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In this article, we derive moment estimates, exponential integrability, concentration inequalities and exit
times estimates for canonical diffusions firstly on sub-Riemannian limits of Riemannian foliations and
secondly in the nonsmooth setting of RCD* (K, N) spaces. In each case, the necessary ingredients are 1td’s
formula and a comparison theorem for the Laplacian, for which we refer to the recent literature. As an
application, we derive pointwise Carmona-type estimates on eigenfunctions of Schrodinger operators.
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Introduction

Suppose a diffusion operator L satisfies an inequality of the form L¢ < v + A¢ for some con-
stants v, A and a suitable function ¢. Then, given either a suitable Kolmogorov equation or, better
yet, an Itd formula for the corresponding diffusion X, one should expect to be able to calculate
various estimates on the moments of the random variable ¢ (X;). In the recent article [16], the
second author considered the case of a complete Riemannian manifold with L = %A + Z where
Z is a smooth vector field and A the Laplace—Beltrami operator. The function ¢ was taken to be
the square of the distance to either a fixed point or, more generally, a submanifold. Geometric
conditions were given under which suitable constants v, A could be determined explicitly. In ad-
dition to moment estimates and an exponential integrability condition, a concentration inequality
and exit time estimate for tubular neighbourhoods were also derived. In this paper, we consider
two further situations where the ingredients required for such calculations are also available.

Firstly, in Section 1, we look at the sub-Riemannian limit as € | 0 of a sequence of Riemannian
metrics g = gy D %gy and assume a condition of the form

1 2

EAHre §U€+)\.€}’3 (1)

for the horizontal Laplacian A. Here, r. is the distance to some fixed point xo with respect to
the metric g.. Example 1.1 illustrates that such constants can be found if the Riemannian folia-

tion is given by the Reeb foliation of a Sasakian structure with curvature bounded below. This
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observation is based on the Laplacian comparison theorem recently proved by Baudoin, Grong,
Kuwada and Thalmaier in [3]. The Itd formula is taken from their next article [2], currently in
preparation. The main results in Section 1 include the exponential estimate Theorem 1.3, which
for the subelliptic diffusion process X generated by A4 implies
2\ oA
E* [e§r§(X,)] <(1- GtA(t))_% exp(M)
2(1 — 0t A(1))

for all 7,0 > 0 such that 87 A(t) < 1 where A(¢) := (! — 1)/At. Here, rg, v and A are given as
limits of r¢, ve and A as € | 0. There is also the concentration inequality Theorem 1.5, which
states for the sub-Riemannian ball Bf) (xp) that

lim i1o P*{X, ¢ B)(xo)} < —
R M e IO
and the exit time estimate of Theorem 1.6, which is to the best of the authors’ knowledge the first
such exit time estimate proved in the sub-Riemannian setting.

Secondly, in Section 2, we look at the general setting of a metric measure space (X, d, m)
satisfying the RCD*(K, N) condition, with associated canonical diffusion X. The Ité6 formula
for the distance function, which in this case has a Laplacian comparison built into it, has been
proved by Kuwada and Kuwae and can be found in [9]. This yields an exponential estimate,
concentration inequality and, finally, exit time estimate

Px{ su r(X)>r}<(1—8)_%eX ( r2(X)Se}tt 3 5r2 )
se[OI,)t] R P 2(1 = 8)tA@) 2tA@)

for all # > 0 and § € (0, 1) where A := %\/(N — 1)K ~. Here again, r(y) := d(y, xo) for some
fixed point xg. For the case K = 0, we give an upper bound for the law of the iterated logarithm.
Following this, we present, as an application, Carmona-type upper estimates on Schrodinger
eigenfunctions. To do so we start, in Section 2.3, by describing conditions under which for each
p > 0and p > 1 there exists a positive constant C3(p, p) such that if V € L”(X) is nonnegative
then

E* [exp(/o V(xods)} <exp(p(1C3(p. (1 V IVIET) +1)

for all + > 0 and all x € suppm. The constant can be determined precisely, by Theorem 2.8.
Combined with the exit time estimate described above, we then, in Section 2.4, deduce the upper
estimates for the eigenfunctions.

It would be desirable to find a general framework that encompasses all three settings mentioned
above (namely, the distance to a submanifold, considered in [16], the sub-Riemannian distance,
considered in Section 1 and the distance in an RCD*(K, N) space, considered in Section 2).
However, for the time being, no all-encompassing It6 formula nor comparison theorem is to be
found in the literature. Moreover, while the RCD*(K, N) condition generalizes the concept of
a Ricci lower bound K, the assumptions in [16] allow for unbounded curvature and in principle
the same is true for the sub-Riemannian setting considered in Section 1. Indeed, condition (1)
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is still satisfied if the curvature operators are bounded below merely by a negative quadratic in
the distance function (as in [2], Theorem 3.11). So, instead of attempting to formulate a general
approach to moment estimates for Markov processes, we focus on the two examples outlined
above: sub-Riemannian limits of Riemannian foliations and RCD*(K, N) spaces.

1. Riemannian foliations

Suppose (M, g) is a complete and connected Riemannian manifold of dimension n +m equipped
with a Riemannian foliation F having m-dimensional totally geodesic leaves. Let )V be the in-
tegrable subbundle tangent to the leaves of F and denote by H its orthogonal complement with
respect to g. Consider the canonical variation g, defined by

1
8¢ =81 D Egv,

where g7y := g|H and gy := g|V for € > 0. The limit € | 0 is called the sub-Riemannian limit.
For each € > 0, the Riemannian distance associated with g. will be denoted d,. As € | 0, these
distances form an increasing sequence converging pointwise to the sub-Riemannian distance dy.
Now let xg € M be fixed and for € > 0 denote

re(x) :=dc(xg, x).

The cut-locus Cut, (xg) of xq for the distance d, is defined as the complement of the set of points
y in M for which there exists a unique length minimizing geodesic connecting xo with y and
such that xo and y are not conjugate. The global cut locus Cutc (M) is defined by

Cute (M) := {(x,y) € M x M : y € Cutc(x)}.

It is well known that the set M \ Cut.(x() is open and dense in M, and that the function df is
smooth on (M x M) \ Cut.(M).

1.1. Comparison theorems

If V denotes the Riemannian gradient determined by g, then the projection of V to H will be
denoted by V4 and called the horizontal gradient. The horizontal Laplacian Ay, is then the
generator of the symmetric closable bilinear form

En(f,g)=— /M gV f, Vg du,

where 1 denotes the Riemannian measure determined by g. We will suppose that there exist
constants ve > 1 and A, € R such that inequality (1) holds on M \ Cut,(xp). Precise geometric
conditions under which inequality (1) holds can be derived using, for example, comparison theo-
rems for the horizontal Laplacian A4 such as those presented in [3] for foliations of a Sasakian
type, as explained in the following example.
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Example 1.1. Suppose that the Riemannian foliation is the Reeb foliation of a Sasakian struc-
ture. Denote the Reeb vector field by S, the complex structure by J and denote by Ricy the
horizontal Ricci curvature of the Bott connection. Furthermore, for X € I'*°(H) with || X|| =1,
set

Kz s (X, X) == (R(X, JX)JX, X),,,

a quantity that is sometimes called the pseudo-Hermitian sectional curvature of the Sasakian
manifold, and define

Ricy ;1 (X, X) :=Ricy (X, X) — Ky 5 (X, X).
Suppose k1, ko € R are constants such that
Ky (X.X) 2k, Riey ,1(X.X) = (n— ks

for all X € I'*°(#H) with || X|| = 1. Then, in terms of the functions

. 1 1
sinh \/ur fus0 —n (ﬁ — —tanh ﬂr) if >0,
—\/ﬁ w ) 7 r
bu(r)i=1r ifpu=0, W,(=q12 if 10 =0,
sinVIulr o 31 /1
SMVIRIE i 4 <0, 11 B _
NI |M|3/2(rtan elr \/|M|> if u <0,

and he := || Vyre||?, [3], Theorem 3.7, states

¢Lh€k2(’"e) ‘P/,hekl(’"e) heW_p i, (re) + €
Dhey(re)  Gpeky (re) he W_p i, (re/2) + €

1 1
Ayref—min{l,h——l}—i-(n—Z)
€

re
on M \ Cutc(xg) and where k. > 0. In [3], Theorem 3.1, it is shown how taking the limit as € | 0
produces a comparison theorem for the sub-Riemannian distance ry. We, however, will continue
to work with the r. distance since this is the one to which the It6 formula of the next sub-section
is applied. We must now therefore deduce from the above comparison an inequality of the type

(1). Firstly, for all nonnegatively curved Sasakian foliations, in the sense that K7; ; > 0 and
RicH’ gL >0, it follows that

1 1
—Aq.[rzgmin 1, — =1t +he+n+2
2 he

in which case one can choose A = 0 and set ve equal to the supremum of the right-hand side.
Note in fact that the right-hand side is bounded above by n + %, since he < 1. Alternatively, if

Ky >k Ricy ;0> (n—2k
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for some k < 0 then the comparison inequality implies
1 2 i 1
EAH’} < minj 1, h_e —1¢+he

1 — anh«/helk\re_i_elk' )

Vhelk|re
4+ helk|re coth/helk|re (n -2+ | Zanh Bl 2 ok
Jhelklre €

IA

1

in{l, ——1¢+h

mln{ hE }+ ¢
| _ tanhVhelKlre

+ h€|k|re coth h€|k|r6 (n -2+ Vhelklre )

1— 2tanh /helk|re /2
Vhelklre

1
min{l, T l} +he+n+24+ n+2)Vhelk|re.
€

IA

Therefore, constants ve and A, can easily be chosen so that (1) is satisfied. Using, for example,

2
the fact that r. < %(a + %) for any o > 0 we see that (1) is satisfied with

7T « 1
ve=n+—+5(n+2)\/|k|, he = a(ﬂ+2)\/|k|

2 ‘T2
for any a > 0. Note how in this case, constant uniform lower bounds on Ky ; and Ricy; ;1
imply that %Aq.[rg is bounded above by a linear function of r., whereas the condition (1) allows
for a quadratic function. Indeed, if the curvatures Ky; ; and Ricy, ;1 are bounded below not by
a constant, but by a negative quadratic in r¢, then constants v, and A, can still be found such that
(1) is satisfied. Unbounded curvature is thus permitted in this particular setting.

1.2. It6 formula

Now suppose ((X;):>0, (Px)xem) is a subelliptic diffusion process generated by %AH. Note that
X admits a smooth heat kernel, by the hypoellipticity of A;. Denote by ¢ the lifetime of X.
Under the measure P, the diffusion satisfies Xo = x. It has recently been proved, in [2], that for
each x € M and € > 0 there exists a continuous nondecreasing process / that increases only when
X; € Cute(x0) and a real-valued martingale 8 with

d(B): = I Vyrell*(X,) dt, )

such that

1 INE
Vs(XtA§)=re(x)+/3t+§/0 Ayre(Xs)ds —Iing 3
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holds P, -almost surely. Note that under P, the Lebesgue measure of the set of times when X €
Cutc (x0) is almost surely zero, so the integral in (3) is well-defined. Indeed, the distributional part
of Ay re is captured by the geometric local time /. The idea now is to combine inequality (1) with
the It6 formula (3) to derive estimates on the even moments of . (X;). Following the approach
laid out in [16], which was similar to that of [13], Theorem 5.40, these will imply bounds on the
moment generating function of re2 (X;) and consequently a concentration inequality and exit time
estimate.

1.3. Second radial moment

We begin by calculating an estimate on the second moment of r¢ (X;), which will then be used
as the base case in an induction argument yielding estimates for the higher even moments.

Theorem 1.1. Suppose there exists constants ve > 1 and A¢ € R such that inequality (1) holds.
Then X is nonexplosive and

E*[r2(X0)] < r2(x)e* +vetAc(D), )
where
Ac(t) = -1
T et
forallt > 0.

Proof. Let {D;}7°, be an exhaustion of M by regular domains and denote by tp, the first exit
time of X from D;. Note that T7p, < 7p,,, and that this sequence of stopping times announces
the explosion time ¢. Then, by (2) and the Itd formula (3), together with the fact that

1
EAH:»Z = reAyre + | Vgrell?, Q)

it follows that

INTD.

i IIATDI'
re(Xinep,) =r2(x) +2 /0 re(Xs)@dpy = dls) + fo AnrZ(Xy)ds (6)

holds, P, -almost surely. Since the domains D; are of compact closure the Itd integral in (6) is a
martingale and so

t/\‘L'D’. 1 t
E*[rZ(Xinep )] =r2(x) — 2B [ /O ré(Xs)dls} +3 fo E* [Ls<rp, ) Ayre (X)) ds

for all + > 0. Before applying Gronwall’s inequality we should be careful, since we are allowing
the coefficient A, to be negative. For this, note that

EX[r2 (Xinep )] =B [V <op 2 X0)] + B [ Lz 0y 172 (X, )]
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and that the two functions
Z/\‘L’D’, )
t—>E* |:/ re(XS)dl{|, t— EX [l{tzrn,-}re (Xrn,-)]
0
are nondecreasing, so if we define a function f ; 2 by

Fein@®) :=E Ly <oy 172 (X))

then fy ;2 is differentiable and we have the differential inequality

frin(®) S ve 4 re frin(t),
2 (7
Jx,i,2(0) =rZ(x)
for all + > 0. Applying Gronwall’s inequality to (7) yields
eret — 1
EX[1<op e (XD] < r2(x)e™! + ve( - ) ®)
€

for all # > 0. Choosing D; = B; (xo) :={y € M : rc(y) < i}, inequality (8) implies

ri(x)ete + vt Ac(t)

P2

PHrpe ) <t} < l

for all # > 0, which implies that X is nonexplosive. Inequality (4) therefore follows from (8) by
the monotone convergence theorem. |

We will refer the object on the left-hand side of inequality (4) as the second radial moment of
X, with respect to x¢. To find an inequality for the first radial moment of X; with respect to x,
one can simply use Jensen’s inequality. Note that lim, .o A¢(#) = ¢, which provides the sense
in which Theorem 1.1 and similar statements should be interpreted when A = 0.

1.4. Higher even radial moments

Recall that if Y is a real-valued Gaussian random variable with mean p and variance o2 then for
p € N one has the formula

E[Y?"] = (26%)" piL,* (_“_2> ©)
202 )’

where L%(z) are the Laguerre polynomials, defined by the formula

X _ sza ar —z_pta
p@Q =y )



Exponential integrability and exit times 2209

for p=0,1,2,...and @ > —1. For all the properties of Laguerre polynomials used in this article,
see [10]. In particular, if X is a standard Brownian motion on R then

_1 X 2
A

for all + > 0. With this in mind, we prove the following theorem.

Theorem 1.2. Suppose there exist constants ve > 1 and ,¢ € R such that inequality (1) holds
and let p € N. Then

2 Aet
re(x)e ) (10)

X ;7
E[r2 (X)) < (Ac) pILy (‘ 2AA(D)

forallt >0, where A¢(t) is defined as in Theorem 1.1.

Proof. By (1), it follows that, on M \ Cut¢ (xp) and for p € N, we have
1 _
S Drd? < p(ve +2(p = D)2 o pherl?.

and by the Itd formula (3), using (2) and (5), we have

t/\fD,- t/\fD,-
r2P (Xinep, ) =12 (x) +2p /O re" N (Xs)(dBy —dly) + 5 /0 AyrP(Xs)ds

for all + > 0, almost surely, where the stopping times tp, are defined as in the proof of Theo-
rem 1.1. It follows that if we define functions f ;2 by

feizp@®) =B 1jrp 2P (X))

then, arguing as we did in the proof of Theorem 1.1, we have the differential inequalities

Feinp® < p(Ve +2(p = D) fri2(p-1) (1) + Phe fri2p(0),
fei2p(©) =rZP(x)

for all + > 0. Applying Gronwall’s inequality yields

t
Friop) < (rfl’(x) +p(ve +2(p — D) / Frinp—1)(s)e Pres ds)e"*d (11)
0

forall # > 0 and p € N. The next step in the proof is to use induction on p to show that

P

_ (% + p)
Sfrizp®) < kX_(:) <i> (er (;))P krzk(x)mepket (12)
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forall# > 0 and p € N, where A (t) := (1 — e *<") /A¢. Inequality (8) covers the base case p = 1.
If we hypothesise that the inequality holds for some p — 1, then by inequality (11) we have

2p L p—1\ %, T(F+p—1. Dt
Srizp(®) < | re (x)—i-P(Ve-i-Z(P_l));( k )”6 (x)mke(f) el <t (13)

for all # > 0, where A¢(1) =[5 (2h¢(s))P ! "¥e~*e5 ds. Using 2(p — k)Ae(t) = (22 (1))P~* and
properties of the Gamma function it is straightforward to deduce inequality (12) from inequality
(13), which completes the inductive argument. Since v > 1, we can then apply the relation

P r 1) (—z)
L‘}‘,(z)zz (pta+1) (—2)

Tk+a+1)kl(p—k!

k=0

which can be proved using Leibniz’s formula, to see that

P (% +p) w1 ri(x)e
p p—k 2k > P het\P g 51 Tex)e
2 (2 = (2t Ac(t)e’s L —
kz_o <k>( ()" re (x)r(%f s (@rAc@e ) Ly ( 2 A1)
and so by inequality (12) it follows that
2 et
Ye | ro(x)ee
2p() < (2tA ) pIL; | - — 14
fx,z,2p()_( e( )) P:Lp ( 2 A (1) ) (14)

fort > 0and i, p € N. The result follows from this by the monotone convergence theorem. [

We will refer the object on the left-hand side of inequality (10) as the 2 pth radial moment of
X; with respect to xo. One can deduce an estimate for the (2p — 1)th radial moment of X; with
respect to xo by Jensen’s inequality.

1.5. Exponential estimate

For |y| < 1, the Laguerre polynomials also satisfy the identity

00 z
S yPL@) = (1 —y) @D (15)
p=0

It follows from this identity and equation (9) that for a real-valued Gaussian random variable Y
with mean u and variance o2 we have for 6 > 0 that

) L olul?
E[e""] = (1-602) 2 exp(m)
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solong as #a? < 1 (and there is a generalization of this for Gaussian measures on Hilbert spaces).
In particular, if X is a standard Brownian motion on R starting from x € R then for 7 > 0 it
follows that

915 (o2 1 0lx|?
E z‘Xt(x)| =(1—-061)"2 -~
C ]=( ) 2P\ 50 e

so long as 8¢ < 1. With this in mind, we prove the following theorem.

Theorem 1.3. Suppose there exists constants ve > 1 and A¢ € R such that inequality (1) holds.
Then

(16)

v 2y phel
E[e4209] < (1 - 61, (1)~ exp( bretoe )

2(1 — 0t A (1))
forall t,0 > 0 such that 0t A (t) < 1, where A(t) is defined as in Theorem 1.1.

Proof. Using inequality (14) and equation (15), we see that

o]

E* [1{t<TDi}e%r€2(X[)] = Z
p=0

o0 Ve 2 )LGZ
< Xz(etAé(t))pLzzT1 <_%>
p=0 E

opP

2pp! fx,i,Zp(t)

Qrz(x)e)‘f' )

=(1—0tA(1) 2 ex9<m

where we justify switching the order of integration with the stopping time. The result follows by
the monotone convergence theorem. O

The following corollary concerns the sub-Riemannian limit as € — 0. It will be assumed in
this corollary (and in two subsequent theorems) that the constants v and A, converge as € — 0.
If the constants have been chosen is such a way that they do not converge, but are nonetheless
uniformly bounded in €, then they can simply be replaced with these uniform bounds, so that the
convergence then trivially holds. Note that in Example 1.1 we found suitable constants that were
indeed chosen independently of €.

Corollary 1.4. For each € > 0, suppose there exists constants ve > 1 and Ac € R such that
inequality (1) holds and such that (ve, Ac) = (v, L) as € — 0. Then

a7

; 2 At
E¥[e570X0] < (1 — 01 A (1)) 2 exp( Ory()e )

2(1 — 0tA(1))

forallt,0 >0 such that 0t A(t) < 1, where A(t) := (e — 1)/At.
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Proof. It follows from Theorem 1.3 that for each ¢, 6 satisfying the conditions of the theorem,
the sequence of random variables

6.2
fe2 im0}

is uniformly integrable and, therefore, inequality (17) follows from (16) by setting € = 1/n and
taking the limit n — oo of both sides of (16). O

1.6. Concentration inequality

If X is a Brownian motion on R™ starting at x, then it is easy to see that

o . 1

Jim 5 logP*{X; ¢ B, (x0)} = =~

for all # > 0. Note that the right-hand side does not depend on the dimension m. With this in

mind, we prove the following theorem, for which we recall that B? (xp) denotes the open ball
centred at xo and with radius r in the sub-Riemannian distance d.

Theorem 1.5. For each € > 0, suppose there exists constants ve > 1 and Ac € R such that in-
equality (1) holds and such that (ve, Ae) — (v, A) as € — 0. Then

1 o 1
rlggor—zloglP’x{Xt ¢ B)(x)} < G

forallt > 0, where A(t) is defined as in Corollary 1.4.

Proof. For 6 > 0 and r > 0, it follows from Markov’s inequality and Corollary 1.4 that

B P 0rg (x)e* _ﬁ)
= (1-020¢") 26Xp<2(1-9x(¢)ekf) 2

so long as OA(1)e* < 1. If t > 0, then choosing 8 = §(A(t)e*)~! shows that for any & € [0, 1)
and r > 0 we have the estimate

rg(x)SeM 8r )

]P’x{X, ¢ B?(XO)} <{a- 8)_% exP(z(l —8tA(r) B 2tA(t)

from which the theorem follows, since § can be chosen arbitrarily close to 1 after taking the
limit. ]
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1.7. Exit time estimate
For the case A > 0, here is the exit time estimate.

Theorem 1.6. Fix r > 0 and for each € > 0 suppose v. > 1 and A > 0 are constants such that
the inequality (1) holds on the ball Bf (xo) with (ve, Ae) — (v, 1) as € — 0. Then

rg(x)8eM sr? )

IPX{ sup ro(Xs) > ”} <(1-872 eXp<2(1 —8IA(r)  2tA(r)

s€[0,7]

forallt >0andé € (0, 1).

Proof. The proof requires a slight modification of the argument we used to derive Theorems 1.3
and 1.5. In particular, denoting by 7, the first exit time of X from the ball and applying the It6
formula as in Theorem 1.2, we use the assumption A, > 0 to obtain the slightly different estimate

t
E*[r2P (Xing)] < r2P (x) + g(ve +2(p - 1) f E*[r2P7 (X snr,)] ds
0

)L t
+% /O E*[r2P (Xsnr,)] ds

which, following the inductive argument of earlier, yields moment estimates which can then be
summed, as in Theorem 1.3, to obtain an exponential estimate for the stopped process. Taking
the limit as € | 0, it follows that the right-hand side of the inequality

9 0.2
B sup ro(xy) = | < B [edi00)]
s€[0,1]

is bounded by the right-hand side of (17). Choosing 0 as in the proof of Theorem 1.5 yields the
desired estimate. ([l

2. Metric measure spaces

We next consider the setting of a RCD*(K, N) space (X,d, m), meaning a geodesic metric
measure space having a notion of a lower Ricci curvature bound K € R together with a notion
of an upper bound N € [1, co) on dimension. We will give a concise introduction to this setting
based on that of [9], whose It6 formula we will describe in the next subsection.

We start with a metric measure space (X, d,m), meaning (X, d) is a complete, separable
metric space and m a o-finite Borel measure on X. Suppose m(B,(x)) € (0, oo) for any metric
ball B, (x) of radius r > 0 centred at x € X. Suppose d is a geodesic distance, meaning that for
any xo, x1 € X there exists y : [0, 1] — X such that y(0) = xg, y(1) =x1 and d(y (s), y (t)) =
|s — ¢|d(x0, x1). Denote by CP(X) the Lipschitz functions on X and define Cheeger’s energy
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functional Ch : L2(X; m) — [0, oo] by
N IS [ 2 5 . Lip 2y L*(X,m)
Ch(f) ._Emf liminf [ |Df,|“dm: f, e C-P(X)NL (X;m), f —— f
n—oo X

with domain given by the Sobolev space
D(Ch) := {f € L*(X;m) : Ch(f) < oo},

where |Dg| : X — [0, oo] is the local Lipschitz constant of g : X — R defined by

o lg(x) — gyl
|Dg|(x) '—h‘;’j}fpid(x,y) :

For f € L?(X; m) with Ch(f) < oo, there exists some |Df|,, € L*>(X; m) such that

1
Ch(f)=5/X|Df|%Udm

and we call |Df|, the minimal weak upper gradient of f. We call (X, d, m) infinitesimally
Hilbertian if Ch satisfies the parallelogram law, in which case the minimal weak upper gradient
also satisfies the parallelogram law and there exists a bilinear form

(D-, D) : D(Ch) x D(Ch) — L'(X;m)
such that (Df, Df) = |Df |3). We denote by A the (nonpositive definite) self-adjoint operator
associated to 2Ch, with domain

D(A) = {f € D(Ch) : 3h € L*(X, m), 2Ch(f, g) = —/ hgdm,Vg e D(Ch)}
X

with Af :=h for any f € D(A).

Definition 2.1. Suppose K € R and N € [1, 00). We say that (X, d, m) is an RCD*(K, N) space
if it satisfies the following conditions:

(1) Itis infinitesimally Hilbertian;
(i1) There exists xg € X and constants ¢y, ¢ > 0 such that m(B, (xg)) < c1e°'2’2 for all r > 0;
(iii) Any f € D(Ch) satisfying |Df|,, < 1 m-a.e. has a 1-Lipschitz representative;
(iv) For any f € D(A) with Af € D(Ch) and g € D(A) N L*®(X;m) with g > 0 and Ag €
L%°(X; m), there is the weak Bochner inequality

1 1
—f |Df|2Agdm—f<Df,DAf>gdmzK/ |Df|igdm+—/ AfPgdm.
2 Jx X X N Jx

In such a setting, (Ch, D(Ch)) is a strongly local regular Dirichlet form, which by (ii) and [1],
Theorem 4.20, is conservative. From now on, we fix an RCD*(K, N) space (X, d, m).
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2.1. It6 formula

Let ((X¢)r>0, (Px)xex) be the diffusion process canonically associated with (Ch, D(Ch)). Note
that for a bounded measurable function f, Fukushima’s theory of Dirichlet forms implies the
correspondence P f(x) = E*[ f(X;)] only for Ch-a.e. x € X, where by P, we mean the semi-
group generated by %A, defined a priori via spectral theory. However, it has recently been shown
in [6], using the assumption N < 0o, that P, maps L°°(X) to C(X) and that the formula actually
holds pointwise, for each x € X. In particular, and as in the previous section, by PP, we mean
the probability measure on the space of continuous paths which has as its transition density the
jointly continuous kernel of the semigroup P;.

Now fix xo € X and define r(x) := d(xp, x), as before. Kuwada and Kuwae recently proved
an [t6 formula for the radial part of the diffusion. For this, they set

K N>1
ki={N-1’ -0
0, N=1
and define
/
coty(r) := ()
Dr(r)

with ¢ (r) defined as in Example 1.1. Then, as [9], Corollary 5.5, they prove that there exists a
standard one-dimensional Brownian motion B and a positive continuous additive functional A
such that, for all suitable functions f € C?(R), there is the formula

F(r(Xn) = f(r(Xo) + /O f’(r(Xs>)st+% /O 7 (r(Xy))ds

N—1 [t , 1,
+T/0 f (r(Xs))COtk(V(Xs))dS_E/O f(r(Xy))dAs (18)

for all t > 0, IP,.-almost surely for all x € X. This formula is, in particular, valid for all functions
f of the form f(r) = r?P with p > 1.

2.2. Exponential and exit time estimates

Using formula (18) we can derive various estimates of precisely the form considered in the
previous section, including the second radial moments and other higher even moments. To avoid
extensive repetition, let us skip straight to the corresponding exponential estimate, in which we
denote by tp the first exit time of X; from a compact set D.

Theorem 2.2. Set A := 3./(N — 1)K ~. Then

X QVZ(X[/\T ) —_ 7M M
E*[ef ] < (1-01A@) 2 exp(z(l_em(r))

forallt,0 >0 such that 0t A(t) < 1, where A(t) := (e — 1)/At.
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Proof. We see that

reotyr <1+ vVk—r<1 +€(1 —|—r2).
By formula (18) applied to the function f(r) = 2P we obtain therefore

INTD INTD
2P (Xinep) = 2P (Xo) 4 2p /0 r?P~N(X,)d By + pQ2p — 1) /0 r?P2(X,) ds

INTD INTD
+ p(N — 1)/0 P H(Xy) coty (r (X)) ds — p/O r?P= (X)) d A,

INTD
srzp(Xo)+2p/ r?P~1(X;) d By
0

t t
+p(N+r+2(p— 1))/0 rZP*Z(XWD)derpk/O r?P (Xspep) ds

for all # > 0. We can now proceed, as in the proofs of Theorem 1.1 and 1.2, to obtain estimates
on the even radial moments which can then be summed, as in the proof of Theorem 1.3, to obtain
the claimed inequality. |

As a corollary, we obtain an analogue of the concentration inequality Theorem 1.5:

Theorem 2.3. Set A := 4./(N — 1)K ~. Then

1
rl_l)ngo—logﬁ”x{Xz ¢ B, (XO)} = 2tA(t)

forall t >0, where A(t) := (e — 1)/At.

Furthermore, we obtain, by Markov’s inequality, the following exit time estimate.

Theorem 2.4. Set A := /(N — 1)K ~. Then

N4 r2(x)8eM 8r2
Px{sz%pt r(X)>r}5(1_8) ’ eXp(2(1—8)tA(t)_2tA(t)>

forallt >0andé € (0, 1).

Using this estimate, we can deduce an upper bound for the law of the iterated logarithm. Laws
of the iterated logarithm have been recently proved by Kim, Kumagai and Wang in [8] for the
general setting of a metric measure space, assuming a volume doubling condition and suitable
bounds on the heat kernel. We assume the RCD*(K, N) condition with K > 0. In this case, we
have the following upper bound for the law of iterated logarithm, which follows either from the
radial comparison [9], Theorem 6.1, or from Theorem 2.4 and the argument given below.
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Corollary 2.5. Suppose K > 0. Then

. d(Xl ) XO)
lim sup

_ <
t—oo +/2tloglogt —

PX0-almost surely.

Proof. The argument is taken from [11], Chapter 5. Indeed, fix € > 0, g > 1 and set

Ay = { sup r(Xs) = (1+ 5)‘/’(‘1")}’
s€[0,7]

where ¥ (¢) := /2t loglog . Then, by Theorem 2.4, for all 0 < < 1 we have
0 -5 —8(1+€)?
PYf{A,} =(1—8)" 2 (nlogq) .

Choosing § sufficiently small, for example, § = 1/(1 + €), we have Zzozl P*{A,} < oo and,
therefore, by the Borel-Cantelli lemma, only finitely many A, occur. Consequently, for large ¢,
we can write ¢" ! <t < ¢" and estimate

dXex0)  d(Xex0) (@) ¢ "
== e 1 >
VO w@n g v ST

since Y (t)/t is decreasing in ¢. The result follows, since € > 0 and g > 1 are arbitrary. (]

We can also apply the exit time estimate Theorem 2.4 to derive upper bounds for Schrodinger
eigenfunctions, along the lines of [4]. We do so in Section 2.4. First, we must calculate upper
bounds on Feynman—Kac functionals with potentials belonging to some L” space.

2.3. Feynman—Kac functionals

Sturm’s work on the general theory of Dirichlet forms implies the existence of a locally Holder
continuous representative p on suppm x suppm X (0, co) of the heat kernel on (X, d, m) asso-
ciated to %A. See [14], Proposition 2.3, and [15], Corollary 3.3. In this subsection, we start with
the following assumption:

(A1) There exists 1 <n < oo, Tp > 0 and positive constants ¢3 := ¢3(Tp) and ¢4 := c4(Tp),
possibly depending on Tp, such that

dz(x,y))

pi(x,y) <e3t™? eXp<—
cyt

for all x, y € suppm and ¢ € (0, Tp].
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Sharp Gaussian estimates on the heat kernel have been proved by Jiang, Li and Zhang [7], Theo-
rem 1.2. In particular, their upper bound states that for any € > 0 there exist C; := C; (¢, K, N) >
1fori =1, 2, depending only on K, N and €, such that

Cl dz(xr y)
pr(x,y) < (B () eXp<— 1o + C2t>

for all x, y € suppm and any ¢ > 0. Consequently, if m is lower n-Ahlfors regular for some
1 <n < oo, meaning that there exists a constant c5 > 0 such that

m(B,(x)) > csr”

for any 0 < r < D and for all x € X, where D denotes the diameter of X, then assumption (A1)
is satisfied. In terms of the constant n given by assumption (A1), we will additionally assume:

(A2) There exist constants ¢y, ¢ > 0 such that
2
m(Br (x)) <c1r'"e?”

for all » > 0 and all x € suppm.

This assumption replaces the second property in Definition 2.1. For a RCD*(K, N) space satis-
fying assumptions (A1) and (A2), we can deduce various integral estimates for the heat kernel.
We begin with the following lemma, which holds true on any metric measure space.

Lemma 2.6. For any ¢ > 0, we have

d? * ?
f e~ Y dm(y) =2€/ m (B (x))re”"" dr
X 0
forallx € X.

Proof. By Fubini’s theorem, we have

1 1
/ e—cd2(x,y) dm(y) 2/ m({y : e—cd2(x,y) - )L})dk Zf m(B¢()\)(x)) dx,
X 0 0

where ¢ (1) :=,/ —% log A for A € (0, 1). Since

1 2
"N = — cp=(1)
¢ (1) 2eh () e
it follows, by the change of variables r = ¢ (1), that
1 00 )
/ m(qu(A) (x)) d) = 26/ m(Br (x))re_cr dr
0 0

as claimed. O
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For T > 0 with ¢, ¢’ > 1 and a nonnegative measurable function f : [0, T] x X — R define

/¢’
”f”LZ,([O,t]xX) = (/ | £ )| L4(X) )

fort e (0,T].

Proposition 2.7. Suppose q,q’ > 1. Assume (A1) and suppose there exists xo € suppm and
constants c1, ¢y > 0 such that

m(Br (xo)) < clr”eczr
forall r > 0. Choose T\ > 0 sufficiently small so that
T q

where Ty is the constant determined by assumption (Al). Then there exists a positive constant
C1:=C1(g,c1,c2,c3,c4,n, T1) such that

| p: 0. )| oy < €136 20)

forallt € (0, T1]. If, in addition,

1 2
-4 —>1
qg nq'

then furthermore there exists a positive constant Cy := C3(q, q’, c1, ¢2, ¢3, ¢4, n, Ty) such that

nel 1
<Cyla VY

| p-(x0. )| LY, ([0.1xX) o2y
forallt € (0, T1], in which case

ltlngP-(xo, ')”LZ,([O,t]xm =0.
Note that it is always possible to find a T satisfying condition (19).

Proof. For s € (0, T1], it follows from Lemma 2.6 that

_ng qd*(x0, y)
| o, )7y < c§577 /X exp(—T dm(y)

o0 _a?
= cgs_7 — m(Br (xo))re s dr

q " 2q *® n+l —GGL

—C)r
<cie3sT 2 — r'"Tle e r? dr
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—(5+D
n n — C2S8C.
= clcgsf(l_‘pcir<§ + 1) (%)

4 4

C1€§61F " q —c2Ticy _(7+1)S%(1—q)
2 cq

for which we used the assumption 77 < %. Consequently inequality (20) is proved with

q_n 1/q
ciczql (5 + 1) >
Ci(q,c1,c2,¢c3,¢4,n,Th) i=| —————77— . 22
1(g, c1,¢2,¢3,¢4,n,T) <C4(qC§4T1‘4)7+1 (22)
el 2
It follows that if 7T my > 1 then
t L‘i’(lfl) 1/q'
||p‘(x0")||Lq,([0,t]><X)SCI(/O s ds)
q
3 14"y 1 gy,
e (43 o))
2 \q
and consequently inequality (21) is proved with
—1/q’
ng' (1
Ca2(q.4' c1.c2.¢3,¢4,n, Th) = C1(7<; - 1) + 1)
as required. (]

Theorem 2.8. Suppose V is nonnegative with ||V || Lr(x) < oo for some p > 1. Assume (A1) and

(A2) and suppose y =1 — 2"—p > 0. Denote by Ty the constant determined by assumption (A1),

choose some Ty < Ty A Cf—cz where g = % and define the constant Cy by (22). Then for each

p > 0 it follows that
! 1 cer (CrlVILra\'"”
]Ex|:exp(/ V(Xs)ds>j| gexp(p<tmax{—,—,<7> }+1)>
0 Ty ¢ y(I—e=?)
forallt > 0 and all x € suppm.

Proof. Choose 75 > 0 sufficiently small so that

l—e " 1¥5%
T2<TOALA(M) .
c4c) CillVIiLrxy
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By Holder’s inequality, Tonelli’s theorem and Proposition 2.7, we have

t t
E[/ V(xs)ds} < ||V||Lp<x>/ 06 | 1oy s
0 0
tY
<CillVIiLexy— (23)
14
<l—e” 24)
for all ¢ € [0, T2]. As an aside, note that if suppm = X then, by inequality (23), such V belong,
under the present assumptions, to the Kato class of (X, d, m), as in [12]. The canonical diffusion
has the property that if A is a Borel subset with m(A) = 0 then P*(X; € A) =0 for all ¢ > 0.

Therefore, Khasminksii’s lemma, as in [5], implies for a nonnegative measurable function V :
X — R that if there exists a constant 0 < « < 1 such that

t
sup E* [/ V(Xs)ds} <a
Xesuppm 0

t
E* [exp(/ V(Xs)ds>:| < i la
0 _

for all + > 0 and x € suppm. Consequently, by (24), we have

t
E* [exp(/ V(Xs)ds)i| <e’
0

for all ¢ € [0, T2]. By the Markov property, applied iteratively, we see that

! I L%2J+1 "
oo voraa)] < g el [ )] 2o )
0 XEesuppm 0 T2

for any 7, of the form
1—e Py \ 1Y
T2=ﬂ<TOALA(M) )
c4c2 CillVIlLrx)

with B € (0, 1). The result follows, by letting 8 1 1. (Il

then

Suppose now, more generally, that V is a measurable function that can be decomposed as
V = Vi — V, with V; bounded below and V, nonnegative with ||V, := |[VallLrx) < 00
for some p > 1. Assume (Al) and (A2) and suppose y =1 — % > 0. Denote by Ty the

constant determined by assumption (Al), set g = % and choose some Ty < Ty A Cf—cz

Then, according to Theorem 2.8, for each p > 0 there exists a positive constant C3(p) :=



2222 A. Thalmaier and J. Thompson

Cs(g, c1, 2, 3, 4,1, Ty, T, p) such that

t
E* [exp(/o Vz(Xs)dsﬂ <exp(p(tC3(p)(1V IVall/7) + 1)) (25)

for all ¢ > 0 and all x € supp m. Following [4], the exit time estimate Theorem 2.4 together with

1
the bound (25) can be used to derive an estimate on the expectation of the functional e~ JoVXs)ds,

For each a > 0, set V' (x) :=inf{V|(y) : d(y, x) < a}.

Corollary 2.9. Assume (A1) and (A2) and suppose 1 — % > 0. Then for each p > 0O there exists
a positive constant C3(p) such that

t
E|:exp<—/ V(Xx)ds>] < exp(%(th(p)(l \/2”‘/2”17/7/) + 1))
0

2 1/2
x (e 2VI®) 4 p=2inf V(g —8)_#exp _ da
2t A (1)

forall § € (0,1),t,a >0 and x € suppm, where A := %,/(N - DK~

Proof. Using the bound (25) obtained in the previous subsection, we see that

Blex(- [ tV(XS)ds)]z

< exp(,o(tC3(p)(1 V. 2” VZH}?/V) + 1))]Ex [efzf(;‘ Vi (X.v)ds]
<exp(p(1C3(p)(1 V2] V2||}7/y) +1)) (B [ei2f0t Vl(xx)dsl{supse[o,x]d(XS*x)<“}]
e [e—z i (Xs)dsl{supxewn iy 02al])

= exp(p(tC3(0) (1 2 Vallf7) 4 1)) (720 4 72 Vipr] sup d(Xs. ) 2 al)
sel0,t

for each t > 0 and a > 0. By Theorem 2.4, we have

2

IP’x{ sup d(X x)>a}<(1 8)_N§rkexp< da )
sep0.] T 2t A(1)

forall # > 0 and 6 € (0, 1) which by substituting yields the desired inequality. ]

Observe if f € L?(X;m) then Holder’s inequality, Proposition 2.7 and Theorem 2.8 imply,
under the assumptions of Theorem 2.8, that for each ¢ > 0 the map

fro EX[f(Xpe oV (X0ds)

is bounded on LZ(X; m) — L®(X;m).
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2.4. Upper bounds for Schriodinger eigenfunctions

As pointed out by a referee, under the present assumptions V belongs to the Kato class of
(X,d, m) (see the proof of Theorem 2.8), and so a self-adjoint extension of —%A + V can

be defined by quadratic form methods, as in [6]. Given an eigenfunction ¢ € D(—%A + V),

satisfying
1
A=V )p=E
(38-)o=t0

for some E € R, it follows that ¢ is given by the Feynman—Kac formula

p(x) = "E* [(p(Xz)GXP<— /l V(Xs)ds)] (26)
0

for all # > 0. This formula can now be used to estimate ¢. In particular, following [4], we observe
that certain growth conditions on V imply pointwise decay estimates for the eigenfunction. For
a function f and a > 0, we set

fA@) =inf{ f(y):y € Ba(x)}.

Then, for example, we observe that if limgy, x,)—o00 V1(x) = 00 and if V; satisfies, for some
positive function a on X, the condition

Vii(x) = aVi(x)

for some positive constant o and for x outside a compact set, then there must exist positive
constants ¢ and C, depending on E and || V2 || », such that

|[0(0)] < Cllglloge etV

for all x outside the compact set with x € suppm. Indeed, this follows from the representation
1

(26) and Corollary 2.9 by setting #(x) = a()c)Vfj (x) and using the fact that A(¢) > 1 for all
t > 0. We also have the following proposition.

Proposition 2.10. Set A := %‘/ (N — 1)K~ Assume (A1) and (A2), suppose 1 — 3~ > 0. If for

2p
some xqg € X, we have
V(x) = yd*(x, xo)

outside a compact set for some constants y > 0 and m > 1, then for all

m
0 < ‘/77’”
2(m + 1)m+l

there exists a constant C > 0 such that
()] < Cllplloge™?d"" rx0) @7)

for all x € suppm.
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Proof. Since ¢ is bounded, it suffices to prove (27) for d(x, xo) large enough. For 8 > 0 and
O<a<l,seta=ad(x,xy) and t = ﬁy’l/zd’(”"l)(x, Xp) to obtain from Corollary 2.9 that

o) < ||<o||ooexp<rE + %(fcs(p)(l V2(Vall”) + 1))

a 8 2
% (e—zzv (x) +(1— 5)—# exp<_%dm+l(x’xo)>>

for all § € (0, 1). Then note, for this choice of a, by the reverse triangle inequality

Vi) =y inf d(y,x) =y inf |d(y,x)—dx xo)|" =y (1 —a)?"d> (x, x0)
YEB,(x) YEB,(x)

and, therefore, taking for example, § = % we find

N+

o] < llplloo2 2 exp(rE+§(rc3<p>(1v2||v2||}/y)+1))
2
x (exp(—ﬂﬁ(l — @)™ (x, x0)) +exp(—%d’"+l(x,xo)))

Nia P 0
< llglle22 eXP</3y 2d=0m 1)(x,xo)<E+§c3(p)(1\/2||V2||},/V)>>

X exp(% —0d"™ (x, xo)>

for any
2
0 < min{ﬁﬁ(l gy, VT }
4p
Since
. Jre? Jym™
max{ min A—a), X . 0e0,1),B>0=—¥"
{ {ﬁﬁ 4B P 2(m + 1)m+D

and since m > 1, it follows that there exists a constant such that the claim is satisfied. O

Returning to the setting of Section 1, note that similar eigenfunction estimates, for operators
of the form %AH — V, can also be obtained (under certain conditions), by Theorem 1.6.

Acknowledgements

This work has been supported by Fonds National de la Recherche Luxembourg (FNR), project
014/7628746 GEOMREV.

The authors wish to thank Erlend Grong for helpful discussions concerning Section 1 and Batu
Giineysu for suggesting the application to Schrédinger eigenfunctions.



Exponential integrability and exit times 2225

References

(1]

(2]

[3]

(4]

(3]

(6]
(71
[8]
[9]

(10]

(11]

[12]
[13]
[14]
[15]

[16]

Ambrosio, L., Gigli, N. and Savaré, G. (2014). Calculus and heat flow in metric measure spaces
and applications to spaces with Ricci bounds from below. Invent. Math. 195 289-391. MR3152751
https://doi.org/10.1007/s00222-013-0456- 1

Baudoin, F., Grong, E., Kuwada, K., Neel, R. and Thalmaier, A. (2020). Radial processes for sub-
Riemannian Brownian motions and applications. Preprint. Available at arXiv:2002.02556.

Baudoin, F., Grong, E., Kuwada, K. and Thalmaier, A. (2019). Sub-Laplacian comparison theorems
on totally geodesic Riemannian foliations. Calc. Var. Partial Differential Equations 58 Art. 130, 38.
MR3978951 https://doi.org/10.1007/s00526-019-1570-8

Carmona, R. (1978). Pointwise bounds for Schrodinger eigenstates. Comm. Math. Phys. 62 97-106.
MRO0505706

Fitzsimmons, P.J. and Pitman, J. (1999). Kac’s moment formula and the Feynman—Kac formula
for additive functionals of a Markov process. Stochastic Process. Appl. 79 117-134. MR1670526
https://doi.org/10.1016/S0304-4149(98)00081-7

Giineysu, B. (2019). RCD(K, N) spaces and the geometry of multi-particle Schrédinger semigroups.
Preprint. Available at arXiv:1909.07736.

Jiang, R., Li, H. and Zhang, H. (2016). Heat kernel bounds on metric measure spaces and some
applications. Potential Anal. 44 601-627. MR3489857 https://doi.org/10.1007/s11118-015-9521-2
Kim, P., Kumagai, T. and Wang, J. (2017). Laws of the iterated logarithm for symmetric jump pro-
cesses. Bernoulli 23 2330-2379. MR3648033 https://doi.org/10.3150/16-BEJ812

Kuwada, K. and Kuwae, K. (2019). Radial processes on RCD*(K, N) spaces. J. Math. Pures Appl.
(9) 126 72-108. MR3950013 https://doi.org/10.1016/j.matpur.2018.12.008

Lebedev, N.N. (1972). Special Functions and Their Applications. New York: Dover. Revised edition,
translated from the Russian and edited by Richard A. Silverman, Unabridged and corrected republi-
cation. MR0350075

Morters, P. and Peres, Y. (2010). Brownian Motion. Cambridge Series in Statistical and Probabilis-
tic Mathematics 30. Cambridge: Cambridge Univ. Press. With an appendix by Oded Schramm and
Wendelin Werner. MR2604525 https://doi.org/10.1017/CB09780511750489

Simon, B. (1982). Schrédinger semigroups. Bull. Amer. Math. Soc. (N.S.) 7 447-526. MR0670130
https://doi.org/10.1090/S0273-0979-1982-15041-8

Stroock, D.W. (2000). An Introduction to the Analysis of Paths on a Riemannian Manifold. Mathe-
matical Surveys and Monographs 74. Providence, RI: Amer. Math. Soc. MR1715265

Sturm, K.-T. (1995). Analysis on local Dirichlet spaces. II. Upper Gaussian estimates for the funda-
mental solutions of parabolic equations. Osaka J. Math. 32 275-312. MR1355744

Sturm, K.T. (1996). Analysis on local Dirichlet spaces. III. The parabolic Harnack inequality. J. Math.
Pures Appl. (9) 75 273-297. MR1387522

Thompson, J. (2016). Brownian motion and the distance to a submanifold. Potential Anal. 45 485—
508. MR3554400 https://doi.org/10.1007/s11118-016-9553-2

Received July 2019 and revised December 2019


http://www.ams.org/mathscinet-getitem?mr=3152751
https://doi.org/10.1007/s00222-013-0456-1
http://arxiv.org/abs/arXiv:2002.02556
http://www.ams.org/mathscinet-getitem?mr=3978951
https://doi.org/10.1007/s00526-019-1570-8
http://www.ams.org/mathscinet-getitem?mr=0505706
http://www.ams.org/mathscinet-getitem?mr=1670526
https://doi.org/10.1016/S0304-4149(98)00081-7
http://arxiv.org/abs/arXiv:1909.07736
http://www.ams.org/mathscinet-getitem?mr=3489857
https://doi.org/10.1007/s11118-015-9521-2
http://www.ams.org/mathscinet-getitem?mr=3648033
https://doi.org/10.3150/16-BEJ812
http://www.ams.org/mathscinet-getitem?mr=3950013
https://doi.org/10.1016/j.matpur.2018.12.008
http://www.ams.org/mathscinet-getitem?mr=0350075
http://www.ams.org/mathscinet-getitem?mr=2604525
https://doi.org/10.1017/CBO9780511750489
http://www.ams.org/mathscinet-getitem?mr=0670130
https://doi.org/10.1090/S0273-0979-1982-15041-8
http://www.ams.org/mathscinet-getitem?mr=1715265
http://www.ams.org/mathscinet-getitem?mr=1355744
http://www.ams.org/mathscinet-getitem?mr=1387522
http://www.ams.org/mathscinet-getitem?mr=3554400
https://doi.org/10.1007/s11118-016-9553-2

	Introduction
	Riemannian foliations
	Comparison theorems
	Itô formula
	Second radial moment
	Higher even radial moments
	Exponential estimate
	Concentration inequality
	Exit time estimate

	Metric measure spaces
	Itô formula
	Exponential and exit time estimates
	Feynman-Kac functionals
	Upper bounds for Schrödinger eigenfunctions

	Acknowledgements
	References

