values of j. Hence, for ª . 0, a wide

variety of estimators of ª emerges from different regression fits to Pareto quantile plots.

Beirlant et al. (1996a) pointed out that a constrained weighted least-squares fit to an upper

part of the Pareto quantile plot (3) leads to the class of kernel estimators

ª̂ªþ,K
k,n ¼

Pk
j¼1 jk�1 K( jk�1)[log X n� jþ1,n � log X n� j,n]

k�1
Pk

j¼1 K( jk�1)

with a kernel K integrating to 1. For example, Hill’s estimator is obtained for K ¼ I (0,1].

Kratz and Resnick (1996) and Schultze and Steinebach (1996) introduced the Zipf estimator,

an unconstrained least-squares estimator based on (3):
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ª̂ªþ,Z
k,n ¼

Pk
j¼1 log( j�1(k þ 1))log X n� jþ1,n � k�1

Pk
j¼1 log( j�1(k þ 1))

Pk
j¼1 log X n� jþ1,nPk

j¼1 log2( j�1(k þ 1))� k�1
Pk

j¼1 log( j�1(k þ 1))
� �2

:

Due to the asymptotic nature of the definition of the Pareto-type model, any estimator of ª
will contain quantities whose selection plays a crucial role in the successful application of the

estimator. Adaptive selection rules for the number of extremes k to be used in the estimation

procedures have been proposed in Beirlant et al. (1996a), Resnick and Stărică (1997), Drees

and Kaufmann (1998), Drees et al. (2000) and Danielsson et al. (2001). The choice of k is

important: Hill plots f(k, H k,n) : 1 < k , ng often exhibit strong trends, so guidelines for

the choice of k are most helpful. Moreover, the lack of smoothness of these plots results in

different estimates for neighbouring values of k. The minimization of the mean squared error

of the estimator has been a paradigm in most publications: due to the asymptotic nature of

the nuisance part of the model, the bias diminishes with decreasing k, while the variance

decreases with increasing k.

However, next to the choice of k, another crucial problem is the appearance of substantial

bias. In the Hall (1982) model given by

L(x) ¼ M1(1þ M2x��f1þ o(1)g), (4)

this problem appears when � . 0 is small. In this model M1 . 0 and M2 2 R. In Beirlant et

al. (1999) and Feuerverger and Hall (1999), the introduction of such a second-order slow-

variation condition leads to nonlinear regression fits on the upper part of a Pareto quantile

plot. With this approach, the bias can be reduced. Moreover, an adaptive estimation procedure

for the proper choice of k can be constructed. See Beirlant et al. (2002).

The estimation of the more general case where ª 2 R has been studied less extensively.

There are two main classes of solutions that result from different formulations of the model

and that are equivalent to (1).

The first is the peaks over threshold method (see, for instance, Smith 1987; 1989;

Davison and Smith 1990). This method is based on results given by Balkema and de Haan

(1974) and Pickands (1975) that state that the limit distribution of the exceedances over a

threshold u is a generalized Pareto distribution when u!1. The fit of the generalized

Pareto distribution over a high threshold can, therefore, be performed by a number of

alternative procedures: maximum likelihood (Smith 1987), probability-weighted moments

(Hosking et al. 1985), Bayesian analysis methods (see Coles and Powell 1996), or a

percentile method given by Castillo and Hadi (1997). Most of these estimating methods are

only valid if additional restrictions are placed on the value of ª.

The second procedure is based on the use of k upper order statistics. The method is

motivated by the following asymptotic relation which is equivalent to (1): there exists a

positive function a such that, for all t . 0,

lim
x!1

U (tx)� U (x)

a(x)
¼ log t ª ¼ 0,

ª�1(tª � 1) ª 6¼ 0:

�
(5)

Assuming U (1) . 0, condition (5) implies (see, for instance, Dekkers et al. 1989)
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lim
x!1

log U (tx)� log U (x)

a(x)=U (x)
¼ log t ª > 0,

ª�1(tª � 1) ª , 0:

�
(6)

Based on (6), Dekkers et al. (1989) proposed the moment estimator that can be considered to

be an adaptation of the Hill estimator to the case where ª 2 R:

ª̂ªM
k :¼ ª̂ªM

k,n ¼ H k,n þ 1� 1

2
1�

H2
k,n

Sk,n

 !�1

,

where in turn

Sk,n ¼
1

k

Xk

j¼1

(log X n� jþ1,n � log X n�k,n)2:

Also based on (6), Beirlant et al. (1996b) proposed an estimator of ª 2 R using the slope on

a generalized quantile plot. This method puts the Pareto quantile plot in a more general

setting. To construct such a plot, observe that, under (6), UH is regularly varying at infinity

with index ª where H(x) ¼ E[log X � log U (x)jX . U (x)], i.e.

UH (x) ¼ U (x)H(x) ¼ xªL(x), (7)

with L again a function slowly varying at infinity. Introduce

UH j,n ¼ X n� j,n j�1
Xj

i¼1

log X n�iþ1,n � log X n� j,n

 !

as an empirical substitute for UH((nþ 1)= j). It can then be seen that for small j the

generalized quantile plot

log
nþ 1

j

� �
, log UH j,n

� �
, j ¼ 1, . . . , n, (8)

becomes ultimately linear.

For ª . 0, one can construct regression-based estimators of ª 2 R. Among them, the

generalized Hill estimator

ª̂ªH
k,n ¼

1

k

Xk

j¼1

log UH j,n � log UH kþ1,n,

is the simplest. Formal replacement of X n� jþ1,n by UH j,n leads to kernel estimators ª̂ªK
k,n that

generalize the Pareto index estimators ª̂ªþ,K
k,n as shown in Beirlant et al. (1996a). Different

generalizations of the kernel estimators ª̂ªþ,K
k,n can be found in Groeneboom et al. (2003).

The estimators ª̂ªM
k,n, ª̂ªH

k,n as well as the kernel estimators are all based on the logarithms

of the observed data, hence they are not shift-invariant. In an attempt to apply these

estimators to negative observations, one needs to shift the observations to positive values.

But this operation has its influence on the estimates. Furthermore, taking logarithms often

introduces further bias. As shown by Drees (1998), this new bias might even dominate the

bias of shift-invariant estimators. We will take this up in Section 2.
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In Section 2 we study the generalized unconstrained least-squares estimator for the case

where ª 2 R:

ª̂ªZ
k,n ¼

Pk
j¼1 log ( j�1(k þ 1))log UH j,n � k�1

Pk
j¼1 log( j�1(k þ 1))

Pk
j¼1 log UH j,nPk

j¼1 log2( j�1(k þ 1))� k�1
Pk

j¼1 log( j�1(k þ 1))
� �2

:

Because

1

k

Xk

j¼1

log2 k þ 1

j
� 1

k

Xk

j¼1

log
k þ 1

j

 !2

� 1 as k !1 and
k

n
! 0,

the above estimator can be approximated by

1

k

Xk

j¼1

log
k þ 1

j
� 1

k

Xk

i¼1

log
k þ 1

i

 !
log UH j,n:

Remark 1. Following Csörgő and Viharos (1998), we can generalize ª̂ªZ
k,n to a class of

weighted estimators Pk
j¼1[
Ð j=k

j�1
J (s)ds]log UH j,nPk

j¼1[
Ð j=k

j�1
J (s)ds]log (k= j)

with a weight function J integrating to 0, such as JŁ(s) ¼ ((1þ Ł)=Ł)(1� (1þ Ł)sŁ),

s 2 [0, 1] with Ł . 0. The estimator ª̂ªZ
k,n is then retrieved for Ł#0, leading to the Zipf weight

function JŁ(s) ¼ �log(s)� 1. This potential extension will not be pursued further.

Remark 2. The new estimator ª̂ªZ
k,n can, of course, be used for the estimation of extreme tail

probabilities and extreme quantiles. Using the general technique presented, for instance, in

Dekkers et al. (1989), we obtain:

ÛU (1=p) ¼ Q̂Q(1� p) ¼ X n�k,n þ âa(n=k)
(k=np)ª̂ª

Z
k, n � 1

ª̂ªZ
k,n

, for some p 2 (0, 1=n],

and

�̂FF�FF(x) ¼ k

n
max 0, 1þ ª̂ªZ

k,n

x� X n�k,n

âa(n=k)

� ��1=ª̂ªZ
k, n

( )
, for some x > X n�k,n,

where

âa(n=k) ¼ X n�k,n H k,n max(1� ª̂ªZ
k,n, 1):

With the help of the asymptotic results obtained in Section 2, asymptotic results for the above

estimators can be developed by analogy with the results given, for instance, in de Haan and

Rootzén (1993), Ferreira et al. (2003) and Ferreira (2002).
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In the next section, we give a detailed theoretical asymptotic comparison of the

estimators, together with a practical example from insurance. The approach in Beirlant et

al. (1999) and Feuerverger and Hall (1999) is then extended to the case of a real-valued ª.

Starting from the generalized quantile plot, we investigate the induced regression problem in

more detail. In Section 3 we derive the regression model that leads to bias-reduced

estimators of ª. Furthermore, estimates for the bias of the four estimators considered in

Section 2 are derived. The latter are obtained through estimation of the parameters of the

regression model. A major result of this is a diagnostic selection procedure for the number

of extremes k needed in the estimators. Proofs and technical results are deferred to

Appendix B.

2. Asymptotic results and comparisons

In this section, we derive the basic asymptotic results for the estimators ª̂ªH
k,n and ª̂ªZ

k,n that

are based on the generalized quantile plot (8). We discuss the asymptotic bias in detail and

compare the asymptotic mean squared errors of these estimators with those of the maximum

likelihood and moment estimators at their respective asymptotic optimal k-values.

To control the asymptotic bias resulting from the slowly varying parts of the models, one

needs a second-order condition on the tail quantile function U. From the theory of

generalized regular variation of second order outlined in de Haan and Stadtmüller (1996),

one assumes the existence of a positive function a and a second ultimately positive

auxiliary function a2 with a2(x)! 0 when x!1, such that the limit

lim
x!1

1

a2(x)

U (ux)� U (x)

a(x)
� hª(u)

� �
¼ k(u) (9)

exists on (0, 1).

It follows that there exists a real constant c and a value r , 0 for which the auxiliary

function a satisfies

lim
x!1

a�1
2 (x)

a(ux)

a(x)
� uª

� �
¼ cuªhr(u), (10)

with hr(u) ¼
Ð u

1
zr�1dz. The function k that appears in (9) admits the representation

k(u) ¼ c

ðu

1

tª�1 hr(t)dt þ Ahªþr(u), (11)

where A 2 R. We denote the class of generalized second-order regularly varying functions U

(satisfying (9)–(11)) by GRV2(ª, r; a(x), a2(x); c, A).

We restrict ourselves to the case where r , 0. In this case, a clever choice of the

auxiliary function a2 results in a simplification of the limit function k when c ¼ 0.

In Appendix A, we give an overview of possible forms of GRV2 functions and the

corresponding representations for U and log U as given in Vanroelen (2003). From this list

it follows that the second-order rate for log U in (9) is worse than for U when r , ª , 0

and in some cases when 0 , ª , �r. In such cases, the asymptotic relative efficiency for
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estimators based on log-transformed data compared to shift-invariant estimators (such as the

maximum likelihood estimator) reduces to 0, the proviso that all estimators are based on the

optimal number of order statistics.

When 0 , ª , �r, the above rate problem for log U is due to the appearance of the

constant D in the characterization of U for that case. Indeed, U is then given by

U (x) ¼ ‘þxª
1

ª
þ Dx�ª þ A

ªþ r
a2(x)(1þ o(1))

� �
:

When D ¼ 0, the original a2-rate is kept for log U. This is not so when D 6¼ 0, in which case

a2 is replaced by a regularly varying function with index �ª. Within the Hall class (4) of

Pareto-type distributions, the case D 6¼ 0 occurs when � ¼ ª. Examples are the Fisher F and

the generalized extreme-value distributions.

In the statement of our results, we use the following notation:

b(x) ¼

Ar[rþ ª(1� r)]

(ªþ r)(1� r)
a2(x) if 0 , �r , ª or if 0 , ª , �r with D ¼ 0,

� ª3

(1þ ª)
x�ªL2(x) if ª ¼ �r,

� ª3 D

(1þ ª)
x�ª if 0 , ª , �r with D 6¼ 0,

1

log2(x)
if ª ¼ 0,

Ar(1� ª)

(1� ª� r)
a2(x) if ª , r,

� ª

1� 2ª

‘þ
U (1)

xª if r , ª , 0,

ª

1� 2ª
A(1� ª)� ‘þ

U (1)

� �
xª if ª ¼ r,

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

and

~rr� ¼

�ª if 0 , ª , �r with D 6¼ 0,

r if 0 , �r < ª or if 0 , ª , �r with D ¼ 0,

0 if ª ¼ 0,

r if ª , r,

ª if r < ª , 0:

8>>>><
>>>>:

We assume here that k ¼ k n is an intermediate sequence, that is, k n !1 and k n=n! 0, as

n!1. Our main asymptotic result is as follows.

Theorem 1. Suppose that
ffiffiffi
k
p

b(n=k)! º 2 R. Thenffiffiffi
k
p

(ª̂ªH
k,n � ª)! d N (�H, � 2

H)
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and ffiffiffi
k
p

(ª̂ªZ
k,n � ª)! d N (�Z, � 2

Z),

where

� 2
H ¼

1þ ª2 if ª > 0,

(1� ª)(1þ ªþ 2ª2)

(1� 2ª)
if ª , 0,

8><
>:

� 2
Z ¼

2[1þ ª2 þ ª] if ª > 0,

2(1� ª)[1þ 2ªþ ª2 � 2ª3]

(1� 2ª)(1� ª)
if ª , 0,

8><
>:

�H ¼
º

1� ~rr

and

�Z ¼
º

(1� ~rr)2
:

The asymptotic variance and bias of the estimators ª̂ªH
k,n and ª̂ªZ

k,n can be derived using the

following asymptotic representations for log UH j,n, j ¼ 1, . . . , k, as k, n!1, k=n! 0:

log UH j,n ¼

ª log U�1
kþ1,n þ log(‘þ(k= j)ª)þ 1ffiffiffi

k
p Z0,k,n( j=k)

j=k
þ ~rr�1b

n

k

� � j

k

� �j~rrj( )
(1þ o p(1))

if ª . 0,

log ‘þ þ
1ffiffiffi
k
p

P
(2)
k,n( j=k)

j=k
� log

n

j

� ��1
( )

(1þ o p(1))

if ª ¼ 0,

log
‘þ

1� ª
(nk)ª

� �
þ log(k= j)ª þ (1� ª)

1ffiffiffi
k
p Zª,k,n( j=k)

( j=k)1�ª þ ~rr�1b
n

k

� � j

k

� �j~rrj( )
(1þ o p(1))

if ª , 0:

8>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>:

(12)

Here, U1,n < . . . < Un,n denote the order statistics from a random sample of size n from the

uniform (0,1) distribution. Further,
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P
(2)
k,n( j=k) ¼

ffiffiffi
k
p j

k

� �
1

j

Xj

i¼1

log
U jþ1,n

Ui,n

� �
� 1

( )
, j ¼ 1, . . . , k,

which can be asymptotically represented by
Ð t

0
(W (s)=s)ds� W (t) with W denoting a Wiener

process. Moreover, fZ0,k,n(t); t 2 (0, 1)g and fZª,k,n(t); t 2 (0, 1)g are stochastic processes

that are asymptotically represented by the Gaussian processesð t

0

W (s)

s
dsþ (ª� 1)W (t)� ªtW (1) ¼: W (0)(t)� ªtW (1), ª > 0

and

W (ª)(t) ¼
ð t

0

W (s)

s1þª ds� t�ªW (t), ª , 0,

respectively, with covariances given by

cov(W (0)(s), W (0)(t)) ¼ s[1þ ª2 þ ª log(t=s)],

cov(W (ª)(s), W (ª)(t)) ¼ s1�ª

(1� ª)(1� 2ª)
[2s�ª � t�ª(1þ ª)(1� 2ª)],

with 0 < s < t < 1.

The above expressions lead to the asymptotic mean squared errors of the different

estimators as given in Appendix C. If ª . 0, the estimator ª̂ªH
k,n and the moment estimator

ª̂ªM
k,n have the same asymptotic mean squared error (AMSE). In Appendix E, the minimal

AMSE values of the different estimators are given as a function of k (under the assumption

that the slowly varying parts of a2 and L2 are equivalent to a constant). To facilitate the

comparison of these minimal AMSE values, Figure 1 provides plots with contour lines for

the ratios of AMSE(ª̂ªZ
kopt,n

) to the minimum values of the other estimators together with an

indication of the (ª, r) area, taken from (�2, 2) 3 (�2, 0), where the Zipf-type estimator is

best.

In Figure 1(a)–(c), we compare the Zipf and Hill-type estimators. For small values of ª
and r, the Zipf approach is better. When 0 , ª , �r (whence ~rr ¼ �ª), the Zipf estimator

performs better when ª , 0:22. When ª , 0, the AMSE ratio is less than 1 over the whole

(ª, r) area. In Figure 1(d) the Zipf and moment estimators are considered for ª , 0. The

AMSE fraction is here always in favour of the Zipf estimator. Finally, in Figure 1(e)–(f) we

show the ratios with respect to the maximum likelihood estimator. When ª . 0, the

comparison does not hold if D 6¼ 0 (Figure 1(e)) since then the maximum likelihood

estimator always performs better.

An interesting feature of the Zipf estimator is the smoothness of the realizations as a

function of k, which alleviates to some extent the problem of choosing k. This is illustrated

in Figure 2 for an insurance example. In reinsurance, protection against extreme claims is

regularly sought through an excess-of-loss reinsurance contract, where the reinsurance

company pays the amount X � R if X . R, where R denotes a preset priority level. The

example combines 252 claims from a single line of business. All of the claims were for a

minimum of A1.1 million and were submitted between 1988 and 2000. They were gathered
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Figure 1. Contour lines of AMSE(ª̂ªZ

kopt,n
)=AMSE(ª̂ªH

kopt,n
) for (a) ª . 0 and D ¼ 0, (b) ª . 0 and

D 6¼ 0, (c) ª , 0; (d) AMSE(ª̂ªZ
kopt,n

)=AMSE(ª̂ªM
kopt,n

) for ª , 0; AMSE(ª̂ªZ
kopt,n

)=AMSE(ª̂ªML
kopt,n

) for (e)

ª . 0 and D ¼ 0, (f) ª , 0. The shaded areas (if available) show the (ª, r)-areas where ª̂ªZ
kopt,n

is the

best (except in cases where the Zipf estimator is always best).

958 J. Beirlant, G. Dierckx and A. Guillou



from different companies. Figure 2 offers the Zipf and generalized quantile plot for these

data. Figure 3 compares four estimators of the index. Note that the generalized Zipf

estimator is extremely stable from k ¼ 50 up to the end.

The authors also performed a simulation study. The results are available from the authors.
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Figure 2. (a) Zipf quantile plot; (b) generalized quantile plot for the insurance data set (n ¼ 252).
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Figure 3. ª̂ªM
k,n (long dashes), ª̂ªH

k,n (dotted line), ª̂ªZ
k,n (solid line) and ª̂ªML

k,n (dashed-dotted line) as a

function of k for the insurance data set (n ¼ 252).
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In most cases the finite-sample comparisons of the estimators are in line with the

asymptotic analyses: ª̂ªZ
k,n performs best when jrj is small.

3. Regression based on the generalized quantile plot and
adaptive threshold selection

In this section, we first construct a regression representation for the tail of a generalized

quantile plot (8). Given a value of k, we discuss the regression problem through the points

log
nþ 1

j

� �
, log UH j,n

� �
, j ¼ 1, . . . , k: (13)

The main goal is twofold. Once we have such a representation, we can construct other

estimators of ª whose bias is reduced compared to, for instance, ª̂ªH
k,n. This is particularly the

case when the limit in (5) is attained at a slow rate. More importantly, we can estimate the

bias of a variety of estimators such as those considered in the preceding section. This in turn

allows us to construct diagnostics for threshold selection.

From (12) we derive for ª 6¼ 0 that

Z j :¼ ( jþ 1)log
UH j,n

UH jþ1,n

¼ ªþ b(n=k)
j

k

� ��~rr !
þ � j, 1 < j < k � 1, (14)

where � j are considered as zero-centred error terms.

This representation provides a direct generalization of the regression model for

j log(X n� jþ1,n=X n� j,n) as studied in Feuerverger and Hall (1999) and Beirlant et al.

(1999; 2002). If we ignore the term b(n=k) in (14), we retrieve the Hill-type estimator ª̂ªH
k,n.

By using a least-squares approach, the representation (14) can be further exploited to

propose an estimator for ª in which ~rr is replaced by an estimator ~̂rr~rr. We follow the same

procedure as in Beirlant et al. (2002). For º 2 (0, 1), the estimator

~̂rr~rrk,º,n ¼ �
1

log º
log

ª̂ªH
bº2 kc,n � ª̂ªH

bºkc,n

ª̂ªH
bºkc,n � ª̂ªH

k,n

offers a proper consistent estimator if k is chosen such that
ffiffiffi
k
p

b(n=k)!1 (however, with a

slow rate of convergence). For practical diagnostic purposes, it might be sufficient to replace

~rr by a canonical choice such as �1.

The least-squares estimators of ª and b(n=k) are then given by

ª̂ªLS,k ¼ Z k � b̂bLS,k( ~̂rr~rr)=(1� ~̂rr~rr),

b̂bLS,k( ~̂rr~rr) ¼ (1� ~̂rr~rr)2(1� 2 ~̂rr~rr)

~̂rr~rr2

1

k

Xk

j¼1

j

k

� �� ~̂rr~rr
� 1

1� ~̂rr~rr

 !
Z j:
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Here we have approximated 1
k

Pk
j¼1( j

k
)� ~̂rr~rr by 1=(1� ~̂rr~rr) and 1

k

Pk
j¼1(( j

k
)� ~̂rr~rr � 1

1� ~̂rr~rrÞ
2

by
~̂rr~rr2

(1� ~̂rr~rr)2(1�2 ~̂rr~rr)
.

We propose an adaptive estimation procedure for kopt that is based on the above

estimators. The values of kopt for the different estimators are given in Appendix D. For

brevity, we only specify the results concerning ª̂ªH
k,n for ª . 0. It is clear that a similar

procedure can be applied without any problem to the other estimators.

From Appendix C, one finds the optimal value of k that minimizes the AMSE of the

simple estimator ª̂ªH
k,n:

kH
n,opt � n (1� ~rr)2(1þ ª2)


 �1=(1�2~rr)
s 

1

n

� �� ��1

: (15)

Here s is the inverse function of the decreasing function s and satisfies b2(t) ¼
(1þ o(1))

Ð1
t

s(u)du. Note that this expression requires a third-order condition on the tail of

the underlying distribution. In the special case where the slowly varying parts of a2 and L2

are asymptotically constant, we obtain

kH
n,opt � [b(n)]�2=(1�2~rr) (1þ ª2)(1� ~rr)2

�2~rr

� �1=(1�2~rr)

� b
n

k0

� �� ��2=(1�2~rr)

k0
�2~rr=(1�2~rr) (1þ ª2)(1� ~rr)2

�2~rr

� �1=(1�2~rr)

(16)

for any secondary value k0 2 f1, . . . , ng. Continuing along the same lines, we can replace

the quantities b(n=k0), ~rr, and ª in (16) by consistent estimators. For example, we can use the

least-squares estimators of ª and b(n=k0) of the regression model (14). For each value of k0

we obtain an estimator of kH
n,opt such as

k̂kH
n,k0
¼ [b̂b2

LS,k0
( ~̂rr~rr)]�1=(1�2 ~̂rr~rr) k0

�2 ~̂rr~rr=(1�2 ~̂rr~rr)
(1þ ª̂ª2

LS,k0
( ~̂rr~rr))(1� ~̂rr~rr)2

�2 ~̂rr~rr

 !1=(1�2 ~̂rr~rr)

:

Theorem 2. As k0,n!1, k0=n! 0 and
ffiffiffiffiffi
k0

p
b(n=k0)!1 and if, in the estimation

procedure, we substitute for ~rr a consistent estimator ~̂rr~rr such that ~̂rr~rr� ~rr ¼ oP(1=log k0), then

k̂kH
n,k0

kH
n,opt

! p1:

In Fraga Alves et al. (2003), estimators ~̂rr~rr can be found that satisfyffiffiffiffiffi
k0

p
b

n

k0

� �
( ~̂rr~rr� ~rr) ¼ OP(1):

In this expression it is necessary that
ffiffiffiffiffi
k0

p
b(n=k0)!1 and

ffiffiffiffiffi
k0

p
b2(n=k0)! c finite, which

induces a stronger higher-order condition than given in (9). Consequently, ~̂rr~rr� ~rr ¼
oP(1=log k0) follows if

ffiffiffiffiffi
k0

p
b(n=k0)=log k0 !1 as k0 !1.

Theorem 2 relies on the following asymptotic expansion, which follows from (12):
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b̂bLS,k0
( ~̂rr~rr) ¼ b

n

k0

� �
þ N k0,nffiffiffiffiffi

k0

p þ o p b
n

k0

� �� �
: (17)

Here Nk0,n denotes a sequence of random variables that, for k0, n!1 and k0=n! 0, is

asymptotically normal with mean 0 and finite variance depending on ~rr and ª. For such a

procedure in the case ª . 0, see Theorem 4 in Beirlant et al. (2002).

Of course, the above approach suffers from the practical drawback that, in order to obtain

a consistent estimator, one needs to identify the k0-region for which
ffiffiffiffiffi
k0

p
b(n=k0)!1.

However, when
ffiffiffiffiffi
k0

p
b(n=k0)! c for some c 2 R, (17) suggests that k̂kH

n,k0
=kH

n,opt

asymptotically behaves as a realization from a normal distribution centred at 1.

Consequently, graphs of log k̂kH
n,k0

as a function of k0 are rather stable except for the k0-

regions where
ffiffiffiffiffi
k0

p
b(n=k0)! 0.

Figure 4 illustrates this for the insurance example. We plot logĥhH
n,k0

against k0 for k0

between 3 and n, with ~̂rr~rr replaced by �1. Notice how the graph in Figure 4 is stable for k

between 150 and n. Using the median value log k̂kH
n,med of the estimates, we obtain

k̂kH
n,med ¼ k̂kM

n,med ¼ 121, k̂kZ
n,med ¼ 263 and k̂kML

n,med ¼ 91. Also note that, in the case of the

generalized Zipf estimator, the k-value is larger than the sample size n, which means that in

practice we take n. This should not be surprising in view of the stability of this estimator in

Figure 3.

Finally, we refer to Draisma et al. (1999) and Groeneboom et al. (2003) for other

adaptive selection procedures when estimating a real-valued extreme-value index.

� �� ��� ��� ��� ���

�
�

�
�

�
��

��

Figure 4. log k̂kH
n,k0

as a function of k0 for k0 between 3 and n for the insurance data set.
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Appendix A: Overview of all possible kinds of GRV2 functions
with r , 0

From Vanroelen (2003) we obtain the following representations of U. See also the appendix

in Draisma et al. (1999).

• 0 , �r , ª. For U 2 GRV2(ª, r; ‘þxª, a2(x); 0, A),

U (x) ¼ ‘þxª
1

ª
þ A

ªþ r
a2(x)(1þ o(1))

� �
:

• ª ¼ �r. For U 2 GRV2(ª, �ª; ‘þxª, x�ª‘2(x); 0, A) with ‘2 some slowly varying

function,

U (x) ¼ ‘þxª
1

ª
þ x�ªL2(x)

� �
,

with

L2(x) ¼ Bþ
ðx

1

(Aþ o(1))
‘2(t)

t
dt þ o(l2(t)) for some constant B:

• 0 , ª , �r. For U 2 GRV2(ª, r; ‘þxª, a2(x); 0, A),

U (x) ¼ ‘þxª
1

ª
þ Dx�ª þ A

ªþ r
a2(x)(1þ o(1))

� �
:

• ª ¼ 0. For U 2 GRV2(0, r; ‘þ, a2(x); 0, A),

U (x) ¼ ‘þ log xþ Dþ A

r
a2(x)(1þ o(1)):

• ª , 0. For U 2 GRV2(ª, r; ‘þxª, a2(x); 0, A),

U (x) ¼ U (1)� ‘þxª
1

�ª�
A

ªþ r
a2(x)(1þ o(1))

� �
,

where ‘þ . 0, A 6¼ 0, D 2 R.

Concerning log U , the following results are available under these representations:

• If 0 , �r , ª, then log U 2 GRV2(0, r; ª, a2(x); 0, rA=(ªþ r)).

• If ª ¼ �r, then log U 2 GRV2(0, �ª; ª, x�ªL2(x); 0, �ª).

• If 0 , ª , �r, then log U 2 GRV2(0, �ª; ª, x�ª; 0, �ªD) if D 6¼ 0, and log U 2
GRV2(0, r; ª, a2(x); 0, rA=(ªþ r)) if D ¼ 0.

• If ª ¼ 0, then log U 2 GRV2(0, 0; a(x)=U (x), a(x)=U (x); �1, 0).

• If ª , r, then log U 2 GRV2(ª, r; [U (1)]�1‘þxª, a2(x); 0, A).

• If r , ª , 0, then log U 2 GRV2(ª, ª; [U (1)]�1‘þxª, ‘þxª; 0, �1=(ªU (1))).

• If ª ¼ r, then log U 2 GRV2(ª, ª; [U (1)]�1‘þxª, a2(x); 0, A� ‘þ=(ªU (1))).
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Appendix B: Details of proofs

Here we show how to derive the asymptotic representation (12). Denote by U1,n <

. . . < U n,n the order statistics of a pure random sample of size n from the uniform (0,1)

distribution.

Throughout, we use the fact that, when k, n!1 and k=n! 0, U
�
jþ1,n ¼

( j=n)�(1þ o p(1)) uniformly in j ¼ 1, . . . , k, for any constant � . 0.

We first deal with the case ª . 0. As the other cases are similar, we only give the proof

for the subcase ªþ r . 0. From Appendix A, we have

UH j,n ¼ d ‘þU
�ª
jþ1,n

1

ª
þ A

ªþ r
a2(U jþ1,n

�1)(1þ o p(1))

� �

3
ª

j

Xj

i¼1

log
U jþ1,n

Ui,n

þ ªA

ªþ r
r

1� r
a2(U�1

jþ1,n)(1þ o p(1))

( )

¼ ‘þU jþ1,n
�ª 1

j

Xj

i¼1

log
U jþ1,n

Ui,n

þ A[rþ ª(1� r)]

(ªþ r)(1� r)
a2(U�1

jþ1,n)

( )
(1þ o p(1)):

Hence,

log UH j,n ¼ d

P(1)
n ( j=n)ffiffiffi

k
p þ ª log (n= j)þ log ‘þ

þ
P

(2)
k,n( j=k)ffiffiffi
k
p

( j=k)
þ A[rþ ª(1� r)]

(ªþ r)(1� r)
a2

n

j

� �
(1þ o p(1)),

with

P(1)
n ( j=n) ¼ ª

ffiffiffi
k
p
flog U�1

jþ1,n � log(n= j)g, j ¼ 1, . . . , k,

and

P
(2)
k,n( j=k) ¼

ffiffiffi
k
p j

k

� �
1

j

Xj

i¼1

log
U jþ1,n

Ui,n

� �
� 1

( )
, j ¼ 1, . . . , k:

Following Mason and Turova (1994), P
(2)
k,n(t) is approximated by

Ð t

0
(W (s)=s)ds� W (t), while

from Drees (1998) it follows that

1

ª
(P(1)

n ( j=n)� P(1)
n (k=n)) � W ( j=k)

j=k
� W (1):

For the case ª . 0, we therefore arrive at (12) with

Z0,k,n

j

k

� �
¼ P

(2)
k,n

j

k

� �
þ j

k
P(1)

n

j

n

� �
� P(1)

n

k

n

� �� �
:

We turn to the case ª ¼ 0. In an analogous way and using Appendix A, we obtain
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UH j,n ¼ d a(U�1
jþ1,n)

1

j

Xj

i¼1

log
U jþ1,n

Ui,n

� 1

2

a2(U�1
jþ1,n)

U (U�1
jþ1,n)

1

j

Xj

i¼1

log
U jþ1,n

Ui,n

� �2

¼ ‘þ 1þ 1

j

Xj

i¼1

log
U jþ1,n

Ui,n

� 1

" #
� log

n

j

� ��1

(1þ o p(1))

( )
:

Therefore,

log UH j,n ¼ log ‘þ þ
P

(2)
k,n( j=k)ffiffiffi

k
p

j=k
� log

n

j

� ��1

(1þ oP(1)):

Finally, we deal with the case ª , 0. Again, we only give the proof for the case where

jªj þ r . 0, the others being similar. We have, with the help of Appendix A,

UH j,n ¼ d U (1)� ‘þU jþ1,n
�ª � 1

ª
� A

ªþ r
a2(U�1

jþ1,n)

� �� �
:

3
1

j

Xj

i¼1

[U (1)]�1‘þU
�ª
jþ1,n

(U jþ1,n=Ui,n)ª � 1

ª

�

þ [U (1)]�1‘þA
(U jþ1,n=Ui,n)ªþr � 1

ªþ r
U
�ª
jþ1,na2(U�1

jþ1,n)

�

¼ ‘þ
ª

1

j

Xj

i¼1

[U
jªj
i,n � U

jªj
jþ1,n]þ Aª

1� ª� r
j

n

� �jªj
a2

n

j

� �( )
(1þ o p(1))

¼ ‘þ
1� ª

j

k

� �jªj
k

n

� �jªj
1þ (1� ª)

k

j

� �jªj
Zª,k,n( j=k)ffiffiffi

k
p

j=k
þ A(1� ª)

1� ª� r
j

k

� �jrj
a2

n

k

� �( )
,

where

Zª,k,n( j=k) ¼ 1

jªj
ffiffiffi
k
p j

k

� �
k

n

� ��jªj
1

j

Xj

i¼1

U
jªj
jþ1,n � U

jªj
i,n

� �
� jªj

1� ª

j

k

� �jªj
k

n

� �jªj( )
,

j ¼ 1, . . . , k,

which now leads to the asymptotic representation (12) for log UH j,n if ª , 0.

Appendix C: Asymptotic mean squared errors of the different
estimators

We derive the asymptotic mean squared errors of the different estimators.

For the estimator ª̂ªH
k,n,

Extreme-value index and generalized quantile plots 965



1þ ª2

k
þ 1

1� ~rr
b

n

k

� �� �2

, if ª > 0,

(1� ª)(1þ ªþ 2ª2)

(1� 2ª)k
þ 1

1� ~rr
b

n

k

� �� �2

, if ª , 0:

For the estimator ª̂ªZ
k,n,

2[1þ ª2 þ ª]

k
þ 1

(1� ~rr)2
b

n

k

� �� �2

, if ª > 0,

2(1� ª)[1þ 2ªþ ª2 � 2ª3]

(1� 2ª)(1� ª)k
þ 1

(1� ~rr)2
b

n

k

� �� �2

, if ª , 0:

The AMSE of the moment estimator ª̂ªM
k,n can be found in Dekkers et al. (1989):

1þ ª2

k
þ 1

1� ~rr
b

n

k

� �� �2

,

if ª . 0,
1

k
þ b2 n

k

� �
,

if ª ¼ 0,

(1� ª)2(1� 2ª)(6ª2 � ªþ 1)

(1� 3ª)(1� 4ª)k
þ 1� 2ª

1� 2ª� ~rr
b

n

k

� �� �2

,

if ª , r,

(1� ª)2(1� 2ª)(6ª2 � ªþ 1)

(1� 3ª)(1� 4ª)k
þ 1� 2ª

~rr(1� ~rr)
b

n

k

� �� �2

,

if r 2 ª , 0,

(1� ª)2(1� 2ª)(6ª2 � ªþ 1)

(1� 3ª)(1� 4ª)k
þ (1� 2ª)

(1� ª)(1� 3ª)

A(1� ª)2 � 2‘þ=U (1)

A(1� ª)� ‘þ=U (1)
b

n

k

� �� �2

,

if ª ¼ r:

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:

Drees et al. (2004) stated the following expressions for the AMSE of for the maximum

likelihood estimator based on a generalized Pareto fit:

AMSE ª̂ªML
k,n

� �
¼ (1þ ª)2

k
þ r(ªþ 1)A

(1� r)(1� rþ ª)
a2

n

k

� �� �2

if ª . � 1

2
, r , 0:

Appendix D: The optimal values of k that minimize the

different expressions for the AMSEs

We assume that the slowly varying parts of a2 and L2 are asymptotically equivalent to a

constant. We give the optimal values of k that minimize the different expressions for the

AMSEs.

For the estimator ª̂ªH
k,n,
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(1þ ª2)(1� ~rr)2

�2~rr

� �1=(1�2~rr)

[b(n)]�2=(1�2~rr), if ª . 0,

1
4
[b(n)]�5=2(1þ o(1)) if ª ¼ 0,

(1þ ªþ 2ª2)(1� ~rr)2(1� ª)

(�2~rr)(1� 2ª)

� �1=(1�2~rr)

[b(n)]�2=(1�2~rr), if ª , 0:

8>>>>>>><
>>>>>>>:

For the estimator ª̂ªZ
k,n,

2(1� ~rr)4[1þ ª2 þ ª]

(�2~rr)

� �1=(1�2~rr)

[b(n)]�2=(1�2~rr), if ª . 0,

1
2
[b(n)]�5=2(1þ o(1)) if ª ¼ 0,

2(1� ~rr)4[1þ 2ªþ ª2 � 2ª3]

(�2~rr)(1� 2ª)

� �1=(1�2~rr)

[b(n)]�2=(1�2~rr), if ª , 0:

8>>>>>>><
>>>>>>>:

For the estimator ª̂ªM
k,n,

(1þ ª2)(1� ~rr)2

�2~rr

� �1=(1�2~rr)

[b(n)]�2=(1�2~rr):

if ª . 0,
1
2
[b(n)]�3=2(1þ o(1))

if ª ¼ 0,

(1� ª)2(1� 2ª� ~rr)2(6ª2 � ªþ 1)

(�2~rr)(1� 2ª)(1� 3ª)(1� 4ª)

� �1=(1�2~rr)

[b(n)]�2=(1�2~rr),

if ª , r,

~rr2(1� ª)4(6ª2 � ªþ 1)

(�2~rr)(1� 2ª)(1� 3ª)(1� 4ª)

� �1=(1�2~rr)

[b(n)]�2=(1�2~rr),

if r , ª , 0,

(1� 3ª)(1� ª)4(6ª2 � ªþ 1)

(�2~rr)(1� 2ª)(1� 4ª)

A(1� ª)� ‘þ=U (1)

A(1� ª)2 � 2‘þ=U (1)

� �2
 !1=(1�2~rr)

[b(n)]�2=(1�2~rr),

if ª ¼ r:

8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

For the estimator ª̂ªML
k,n,

(1� r)2(ª� rþ 1)2

r2(�2r)A2

� �1=(1�2r)

[a2(n)]�2=(1�2r) if ª . � 1

2
, r , 0:

Appendix E: Minimal AMSE values

With the optimal values of k from Appendix D, we deduce the following minimal AMSE

values. For the estimator ª̂ªH
kopt,n

,
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(�2~rr)~rr

(1þ ª2)~rr(1� ~rr)

� �2=(1�2~rr)

[b(n)]2=(1�2~rr)(1� 2~rr), if ª . 0,

b2(n), if ª ¼ 0,

(�2~rr)~rr(1� 2ª)~rr

(1� ª)~rr(1� ~rr)(1þ ªþ 2ª2)~rr

� �2=(1�2~rr)

[b(n)]2=(1�2~rr)(1� 2~rr), if ª , 0:

8>>>>>>><
>>>>>>>:

For the estimator ª̂ªZ
kopt,n

,

(�2~rr)~rr

2~rr(1� ~rr)2[1þ ª2 þ ª]~rr

� �2=(1�2~rr)

[b(n)]2=(1�2~rr)(1� 2~rr), if ª . 0,

b2(n), if ª ¼ 0,

(�2~rr)~rr)(1� 2ª)~rr

2~rr(1� ~rr)2[1þ 2ªþ ª2 � 2ª3]~rr

� �2=(1�2~rr)

[b(n)]2=(1�2~rr)(1� 2~rr), if ª , 0:

8>>>>>>><
>>>>>>>:

For the estimator ª̂ªM
kopt,n

,

(�2~rr)~rr

(1þ ª2)~rr(1� ~rr)

� �2=(1�2~rr)

[b(n)]2=(1�2~rr)(1� 2~rr),

if ª . 0,

b2(n),

if ª ¼ 0,

(�2~rr)~rr(1� ª)�2~rr(1� 2ª)1�~rr(1� 3ª)~rr(1� 4ª)~rr

(1� 2ª� ~rr)(6ª2 � ªþ 1)~rr

� �2=(1�2~rr)

[b(n)]2=(1�2~rr)(1� 2~rr),

if ª , r,

(�2~rr)~rr(1� 3ª)~rr(1� 4ª)~rr

ª(1� ª)1þ2~rr(1� 2ª)~rr�1(6ª2 � ªþ 1)~rr

� �2=(1�2~rr)

[b(n)]2=(1�2~rr)(1� 2~rr),

if r , ª , 0,

(�2~rr)~rr(1� 3ª)~rr�1(1� 4ª)~rr

(1� ª)1þ2~rr)(1� 2ª)~rr�1(6ª2 � ªþ 1)~rr
A(1� ª)2 � 2‘þ=U (1)

A(1� ª)� ‘þ=U (1)

� �2=(1�2~rr)

[b(n)]2=(1�2~rr)(1� 2~rr),

if ª ¼ r:

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:
For the estimator ª̂ªML

kopt,n
,

(1þ ª)1�2r(Ar)(�2r)r

(1� r)(1� rþ ª)

� �2=(1�2r)

[a2(n)]2=(1�2r)(1� 2r):

Acknowledgement

The authors are very grateful to the referee for a careful reading of the paper that led to

significant improvements of the earlier draft.

968 J. Beirlant, G. Dierckx and A. Guillou



References

Balkema, A. and de Haan, L. (1974) Residual life at great age. Ann. Probab., 2, 792–804.

Beirlant, J., Vynckier, P. and Teugels, J.L. (1996a) Tail index estimation, Pareto quantile plots, and

regression diagnostics. J. Amer. Statist. Assoc., 91, 1659–1667.

Beirlant, J., Vynckier, P. and Teugels, J.L. (1996b) Excess functions and estimation of the extreme

value index. Bernoulli, 2, 293–318.

Beirlant, J., Dierckx, G., Goegebeur Y. and Matthys, G. (1999) Tail index estimation and an

exponential regression model. Extremes, 2, 177–200.
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