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In this paper, we are interested in the time derivative of the Wasserstein distance between the marginals of
two Markov processes. As recalled in the introduction, the Kantorovich duality leads to a natural candidate
for this derivative. Up to the sign, it is the sum of the integrals with respect to each of the two marginals of the
corresponding generator applied to the corresponding Kantorovich potential. For pure jump processes with
bounded intensity of jumps, we prove that the evolution of the Wasserstein distance is actually given by this
candidate. In dimension one, we show that this remains true for Piecewise Deterministic Markov Processes.
We apply the formula to estimate the exponential decrease rate of the Wasserstein distance between the
marginals of two birth and death processes with the same generator in terms of the Wasserstein curvature.

Keywords: birth and death processes; optimal transport; piecewise deterministic Markov processes; pure
jump Markov processes; Wasserstein distance

1. Introduction

The goal of this paper is to compute the time derivative of the o-Wasserstein distance between the
marginals of two Markov processes {X,};>0 and {X;};>0. For ¢ > 1, the p-Wasserstein distance
between two probability measures P, P on R? is defined as

- /o
Wo(P, P)= ( inf _ / lx — YIQJT(dx,dy)) , (1.1)
mell(P,P) JRE x R4

where IT(P, P) is the set of probability measures on RY x R? with respective marginals P and P.
It is well known that there exists 7 € I1(P, P) such that W§(P, P)= fRded |x — y|®m(dx, dy)
(see, for instance, Theorem 3.3.11 of Rachev and Riischendorf [16]).

It is possible to prove (see, for instance, Theorem 5.10 of Villani [18]) that:

WE(P. P) =sup{—f ¢ (x) P (dx) —f $<y>ﬁ(dy>}, (12)

Rd Rd
where the supremum runs along all pairs (¢, #) € L'(P) x L'(P) such that ¥(x, y) € RY x
RY, —¢(x) — ¢(y) < |x — y|°. Moreover, according to Theorem 5.10 of Villani [18], if

Ja 1X12 P(dx) + [pa [¥12 P(dy) < 400, there exists a couple (¥, %) € L'(P) x L'(P) of o-
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convex functions such that W5 (P, P)=— Jra ¥ (X)) P(dx) — [pa ¥ (y)P(dy) and one is the o-
transform of the other, that is,

Y(x)=— inf {lx —y[® +¥(»} and () =— inf {]x — y|® + ¥ (x)}. (1.3)
yeRd xeRd

These functions ¥ and ¢ are called Kantorovich potentials. For an optimal coupling v (which
is unique when ¢ > 1 according to Theorem 6.2.4 of Ambrosio, Gigli and Savaré [3]), since
Jraxrs =W ) + Y ()7 (dx, dy) = W5 (P, P) = [gay g lx — y|°m(dx, dy) and —(¥(x) +
IZ(y)) < |x — y|9, we necessarily have

m(dx,dy)ae,  —yx) — ¥ =|x -yl (1.4)

In dimension d = 1, an optimal coupling 7 is the probability law of (£~ L), F- L(U)) where
F(x) = P((—00,x]) and F = P(( 00, x]) are respectively, the cumulative distribution func-
tions of P and P, F~ Y(w) = inf{x € R, F(x) > u} and F- L(u) = inf{x e R, F(x) > u} their
right-continuous pseudo-inverse, and U is a uniform random variable on [0, 1] (see Theo-
rem 3.1.2 of Rachev and Riischendorf [16]). When F is continuous and o > 1, we explicit a
pair of Kantorovich potentials. Let us define

w(x)zgfo IT() =¥ 23 (T(x) = x)dx', T =F'(Fx)), (1.5)

and J(y) = —inf{|x — y|2 + ¥ (x)}. Since r — o|r|° %r and x — T (x) are nondecreasing, we
have for x,z € R,

X
'W(x) — '(//(Z) = Q/ \T(X/) _x/|Q—2(T(x/) — x/) d)C/
Z
* )
< Q/ |T(x) —x’|g (T(x)—x")dx' = |T(x) — z‘g — |T(x) —x|Q.
Z
Then, we have
Y () +|T(x) —x|¢ = lnf{l/f(z) +T(x) —z|*} = —9(T ). (1.6)
Thus, 7 (dx, dy) = P(dx)d7(x)(dy) is the optimal coupling and T is called the optimal transport
map. _
Let us now consider two R9-valued Markov processes {X;};>0 and {X;};>0 with respective

infinitesimal generators L and L such that Vt >0, E[| X, |i + |g,|9] < 00. For t > 0, the -
Wasserstein distance between the law P; of X, and the law P; of X, is given by

W§<P,,E>=—f wt(x)Pt(dx)—/ Vi (») Pi(dy).
R4 R4

where ;, % are Kantorovich potentials associated with (P;, PN’,).



Wasserstein distance between the marginals of two Markov processes 2463
The above duality gives a very natural candidate for the time derivative of ¢ Wg (P, P)).

Indeed, for ¢ > 0, let us assume that (v, %) e LY(Py) x Ll(lgx) fors € (t —e,t + ¢) for some
& > 0. Then, we have

Wg(Ps,ﬁaz—/ vft(x>Ps<dx)—/ 1 (x) Py (dx).
R4 R4

For h > 0, choosing s = + h then (when t > h) s =t — h leads to

1 ~ ~ 1
Z(Wg(PFFh’ Pryp) — Wg(Pt, Pt)) = —z /Rd 1ﬂt(JC)(PtJrh(d)C) - Pt(dx))

1 ~ ~ ~
- / 0100 (Pran (dv) — Pr(a)),
l’l R4
1 ~ ~ 1
E(WS(PZ’ Pr) — WQQ(Ptfh, Ptfh)) = 7 A{d I/ft()C)(Pt(dX) - Pt,h(dx))
1 ~ ~ ~
- —f ¥ (x) (P (dx) — Pr—p(dx)).
h R4
If ¥, and J, are respectively, in the domains of the generators L and L, one has

t
/ ¥ (x) (Pr (dx) — Ps(dx)) =/ / Ly (x) Pr(dx)dr,
R4 s JRd

~ ~ ~ t ~ ~ ~
/ ¥ (0) (P (dx) — Py(dx)) :/ / L (x) P (dx) dr.
R4 s JR4

Plugging these equalities for s =¢ 4+ h and s =t — & in the previous inequalities and letting
h — 0, leads, under continuity (resp. differentiability) at time ¢ of r fRd Ly (x)P-(dx) +
fRd Ly (x) Pr(dx) (resp. r — WQQ(P,, P.)), to

d ~ ~~ ~
d—WS(Pt, Pt):_/ Ly (x) P (dx) —/ Ly (x) Py (dx). (L.7)
t R4 R4

In the present paper, we are interested in the slightly weaker integral formula : VO <s <,
t
WG (P P) — W (Ps, Py) = —/ </d L (x) P (dx) + /d Ly (x) Py (dX)) dr. (1.8
K R R

We will prove that it holds when {X;};>¢ and {)N( t}r>0 are pure jump Markov processes with
bounded intensity of jumps and such that 7 — E[|X, [+ 4 |§,|9(1+8)] is locally bounded
for some ¢ > 0. The interest of this result is reinforced by the fact that (like in the proof of the
Hille—Yoshida theorem) one can approximate any Markov process using a sequence of pure jump
Markov processes with increasing jump intensity. Using this approximation procedure, we check
that (1.8) still holds for one-dimensional Piecewise Deterministic Markov Processes evolving
according to an ordinary differential equation between jumps with finite intensity. Even if the
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case of deterministic processes evolving according to time-dependent ordinary differential equa-
tions is covered by Ambrosio, Gigli and Savaré [3] (see in particular Theorem 8.4.7), it is not
so easy to mix jumps and ODEs. That is why our derivation of (1.6) for PDMPs is restricted
to the one-dimensional setting where we can take advantage of the explicit knowledge of the
optimal transport map. For diffusion processes, the Euler—Maruyama discretization scheme pro-
vides another approximation procedure considered in Alfonsi, Jourdain and Kohatsu-Higa [2].
The interest of an exact formula for the time derivative goes beyond the issue of controlling the
Wasserstein stability of a single Markov process, a topic that has been the object of intensive
research in the recent years, especially in the diffusion case. Such a formula can also be used
to analyze approximation procedures like the Euler—Maruyama discretization scheme studied in
Alfonsi, Jourdain and Kohatsu-Higa [1], Alfonsi, Jourdain and Kohatsu-Higa [2]. Concerning
the Wasserstein stability of Markov semi-groups, many authors have studied the Wasserstein
contraction property, namely the existence of constants «, C > 0 such that

VP, ﬁo s.t. / x| (Po + 50)((1)‘7) < 00,
R4 (19)

V>0,  Wy(P, P) < Ce ™ W,(Py, Py).

For the heat semi-group on a smooth Riemannian manifold, von Renesse and Sturm [19] proved
that the fact the Ricci curvature of the manifold is bounded from below by « is equivalent to (1.9)
with C =1 for all o > 1 or even a single o > 1. Concerning stochastic differential equations with
additive Brownian noise

dX, =dW, + b(X,) dt, (1.10)

the Wasserstein contraction with C =1 for one or all ¢ > 1 is equivalent to the monotonicity
property Vx, y € R‘i, x—=y)-(bx)=0b(y)) <—k|x— y|2. To ch~eck the sufficiency, it is enough
to compute | X, — X,|? by the It6 formula where (X,);>0 and (X;);>0 are two solutions driven
by the same Brownian motion (synchronous coupling) and with respective initial marginals Py
and ﬁo. Recently, considering W, (P, ﬁ) = infneH(P,ﬁ) f]Rded f(x — y])m(dx, dy) for a well
chosen increasing concave function f and using the reflection coupling, Eberle [8] was able to
prove the exponential decay of W ¢ (F;, 13,) and deduce (1.9) with o = 1 and C > 1 for drift func-
tions b satisfying the monotonicity property only outside some ball. In this setting, the restriction
of the Wassertein contraction property with C = 1 and o = 2 to the case when Py is the invariant
probability measure of the SDE had been proved by Bolley, Gentil and Guillin [5] by some esti-
mation closely related to (1.7) (see also Bolley, Gentil and Guillin [6] for an extension to a class
of SDEs nonlinear in the sense of McKean). The W; contraction by Eberle [8] was extended to

Vo >1,Vr>0,Vx,yeR?
N ) 1 (1.11)
Wo (P, P) < Ce™™2(jx — y|Velx—yj<1y + Ix = Yl1{jx—yj=1))

when (P, 50) = (8x, 8y) by Luo and Wang [14] for SDEs with additive Brownian noise and by
Wang [21] when dW, is replaced by the infinitesimal increment of a Lévy process with Lévy
measure larger than the one of a symmetric stable process. In the case of a pure jump Lévy noise,
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Luo and Wang [15] proved the Wassertein contraction with ¢ = 1 under some Doeblin condi-
tion on the translations of the Lévy measure local in the translation parameter. The Wassertein
distance Wy with f(x) = /x had already been used by Bardet et al. [4] to prove Wasserstein
contraction for the piecewise deterministic TCP Markov process. Recently, Wang [20] obtained
Wasserstein contraction with C > 1 for a class of diffusion semi-groups generated by weighted
Laplacians on Riemannian manifolds with negative curvature and for related stochastic differen-
tial equations with multiplicative noise.

The paper is organized as follows. In Section 2, we give some results on the integrability prop-
erties of the Kantorovich potentials and in the one-dimensional case (d = 1) of the translated
optimal transport map. In Section 3, we state the main result, namely formula (1.8) for the evo-
lution of the Wasserstein distance between the marginals of two pure jump Markov processes.
In Section 4, we apply this formula to estimate the Wasserstein distance between the marginals
of two birth and death processes with the same generator and obtain (1.11) with A equal to the
Wasserstein curvature introduced in Joulin [11] (see also Joulin [12] and Chafai and Joulin [7])
to deal with the case o = 1. The proof of the main result relies on integrability properties with
respect to the marginal laws of pure jump processes derived in Section 5. Finally, in Section 6,
we extend the previous results to one-dimensional Piecewise Deterministic Markov Processes
using an approximation method.

2. Integrability properties of the Kantorovich potentials and the
translated optimal transport map

We first check that when the probability measures P and P on R? have finite moments of order
higher than o then these integrability properties are transmitted to any pair (, 1}) of Kantorovich
potentials associated with W, (P, P). To get rid of the undetermined additive constant in the
definition of ¥ and 1;, we introduce an appropriate generalization of the variance:

Definition 2.1. For ¢ > 1, P a probability measure on R4 and Qe LY(P), let
V%<¢)=/Rd|¢<x) —P@['P(dx)  where P(¢>=/Rd<p<x)P<dx>.

Notice that fRd lp(x)]9 P (dx) <277 1(|P(p)|? + V?g (¢)) and V%, () is simply the variance of
¢ under the probability measure P.

Proposition 2.2. Let P, P be two probability measures on RY such that Jpa 1x[@1F9) P (dx) +

fRd |y|9(1+8)ﬁ(dy) < 00 for some ¢ > 0 and let (Y, 1;) be a pair of Kantorovich potentials
associated with Wy (P, P). Then (Y, ) € L'*t¢(P) x L't (P) and

max(VpHe (), Vi () < 20049 ( /R 1P P + /R , |y|@“+8>ﬁ(dy>>.
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Proof. Let 7 € T1(P, P) be such that WS (P, P) = [pu, pa|x — ylem(dx,dy). Using (1.4)
for the first and third inequalities and (1.3) for the second and fourth ones, we obtain that
m(dx,dy)r(dz,dw) a.e.,

Y@ =Y @) Y@ =Y @) — ) =) =¥ @) — ¥ () <lz -y,

V) —Yv@) <Y @ —v&x) -y —yw =—-yx) —yw) <|x —wl.

Therefore, we get
7(dx, dy)m(dz, dw) aee., [y (x) — w(z)|‘+€ <max(|z — y[e"F, |x — w0 @2.1)

Integrating this inequality with respect to 7 (dx, dy)m (dz, dw), one obtains
1
‘/‘ [y -y @[ PP
R4 xR4

<

/dd L (2= 100 = w]e0F ) (dr, dy)r (dz, duw)
R xR xR x R

fzé’(l“)—l/w o Rd(lzlg“+”+|y|9“+s)+|x|@“+8)+|wlg“+8))
X X X

x 7 (dx, dy)m (dz, dw)
_ 0l +e) / |x|9<1+8)P(dx)+/ |y[e0F B(dy) ).
R4 R4

The moment V}lfs(w) is smaller than the left-hand side and therefore than the right-hand side,
since, by Jensen’s inequality, [ (x) — P(y)|'** < [pa [ (x) — ¥ (2)|' ¢ P(dz). By symmetry,
the same upper-bound holds for VII;+€(1/~/). O

Now, we focus on the integrability of the translated transport map. This is an impor-
tant technical point to give a sense to (1.8) when the Markov process has jumps. Precisely,
if k(x,dz) denotes the jump kernel, we have to check the integrability of [pu [a [¥(2) —
¥ (x)|? P(dx)k(x,dz), where P is any time marginal of the process. For pure jump pro-
cesses, we will be able to do this directly by taking advantage of the specific decomposition
(5.1) of the time marginals. For PDMP, this is no longer possible and we typically would
like to upper bound fRd [ (x —y) — ¥ (x)|°P(dx) for different values of y € R4, In di-
mension 1, this problem boils down from (1.5) and the monotonicity of z — T'(z) to bound
olyl fR max(|T (x — y)[2~1, |T(x)|2~!) P(dx) from above. In view of the expression of the opti-
mal transport map T, the finiteness of fR |T (x — y)|9~ ! P(dx) is a condition intricately mixing
the tails of P and P. In the next proposition, we obtain a less intricate upper bound for this
integral.

Proposition 2.3. Let X and X be two real random variables distributed according to P and P.
We note F and F the corresponding cumulative distribution functions, F~' and F~! their right-
continuous pseudo-inverse. We assume that F is continuous and consider T (x) = F 1 (F(x))
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the optimal transport map given by (1.5). We assume that for a given y > 0, there is a function
@y € L1([0, 11, R4) such that

Yu € (0, 1), F(F_l(u) +y)—u< /-Ou @y (v)dv. (2.2)
Then, for any q > 0, § € [0, 400], we have
76—l P@n <BOXI) + 181,y o @]y 23
where U is a uniform random variable on [0, 1], and the convention 1/0 = +o00, 1/ + o0 =0.

In (2.3), we use the standard definition ||Y ||, = E[|Y|%]"/* for & > 0 and ||Y ||cc = inf{m >
0,P(]Y| <m) = 1} for a real valued random variable Y. Let us stress here that each side of
(2.3) may be equal to +oo, but the inequality always holds. The key assumption (2.2) implies
in particular that F-1ohH) = lim,,_, o+ F~1(u) = —o0. If this was not the case, we would have
F(F~'(0%) 4+ y) =0 and thus F~1(07) > F~1(0") + y which is contradictory. Last, let us
mention that assuming ¢, > 0 is not restrictive: if (2.2) is satisfied by ¢, € Ll([O, 1], R), it
is then also satisfied by max(0, ¢,) € L([0, 1], R4). If X has a positive density p(x) (i.e.,

P(dx) = p(x)dx), a natural choice is ¢, (u) = max(M — 1, 0). Heuristically, con-

p(F~1(u))
dition (2.2) is satisfied when p(x) has an heavy left-tail. For the exponential density on R_

_ Ax g pF w4y Ay
p(x) = lix<qpre™* with A > 0, max( SFT() 1,0) = (e D1

Forp(x):l{x<_1}% with a > 1,<py(u):1{1 i

1
,yuafl >yo—I

1L log(u) +y<0} is bounded.

(I—yua )™ —1 < (1+y)* —1
is again bounded. }
Proof. Since T is a nondecreasing and y > 0, we have
[T =" [T =N lra-p<0 + |T@[ L re—p=0
=(|Tx =" = [T ra—p<o +|T®)|? (2.4)
= (|G = 9" = [min(T (), 0)[*) L7 vy <0y + [T )]

Let xo = sup{x € R, T (x) < 0} with convention sup & = —oco. We note H,(z) = —(—min(7 (z),
0))4. This is a nondecreasing right-continuous function that induces a measure denoted by
dH,(z). We have

(1T =" = [min(T (), 0)|*) Ly <0y = (Hq (x) = Hy(x = 1)) 17—y <0)
=17 (x—y)<0) /R Lix—y<z<x) dHy (2).

We note that {x — y < xo} C{T(x —y) <0} C {x —y < xp}. Since F is continuous, and using
the Fubini—Tonelli theorem, we obtain

[ (76 =" = fmin(7 60,0 176310 P
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= / / l{x—y<xo}l{x—y<z§x}P(dx) qu (2)
RJR
= / F(min(xo,2) +y) — F(2) dHy (2)
R
= /]R I{ZSXO}(F(Z +y) - F(Z)) dH,(2),

since dH, ((xo, +00)) = 0. We define H, (u) = —(—min(F ! (u), 0))? for u € (0, 1) and dH, (u)
the corresponding measure on (0, 1). By applying a change of variables in the Lebesgue—
Stieltjes integral (see, e.g., Proposition 4.10, page 9 of Revuz and Yor [17]), we obtain since
2 < F1(F(2)) and {z < x0} C {F(2) < F(x0)}

/Rl{zsxo}(F(Z +y) = F(2))dHy(2)
S/R1{F(z)5F(x0)}(F(F_1(F(z))+y) — F(2))dHy(2)
1 . _
= [ tusreon(F(F1 00 +) =) iy
1 u _
5/0 l{ufF(XO)}/O @y (v) dvdHy (u).
Since ¢y > 0, we have by Fubini—Tonelli theorem that
1 1 _
//1{MSF(X0)}1{0<v<u<1}(py(U)dUqu(u)
0 0
1 1 _
=/0 /0 Liy<u<F(xo)) dHg )y (v) dv
: 7 7 +
:/0 (Hy(F(x0)) — Hy(v)) "y (v) dv
F(xo) o p <
= [l o < 10 Lo )]

by using ﬁq (F (x0)) = 0 and Holder’s inequality. U
Remark 2.4. Let us assume F to be continuous. In the particular case where X is bounded

from below (i.e., F1(0%) > —o00), we get from the first inequality in (2.4) that |7 (x — y)|? <
|[F~1(01)|9 4 |T (x)|?, and therefore

/ 1T —p)|!P(dx) < |[F7HO0H) T +E(1X]7).
R
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3. Evolution of the Wasserstein distance between two pure jump
Markov processes

Let {X;};>0 and {)z t}r>0 be pure jump R4-valued Markov processes with respective marginal
laws {P;};>0 and { P;};>0 and infinitesimal generators given by

Lf(X)=?»(X)</Rd k(x,dy)(f(y)—f(X))) (3.1

Lfx) =X(x>( /R , ke, dy)(f () — f(x))>. (3.2)

The jump intensities A and R R, are measurable functions and k and k are Markov
kernels (for all Borel subset B of RYRY 5 x > k(x, B) is measurable and for all x € R, k(x, )
is a probability measure on RY endowed with its Borel sigma-field). To ease the trajectorial
interpretation of (1, k) and avoid fake jumps, we suppose that Vx € R?, A(x)k(x, {x}) = 0. This
is not restrictive since this condition may be achieved without modifying the generator L by
replacing A(x) by A(x)(1 — k(x, {x})) and k(x, -) by k(x, - N {x})/(1 — k(x, {x})).

Theorem 3.1. Assume that % = SUp, cpe Max(A(x), k(x)) < 00 and that t E[|X,|e0+8 +
|Xt|9(1+8)] is locally bounded for some ¢ > 0. Let for each t = 0, (Y1, lﬂ,) be a pair of Kan-
torovich potentials associated with W, (P, Pt) Then t +— fRd | L (x)| P (dx) + f]Rd |Ll/ft (x)| x
P, (dx) is locally bounded on (0, +00), t W (P, P,) is locally Lipschitz on (0, 400) and for
almost any t € (0, 00)

d ~ ~~ ~
d—Wé’(Pz,Pt)=—/ Llﬂ,(x)P,(dx)—f L (x) P (dx). (3.3)
t Rd R4

Moreover, t — fRd | Ly (x)| Py (dx) —i—fRd |L$l (x)|f~’,(dx) is locally integrable on [0, 00) and for
every t > 0 the following integral formula holds true

t
Wg (P, Pr) =W (Po, Po) — / [/ L (x) Pr(dx) + / Ll/fr(X)Pr(dX)] dr. G4
0 R4 R4
Remark 3.2. According to Lemma 5.5 below the finiteness of

/ 1209 (Po(dr) + Po(dx)) + sup / (k(x. dy) + F(x, dy))ly — x[201+9

xeRd JR

is sufficient to ensure that # — E[| X;|21+¢) 4+ |X,2(0+)] is locally bounded.

The next proposition, the proof of which is postponed to Section 5, and the next lemma
respectively state the integrability properties and the integral formula for fRd f(x)P(dx) —
fRd f(x) Ps(dx) needed to establish Theorem 3.1.
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Proposition 3.3. Under the assumptions of Theorem 3.1, for § € [0, €),

145
@) [ =P | Py
is locally bounded on (0, +00) x [0, +00),
146
(t,r) —~ / (/ Ak (x, dy) | (v) — 1#:(X)|> Py (dx)
R4 R4
is locally bounded on (0, +oo)2,
1> Ak (x, dy) [ (v) — ¥ (x)| Py (dx)
Ré x R4
is locally integrable on [0, +00).
Remark 3.4. For r > 0, Py is absolutely continuous with respect to P, (see (5.1) below) but, in
general, P, is not absolutely continuous with respect to Py so that the finiteness of fRd [Yo(x) —

Po(Y0)|' 18 P (dx) is not guaranteed.

Lemma 3.5. Let f : R? — R be a measurable function. If for 0 <s <t
t
/ f A f () — ) |k(x, dy) Pr(dx) dr < +o00 (3.5)
s JRIxRI
then f(X;) — f(Xs) is integrable and
1
E[f (X)) — f(X,)] = / /R [ Lf@)P(d)dr (3.6)
)
Proof of Lemma 3.5. We can represent the process {X;};>¢ as
Xi=Xo+ [ Lyt (0 ) = X, )N(r du dv), (B.7)
(0,£1x[0,1]x[0,1]

where N is a Poisson measure of intensity Adrdudv on R4 x [0, 1] x [0, 1] and for each x € R4,
the image of the uniform law on [0, 1] by v — @ (x, v) is k(x, -).
In particular, we have for every measurable function f

FXw) = F(X)+ f Lo, y230) (F (0(Xr— 0)) = £(X, )N (dr,du,dv)  (3.8)

(s,w]x[0,11x[0,1]

and it is a well-known fact (see Ikeda and Watanabe [9], page 62) that if

E[/ Lox, =i | Fl9(Xr— ) = f(X,0)|Adr dudvi| <00 (3.9)
(s,¢1x[0,1]x[0,1]
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then the process

My = 1 ([ loXr—,v)) — f(Xro)
v (s,w]x[0,1]x[0,1] WX”)EM}( ( ' ) ' ) (3.10)

x (N (dr, du, dv) — A(dr, du, dv))

is a centered martingale on (s, #] and in particular,
' 1 pl
E[f(X)) — f(X)] =EIM,] + / JE[A /O /0 Loy (F (0(Xr 0) = £(X,)) du dv] dr
)

t
=0+f E[A(X,)/de(Xr,dY)(f()’)—f(Xr))]dr

S
t
= / / Lf(x)P,(dx)dr.
s JRd
We conclude the proof by remarking that, by a similar computation, the left-hand side of (3.9) is
equal to [} [y pa MO () = F)Ik(x, dy) Pr(dx) dr- O

We are now ready to prove the theorem by making the formal proof given in the introduction
rigorous.

Proqf of Theorem 3.1. Letz > 0 and 4 > 0. Since, by Proposition 3.3, (i, g[~/,) el! (Pr4n) X
L'(P;41), one has

1 ~ ~ 1
HWECB s B — WP B)) =~ /R @) (Praa(dn) — Pi(av)

1 ~ ~ ~
- E/ ¥ () (Prn(dx) — P(dx)).
R4
In the same way, for h < ¢, (¢, %) e LY (P_p) x Ll(Ft_h) and

1 ~ ~ 1
H(WECR, By~ WE (P Pp) <~ /R @ (Pid) — P(av)
1 ~ ~ ~
- / Te0)(Pr(dx) — By (dv)).
R‘l

Since by Proposition 3.3, r — fRd AN (v) — Y (x) |k (x, dy) Py (dx) is locally bounded on (0,
+00), Lemma 3.5 permits to transform the right-hand sides of the previous inequalities to obtain:

1 - - 1 t+h — -
S WP B - Wi Py = [ ( [ tocoran+ [ L%(x)Pr(dx))dr,
t R4 R4

h

1 ~ ~ 1 [ ~~ ~

S wee By~ win Bn) < [ (/ L P @ + [ Lw,(xm(dx))dr.
t—h \JR4 R4

Since, again by Proposition 3.3, (t,7) > [pa LY (x)|" Pr(dx) + [pa |L, ()19 Py (dx) is
locally bounded on (0, +00) x (0, +00), one deduces that s — Wg (Ps, Py) is locally Lipschitz
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and therefore ds a.e. differentiable on (0, +00). If it is differentiable at ¢, the equality

d ~ ~~ ~
d—Wg(Pt,Pt)z—f Lw,(x)Pt(dx)—f L (x) Py (dx)
t R4 R4

is obtained by taking the limit 27 — 0 in the above inequalities once we have checked that r >
fRd Ly (x)P-(dx) and r +— fRd Ll/f, (x)P (dx) are continuous at ¢. It is enough to check con-
tinuity of the first function since the same arguments apply to the second one and we first deal

with the right continuity.
For r >t and f : R? — R, measurable,

E[f (X)L wselr.r), Xs=x,}] = /Rd F(x)e =D p(dx).
Hence, the measure Q(;,y(dx) = P-(dx) — e *M0=D p (dx) is non-negative. Writing
/ L (x) P (dx) = f Ly (x)e "0 Py (dx) + / Lt (x) @z, (dx)
R4 R4 R4

we observe that, by dominated convergence, the first integral in the right-hand side converges to
fRd Ly (x) P;(dx) as r — t. By Holder’s inequality and since

Q(t,r) (Rd) =1 _/ e*)»(x)(rft) P(dx)<1— e*)_»(rft)7
R4

2
/ ’Ll//t(X)\Q(z,r)(dX)§</ !wa<x)|”‘3Q(z,r>(dx)) (/ Q(n)(dX)) i
]Rd ]Rd

1

< </ |L1ﬂt(x)|l+5P,(dx))m(1 —)»(r l))iﬁ
R4

As r — t, the first term is bounded, while the second tends to 0. Therefore,

lim | Ly, (x)Pr(dx) = / Ly (x) Py (dx).
d R4

r—>tt JRr

To check the left continuity, we now let » <t and write
/ Ly (x) Py (dx) = f L (x)e* ™ P(dx) — f Ly ()0 04 (dx),
R4 R4 R

where the first term in right-hand side converges to fRd Ly (x) P;(dx) as r — t by dominated
convergence. Moreover,

/R L] (d)

L L
(/ |L1ﬁ (x)|1+6 Ax)(1— r)P (dx)) * (/d A(t— r)Q(r )(dx)> 0
R

( NG r)f ’LW (x)‘ P;(d ))_f?( X(t—r)_l)%
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so that the left-hand side goes to 0 as r — ¢, which implies the desired left continuity property.
Since r +— Wé)(Pr, P,) 1is locally Lipschitz on (0, +oc0) with dr ae., d%WQQ(Pr, P) =
_fRd Ly (x) Pr(dx) — fRd Ly (x) P (dx),

VOo<s<t,  WE(P. P)=WE(P, Py)
' . (3.11)
- f [ / Ly (x) P (dx) + / Lwr(x)mdx)ldr.
K R4 R4

By Proposition 3.3, r = [rq |LY, (X)|P(dx) + [a |LY, (x)| Pr(dx) is locally integrable on
[0, 00). Therefore, as s — 0, the integral in the right-hand side of (3.11) converges to the in-
tegral from O to ¢ by dominated convergence. Since, by the tr1angle 1nequal1ty for the Wasser-
stein distance, |W,(Ps, P ) — W (P, P0)| < Wo(Ps, Py) + W, (Ps, Po) it is enough to check
that lim;_, o+ W, (Ps, Py) =0to conclude that (3. 3) holds. This follows from the inequalities

L
WS (Py, Po) <E[|X, — Xol¢] < (20097 1E[ X, 10049 4 | Xo |21 +9]) T (B(X, # X)) T

L kY &
<20 sup B[, 200]) ™ (1 — o) T,

ref0,s] O

4. Application to birth and death processes

Let Py and Py be two probability measures on N. In this section, we consider two pure jump
Markov processes {X;};>0 and {X};>¢ with respective initial marginal laws Py and Py and with
the same generator

Lf)=n0)(fx+D—f@))+v@)(fxr—D—f(x), xeN

The functions n,v : N — R with v(0) = 0 are respectively the birth and death rates. Note
that we are precisely in the framework of Section 3 by setting A(x) = n(x) + v(x) and, when
Ax) >0, k(x,dy) = %(x)(SHl(dy) + 3 (x)8x—1(dy), and we still denote by {P};>0 and {P;};>0
the marginal laws of the processes {X,};>0 and {)? }t>0. We will assume in the whole section that

IC>0,VxeN, nkx) <C+x), A.1)

which ensures that the processes are well-defined for any ¢ > 0 by preventing accumulation of
Jumps. Of course this sufficient condition is not necessary and existence also holds under suitable
balance conditions between the birth and death rates. But to obtain estimations of W, (P, P,)
for any ¢ > 1 below, we will assume that 5 is Lipschitz continuous so that the affine growth
assumption (4.1) is no longer restrictive. For o > 1, we have formally

d
EE[X,Q] =E[nX) (X, + D? = X7) +v(X)(1X; — 112 = X7)]

< CE[(1 + X)((X; + 1D — X?)]
< Ce,o(E[XF] +1),
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A+0)[(1+x)°—x°]

using (4.1) and introducing the finite constant ¢, = sup, ¢y TFx0

ization procedure, we deduce that

. By a standard local-

E[X7] < (E[X§] + 1)e®“" — 1. 4.2)
We now define

Lip(n) =

Lip(v) = sup‘v(x +
xeN

and k = infyen(n(x) +v(x + 1) — n(x + 1) — v(x)) the Wasserstein curvature introduced by
Joulin [11].

Proposition 4.1. Let us assume that 1 and v are bounded functions. Let ¢ > 1, Py and Py such
that E[Xg + Xg] < 00. Then, there exists a constant C, € [0, +00) such that for any t > 0,

WE(P,, Pr) < WS(Po, Po)e ™ !
. “4.3)
+ C,(Lip(n) + Lip(»)) f (Wi (Pr, B) + 1igsny WS (Pr, P)) dr
0

Besides, in the particular cases ¢ =1 and o € (1, 2], we can take Cy =0 and C, = 1.

Proof. The initial marginals Py and Py are two probability measures on N. For U uniformly
distributed on [0, 1] and r > 0, let F;(x) = P, ((—00, x]), F(x) = P ((—00, x]) and 7, denote
the law of (F,~ Ly, F 1(U )) which is an optimal coupling between P, and P By a slight
abuse of notation, for x, y € N, we will denote 7, (x, y) in place of . ({(x, y)}). Let o > 1. Since
the jump rates are bounded, we can apply Theorem 3.1, and get for 7 > 0,

WE(P,, ) = WE(Po, Py)

/ Z 70 (2, ) (00 (Yr (6) = Y (x 4+ D) + v () (¥ (6) = ¥ (x = 1))

x,yeN
+ (@) = ¥+ D)+ v (¥ () — ¥ (v — D)) dr
Setting o, (x, y) = ¥, (x) — Y, (x + 1) +0(y — x)|x — y[272, & (x,y) = ¥r () — 1ﬁr(erl)Jr
o(x —y)lx— Y1072, Br(x, y) = ¥ (x) — ¥y (x — 1)+ 0(x — y)|x —y| % and , (x, y) = ¥, (y) —

1/fr(y — 1)+ o(y — x)|x — y|2~2 (where by convention z|z|2~? = 0 when z = 0), one deduces
that

WE(P,, P) = WZ(Po, Fo)
/ > @ () +v(y) —vE) = n(M)x = Nlx =y (4.4)
x,yeN

+ (e (x, y) + 0 (x, ¥) + () B (x, ¥) + v(0) B (x, y)) dr
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From the definition of the Wasserstein curvature, one has
VeyeN, (@) +v() —v@) —n())x —y) < —k(x —y)*

Since 7, is a coupling between P, and f’,, one deduces that

Y w e e(n() +v(y) = vx) = () (x = yx = y1°2 < —koWE(P, B, (4.5)
x,yeN

Let (x,y) € N? be such that 7, (x,y) > 0. By the optimality of the Eoupling 7, and (1.4),
— ¥, (x) — ¥, (y) = |x — y|2. Moreover, for all (z, w) € N2, —,.(z) — ¥, (w) < |z — w|°. This
yields

ar (X, y) +o(x — Vx = ye 2 =9 () + ¥ () — (Y (x + D + 9 (1))
<lx+1—ye—|x—y],

@ (x, )+ oy —0x —ye 2=, () + ¥ (») — (Vr () + P (y + 1)
<ly+1-x—|x -yl

(X, ¥) + & (2, ) = ¥ () + ¥, (0) — (W + D+ 9 (v + 1)

<lx—yl®—|x—yl®=0.

For o > 1,3C, <00,¥z € Z, |2+ 1]€ — 2| — 02]2]97% < Co(1 + 1{=2312[92) (notice that C,
can be chosen equal to 1 when ¢ € (1, 2]), so that

ar (X, Y) V@ (x, 3) £ Co(1+ Lo lx —y1°7%) and e, (x, y) + & (x, y) <0.
As a consequence, we obtain

N (x,y) +n(Mar(x, y) = (n(x) = n())e (x, y) + n(0) (e (x, y) + &r(x, ¥))
<[n@) —=n| x Co(1+ Lig=2ylx — ylgf2) +0 (4.6)

< CoLip(n)(Ix — ¥ + Lig=2ylx — y[¢7Y).
Foro=1,]z+ 1| —|z] —ozlz| ™' = 1{;=0) so that
(X, VEXY) S lpmyy, e @)+, Y) <0, n@a(x, Y)+1(3)d(x, y) <0

and (4.6) holds with C; = 0.
One checks by a symmetric reasoning that, for o > 1,

V() Br(x, ) + v(3)Br (x, ) < Co Lip) (Ix — ¥l + Ligsylx — y[°7"). 4.7
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Plugging (4.5), (4.6) and (4.7) into (4.4), one obtains

t
WG (Pr, P) < W3 (Po, Po) +/ Co(Lip(n) + Lip(v)) (W (P, P+ 1{g>2}W _1 '(P,, P, )
_KQWS(PV’P}’)dr9
and then (4.3) by Gronwall’s lemma. U

Theorem 4.2. We assume that (4.1) holds, k > —o0 and IE[X(Q)J + Xg] < 00 for some ¢ > 1.

Then, we have W1 (P;, FN’,) < Wi(Py, ﬁo)e’K’ and, if Lip(n) + Lip(v) < oo, then (4.3) still holds.
In particular, when o € (1, 2],

Vi=0, WP, P) < WP, Py)e

. . ~ e K —emKet *8)
 (Lip0n) + Lip(»)) W (Po, Po)—

Notice that for ¢ > 0, since P; and E are supported in N, o — Wg (P, i’;) is non-decreasing.

Proof. For N € N*, we consider the following approximation of the process {X;};>¢ (resp.
{Xt},>o) We set X = rnin(Xo,N) and XN X; for t <tV =inf{s > 0: Xy > N} (resp.
X(I)V = mln(Xo, N) and XN = Xt fort <N 1nf{s >0: X > N}). Then, we sample {X | -
(resp. {X }san) 1ndependently from X (resp. X ) with the birth rate 1{y<y}7(x) and death rate
v(x). By construction, {X }t>0 and {X }+>0 are Markov processes on {0, ..., N} with the same
generator 1, cyyn(x)(f(x +1) — f(x)) —v(x)(f(x — 1) — f(x)). From Proposition 4.1, we get

wo (RN, BN) = W (P, BYY)e "

+ Co(Lip(n) + Lip(v)) 4.9)

t
Xf eKNQ(rft)(Wl(PrN’f;rN)+1{Q>2}W§:11(prN,ﬁrN))dr,
0

with k¥ =infyeo, . v—1y n(x) + v(x + 1) — n(x + D 1{x41n} — v(x). We have for N > 2,

ianil}n(X) +vx+ 1D —nx+1)—vx)
< . inf ) nx)+vx+1)—nkx+1)—vx)

N

and thus ¥ — « as N — +o0c. It remains to show the convergence WQ/(PIN , EN ) > No+too

Wy (P, Ft) for o’ € [1, o] and the convergence of the integral in the right-hand side of (4.9).
Using Assumption (4.1) like in the derivation of (4.2), we obtain bounds on the p-moments that
are uniform in N locally uniformly in time, so that by Theorem 6.9 of Villani [18] and Lebesgue’s
theorem, it is enough to show the weak convergence of P to P; as N — oc. Since XN = X,
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when r < 7V and 7V — 400 a.s., we even have the stronger almost sure convergence of X ,N to
X;. O

For o = 1, Theorem 4.2 recovers the estimation Wi (FP;, I?'t) < Wi(Po, ﬁo)e_’” obtained in
Joulin [11] by any trajectorial coupling between the processes with common jumps on the diag-
onal. The estimation (4.8) when o € (1, 2] is new to our knowledge. By iterating the inductive
inequality (4.3), we can also get new upper bounds on Wg (P, 13;) for any ¢ > 2. For example, in
the case k > 0, we have e ¢’ < ¢~ and we get that Wy (P, P)) < A(o)e X, where, for o > 2,
A(g) satisfies from (4.3) the induction formula A(g) < W (P, Py) + %(WI(PO, Py +
A(o — 1)) with L = Lip(n) + Lip(v). From (4.8), we eventually obtain that for o > 2, when
E[XS + X§1 < oo,

fo=21 fo=11
Vi=0, WP, P)< ( Y b WP, o) + ( > nj-’_1>W1(Po, Po))e‘”

j=0

c
where 7¢ = [T/ o-il

; P s ° Z;=1andforx € R, [x] denotes the integer such that x < [x] <
x + 1. In the particular case Po =8, and Py = 8y with x, y € N such that x # y, we deduce that

WQ(P[,P,)<(1+ZZ[Q o 1+nf@ 2= y|2e™*", which is similar to (1.11).

Remark 4.3. By integrating explicitly (4.3), we could get sharper bounds for Wg(Pt, 13;)
with tedious and cumbersome calculations. Besides, in the case o € N* with o > 3, we can
get a better upper bound than (4.3) by bounding |z 4+ 1|2 — |z]¢ — 0z|z|®~? from above by

k 0 ( )Izlk instead of Cy (1 + 1{o>23|2]¢~ 2). This would involve in the induction all the func-
tions r Wk (P, P ) fork=1,...,0 — 1. Note that for ¢ € [1, 2], we have used the sharpest
bound for |z + 1|12 — |z]2 — pz|z|2 2.

Analogy with one dimensional diffusions with multiplicative noise

At least at a formal level, one can obtain very similar estimations for one dimensional diffusions
processes with generator Lf (x) = %a(x)f” (x)+b(x) f'(x) where a : R — R is supposed to be
Lipchitz continuous and such that Vx, y € R, |/a(x) — «/a(y)| < o(]x — y|) for some function o
such that |, % =ooand b : R — Ris locally bounded and satisfies the monotonicity condition

Vx,yeR,  sgn(x —y)(b(x) —b(y)) < —k|x —y|

where sgn(z) = 1{;>0; — 1{z<0}-

(4.10)

Under the conditions on a, if dX; = \/a(X,) dW; + b(X,) dt and dX, = /a(X,) dW; + b(X,) dt
with (W;);>0 a Brownian motion independent from (Xo, Xo) distLibuted according to the opti-
mal coupling 7y, it is well known that the local time at 0 of X; — X, vanishes (see, for instance,
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Corollary 3.4, page 390, Revuz and Yor [17]) so that, by the It6-Tanaka formula (see Theo-
rem 1.2, page 222, Revuz and Yor [17]) and (4.10),

dIX, — X,| =sgn(X, — X;)d(X, — X,)
<sgn(X; — X)) (vVa(X,) — VJa(X)dW; — k| X, — X,| dr.

When the expectation of the stochastic 1ntegral vanishes and 1 — E[|X; — X ] s locally inte-
grable (both properties implied by E[|Xo| + |Xo|] < oo which ensures 7 — E[|X;| + | X;[] is
locally bounded), one deduces that V¢ > 0, W (P, P,) < e W (P, Po) Notice that for the
stochastic differential equation where /a(x) and b(x) have been replaced by the continuous and
bounded coefficients \/a(—m V x Am) and b(—m V x A m), weak existence holds whereas tra-
jectorial uniqueness is deduced from the It6-Tanaka formula so that existence of a unique strong
solution follows by the Yamada—Watanabe theorem. With standard uniform in m estimation of
moments, this ensures existence and trajectorial uniqueness for the original stochastic differential
equation.

For o > 0, let us suppose that for all » > 0, the Kantorovich potential functions v, and I/N/, are
C? and that (1.8) holds. Then, this equation writes

WE(P;, Py) = WE(Po. o)
! 1
_f (/ AV () + b)Yy (x) P ()
0 R

+ /R JaT @ + b0 P <dx>> dr.

When F, and F, are continuous and increasing, one can consider the optimal transport map
T (x) = F;l (F,(x)) mentioned in the introduction and its inverse 7, (x) = F,’1 (F,(x)). The
first and second order Euler optimality conditions in (1.6) write

Yl ) = o(Tr(x) = x)|Tr0) — x| and ¥/ (x) > 00 — D)|T(x) — x| (T (x) = 1).

By symmetry and since T (T (x)) = x which implies T (T, (x)) = T,(X),

TUT(0) =o(x = T,(0)|T,(x) = x| and

~ _ 1
¥, (T,(0) = 00 — D|T,(x) —x[° 2(T/(x) - 1)'

Now, using that P, is the image of P, by T}, then the first order optimality conditions and last
(4.10), one obtains

- /R b)Y () Py (dx) — /R b)) B (dx)

=- fR bOOW, () + b(T () T (T () Pr (dx)
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-2
=0 /R (b(Tr () = b)) (T (x) — x)| T (x) — x|* 7 Pr(dx)
< —KQ/R|Tr(x) — x| Py (dx) = —koWE (P, P,).

On the other hand, we observe that when T/ x)=>1,

, 1
a(x)(1=T/(x)) +a(Tr(x))(1 - T/(x))

, 1 1
=a(x) (2 - T (x) — T/(x)) + (a(Tr(x)) — a(x))(l — T’(x))

< —a(x)<\/ T!(x) —

<0+ Lip(a)|T(x) — x| x 1

2
) +|a(Tr(x))—a(x)| x |1 —

/(0 T/ (x) '

and the same estimation holds when 7/ (x) < 1 by a symmetric reasoning. Therefore, we have

- fR a()y! (x) Py (dx) — /R a(x) ¥ (x) P, (dx)

sg(g—l)/!ﬂ(x)—xﬁ2(a<x)(1—T;<x))+a(Tr(x))(1— 1 ))Pr(dx)
R T;(x)

<ole— 1)Lip(a)fR|Tr(X) —X|Q_1Pr(dX)-

We conclude that, for ¢ > 2,

Vi=0, WP, P) < WPy, Py)

t

1 _ ~ >

_ / %Lip(a)Wg_ll(Pr, Py) —kQWg (P, Py)dr.
0

In a future work, we plan to investigate whether the approximation by Euler—Maruyama schemes
considered in Alfonsi, Jourdain and Kohatsu-Higa [2] permits to justify rigorously this estima-
tion.

S. Integrability with respect to the marginals of a pure jump
process with bounded intensity of jumps

In the present section, we deal with the pure jump Markov process {X;};>0 with marginals
{Pr};>0 and infinitesimal generator L given by (3.1) with sup, cps A(x) < A < oo. Our final goal
is to prove Proposition 3.3.
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For every ¢ > 0, the law of X, is given by

Pi(dx) =) Pps(d), (5.1)
n>0
where Py ;(dxo) = e~ () Py (dxg) and for n > 1, under the convention 7y =0,
n—1
Pratdr) = [ [ oo [Tkt d )
0<ti<n<--<t;<t J (RI)" =0 (5.2)

x e M=) qry . dy,,.

The measure P, ; has the following trajectorial interpretation: for any f : R¢ — R, measurable,

IE:[f()(t)l{{Xs}xz()undergoesnjumps on [0,t]}] = /lvgd f(x)Pn,t(dx)-

The key reason why we can relate integrability with respect to Py and to P; for s # ¢ is that all
the marginals { P, },~¢ are equivalent probability measures.

Lemma 5.1. Lett > 0ands > 0.

_ n
vneN, Pys(dx) < ™97 (;) Py (dx). (5.3)

Moreover, for f : RY — R measurable and n > 0 we have,

/ | £ 00| Po(dx) < 1js<pye=) / | £ ()| Pr(dx)
R4 R4

- i (5.4)
+1g=petnn @ (/Rd|f(X)|l+"Pt(dx)> :

Remark 5.2. This lemma ensures that if s < ¢ then L*(P;) C L¥(P;) for every a > 1. Such an
inclusion may be strict. If, for example, { X, },>0 is a Poisson process with positive parameter and
f ) =T5ED for some fixed 7 > 0, then f € L'(Py) fors <7 but f ¢ L'(Py) for s > 1. On the
other hand, for n > 0, we have the inclusion L&+ (P,) ¢ LY (Py) for all s, ¢ > 0.

Proof. Equation (5.3) clearly holds for s = 0. For s > 0, the change of variables (s, s2, ...,
sp) =1 (t1, 12, ..., 1) leads to

—1
t\" . _t V(S —g
s 0<si<sp<--<sy<s JRI" i=0
X e_%)\(xn)(s_sn) dsl . .dsn’

where, by convention, so = 0.
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Sincefor0<s; <sy <---<s, <3y,

n—1 s e -
T e =015 = =Dt s=s0) > o~ S sa)) _ = i—s) T

j=0

’

we deduce (5.3). As a consequence,

S(5) [l

n>0

Py(dx) = P, s(dx) < Mi—s)*
/Rd|f(x)| (dx) ;/Rd}f(x)\ sldv) <e

and (5.4) follows easily when s < t. For s > ¢, applying Holder’s inequality in the right-hand
side, we deduce that

/Rd|f(X)|Ps(dX)§<Z

n>0

147 : |
s\ e 1 L
<;) /1;:1 Pn,t(dX)> (}; [lkgd |f(x)| +nPn,,(dx)) .

. = I4n _  , - 1
We can conclude since Pn,,(Rd) <\ % and ano(?)n 1 A"fl—! < exp(ks(%) ). O

In order to prove Proposition 3.3, we have to deal with integrability with respect to the measure
fRd A(x)k(x, dy) P;(dx). To this aim, we introduce Qo (dxg) = Py(dxo) and forn > 1,

0 (dxy) = /R Qu (@ Ao ko1, )

ot (5.5)
= /;Rd)n Po(dxo)jl:!))»(xj)k(x], dijrl)-

Notice that one easily checks by induction on » that for alln € N, Q,, (Rd ) < At Forall t > 0,

P; is equivalent to the measure ), % Indeed, since in the definition (5.2) of P, ;,

n—1
E_Xt < e_)h(xn)(t_tn) He_)\(xj)(tj-%—]_tj) < 1

j=0

also relates integrability with respect to Py and to f]Rd A(X)k(x,dy) P (dx).

Lemma 5.3. For every n > 0, for every t > 0 one has

e_’_ui On(dx) < Py s(dx) < a On(dx). (5.6)
n! n!
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Moreover, for f : R? — R measurable, t > 0 and any n > 0,

np, T+
/ x(x)|f<y)|k(x,dy>P,(dx)scn(r)( Lzt Joa F O P ”)1 (5.7)
Rd x R4 t

14n _ )
EM(E e —1) M)m

(5.8)

where Cy(t) = e)_"( ;

_ 1+ 7
Remark 5.4. Notice that lim;_. C (1) = (Re 1 ) 7. Moreover, if 0 < 1 < 5, by (53), Pos =
eis(é)”P,,,s so that %Zpl Py: < ?Y Zn>1( Yy lp, < B P With (5.7) for ¢ > 0 and using

Jra k(x,dy) Po(dx) = Q1(dy) < %Pl,s(dy) for t = 0, we deduce that if f e L1*"(Py) with
s,n >0, then t —~ fRded A f () k(x,dy) P;(dx) is bounded on [0, s].

Proof. From (5.5) and (5.6), we have

" n+1 tn+1

‘éd ACen)k(xp, dxn+l)P11,t(dxn) =< EQn+l(dxn+l) = T n+ 1) On+1(dxpy1).

Therefore,
/ 1CO| £ )]k Cx. dy) Py (dx)
(Rd 2

=y f A | f ot 1) [k, dXn1) P s (dn)

n>0

n+1 t”""l
= d
_g t (”+1)!Ad|f(x"+1)|Qn+1( Xni1)

(5.9)

At noo_
= - Z 26_M/ |f(xn)‘Qn(dxn)
t n! R4

n>1

eiz s (P s NTE o (P 5 ﬁ
== Zlk+ <H€ t) A 1+n<ae ') /15{d|f(xn)|Qn(dxn)

567<Zx" e t— *) (Zx m_ (/ | f (o) | Q@ (dry >) ) ,
n>1 n>1

where we used Holder’s inequality for the second inequality.
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We deduce from Holder’s inequality and the bound Q, (R?) < A" that each term in the last
sum can be bounded from above by %e‘“ Jga | £ )71 Q) (dxy) so that, by (5.6),

ZA ’”7 (/ |f(xn)|Qn(dxn)> <Z/ |f( )|1+nPn,;(dx). (5.10)

n>1 n>1

. ax
Moreover, since for « > 0 and x > 0, x* < e ¢, we have, for every n > 1

1+

1
T <C()", with C(n):eei"n. (5.11)

We obtain, consequently, that

U T > QICWD" i _ jrccan—1) _ =, (5.12)
n! - n!
n>1 n>1
We obtain the statement by plugging (5.10) and (5.12) into (5.9). ([l

We are now ready to prove Proposition 3.3.

Proof of Proposition 3.3. By Proposition 2.2, for r > 0, v, € Ll+e (Py) and
f () — Pi(y)| ' Pr(dx) < 200FOE[|x, 00F) 4 1K, 0049)], (5.13)
]Rd

where the right-hand side is assumed to be locally bounded for ¢ € [0, +00). Applying (5.4) with
fx) =¥ (x) — P,(w,)|1+‘3 and n = %, we deduce the first statement.
For r, t > 0, using Holder’s inequality, then a convexity inequality, we obtain

1+6
/ (/ x(x)k(x,dyw,(y)—w,<x)\) P,(dx)
R4 R4

1+8

<A / Ak, dy) Y (0) — Pr(W) + Pr(Yr) — Y (o) P (dx)
R4 x R4
(5.14)
< (W( / 20k, dy) [ () = P )| P (d)
R4 xR4
+X/Rl|wt(x) — P,(w,)|‘+‘3Pr(dx)>.
By (5.7) with n = 2(1%) and (5.1),
/ Ak ) e () — Po(r) [ Py ()
R4 xR4

2(148)
2+8+¢

1 Ste
<C ¢ (r)(; /Rd|1ﬁz(x)—Pz(Wz)|l+s2 Pr(dx)) ;

2(1+3)
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where the right-hand side is smaller than a function of (7, #) locally bounded on (O +00)? mul-
tiplied by (fga |9 (x) — P,(y)| e Py (dx)) 1+g according to (5.4) with n = 2+£+8 (and Jensen’s
inequality for r < ). By (5.4) with n = 22, [pa [¥(x) — Pi(y;)[""? P(dx) is also smaller

than ( fRd [ (x) — Py ()| Py (dx)) TH multiplied by a function of (r, t) locally bounded on
(0, +00)2. Plugging these bounds in (5.14) and using (5.13), we conclude that

146
(r,t)'—>/ (/ k(x)k(x,dy)|1//z(y)—wt(x)|> P(dx)
R4 R4

is locally bounded on (O, +00)2.
Starting from (5.14) with § = 0 and r = ¢, using (5.7) with n = ¢ and (5.13), we obtain that

[, ke dnlvn ) = | )
R4 xR4

<29(Cot)t T + X)ET [|X, 0059 4| X, 00+40)],
Since 7 > Ce(t) and 1 > E[| X0+ + |X,120+9)] are locally bounded on [0, +00) and ¢ >
I_ﬁ is locally integrable, we conclude that 7 — fRded Ak (x, dy)| ¥ (y) — ¥ (x)| Pr(dx) is
locally integrable on [0, +00). (]

We now give a sufficient condition for ¢ — E[| X;|*] to be locally bounded.

Lemma 5.5. Assume that sup, cga A(x) < X <ooandleta > 1. If

kX :max(IE[|X0|°‘], sup/ k(x,dy)|y —x|“> < 400, (5.15)
x JRA

then for every t >0

[oa]—1

/Rd |x|°‘P,<dx>slé3,‘< >

n=0

(“)“(m" %(mmeh)’ 5.16)

where [a] denotes the integer such that @ < [a] <o + 1.

Proof. We observe that, for every n >0

/Rl 1% P i (dxn)

E/ (n+ 1)a_1(|x0|a + 1 —xol* + -+ iy — xp—1 %) (5.17)
O=ty<t] <---<t,<t JRY
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n—1
x Py(dxo) 1_[()\(xj)ei)h(xj)(tj“7t-/)k(x]‘, dxj'+1))ei)h(x")(t7t”) drg---dt,
j=0
1+ D%
n!

o

<@+ (%)n(n + Dk = ()"

We now observe that, fora > 1,if n > [«

(n+ 1D _ (n+ DIl y 1 _ (el + D! 1
n Tam—1--m—la]l+ D) m—TaD! T Ja]! (n— !’

Hence,

E[|1X,|" Zf 1| Py.1 (dxy)

neN

fa]—1 o [a] ) Tal
5’55(2 0D g CAEDI 5y 5~ GO )

pard []! o = Ta))!

[a]—1
_ X (n+D* o (Tal+ DT o s
_ka<§ T Gn0"+ () e™ ).

= [a]!

6. Evolution of the Wasserstein distance between two
one-dimensional Piecewise Deterministic Markov Processes
(PDMP)

In this section, we are interested in proving ihe identity (1.8) when {P;};>0 and {f’,},zo are the
marginal laws of two PDMP {X,},>¢ and {X;};>0. Let us recall that the infinitesimal generator
of a PDMP is given by

Lf(x)=Vx)Vfx)+ k(X)(/Rd k(x, dy)(f () — f(X))>,

where V : RY — R is a vector field, while A(x) and k(x, dy), respectively denote as before
the jump intensity and the jump law. To give a sense to (1.8), we need at least to show that
fRd Ly (x)| P;(dx) < oco. By the triangular inequality, it is sufficient to upper bound

Py (dx).

/ IV ()Y ()| Pr () + / 2.Ge) v ()| Py () + / AGR)
R4 R4 R4

f k(e dy) g ()
Rd

By using Proposition 2.2, and under suitable conditions on V, A and k that ensure in par-
ticular the moment boundedness of the PDMP, we see that we can upper bound the second
term. We can also upper bound the first one by using Theorem 6.2.4 of Ambrosio, Gigli and
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Savaré [3] that gives [V (x)| = o|Ti(x) — x|¢7! < 02071 (IT;(x) 127 + [x|71), Pi(dx)-ace.,
where T; is the optimal transport map from P; to P;. Thus, the main difficulty is to upper
bound fRd A(x)lfRd k(x,dy)y:(y)|Ps(dx). In the case of pure jump Markov processes, we
are able to handle this term thanks to Lemma 5.3 and the remarkable property (5.6) on the
marginal probability measures. For general PDMP, we no longer have this property, and our
strategy here will be to estimate the difference between ¥;(y) and v, (x). To do so, we will
work in dimension one (d = 1) and use the explicit formulas (1.5) for the Kantorovich poten-
tials.

6.1. Main result

We cqflsider {X¢}i>0 and {gt}tZO two R-valued PDMP with respective marginal laws {P;};>0
and {P;};>0 and infinitesimal generators given by

Lf(x)=V @) f'(x) +)»(X)</Rd k(x, dy)(f () — f(X))), (6.1)

Lfe)=V@)f(x) +X<x>< /R K dy (o) - f(x))). (6.2)
We will work under the following assumptions for both processes.

Assumption 6.1 (Assumption on V, ).

(i) The vector field V is locally Lipschitz and bounded.
(i1) The intensi_ty of the jumps A(x) is a continuous function of x, bounded from above, and
we denote A =sup, A(x) < 0o.

Assumption 6.2 (Assumption on the jump kernel k(x, dy)).

(iii) Jumps are bounded: M > 0, Vx € R, fR Lijx—y|>myk(x,dy) =0.
2

@iv) fR A(x)e™ T k(x, dy)dx admits a density with respect to the Lebesgue measure dy.
(v) x e R+ k(x,dy) is continuous for the weak convergence topology.

Assumption 6.2. Assumptions 6.2(iii), (v) and
(iv) If P({x}) =0 for all x € R, then for any y € R, [, A(x)k(x, {y}) P(dx) =0.
Let us note that Assumption (/w\) is satisfied if for any y € R, {x € R, A(x)k(x, {y}) > 0} is

countable.

Last, we will need in our analysis to work with marginal distributions that have some specific
properties. For a probability measure P(dx) on R, we denote by F(x) = P((—0o0, x]) its cumu-
lative distribution function and F(x) =1 — F(x). For ¢ > 1, we define the following subset of
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probability measures on R

73Q = {P(dx), s.t. F is continuous increasing,/ |x|€ P(dx) < oo,
R

) 6.3)
F F(x—
3¢, C > 0,Vy >0, supM < e, supM < cecy},
x F(x) x F(x)
Po={P(dx) = p(x)dx,s.t. P e P, }. (6.4)

In particular, a probability measure of P, has a density that is almost everywhere positive. The
next lemma ensures some nice properties of the optimal transport map between two probability
measures in P,.

Lemma 6.3. Let P and P denote two probability measures on R with respective cumulative
distribution functions F and F. We assume that F is continuous and denote T (x) = F “L(F(x))
the associated optimal transport map.

G If Fis increasing, then T is continuous and the Kantorovich potential v given by (1.5) is

cl.
F(x+y)

(i) IfVy > 0,sup, ~fr5- < ey, sup, L=

< ceC, then we have
F(x)

Vg >0,Yy >0, /‘T(x:l:y)|qP(dx)§cecy/ |x|9 P (dx).
R R

Notice that the existence of a positive density for P is sufficient to ensure that F is increasing.

Proof. Point (i) is obvious since the hypothesis ensures that F~!is continuous. For Point (i1),
note that we necessarily have ¢ > 1. The result for fR |T (x — y)|? P(dx) is a corollary of Propo-
sition 2.3 with ¢y (u) = ce€Y — 1 and 8 = 4-00. The result for fR |T (x + y)|9 P(dx) is obtained
by symmetry, looking at the optimal transport between the images of P and P byxt+——x. O

‘We now state the main result of this section.
Theorem 6.4. Let 0 > 1. Suppose that both the processes {X;};>0 and {)N( }i>0 are real valued

PDMP satisfying Assumptions 6.1, 6.2 with initial marginals Py, Py € Py(11¢) for some & > 0.
Then for every t > 0

t
WE(Pr, P — WE(Po. Py) = — fo ( /R L (x) P (dx) + /R Z{Zr(x)ﬁr(dx))dr. (6.5)

This result remains valid if Py or 130 belong to the larger set 7/5@(1+8) and the corresponding
processes satisfy Assumption 6.2 instead of 6.2.

The assumption on the initial laws may at first sight seem rather restrictive. However, it is
always possible to approximate them by using the following lemma.
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Lemma 6.5. Let ¢ > 1. Let Xg, Z be independent real random variables such that E[|X|¢] <

oo and Z follows the density pz(x) = %e_m. Then, for any n > 0, Xo +nZ € P,.

Proof. We first observe that pz(x)dx € P,, since Fz(x) = 1{x<0}%ex + Lix=0)(1 — %e‘x) sat-
isfies Fz(x +y) < Fz(x)e” forany x € R, y > 0. This is clear when x + y < 0. When x < 0 and
x 4+ y >0, this is true since 1 — %e’(”y) < %eye’x <= ¢* < cosh(y). When 0 < x, we have
1—1em0H) <e¥(1 — Je™) <= 1+ e *sinh(y) < e’ which holds since 1 + sinh(y) < e”.
Clearly, E[|Xo 4+ nZ|?] < oo. Since P(Xog + nZ < x) = E[Fz((x — X¢)/n)], this law satisfies
again the estimates in (6.3) with ¢ = 1 and C = 1/7. Besides, the density of Xy + nZ is equal to
Elpz((x — Xo)/m1/n > 0. 0

Corollary 6.6. Let Py and Py be two probability laws on R with finite moments of order o(1 + ¢)

for some ¢ > 0. For n > 0, we define P(;7 € Po(1+¢) and (resp. 1367 € Po(14¢)) as the law of
Xo+nZ (resp. )?6 +nZ)where Xg (resp. )?;)) and Z are independent and respectively distributed
according to Py, Py and the density pz(x) = %e‘l"‘. We denote P,'7 (resp. P,n) the marginal law

at time t of the PDMP with generator L (resp. Z). Then, under Assumptions 6.1 and 6.2, we have
t
Wg (Pr, Pr) — W (Po, Po) = — '}i—%/o (/R Ly (x) P (dx) + fRLI/fﬁ(X)Pr"(dX)> dr, (6.6)

where (", IZZI ) are Kantorovich potentials for P and ﬁrn.

Proof. Let r > 0. On the one hand, we have from Proposition 6.8 below uniform in n € [0, 1]
bounds on the moments of order o(1 + &) of the probability measures P,” and ﬁt". On the other
hand, we have the weak convergence of Pt" (resp. i’;") to P; (resp. i’;) when n — 0. This can
be obtained by looking at the corresponding martingale problems and using standard tightness
arguments, exactly as in the proof of Proposition A.1. Theorem 6.9 of Villani [18] then gives
WS(P', Py =0 WS (P,, P,). We finally get (6.6) by Theorem 6.4. O

6.2. Proof of Theorem 6.4

To prove Theorem 6.4 for the processes {X;};>0 and {f t}r>0, we will approximate them by pure
jump processes in order to use Theorem 3.1. To do so, we define, for u > 1 the following jump
kernel

1
e ) = - s (BB 1) (@) A O, d9), 6.7)

where @ (x, s) is the flow of the differential equation driven by V, that is, the solution of

%@(x,t):V(@(x,t)), ®(x,0)=x,Vx eR. (6.8)
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We define the process {X};>¢ as a pure jump Markov process with jump intensity u + A(x),
transition kernel k* (x, dy) and initial distribution Py. It has the following infinitesimal generator

1 () = ) - _
L7 f(x) M[f<<1><x, M)) f(X)}Jr)»(X)/R(f(y) J@0))k(x, dy). (6.9)

We note P/* the probability law of X!. From Proposition A.1, the process {X!},>0 weakly
converges to the process {X;};>0 when u — 400. By a slight abuse of notation, we will set
X+ =X, L**® =L and P;"™ = P,. The following remark recalls a usual way to sample the
processes X and X*.

Remark 6.7. At some point, it will be convenient to work with a pathwise representation of
the processes X* and X. To do so, let us consider N a Poisson process of parameter A, N*
a Poisson process of parameter o and (Uil)izl,(Uiz)izl two sequences of independent uniform
random variables on [0, 1], that are independent and independent from the initial value X ~ Py.
Letussetforx e R, u € (0,1)

H(x,u) =inf{z : k(x, (=00, z]) > u}.

Then, the infinitesimal generators of the following processes
t t ,
X, = X0~|—/ V(Xs)ds+f Lz <MX_)/X}H(XS_,UNS)dNS, (6.10)
0 s =T

t 1 t
X/ :X0+/0 q>(xf“, ;) dng +f0 Lz, <ro0ymH (X Uy,)dNs,  (6.11)
are respectively L and L*.

To prove Theorem 6.4, we start by a technical result stating that the marginal laws of the
PDMP and its approximations stay in the set PP, of probability measures. It also gives uniform
constants in p that will be useful to handle limits when u — +o00. Then, we prove two technical
lemmas. The first one brings on the integrability of Kantorovich potentials for probability laws
in Pp. The last lemma shows the local uniform convergence of the Kantorovich potential given
by (1.5) between P/ and P“ toward the same Kantorovich potential between P; and Pt From
now on, we denote by F;, Ft, F,“ and F,“ the respective cumulative distribution functions of P;,

P, P/ and P".
Proposition 6.8.
o Let us assume that Assumptions 6.1 and 6.2(iii) hold. Then, we have for any t > 0, g > 0,
sup EHX;‘ — Xoiq]
€[1/t,4+00] 6.12)
<2V (IV %t (q/e) e + M7 (g /) exp(Ri(e — 1))).



2490 A. Alfonsi, J. Corbetta and B. Jourdain

e Let us assume that Py(dx) = po(x)dx w/l@ po(x) > 0 dx-a.e. (resp. Fy is continuous in-
creasing) and Assumption 6.2(iv) (resp. (iv)) hold. Then, for any t > 0, P;(dx) = p;(x) dx
and P}'(dx) = pl(x)dx with p,(x)p! (x) > 0 dx-a.e. (resp. F; and F!" are continuous

increasing).
e Let us assume that Assumptions 6.1 and 6.2(iii) hold. If Cy, co > O denote constants such
that
F _ Fo(x —
Vy >0, sup M < ¢pe©Y, sup M < cpe©Y,
x Fo(x) x Fo(x)
we have for any u € [1, +00],
FM(x Fl'(x —
Vy >0, sup %—i—y) < ¢, sup # < ¢y, (6.13)
X Fz (x) X Ft (x)

with ¢; = C(Z) exp(t (eColVllo — e=CollVllooy 4 3¢ (eCoM — o=CoMy)y,
Since E[| X} — Xo|°] < 20-1 (E[|X"1°] + E[|X0|°]), we easily get the following corollary.

Corollary 6.9. Let Assumptions 6.1, 6.2(iii) and (iv) (resp. (1V)) hold. Then, if Py € P, (resp.
Py e PQ) we have that

V>0, uell,+o0], Pt“ €P, (resp. Pt“ € ﬁg).

Proof of Proposition 6.8. Moments. From (6.11), we have | X' — Xo| < %N}‘ + MN, and
thus E[| X" — Xo|9] <2@-D" ((%)4E[(N,“)q] + MAIE[N{]). Since x? < (q/e)4e* for x > 0,
we get E[(N/*/(un))?] < (q/e)? exp(ut (') — 1)) and E[N/] < (g/€)? exp(ht (e — 1)). We
thus obtain (6.12) since s(e'/* — 1) < e for s > 1. From (6.10), we have similarly | X; — Xo| <
IVlloot + M Ny and we deduce (6.12) for o = +o0.

Density (under Assumption 6.2(iv)). Let k" (x,dy) = }‘(x)k(x dy) + “ 5¢(x 1w (dy) +

)»(x)
AR

P/ (dx) =Y,- Py’ (dx) with ngt (dxg) = e~ M1 po (xo) dxg and for n > 1,

8x(dy) and po denotes the density of Py. Then, 51m11ar1y to (5.1) and (5.2), we have

o~ (ntht (n+1)""

P, (dx,) = .

fpo(xo)dxonk“(x/, j+)-

j=0

By induction, it is sufficient to check that for a probability density p on R,

~ 1
/P(XO) dxok" (xo, dx1) = —-/ A(x0) p(x0) dxok (xo, dx1)
R w+AJR

+ p x0) dxod dx + p(x = dx
A 0 00 (xq,1/1) 1 1 1
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is absolutely continuous with respect to, dx1. On the one hand, p(xo)A(xo)k(xg, dx1) dxg is ab-

solutely continuous with respect to e_TOA(xo)k(xo, dx1) dxp. From Assumption 6.2(iv), we get
that for every Lebesgue negligible set A C R, fR p(x0)A(xg) f 4 k(x0,dx1) dxo = 0 and therefore
fR p(x0)A(x0) dxok(xg, dx1) is absolutely continuous with respect to dx;. On the other hand, for
a bounded measurable function f : R — R, we have

/Rf(xl)/Rp(xo)%(xo,l/u)(dxl)dxo=/1Rf(q’(xo, 1/w)) p(xo) dxo.

For any ¢ > 0, the flow x — ®(x, ¢) is bijective continuous and increasing, and its inverse func-
tion is x > ®(x, —1). We get (see for example Proposition 4.10, page 9 of Revuz and Yor [17])

fR F(®ro. 1/10)) pxo) drg = / F) (@, —1/0)) dd (', —1/4).

Since V is bounded and locally Lipschitz, x — ®(x, —) is locally Lipschitz, which gives that
it is almost everywhere differentiable and d® (x’, —1/u) = 9, ®(x’, —r) dx’. Last, the inequality
P/'(dx) > Py, (dx) gives the almost everywhere positivity of the density.

For X; (which corresponds to u = 00), we have similarly P;(dx) = Zn>0 Py, ;(dx) with
Po.¢(dxp) = e po (P (xg, —1))dx P (xg, —1) dxg and for n > 1,

Pn,t(dxn)ze_h)_\nf Py,..., tn(q)(xnatn _t))axq)(xnatn —t)dty - - dt, dxy,
0<t)<tr<--<t, <t
n—1
Diryooty (X)) dxp I=/ Po(xo) dXOHk(fjH —tj,xj,dxj41)
R~ .
j=0

with 7o = 0 and k (¢, x, dy) = Wk(cp(x, H,dy)+ (1 — W)aq)(x,t)(dy). This represen-
tation can be obtained from (6.10) by observing that [, po(xo) dxo ]—[7;(]) ?(th —tj,xj,dxj41)
is the law of X7, knowing that {N; =n,T) =11, ..., T, =t,} where T; = inf{r > 0, N; =i}. By
induction on n, we check that this law is absolutely continuous with respect to dx;,, which makes
the definition of py,, .., valid. It is sufficient to check this for » = 1, and we have

.....

/Rpo(xo) dxok(QD(xo,t))k(CD(xo,t),dxl) =A.Qp0(<b(x’, —t))k(x’)axd)(x’, —t)k(x/,dxl)dx/,

which is absolutely continuous with respect to dx; by Assumption 6.2(iv). By using the flow, we
get that fR po(xp) dxo(1 — W)Smxo,,)(d}q) is also absolutely continuous with respect to
dx;. Therefore, the density p;, . ; (x,) exists. It is then clear that P, ;(dx,) =P(X; € dx,, N; =
n) admits the above density. Last, P;(dx) > Py ;(dx) gives the positivity of the density since
0y @ (x, —1) is almost everywhere positive.

Continuous increasing cumulative distribution functions (under Assumption (/i-v\)). We follow
the same steps. We use that P/ (dx) = )_,- o Py, (dx) with P§, (dxo) = e~ (W1 py(dxg) and for



2492 A. Alfonsi, J. Corbetta and B. Jourdain

n>1,
Y -1
iy (D" -
Py (dxy) =e W“)‘—n' 3 Po(dxo) [ [ #*Gxj. dxjtu).
. n j=0

Let P be a probability measure on R such that P({x}) =0 for any x € R. We have for any y € R

~ 1
)2 —
/R P(dx)k (x,{y})——ﬂ — /R A() P(dx)k(x, {y})

A —A(x1)
A+ A

K

—P(1D —1
+,u+)» (e, -1/w}) +

P({y}) =0,

by Assumption @iv). By induction, for any n € N, P,ff , does not weigh points. Therefore, F/* is
continuous. It is also increasing since x +— PSL ,((—00, x]) is increasing.

We can do similar calculations for {X};>0, and show that foranyn e N*,0 <#; <-.. <t, <t,
Py p (dxy) = fR,, Po(dxoz lt[;l-;(l)k(tj+1 — tj,xj,dx;41) does not weigh points. Therefore,
Xn > Py ((—00, x,]) =AM, Piy..., (=00, ®(xy, t, — )])dt; - - -dty, is con-
tinuous. Since x — Py ((—o0, x]) = e M Py((—00, ®(x, —t)]) is continuous increasing and
Pi(dx) = ano P, ;(dx), we get that F; is continuous increasing.

Tails. From (6.11), we have X! > Xo — ||V |lcoN/* /1t — M N;. Since Py € P, and using the
independence, we get

.....

Fl'(x+y) <E[Fo(x + y + IVIlooN/"/ + MN,)]
< coFo()eC exp(ut (e 1 — 1) + it (eCoM — 1))
Looking at the right tail, we also get
F{'(x) = E[Fo(x + [Vl N/ /1t + MN;) ]

_ oVl

> L RoCopexp(ur(e 0 — 1) 4 T (e — 1),
0

Similarly, the other inequality X < Xo + ||V ||oo N/ /it + M N, obtained from (6.11) leads to

Fl'(0) 2 E[Fo(x = [ VlleoN!' /1t = MNy)]

> L Ro(ryexp(ur (e < 1) +hi(em M 1)),
&)
Fl'(x —y) <E[Fo(x —y = I VIlsoN/'/u — MN;)]

1Vilco

< coFp(x)eoY exp(ut(ec" o —1) —i—it(ecoM -1)).
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Fl' (x+y) Fl'a—y
o 24 TEr
s CoWloe
cgexp(ut(e™® n

Therefore, we obtain that both

are upper bounded by

Voo

[z ) + At (eCOM - eiCOM))ecoy.

_ e Co

From (6.10), we check by similar calculations that the upper bound is also true for u = +o00

IVlloo _ - Vleo . Voo _ Voo
with 1t (€0 — e O ThT ) = 2C||V [loot. Since [1, +00] 3 pt > ut (€0 w —e O

is nonincreasing, we get (6.13). O

Lemma 6.10. Let ¢ > 1. We assume that Assumption 6.1 holds and that P, P € 7/590( for some
o > 1. Let € C! be such that ' (x) = o|x — T (x)|2~2(T (x) —x) with T (x) = F~Y(F (x)) (i.e.
this is a Kantorovich potential associated to the o-Wasserstein distance from (1.5)). Let ¢, C > 0
denote constants such that (6.3) holds for P. Then, for any n € [1, 400], we have

/ }L“w(xﬂ“P(dx)sz“‘||V||zo@°‘2<°‘<9"”*(Zcec'v"w / x[*€ Pdx)
R R

42" ( f x[*@"V P (dx) + ||V||§<EQ‘”>>
R
(6.14)
+2“—1I\“2“@—1((1 +2“@—1)f |x|%€ P(dx) + 220~ M*®
R

~|—(1~|—2ceCM)/ |x|“913(dx)>.
R
Proof. We have ¥ (®(x, 1/w)) — ¥ (x) = [5/* ¢/ (P (x,$)V (P (x, s)) ds and thus

1/u _
|LMy (x)| < unvuoofo |/ (®(x,9))|ds + fohv(y) — Y () |k(x, dy).
Also, we obtain |L Ty (x)| < |V ool ¥/ ()| + 4 [5 | (y) — ¥ (x)|k(x, dy), which leads to

Vi e [l, +o0],

LPy ()| < [IVlleo max |¢/(X+y)|+5»/R|1/f(y)—lﬁ(x)|k(x,dy),

Y=Vl

and then

f|L“w<x>|“P<dx>sza—lnvng‘o max |y (x + y)|* P(dx)
R R YISV oo

HMX“/RfR“/f(z) — ¥ (0)|“k(x, dz) P(dx).

For the first term, we use that |/ (z)|* = 0%|T (z) — z|*@~D < Q“Z(“(g_l)_l)+(|T(z)Ia(g_l) +
|z|%@=D)_ Since T is nondecreasing, we get

max ‘lﬂ/(x+y>|a SQaz(a(g—l)—l)+(max(|T(x+ ”V||OO)|a(Q_1)7 T(.X— ||V”oo)|a(9_l))

Y=Vl

A (P A )}
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For the second term, since 7 (dx, dy) = P(dx)dr(x)(dy) achieves the optimal transport between
Pand P, we getby using (2.1) P(dx)P(dz)-a.s., F increasing and the continuity of y» and T that
1Y (z) — ¥ (x)| <max(|T(z) — x|, |z — T(x)|®) for all x,z € R. We obtain | (z) — ¥ (x)|* <
200 1(|x|%¢ 4 |T (x)|%@ 4 |z|€ + | T (z)|*?) and thus

//W(Z)—W(X)iak(X,dz)P(dx)
rRJR
52“9_1</ le"‘QP(dx)+/ x| P (dx)
R R

+20e~! <M°‘9 +/ IxI“QP(dx)> + f (|TC+ )" +|Tx - M)|“9)P(dx)).
R R
Gathering all the terms and using Lemma 6.3, we get (6.14). (|

Lemma 6.11. Let o > 1, r > 0. We consider ¥, (x) = f(;c Q|1‘?;1 (Fr(y) — y|9*2(1‘?r*1 (Fr(y) —
) dy and 7' (x) = [5 ol (BT (F () = yIe 2 [(F) ™ (F () — y1dy. Then, under the as-
sumptions of Theorem 6.4, L*y}* converges locally uniformly to L, .

Proof. According to Proposition 6.8, the functions Fy, F,, F!*, F/* are continuous and in-
creasing. The convergence in law stated by Proposition A.1 gives the pointwise convergence
of Fl' (resp. (F/)™") to F, (resp. F-'). Since x > (Ff*)~1(F}*(x)) is increasing, a classi-
cal result sometimes named as the second Dini theorem gives the local uniform convergence
of (F/')~Y(F!'(x)) to F-'(F!(x)). Then, using that z - 0|z]°~%z is (0 — 1)-Hélderian for
1 < o <2 and locally Lipschitz for ¢ > 2, we get local uniform convergence of (WH) (x) and
Yt (x) — ¥t (0) toward ¥/ (x) and ¥, (x) — ¥ (0). We write

1
LAY () = Ly (v) = o /0 L) (@) — v (@0r. )]V (P (x. 5)) ds

1

+/L/Oﬁ wr/(d)(x,s))V(CD(x,s)) — lﬁr’(x)V(x) ds (6.15)

+ () /R (W) — e () — Y (0) + ¥ () Cx, dy).

Leta > 0. For x € [—a,a]l and w > 1 and s € [0, 1/u], |D(x,s)] <a + ||V]loo. The uniform
convergence of (¥£) on [—(a + ||V loo), @ + ||V ||oo] and Assumption 6.1(i) gives the uniform
in x € [—a, a] convergence to zero of the first term of the right-hand side of (6.15). Similarly,
the third term uniformly converges to zero on [—a, a] by using the local uniform convergence of
Yk (x) — ¥ (0), Assumptions 6.1(ii) and 6.2(iii). Last, the second term also converges uniformly
to zero on [—a, a] by using that ® is continuous on [—a, a] x [0, 1], the Heine—Cantor theorem
and the continuity of ¥/ V. O

Proof of Theorem 6.4. We use the approximating family of pure jump processes {(xHy u>1 and
{X }u=>1. By using the uniform bound (6.12) on moments of order ¢(1 + ¢) and the convergence
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in law given by Proposition A.1, we have by Theorem 6.9 of Villani [18]
WG (Pr, B) = WG (Po, Po) = lim W (P!", P") = WE(Po, o).
Theorem 3.1 yields
t
WE(P, P[') = WE(Py, Py) = —/O (/R L*yH(x) PH(dx) + /R L“tﬂﬁ‘(x)P,“(dx)) dr.

To obtain (6.5), it is sufficient show that [ L*v/} (x) P/ (dx) converges for all r € [0,1] to
fRLl//, (x) Pr(dx). Indeed, we can then apply the dominated convergence theorem by using
(6.14) and (6.12). For N > 0, we define [z]y = max(—N, min(z, N)) for any z € R, and write

=

‘ / Ly py @ = [ L b
R R

/R (LA ) — [LP 0 ] ) PE ()
+ /R ([L“Wm],v—[Lwr<x>]N)P#<dx)‘

+ /R (L ()], (P () — Pr<dx>>\

+ fR ([LYr ()] y — L¥r(x)) Pr(dx)

Let n > 0. Using [ [L*W/ O puy s op-ay P (dx) < N7° [ |LPyrt (x)| (149 pF(dx) and
(6.14) with « = 1 4+ ¢, we can find N large enough so that the first and the fourth terms are
bounded by 1/4, uniformly in 1 > 1. For the second term, we use that that the family P/* is tight
since it converges weakly to P;. Let K be a compact subset of R such that fR\IC Pl(dx) < ﬁ
for any u > 1. From Lemma 6.11, there exists 1, such that sup, i |[L*¥#(x) — L (x)| <n/8
for u > puy. We get

‘ /R (vt @]y = (L] ) Pl | < 2N+ =

i
16N 4’

Last, we note that x — [L(x)]n is bounded and continuous by Assumption 6.1, Assump-
tion 6.2(v) and the continuity of v/. The weak convergence of P} gives the existence of ,u;? > Uy

such that | [p[Ly, (x)]n (P (dx) — P(dx))| < n/4 for > ;. We get | [ L*/ (x) P (dx) —
fR Ly, P.(dx)| < n for u > 'U“,n’ which yields the claim. (I

Appendix: Weak convergence of X ;" to X;

Proposition A.1. Let Assumptions 6.1 and 6.2(iii) and (v) hold. Then, for any t > 0, P,’L con-
verges weakly to Py when yu — +00.



2496 A. Alfonsi, J. Corbetta and B. Jourdain

Proof. We start by proving that {X;L }i>0 converges in law to {X;};>0 as u — +00. We know
that for every 0 <s <t, n € N*, s1,...,s, € (0,s), and all C* functions g : R" — R and
f :R" — R with compact support, we have

E[<f(x,“) —r(xn) _/st L“f(Xﬁ‘)dr)g(Xﬁ,...,Xs’fl)} o, A1)

where L* is defined in (6.9).
Let us first write

1
m

L*F(x) = Lf(x) = /O [V (@0, ) £ (@(x.5)) — V(x) £/(0)] ds.

Since f has a compact support, Vf’ is bounded and uniformly continuous on this compact by
Assumption 6.1(i). This gives that L* f converges uniformly to Lf.

Now, we want to check the tightness criterion of Aldous (see, e.g., Theogem 4.5, page 320 of
Jacod and Shiryaev [10]). To do so, we use the representation (6.11). Let 7 > 0. We obtain for
tel0, T, | XV < |Xo| + %N;f_—i— M N7 and thus the tightness of (sup, o 7 1X7 |)u=1 since
N? /i converges in probability to T as i — +o0. Besides, if S and S’ denote two stopping times
such that § < 8" <min(S + 8, T), we have | X, — X| < |V [oo(N§ 5 — N§) /i + M(Ngys —
Ng). We get by the strong Markov property of Poisson processes

P(|X§ — X§| > n) <P(IVIeeNg' /1 > n/2) + P(MNs > n/2),

for any n > 0. Let ¢ > 0. We choose § > 0 small enough such that ||V| .8 < n/2 and
(1 —e %) < ¢/2. Since NSM /i converges in probability to &, there is ft such that for © > [,
P(IVlloo Ny /it > n/2) < £/2 and thus P(|X, — X§| > n) <e.

We note D the space of cadlag real functions on [0, +00) endowed with the Skorokhod topol-
ogy and P*(dw) the probability law of {X}'};>(. We rewrite (A.1) as

A(f(w(t)) - f(a)(s)) —f L"f(a)(r)) dr)g(w(m),...,w(sn))P“(da)) =0.

The family (P*(dw)),>1 is tight, and we denote by P°°(dw) a limit point of this family. For r >
0, w € D+ w(r) is not continuous, but Tpe = {r > 0, P*°(w(r) # w(r—)) > 0} is a countable
set such that for r € [0, +00) \ Tpx, @ — w(r) is P*°(dw)-a.s. continuous. Since f, Lf and
g are bounded continuous by using Assumption 6.1 and 6.2(v), we get by using the uniform
convergence of L* f to Lf and the weak convergence of a subsequence P*+ towards P*° that

t

/]]))(f(w(t)) - f(w(s)) — / Lf(a)(r)) dr)g(w(sl), e, a)(sn))Poo(dw) =0, (A.2)
N

when sq,...,s,,s,t are not in Tpeo. By using the right-continuity of w, the dominated conver-

gence theorem gives that (A.2) still holds for any 0 <s <t, n € N*, s51,...,5, € (0,5). Thus,

any limit point of (P*(dw)),>1 is a solution of the martingale problem associated to {X;};>0.
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By using Theorem I3 of Lepeltier and Marchal [13], we have the uniqueness for the martingale
problem, which gives the weak convergence of {X ,” }i=0 to {X;}s>o0.

Now, from the representation (6.10), we easily get P(X; = X;_) = 1 for any ¢ > 0. Thus,
forall t >0, w € D~ w(t) is P*-a.s. continuous, and for any bounded continuous function
h:R — R, we have th(a)(t))P”(dw) — p—> 400 th(a)(t))Poo(da)). (Il
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