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Let F be a square-integrable and infinitely weakly differentiable functional of a standard Brownian
motion X: we show that the nth integrand in the time-space chaotic decomposition of F has the form
E(aumD"F|X4, ..., X,,), where a, is a transform of Hardy type and D” denotes the nth derivative
operator. In this way, we complete the results of previous papers, and provide a time-space counterpart
to the classic Stroock formulae for Wiener chaos. Our main tool is an extension of the Clark—Ocone
formula in the context of initially enlarged filtrations. We discuss an application to the static hedging
of path-dependent options in a continuous-time financial model driven by X. A formal connection
between our results and the orthogonal decomposition of the space of square-integrable functionals of
a standard Brownian bridge — as proved by Gosselin and Wurzbacher — is also established.
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1. Introduction

Consider the canonical space (Cio,1j, C, ), where P is the law of a real-valued standard
Brownian motion initialized at zero, write

X:={X,:te€]0, 1]}
for the coordinate process, and denote by L?(X) the space of square-integrable functionals of
X. The aim of this paper is to obtain explicit formulae for the time-space chaotic
decomposition of L*(X) first described in Peccati (2001a). Indeed, denote by A" the simplex
contained in [0, 1]”, and by {X (,") , 1 €10, u]}, for fixed u € (0, 1], the martingale part of X,
regarded as a semimartingale with respect to the enlarged filtration

o(Xy, v=1)VoXy v=u), t €0, u]
(observe that X is again a standard Brownian motion; see, for example, Jeulin and Yor
1979). In Peccati (2001a) we showed that, for every n and for every deterministic function
Y(uy, x15 ... 5 Uy, x5) on A" X R” such that
J E(p(ur, Xus -5ty Xy ))duy, ... duy < 400, (1)
An

multiple stochastic integrals of the type
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1 puy Uy
J J J Y(uy, X -5ty X, )AX G 0dx o) dx, )
0Jo 0 ! "

are well defined as L? limits of standard, iterated stochastic integrals of progressive processes
with respect to X (they are called time-space multiple integrals of nth order). Moreover, they
provide an orthogonal decomposition of L?(X). As a matter of fact, if one defines, for every

n =0, IT, to be the Hilbert subspace generated by the set
1, :={f(X,, ..., X.,); f Borel measurable and bounded on R"; 0 < #; < ... < ¢, <1},

and K, to be the collection of random variables of the form (2), with Ko = TI;, = R, then

L*(X) coincides with the Hilbert space generated by the union of the IT,, and also (see
Peccati 2001a, Theorem 1)

ﬁn = @Kis (3)

where € indicates an orthogonal summation, so that K, = II,511, ,, n = 1, and therefore
LZ(X )= @ n Kn.

It follows that for every F € L*(X) there exists a unique sequence of functions
{$¥, n =1}, defined on R"” X A" for every n and satisfying condition (1), such that

1 puy Uy
F:[E(F)JrZJ J J wf(ul,Xul; co U, X”")dX%H)dX(J:':Z)"'qul 4)
n=170J0 0

where the summation converges in L?(X). By analogy with Wiener chaos — see Wiener
(1930) for the original result, as well as McKean (1973) and Stroock (1987) for more recent
presentations — such a decomposition is named time-space chaotic (TSCD). This result
yields, in particular, a unitary isomorphism between L?(X) and an appropriate restriction of
the free Fock space over L?(u;) := L*([0, 1] X R, u;), where

ui(ds, dx) := dsP(X € dx)

(to prove such a claim, just use the isometric properties of stochastic integrals to calculate the
covariance of a pair of random variables such as (2), and then carry out the standard change
of variables v,, = u,, U; =u; —u;j1, i=1,..., m—1; it is also straightforward to check
that the right restriction of the Fock space is given by

Ro P L’T" X R", 4"
n=1

where I'” is the translation of the set A” by means of the above change of variables). To
further justify our terminology, we recall our proof in Corollary 5 of Peccati (2001a) that
L*(uy) is generated by time-space harmonic functions.

The main achievement of the subsequent sections is the explicit construction, for every n,
of a bounded Hardy operator, denoted by a(,, from L*([0, 11", du; ... du,) to itself and
such that the following result holds:

Theorem 1. Let F € L>(X) be infinitely differentiable in the sense of Shigekawa—Malliavin,
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with D"F denoting its nth derivative process for every n. Then the integrands {yr, n= 1}
in the TSCD (4) of F are such that

ws(uqul;"';un, Xun):[E(a(n)DZI F|Xu]a"-9Xu) (5)

sssss Un n

for every n = 1.

Of course, since D"F is a member of L*([0, 1]" X Cio17> duy ... du, @ dP), the symbol
amD"F has a precise meaning only on the set Q' of probability 1 defined as

Q.= {a) S C[()J] : D”F(a)) S Lz([o, 1]”, duy ... dun)}

and, for w outside Q’, a, D" F(w) is set equal to zero by definition. Analogous conventions
are used on many occasions throughout the paper, and we will henceforth no longer mention
them explicitly.

A little inspection shows that Theorem 1 gives an exhaustive description of the integrands
Yl for any F € L*(X). As a matter of fact, define as below (see Section 4) D"(X)
(D*(X)) to be the space of n times (infinitely) differentiable, square-integrable functionals
of X, and set

L2(n) = L(A" XR", ),
where
Wwo(duy, .., duy; dxy, ..., dx,) :=duy ... du,P(X,, € dxy, ..., Xy, € dx,),
so that one can immediately verify that the operator, from L?(X) to L?(u,), given by
Fioyy ©)

is onto and continuous. Now observe that D*°(X) (and therefore D”(X) for every n) is dense
in Z2(X), thus implying that the application in (6) is, for every n, the closure of the operator,
from D"(X) (endowed with the norm |.||2(x)) to L*(u,), defined as

F— [E((Z(,,,)D;l1 unFlXul = X1y o vy Xu,, :x,,).

.....

We will show in Corollaries 9 and 10 below that, for F smooth, formula (5) translates
into a very simple expression. It is also worth noting that the form of the integrands % in
(5) parallels the well-known Stroock formula for Wiener chaos, proved in Stroock (1987)
(and indeed valid in a more general context). For future reference, and for the sake of
completeness, we present a version of such a result that is appropriate to our setting.

Theorem 2 (Stroock’s formula). Every F € D>*(X) admits the (Wiener) chaotic
decomposition

1 puy Up_1
F=FEF)+ ZLL JO oy, ..., u)dX, dX,, | ... dX,,

n=1

where
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on(ur, ..., u)) =KD} F) (7)

for every n = 1.

As discussed in the next section, the initial impetus for the present investigation was
provided by financial mathematics. More specifically, in Peccati (2001d) we studied (in a
spirit close to that of Carr et al. 1998) the problem of static hedging of path-dependent
options by means of simpler contingent claims (for instance, calls and puts). We pointed out
that a proper use of the concept of time-space chaos, and of formula (5), may give an
explicit representation of the intrinsic risk related to such static strategies. More details are
given below; the reader is also referred to Peccati (2001b; 2002) and Peccati and Yor (2001)
for further relations between Hardy operators, time-space chaos and principal values of
Brownian local times.

The paper is organized as follows. In Section 2 we describe the links between the content
of this paper, static hedging in a continuous-time financial model and the theory of weak
Brownian motions (a notion introduced in Follmer ef al. 2000). In Section 3 we discuss
some simple relations between Hardy operators on L?([0, 1], d#) and Brownian motion, and
construct the operators a, that appear in the statement of Theorem 1. Section 4 is devoted
to the proof of Theorem 1, as well as to some useful extension of the Clark—Ocone formula
(see Clark 1970; Ocone 1984) in the context of initially enlarged filtrations.

We conclude the paper by discussing the connections between Theorem 1 and the chaotic
representation result for real-valued Brownian bridges first proved in Gosselin and
Wurzbacher (1997), and then extended in Peccati (2001c) to more general Gaussian
processes. Indeed, Gosselin and Wurzbacher show that L?*(X) is also spanned by the
orthogonal summations of iterated stochastic integrals with respect to the ‘adapted’
Brownian bridge (of length 1 and from 0 to 0)

t
1 - Xs/(1 — =<l
Koy | =0 axa=o. o=r<t, ©
0 t=1,
and we shall point out here that the corresponding ‘Stroock-type formulae’ — i.e. the

representation of the integrands in the chaos development as expected values of suitable
transformations of the derivative processes — involve the same kind of Hardy operators that
appear in Theorem 1; see Peccati (2001c; 2002) for a discussion in a more general
framework, but we stress that the present paper is self-contained.

2. Motivations from financial mathematics and links with weak
Brownian motions

Suppose that the price of some financial asset A4 evolves over time according to the
equation

At = A(ta Xt)) re [09 1]
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where A(t, x) is a measurable and deterministic function from [0, 1] X R to R,. To simplify,
we can assume that A4(7, x) is invertible in x for every # and that the interest rate in this
economy is constantly equal to zero. For instance, if A(t, x) = exp[ox + (1 — 02 /2)t], then
A, represents the price process of the risky asset in a Black—Scholes model with constant
volatility o and drift u. We call an option (or contingent claim) any square-integrable
functional of the process A, so that the class of contingent claims coincides in this case with
L*(X). In Peccati (2001d) we introduced a (partial) classification of options according to their
path-dependence degree (p.d.d.): more precisely, we say that H € L*(X) has p.d.d. of order n
(n=1), if

(i) it can be statically approximated in the L?> sense by portfolios (i.e. linear
combinations) of contingent claims whose payoffs depend on the realizations of
the price process 4, in at most n instants;

(i1) there is no way to approximate H by means of linear combinations of payoffs that
depend on the realizations of 4; in at most » — 1 instants.

A standard density argument yields the following Hilbert space equivalent of (i) and (ii):
H € I*(X) has p.d.d. of order # if and only if (i) H € I, and (ii") #[H, K,] # 0, where
the notation is the same as in the previous section, and 7[-, -] denotes the usual projection
operator. Observe that in a constant volatility Black—Scholes model examples of options
with p.d.d. of order one are vanilla European options such as calls and puts, whereas
examples of order n > 1 are barrier and Asian options of the type

l n
Hyarrier = l(min(A,l ,,,,, A,”71)>c)¢(A1) and  Hygan = (;ZAQ - E) (9)
i=1 +

where 0<f <...<t,<1, ¢c<Ay, ¢ is not identically zero and such that
E(¢(A4;)*) < +o00 and E > 0. Now consider a generic option H™: we say that an investor
implements a strategy of (purely) static T1,-hedging of H* if at time 0 he writes H* and
forms a portfolio P, of elements of Il,, and then waits until time 1 without changing
position. Observe that investors in real financial markets, due mainly to frictions and
transaction costs (and most plausibly over a short period of time), are often forced to realize
strategies of purely static hedging, although they are in general not optimal. For instance, a
typical strategy of static I1;-hedging consists of forming a portfolio of European calls and
puts to counter the risk of a barrier option such as the first object in (9). Plainly, the terminal
wealth of the above investor will be P, — H* + ¢, where the real constant ¢ gives the
difference between the price of H * and that of P,. It is also clear, since I1,, is not fotal in
L*(X) for every n, that for any » there exists an option H™ # 0 — which can be chosen to be
bounded: see Proposition 2 in Peccati (2001d) — such that, for any P, € IT,,

P{P,— H* +c#0}>0.

It follows that every strategy of static II,-hedging of such a contract H™ yields an
intrinsic risk that cannot be eliminated, whenever the hedger is forced to stay inside the
space II,. Such a risk can be made explicit by means of the results contained in this work.
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More precisely, thanks to time-space chaos and Theorem 1, we are able to represent and
quantify the intrinsic quadratic risk related to the static IT,-hedging of H™, defined as
O, H*) = inf E[(H — H*)*].
3l

Hell,

As a matter of fact, it is straightforward to show that, for any H* € L*(X),
o n 1 Uj—1 «
alH*, 1,] = E(H") + ZJ J Y, Xy - g, Xy )dX 00 odx,
k=170 0

and therefore

*112
QT H*Y = Y 9 f 13200y

k=n+1

where the ! " are the integrands in the TSCD (4) of H*, and moreover these terms are
explicitly given by formula (5) when H™ is a member of D>*(X) (see also Proposition 8
below for an equivalent of Theorem 1 with less stringent assumptions). Note eventually that,
for any n and for fixed (uy, x1; ...; u,, x,) € A" X R”, the quantity

[E(a(n)Dul unI{*|)(u1 = X1y ey Xlln = xn)

.....

appearing in the statement of Theorem 1 is in several cases explicitly known. To see this,
take a vector (uy, Xi; ...; Uy, X,) as above and consider the law P(4-<1:34%) on (Cig 3, C)
induced by the process Y,, ¢t € [0, 1], defined as

n
Yt = zX(XHI’x'v)’(uiiqu)(uiJrl - t)l(ltH,],uf](t) + B(”l - ZL)l(ul,l](t):
i=1

where x,.1 = g =0, {X@Wrimu) =1 n} is a collection of n independent
Brownian bridges each of length u; — u;,, from x;;; to x;, and B is a standard Brownian
motion initialized at x,, and independent of the n bridges. Now, for every bounded functional
® of X it is known that the function

(U1, X155 Uy Xp) o U510 ()

is measurable as an application from A” X R” to R, and moreover,

E[®| Xy, ..\ Xy, ] = EXussunXn) ()
dP ® du; ... duy,-almost every on Cpo 17 X A”. Such a remark still holds for polynomial or
exponential functionals. The reader is referred to Peccati (2001d) for a complete discussion
of these topics, and to Lacoste (1996) and Barucci and Mancino (1998) for other applications
of (Wiener) chaotic decompositions to financial modelling.

To conclude, it is interesting to note that the non-totality, for every n, of the class II,
was first proved in Follmer et al. (2000), in the context of the theory of weak Brownian
motions. More precisely, we say — in the notation of this paper — that a process Y is a
weak Brownian motion of order n if its n-dimensional marginal distributions coincide with
those of X, although Y is not a Brownian motion. In Follmer ez al. (2000) it is then proved
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that, for every n, there exists an element ® of ﬁi that is different from zero and bounded,
say, by 1/2, and therefore that the probability measure

Q=1+P)-P
gives precisely the law of a weak Brownian motion of order n. As a matter of fact, with
obvious notation and for every bounded function F(xi,...,x,) on R"” and every
(t19 M) tn) 6 [03 l]na
Eo(F(X,, ..., X;)) =E(Q+DP)F(X,, ..., X))
=EF Xy, .o, X))

. =1
since ® € IT,.
In the next section we introduce the objects that are involved in the proof of Theorem 1.

3. Brownian motion and Hardy isomorphisms between Hilbert
spaces

For a fixed vector w:= (uy, ..., u,) such that
0<u,<...<uy =1
(i.e. such that u € A™), we introduce the following notation:

Ty := L*([0, 1], df)

- {feTl :J:ff(t)dtzo,Vj:I,...,m}.

The scalar product on 77, hence on T, is denoted by (-, -) (||-|| denotes the norm): observe
that, if m =1 and u = u € (0, 1], T" coincides with the space of square-integrable functions
on [0, 1], such that [ f(x)dx = 0.

To obtain the objects that are involved in the proof of Theorem 1, we start by
introducing, for every f € T and for every u € (0, 1], the classic Hardy operator

l u
O = [ S0, xe o1

along with its adjoint,

X
HY f(x) ::J &dy.l(m), x €0, 1].
ou—Yy
It is well known (see, for example, Hardy e al. 1934) that, for every u € (0, 1], H® and
H™ are bounded operators from 7T to itself, and moreover one has, for every f € T}, the
celebrated Hardy inequalities
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£ =< 2]/ ol =< 2II£1,

[H £ < 2] f 0.l < 2II1].

Now introduce the linear operators, defined for f € T; and for a fixed u € (0, 1],

a f(x) = f(x) = HY f(x), x € [0, 1], (10)
S =f@) - AV f(x),  x€[0, 1],
as well as the following ones, defined for f € T and for a fixed u = (uy, ..., u,) € A",

a™ () = > Ty L Vg1 + STy, x €10, 1],
j=1

BYSE) = Mg OB V) + Sl (), x€[0, 1], (11)
J=1

u

f(y)dy'l(uj+1,ll/](-x)’ X € [07 1]7

Uj+1

MA@ = 10 =y~ |
=

where we adopt (here, and for the rest of the paper) the convention u,,.| := 0.

Remark. The three objects defined in (11) are not to be confused with the operators a(™”,
B @ introduced in formula (8) of Peccati (2001c). As a matter of fact, the latter are
bounded operators from L?([0, 1]7, d#; ... d¢,) to itself, and are used in that paper to study
the chaotic representation properties of general conditioned Gaussian measures.

The following result describes some reciprocal relations between a™, W and ™.

Proposition 3. Let u be a fixed element of A", and let a™, ™ and 5™ be defined as in
(11). Then

(i) the operator n™ is a function from T, to TV, and the restriction of 5 to T"
coincides with the identity operator;
(ii) the operators o™ and B™ are mutually inverse unitary isomorphisms from T" to T
and from T, to T, respectively,
(i) for every f € Ty,

a(u)ﬂ(“)f _ a(“)f
and therefore, for f € T,
ﬁ(“)a(“)f _ 77(u)f_

Proof. Part (i) is an easy consequence of the definition of the ™. To prove (ii), start with
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m = 1. In this case, the fact that a'* and B are mutually inverse unitary isomorphisms can
be easily verified using integration by parts. For the general case, just use the two properties

l(uH],u»,-]ﬂ(u’)[fl(qu,u»,-]] = ﬂ(u/)[fl(lll'+l,uj]]’ Vf S Tl, V] = 1, ce., M,

Ly @ U Vo] = €U f V] V€T Vj=1,.om.
Finally, (iii) is a consequence of the equation, valid for every j =1, ..., m,
Lot @ My ] = 0.
O

In what follows, we will write X(f), f € T), to indicate the stochastic integral
fol f(s)dX;: in other words, the class

{X(), feTi}

is the centred Gaussian family generated by X (also called the first Wiener chaos).
Proposition 3 allows us then to introduce the following Gaussian family:

X = {X"(f), f e}

={X(BYS), [ €T}
It is easy to prove — as a consequence of Proposition 3 — that the process

(w) (w) [ Xy — X

X=X =X =) — e ds ), (12)
J=1 7t J

where the second equality is a consequence of a stochastic Fubini theorem such as the one
discussed in Stricker and Yor (1978), is a standard Brownian motion on [0, 1], with respect to

the enlarged filtration
gyt = G = FXOV 0 (X, ooos Xu) = FAX) VO Xy, ooy Xy, (13)

where F,(X™) and F,(X) are the natural filtrations of X’ (,") and X, respectively, completed
with the P-negligible sets of C, and, in particular, X (,“) is independent of o (X, ..., X,,) —
to show that X ,“) is a g(t“)—Brownian motion, one can also start with (12) and then use
arguments similar to those of Jeulin and Yor (1979). Note also that, for every j =1, ..., m,
X (,") is a Brownian motion on the interval [0, u;], with respect to the filtration

FAX)V o(X, X))V O(Xe, = 1)),

JASE I

Moreover, for a given k=1, fix two vectors uw=(uy,...,u,) €A”™ and v=
(v1, ..., Ux) € A¥ such that vy < u, and set wVv:=(uy, ..., tp, U, ..., ;) € A"k,
Then (12) implies

X = x W, t € [0, vy]. (14)

Of particular interest for our discussion is the case m = 1, u = u € (0, 1]. The process
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tAu Xu _ XS
xW=x,- J Zu 7S s, (15)

0 u—=s

is indeed, for every u, a g‘;” =F(X)Vo(X,) Brownian motion on [0, 1] and an
F«(X)V o(Xy, v=u) Brownian motion on [0, «], and appears in the expression of multiple
time-space integrals such as (2). Its relations with the Hardy operators in (10) will play a vital
role in the proof of Theorem 1 (see Section 4).

We conclude this section by constructing the operator o, involved in the statement of
Theorem 1. To do this, introduce the notation

L3([0, 11", dty ... dt,) :== T, n=2,

consider again the operator a*) appearing in (10), and extend its definition to any » and to
any f € T, in the following way. We may always assume that the application

S = f‘([],m,lk,],tk‘] ,,,,, l,,)(s) = f(tla sy tk*l? S, tk+1 L) ZL}'l)

is an element of T for every k € {1, ..., n} and for dA,_j-a.e. (t1, ..., i1, thilyr - -s Ln)
in [0, 1]"~', where 1,_, indicates Lebesgue measure. As a consequence, we can fix a vector
(uy ..., uy) € (0, 11" and define, for every k € {1, ..., n}, for every (¢4, ..., t,) € [0, 1]"
and every f € T,

(u) —
akuk f(tl, ey tn) = [a(uk)f(tl,...,tk,l,lk+1 ..... In)(tk)]1(f(zl,.__,zk,],rk_l,...,rnDETI)'

It is clear that, for every f € T, a(k“k) f is in T,, so that it is meaningful to define, for

(u1, ..., uy) €(0, 1]" fixed as above, the operator, from 7, to itself,

and eventually the bounded operator, from 7T, to itself,

A f(ts ooy ty) = a0l f (),

Remark. In Peccati (2001c, 2001d), the operator al“--#: is written a(*>*»): this minor
change has been made to avoid confusion with the operator a™ appearing in (11).

4. Proof of the main results
We define, for every n, the (probability) measure on (Cpo,yy X [0, 117, C @ B([0, 11"))
vu(dw; duy, ..., du,) := P(dw) ® duy, ..., du,
and consider the application
X QX [0, 17" [0, 1]" X R”

(w; U, U)o (U, e, Uy X (), L, X, ().
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In the following — as well as in the statement of Theorem 1 — given a measurable
process f(w; uy, ..., u,) we write, by a slight abuse of notation,

ECf (1, - )| Xy (@), -y X (@) 1= va(F| X (). (16)

Since we will deal with predictable projection operators, we shall first show that the
filtration

{G, 1[0, 11},
as defined in (13), satisfies the usual conditions.
Proposition 4. Let the above notation prevail, and fix w € A™. Then the filtration Q(t“) is
P-complete and right-continuous.
Proof. Only the right-continuity is to be proved: to do this, consider for every ¢ the class
HY = o(X(),, — XV, s =0);
(u) (u)

it is clear that for every ¢ > 0, H, . is independent of G, and therefore it is independent of
{C (w) .
gtl-l‘r T m gtl-lﬁ—w
&
moreover, since the family H(,") increases as ¢ decreases and, P-almost surely,

(w) (w) _ 15 (u) (u)
Xibgn — X1 = I;IQ(X(HSH)M - Xt+s)

we have

HY =\ HiE

e>0

and therefore H(,“) is independent of gﬁ‘ﬁ Now take three bounded random variables:
FedW, Ged® and H e H". Then

E(FGH) = E(FG)E(H)
= E(FE(G|G"))E(H)
= E(FHE(G|G™)),

and, since Q(,") \ H(tu) = C, this implies that every bounded g(,'f-measurable random variable
must equal P-a.s. a g(t“)-measurable functional. As the filtrations we consider are complete by
construction, this gives the desired result. U

Remark. One can easily verify that g§“> is also left-continuous.

Given a standard Brownian motion Y, we denote by L?(Y) the space of its square-
integrable functionals, and we define the collection of differentiable functionals of Y in the
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following (standard) way: as in Section 1.2 of Nualart (1995), we introduce the nth
derivative operator, n = 1, on the class S(Y) of smooth functionals of Y, which is indeed
an application from S(Y) to L*(Cjoy X [0, 11", dP ® dt, ...dt,); then, denoting by
D"F(Y) the nth derivative process of a given F € S(Y), we define, for every p, the class
D*P(Y) as the completion of S(Y) with respect to the seminorm

1/p

k
11y = |EGFI + D E(ID Ul oaan..any) | (7
j=1

In what follows, we are exclusively interested in the case p =2, and we will use the
symbol D*(Y) instead of D*?(Y) to simplify the notation. If F € D*(Y) we will say that F
is k times (weakly) differentiable with respect to Y in the Shigekawa—Malliavin sense — see
Nualart (1995) or Ocone (1984) for further details — whereas D/F(Y), j=1, ..., k, will
indicate the jth derivative process of F as a functional of Y.

Note that in what follows, given a certain operator y, whether we write yD,F(Y) or
(yDF(Y)), will depend purely on notational convenience.

For a fixed u, we will now study the classes of weakly differentiable functionals of X and
X®: the reciprocal relations between the two sets are explained in the following:

Proposition 5. For a fixed u € A",
D'(x™) ¢ D'(x),
and moreover, for F € D'(XW),
DF(XW) = aW DF(X).
Proof. A random variable F is in D'(X™) if, and only if, there exists a sequence of smooth
functionals of the type
Fo=f(XY(h), ..., XO(hy)

(note that f, the %; and k& may depend, in general, on n) where h; € Ty, i=1, ..., k, and
f € C¥(R*) (the symbol C3° indicates the class of infinitely differentiable functions, whose
partial derivatives of any order are bounded) such that F, converges to F in L*(X™), and the
sequence of processes

k
Dﬂwwzzgﬂﬂ%mmemmm t€0,1]
i=1 !

converges to a process a(t, w) := D,F(X™W)(w) in the space L*(Cpo1y X [0, 1], dP ® d?).
Now observe that, for every n, we may write by definition

Fp=f(X(BYh), ..., X(B™hy)
so that F, € S(X) C D'(X) and, more to the point,
DF,(X) = B DF,(X™).
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Since ™ is an isomorphism, the sequence DF,(X) converges in L*(Cpoj X [0, 1],
dP ® df) to fWa = BWDF(XW), and therefore F € D'(X).
The last assertion in the proposition derives from

a(“)DF(X) - a(ﬂ)IB(U)DF(X(u))
= DF(X™).

O
The next result provides a version of the well-known Clark—Ocone formula that is
appropriate to our setting. Note that in the following the symbol

(p;uu,»»wum)[,] — (p;U)[.]

denotes the predictable projection operator (see, for example, Elliot 1982) with respect to the
filtration g‘;”, with uw = (uy, ..., u,) € A™, whereas

D>(Y) == (| DX(Y)
k

indicates the class of infinitely weakly differentiable functionals of a given Brownian motion
Y. We will also need the following result (see Nualart 1995, Corollary 1.5.1): the class,
denoted by PoL(Y), of functionals of the form

F=q(Y(f1), -, Y(fm)s

where f; € Ty, i=1, ..., m, and ¢ is a polynomial of m variables, is dense in D*(Y) for
every k= 1.

We prove the following proposition:

Proposition 6 (Clark—Ocone formula for enlarged filtrations). Let u be a fixed element of
A™. Then every F € DY(X) has the representation

1
F=EF|Xy, .., Xu)+ J (P ™ DF(X)] dX ™. (18)
0

Proof. Consider first a functional ¥ € POL(X) of the form:
F=X@E)" .. (X))
where z; € T\, i =1, ..., n, and the k; are natural numbers. As
X(z)) = X(p"™z) + X (Z c(j, z,-)lw,ﬂ,u,]),
j=1

where ¢(j, 2) == (u; — uj1)~" [, z(t)dt, we may write, thanks to the binomial formula,
i



38 G. Peccati
ki k. m ki=t
CENEE Z( ll > [X(n(“)z,-)] : [X (Z c(J; Z")l(“m,“/])} ’
=0 Jj=1

and this implies that F' can be represented as a linear combination of functionals of the type
n

H = Q(qu Xllm—l - Xllm’ R Xul - Xuz)H[X(n(U)Ziﬂ% (19)
i=1

= Q(“) X HW
where the y; are natural numbers, ¢(-) is a polynomial of m variables, and
H™ =TT [x(n"™z)]", (20)
i=1
O™ = q(Xups Xup s — Xups o ovs Xuy — Xi)-
Since, according to Proposition 3,
pWz = Wz,

we also have that
W ﬁ[ X (2],
i=1
so that HW € D'(XW), and therefore, according to the Clark—Ocone formula, in the version
of Theorem 3.1 and Corollary 3.2 of Ocone (1984), and to Proposition 5 above, we have
H = QWEH™) + Q“”Jol[E[(a‘“>DH(“>(X))s|fs(X(“>)]dX§“>.

Now independence, as well as the fact that X™ is a G martingale and a™ a linear
operator, yields

OWE(H™) = E(QWH™|X,,, ..., X.,)

and

1 1
0| Elta D CO)IF XX = | QU@ DH® ) 7 rax

1
- J E[(@™ (0™ DH™ (X)), g™ 14X,
0

Observe also that O™, H®™ and O™ H®™ are all elements of S(X) and that consequently
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DH(X) = D(Q™ H™)(X)

m
= Q(u)DH(“)(X) + HW Z (X, Xuy = Xuys o0 Xuy — Xltz)l(ll/+],lll’]'
=

axm—j+1
Moreover, since for j =1, ..., m,
")y = 0
we have
l(uﬁ],u].]a(”f)[Q(“)DH(“)(X)I(HM,,,/]] = 1(“/+1,"j]a(uj)[DH(X)1(“/+1,uf]]
so that, by linearity,
a™(Q™DH™(X)) = "™ DH(X)

and (18) holds for F and for an arbitrary element of POL(X): as a matter of fact, one can
easily show that, for F € POL(X), a version of (»W[(a™ DF(X))] is given by

{E[(a"™ DF (X)),|G™1, s € [0, 11}

For the general case, consider a sequence of functionals F, € POL(X) converging to F in
the norm ||.||;» defined in (17). Then, for a given, positive constant K (since a is a
bounded operator)

0= lim |Fu— F|}, = lim E[| DF, — DF||*]

= K lim E[[[(a™ D(F, — F)(X))|’]

1
> K lim J E(P™ (@™ D(F, — F)(X)))ds
n{oo 0
(recall that ||f]|? := J’Ol f2(x)dx, f € Ty), as, thanks to Jensen’s inequality, for fixed s and n,
E[(‘ PV D(F, — F)X)]oY] = E(E[(@™ DF, — F)(X))]G"])’]
< E[(@"D(F, — F)(X)):].
d
The following modification of Proposition 1.2.4 in Nualart (1995) will also be needed:
Lemma 7. Let F € PoL(X), fix s € [0, 1] and define
TY(F, 5) := E(F|G™).
Then
T'Y(F, 5) € D'(X)
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and
a™ D I(F, s)(X) = E(@™ D;F(X)|G™)10.4(2)
dP &® dt-a.e. on C[O,l] X [0, 1]

Proof. Consider a smooth random variable of the type
n
F=TJxEn",
i=1
where the k; are natural numbers and z; € 7). Thanks again to the binomial formula, we
know that F may be represented as a linear combination of random variables of the form

H=qX,, Xy  —Xu ooy Xy — X)) H® := QWHW,

where the notation is that of (20). In particular, H™ is a polynomial smooth functional of
XW_ As

TO(H, 5) = QWEHY|F (X)),
and
ASCH®Y, ) = ECHY|F (X))

can be shown to be an element of POL(X), it is clear that TW(H, s), and therefore T")(F, s),
belongs to D! (X).

Moreover, AW(H®, s) is an element of D'(X™), and we also have (see Nualart 1995,
Proposition 1.2.4)

DAMH™, 5)(X™) = E(D, H"(X™)| F (X)) 1j0,5(1)

dP ® dt-a.e. on Cyg,1j X [0, 1]. Proposition 5, along with an independence argument, shows
that the last relation implies

a QW DAVHY, 5)(X)] = E@[0Y D, H™ (X)]IG") 1j0.4(7)

dP ® d#-a.e. on Cpo1y X [0, 1], hence the desired result, since it is easily shown (by
arguments analogous to those rehearsed in the proof of Proposition 6) that

a(“)[Q(“)DA(“)(H(“), (X)) = a(“)D[Q(“)A(“)(H(“), $)](X)

= aWD[TW(H, )](X)
and

a(‘”[Q(“)DH(“)](X) _ a(U)D[Q(u) H(")](X)

= aWDH(X).

We can now complete the proof of Theorem 1.
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Conclusion of the proof of Theorem 1. Suppose for convenience that E(F) =0 and that
F € PoL(X). Then the Clark—Ocone formula yields

1
F :J E(D,, F|F, (X))dX,,.
0

It is, moreover, clear that for every u; the functional E(D,, F|F, (X)) is an element of D!(X)
(it is actually a polynomial smooth functional of X), and also that there exist two F,, (X)-
progressively measurable applications

(u1, ®) = P1(u1, ),

(u1, ) — $a(u1, ),
such that, for a fixed u;, the two terms are versions respectively of
E(D, F|F, (X)) and E(D, F|X,).

As a consequence, we have, thanks to Proposition 6 in the special case m =1 and
u = u, the representation

E(Dy, FI|Fu (X)) = E(Dy, F| X)) 21

+j E[") D, E(D,, F|Fy (X)|000]dx ()
0

= [E(Dul F|Xu|)

+J E[E(a > D] |, F|F, (X)|G1dx
0

uy,uy u

u uy uy

uy
=KD, F|X.,) +J Elaw D}, ,, FIG1dx ()
0

using the equality
a(ul)Duz[E(DulF|Fu1(X)) = [E(a[o’ul]Dul,uzFlful(X))l[O,ul]

which is a consequence of Lemma 7 and of the fact that F, (X) = gff]“), as well as the
equation

1 1 puy
F = JO[E(DulF\Xm)qul +J J Elae D}, ,, FIGY1dX (2 dX,, . (22)

uy,uy
0J0

Note that, in (22), the double stochastic integral is well defined because, since
F € PoL(X), for every n there exists a measurable application
((U; Uy ooy un) — ¢u1 ,,,,, u,,(Xul(w)’ ) Xu,,,l(w); XS(CU), NIES un)

such that, for fixed u; > u, > ... > u,, ¢, 4, is a version of

FlXups ooy Xuy s Fu, (X0 (23)

..... Uy,

,,,,,
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and in Section 2 of Peccati (2001a) it is shown that iterated integrals of the type

1 Up—1
J J ¢ul ..... un(Xula R Xu,,,l; Xs’ NS un)ngll:nil) qul
0 0

are well defined as L? limits of standard stochastic integrals (of progressively measurable
processes) with respect to X. Note that, in our case, (21) ensures that the application

u

up
(w, uy) — JO [E[a(z)Du uZF‘g(ul) dX(ul)

is actually a progressively measurable process.

More to the point, the main result of Peccati (2001a) implies that the two summands on
the right of (22) are the orthogonal projections of F on K; and K respectively, as defined
in the Introduction.

To conclude, introduce the following recursive assumption:

(A,—1) Every F € PoL(X) such that E(F) = 0 admits the representation

1
F= J E(D,, F| X, )dX,,
0

1 up
+J J Elae D}, . F| X, Xu,1dX (0dX,,
0

Up—1

1 Up—2
+J J Elam-yD) ! FIXu, Xuy, ooy Xy, 1dX 0D dX,
0

1 Up—1
+ J . J E[a(n)DZ] """" unF|g(l:1 AAAAA Uy l)]dXEZ,n Do qul .
0 0

We will show that (A,_;) implies (A,). To see this, fix u = (uy, ..., u,) € A", and observe
that, since X™ equals X on the interval [0, u,], and gf;j """ Unet) — QS:I """ ",

u, FIGu ] = Elan Dy, FlXus - Xu,]

1seees Uy n

Uy,
_,_J [E[a(u")DuHI[E[a(n)DZI, uF|g(ul ,,,,, un—l)]|g(“lw-a”n)]dX(”n)
0

Iseees n Un Un+1 Un+1

FIXy, . Xu,]

n

F|g(u1 ,,,,, ) dX(“n)

----- Upt1 Upt1 Uns1?

where the first equality derives from Proposition 6 in dimension # and with u = (uy, ..., u,),
whereas the second is a consequence of Lemma 7. This yields the desired implication
(A,—1) = (A,), and therefore shows that the decomposition of a polynomial smooth
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functional with respect to the spaces K, ..., K, and ﬁi coincides with the one that is stated
in Theorem 1, which is therefore completely proved in this case, since in the first part of the
proof we have verified (A|) (note that (A) is simply the Clark—Ocone formula).

Consider now a random variable F € D>(X), and fix £ = 1: we write

(@; Uty oy ug) = Py (un, Xy (@), s g, Xy (@)

for the kth integrand in the TSCD of F, and we consider a sequence of functionals
Fy € POL(X), converging to F in the norm ||.| 4. It is clear that, denoting by 1" the kth
TSCD integrand of Fy, yf must equal the limit of the sequence wf’v in the Hilbert space

L} (Cpoqy X AF, dP @ duy ... duy);
moreover, we know, according to the first part of the proof, that
Yy, X, o u X)) = B D FylXu, -0 X))
Now observe that, since the application
f = amf

defines a bounded operator from L>(A%, dty ... dty) to itself, there exists a positive constant
K such that

. 2 . 2
0= }}g@ £y — F||(k71) = ]1\,1%}30 [E[”Dk(FN - F)||L2(Ak,du1...duk)]

= K}IITI?C [E[Ha(k)(DkFN - DkF)||L(2A",du|.4.duk)]

1 puy Uj—1
= K lim J J J E[E(ox) DE W (Fy = )Xy, oo X )P 1dug dugy - duy,
N1 JoJo 0

thanks again to Jensen’s inequality. This concludes the proof of Theorem 1. U
We can also obtain similar results for functionals that are less regular, but with finite
p.d.d.
Proposition 8. Suppose that, for n = 1,
F e D"(X)NII,.
Then the kth integrand in the TSCD of F is given by

k
F FI Xy, .., Xu)s k<n,
Wk(ul: Xul:...,uk: Xuk):{o, UpyeesU g | U Uk >
As anticipated, the application of Theorem 1 to smooth functionals of X leads to even
simpler formulae. We first introduce the following definition: given f(xi, ..., x,)
€ C™(R™), that is, a continuous function on R”, having continuous partial derivatives up
to the mth order, we define
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" ok
pn (X, X)) E
S (a ") ox;, ... Ox;,

f(xla ~~’xn)

for every k < m, for every (i1, ..., ix) € {1, ..., n}*. We also set C{"(R") to be the subset
of C™(R") composed of functions such that thelr partial derivatives are bounded.

Corollary 9. Consider a functional of the form
F:f(th, ...,X,”),

where 0 < t; < ... <t, =<1 are fixed and [ € C'(R") for some m = n. Then the kth
integrand in the time-space decomposition of F is given, for k < n, by

wf(ulaXul;"';ukaXuk): Z lE[fE‘f)_,[k(tha"'9th)Xu1a"'7Xu/c]

1<i|<i<..<iy<n

uji_1 — t;
| I | I J— Ljt1— N e
>< (tzk S )( ]) B
S Uj 1 —u;

Jj=2

where ty := 0.

Remark. Corollary 9 ensures that the integrands in the TSCD of F = f(X,,, ..., X,,) can be
calculated by considering iterated derivatives of f where the differentiation is done at most
once with respect to each variable: for n very large, this renders time-space decompositions
rather appealing from a computational point of view. Note that this also provides an a
posteriori proof of the fact that, for every n, functionals of such a form are contained in the

space P, K.

Proof of Corollary 9. For F as in the statement, the kth derivative process is given by a
linear combination of random processes of the type

k
C) [ [ fiw),
i=1

where the f; are indicator functions of time intervals, and also

k k
o (C(w) Hﬁ-) (1, o ) = Co) [ a0 filws),
i=1 i=1

where u := 0 and the a™ are as before. It is now clear that — thanks to a recurrence
argument — the result is proved in general, once it is shown for the case n = 2. Thus, we
consider a functional of the form

F:f(Xll’Xlz)

for 1 as in the statement and fixed #; < #,. Since o,y coincides with the identity operator, we
may immediately deal with the second derivative process of f:
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62
D, ,F= ( )Z{l:z}sz()(m X)) o,0)(u1) Lo, (12).
L))etl,

Now, if j =1,

uy Nty —up
Ly >up@@)[Lo.0) 0.0 (w15 12) = 1> u) 10,1 (11) [1(0,t,-)(u2) - # 1(u2<u1/\t,-):|
| — Uy
=0
and finally, for j =1, i=2
up Nty — up
V=) @) L1 0.0) L. )15 42) = T >0 10,0 (1) [ho,zl)(uz) B — 1<uz<um)]
)
up — 1
= Lo,n)x(n,0) (142, Ml)u1 .
which proves the result. U

Another consequence of Theorem 1 is the following:

Corollary 10. Let h € Ty and
F =exp(X(h)).

Then the nth integrand in the chaotic time-space decomposition of F is given by
n
Yhun, Xos s, X)) = E(F| X, o X)) [ ] eV h(u)
i=1

with a9 := id. In particular, if

1
F =exp (J Xsds>,
0

1 n
1/)5(”19 Xul; cees Up, Xn) :F[E(F|Xup ey Xu,,)H(ui—l - ui);
i=1

then

where uy = 1.

Proof. The first part derives straightforwardly from Theorem 1 and the definition of F,
whereas the second is a consequence of

1 1
J X, ds :J dX(1 —s),
0 0

and, for u > s,
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a™(1 — )(s) = %(u - 5).

5. Bridge chaoses and time-space chaoses

For the sake of completeness we present a slight generalization of the main result of
Gosselin and Wurzbacher (1997), discussed in the Introduction, concerning the chaotic
representation property of Brownian bridges. More to the point, we state a ‘Stroock-type
formula’ for this kind of decomposition, thus showing that Hardy operators, such as those
presented in Section 3, also appear quite naturally in this case.

To start, we observe that Proposition 3 implies that, for every u € A™, the process

X000 == X (a™1p0,), te[o, 1],

satisfies the relation
law L
{X?;O(t), t€[0, 11} aw {ZXj(f)l(u,+1,u/](t) + X(t — )1, 1y(2), t €0, 1]}, (24)
J=1

where the X' ;7 are mutually independent Brownian bridges of length u; — u;,, from 0 to 0,
such that the family (X' 7)j=1,.,m is independent of X. Note that, for u=u =1, X ?;0 is a
standard Brownian bridge of length one, from 0 to 0, whose expression is given in formula
(8) — this is the case studied in Gosselin and Wurzbacher (1997).

Now let u be a fixed element of A™. The process X?;O is of course a semimartingale;

moreover, by defining

1 1
X00(f) = j F()AX%0(s) = J o £(5)dX,
0 0

for f € T", the Gaussian family
X=X, feT)

is an isonormal Gaussian process (or a Gaussian measure: see Nualart 1995) over 7", and
since a™ is a unitary isomorphism from 7" onto 77, this implies that the space L*(X) is
equal to L?(X%°) and that it is spanned by the orthogonal summations of multiple stochastic
integrals with respect to the Gaussian measure X 3’0. Now denote by /!(f) the multiple
stochastic integral of the nth order of an appropriate f with respect to a given Gaussian
measure Y. Then, the above discussion — as well as the classic results on Wiener chaos —
imply that, for every F € L?(X), there exist two sequences of functions {f,, n =1} and
{gn, n =1}, with £, € (T1)°" and g, € (T")°", where for every n (T1)°" and (T")°" denote
the nth symmetric tensor product respectively of 7 and of 7%, such that

F=EF) +Y I (g)=EF) + > I, (25)

n=1 n=1
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and, moreover,

&n :ﬁ[un]fn’ Sn= a[un]gn-
Here, the operators all and Bl are constructed as follows: for f € T,, write y™ for a™

or AW, set

(u) -
Vi S, o 1) = V(u)f(tlw-tk—l»tkﬂ»-»tn)(tk)l(f(l],...t,‘,,l,l,(H m€T)>

where the notation is the same as in Section 3, and finally

Y =AY )
It is straightforward to verify that, for u fixed as above, a*'l and Bl are mutually
inverse unitary isomorphisms from (7")°” to (77)°" and from (77)°" to (T")°" respectively.

Remark. Observe that (T%)°" C (T)°" C T,.

Note that — as pointed out by Gosselin and Wurzbacher and just as in the case of X —
quantities as [ f?'"o( g,) have a nice interpretation in terms of standard, iterated stochastic
integrals with respect to the continuous semimartingale X 3’0. Moreover, when F € D*(X),
we can write f, and g, explicitly, thanks to the Stroock-type formulae

1 1 "o
fo=ED"F(X),  gn=—EB"ID"FX)),
that are a consequence of the following relations, valid for every n = 1:
D"(X) = D"(X,°),
D"F(X,%) = pID"F(X),

D"F(X) = a1 D" F(x%0),
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