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Inference in Ising models
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The Ising spin glass is a one-parameter exponential family model for binary data with quadratic sufficient
statistic. In this paper, we show that given a single realization from this model, the maximum pseudolike-
lihood estimate (MPLE) of the natural parameter is ,/ay-consistent at a point whenever the log-partition
function has order ap in a neighborhood of that point. This gives consistency rates of the MPLE for fer-
romagnetic Ising models on general weighted graphs in all regimes, extending the results of Chatterjee
(Ann. Statist. 35 (2007) 1931-1946) where only VN -consistency of the MPLE was shown. It is also shown
that consistent testing, and hence estimation, is impossible in the high temperature phase in ferromagnetic
Ising models on a converging sequence of simple graphs, which include the Curie—Weiss model. In this
regime, the sufficient statistic is distributed as a weighted sum of independent X12 random variables, and the
asymptotic power of the most powerful test is determined. We also illustrate applications of our results on
synthetic and real-world network data.
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estimation; spin glass

1. Introduction

The Ising spin glass is a discrete random field developed in statistical physics as a model for
ferromagnetism [23], and is now widely used in statistics as a model for binary data with appli-
cations in spatial modeling, image processing, and neural networks (cf. [2,20,22] and the refer-
ences therein). To describe the model, suppose that the data is a vector of dependent £1 random
variables o = (01, 02, ..., oy), and the dependence among the coordinates of o is modeled by a
one-parameter exponential family where the sufficient statistic is a quadratic form:

Hym=7'Iyt= ) JInG jut (1D
1<i,j<N

for any T € Sy :={—1,1}" and an N x N symmetric matrix Jy with zeros on the diagonals.

The elements of Jy are denoted by Jy (i, j) = Jy(j,i),for 1 <i < j < N.Given any 8 > 0, the
quadratic form (1.1) defines a parametric family of probability distributions on Sy :

1
Pglo=1)=2"" exp{ SBHN (D) — FN<ﬂ)}, (1.2)
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where Fy (B) is the log-partition function which is determined by the condition
T} =1, that is,

Pﬁ{O‘ =

IESN

1
Fx(B) :=10g{2—N 3 e%ﬁHN(”} — log Ege2PHN @) (1.3)

IESN

where Eq denotes the expectation over ¢ distributed as Py, the uniform measure on Sy. The
parameter 8 = 1/T is often referred to as the inverse temperature, so the high temperature regime
corresponds to small values of 8. The family (1.2) includes many famous statistical physics
models: the usual ferromagnetic Ising model on generals graphs, the Sherrington—Kirkpatrick
mean-field model [30,33,34], and the Hopfield model for neural networks [22].

Estimating the parameter $ in (1.2), given one realization from the model, is extremely difficult
using likelihood-based methods because of the presence of an intractable normalizing constant
Fx(B) in the likelihood. A variety of numerical methods are known for approximately computing
the likelihood [18], but they are computationally expensive and very little is known about the rate
of convergence.

One alternative to using likelihood-based methods is to consider the maximum pseudolikeli-
hood estimator (MPLE) [4,5]. Chatterjee [10] showed that given a single spin configuration from
the model (1.2), the MPLE ,3N is v/N-consistent at 8 = o,! whenever liminfy_, o0 %FN (Bo) >
0. However, in many popular models such as regular graphs, random graphs, and dense graphs,
the log-partition function F (8) = o(N) for certain ranges of 8, and Chatterjee’s result does not
tell us anything about the consistency of the MPLE.

In this paper, we show that the MPLE is ,/ay-consistent at 8 = By, if the log-partition func-
tion has order ay in a neighborhood of By (Theorem 2.1), for a sequence ay — oo. This gives
the consistency rate of the MPLE for all values of 8 > 0 away from the critical points, and shows
that the rate of the MPLE undergoes phase transitions for Ising models on various graphs en-
sembles (Corollaries 3.1 and 3.2). We also show that no consistent test, and hence no estimator,
exists if the log-partition function remains bounded (Theorem 2.3). As a consequence, consis-
tent estimation is impossible in the high temperature regime in ferromagnetic Ising models on
a converging sequence (in cut-metric as defined by Lovasz and co-authors [7,8,27]) of graphs
(Theorem 3.3). This strengthens previous results of Comets and Gidas [12] and Chatterjee [10]
where the MLE and the MPLE was, respectively, shown to be inconsistent for 0 < 8 < 1 in
the Curie—Weiss model, which corresponds to taking Jy (i, j) =1/N,forall 1 <i < j < N. Fi-
nally, using the emerging theory of graph limits [7,8,27], the limiting distribution of the sufficient
statistic Hy (o), and the asymptotic power of the most powerful test are derived for dense graphs
in the high temperature regime (Theorem 3.4).

While proving the consistency of the MPLE, we show that the asymptotic order of the suf-
ficient statistic Hy (o) is same as the order of the log-partition function for general matrices
Jn; a result which appears to be new and might be of independent interest. More precisely, the
sequence of random variables #H n (o) is asymptotically tight under Pg,, and the limiting dis-
tribution (if any) is non-zero when the log-partition function has order ay in a neighborhood of

1A sequence of estimators {/éN}Nz] is said to be ap-consistent at f = B if aNl,éN — Bol = Op(1), that is,
limsupg _, oo limsupy_, oo P, (an1Bn — Bol > K) =0.
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Bo (Lemma 5.1). Moreover, simple bounds for matrices Jy with non-negative entries provide
the correct order of the log-partition function in the high temperature regime for a wide class of
Ising models (Lemma 7.1).

Finally, we illustrate the usefulness of the MPLE and the applicability of our results on a real
dataset: In Section 4, we study the effect of gender among friends in two Facebook friendship-
networks from the Stanford Large Network Dataset (SNAP) collection.

Another active area of research is high-dimensional structure estimation in a sparse Ising
model, where the goal is to consistently estimate the underlying matrix Jy, under certain struc-
tural constraints from i.i.d. samples from the model (see [1,9,32,35] and the references therein).
This is in contrast with the present work, where the matrix Jy is known and we estimate the
natural parameter and its error rate given a single realization from the model.

1.1. Organization

The rest of the paper is organized as follows: The consistency of the MPLE and general in-
consistency results are described in Section 2. Applications of these results to various graph
ensembles including regular graphs, random graphs, and general weighted graphs, are explained
in Section 3. Theorems 2.1 and 2.3 are proved in Sections 5 and 6, respectively. The proofs of
Corollaries 3.1 and 3.2 are given in Section 7. The results on converging sequence of graphs are
in Section 8. The analysis of the Facebook dataset is given in Section 4.

2. Consistency of the MPLE

The maximum pseudolikelihood estimator (MPLE), introduced by Besag [4,5], can be conve-
niently used to approximate the joint distribution of o ~ Pg that avoids calculations with the
normalizing constant.

Definition 2.1. Given a random vector (X1, X, ..., Xy) whose joint distribution is parame-
trized by a parameter § € R, the MPLE of B is defined as

N
By :=argmax [ | fi(B. X). @2.1)

i=1

where f; (B, X) is the conditional probability density of X; given (X ;) j=i.

Given o ~ [Pg from the model (1.2), the conditional density of o;, given (o) j can be easily
computed. To this end, given t € Sy, define the function L, : [0, c0) — R as

N
L (x):= % > “mi(o)(zi — tanh(xm; (1)), (2.2)
i=l1
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where

N
mi(r) =Y InG. j)Tj. (2.3)

j=1

Note that m;(t) does not depend on 7; since the diagonal element Jy(i,i) = 0. Interpret-
ing tanh(£oo) = +1, the function L, can be extended to [0, co] by defining L,(c0) :=
% vazl(mi(r)ri — |m;(7)|). Then it is easy to verify that (see Chatterjee [10], Section 1.2)
%% ZlNzl log fi (B, ) = L.(B), and the function L, (B) is a decreasing function of §. There-
fore, the MPLE for $ in the model (1.2) is

Bn (o) :=inf{x > 0: L, (x) =0}, (2.4)

where o ~ Pg is a random element from (1.2). Hereafter, we suppress the dependence on o and
denote by By := By (o) the MPLE of B.

Consistency results for the MPLE in Ising models are known in the case of lattices [11,19,21,
31], complete graphs [10], and spatial point processes [24]. However, for general processes where
the dependence is neither local nor mean-field, it is very difficult to prove consistency results for
MPLE. In a major breakthrough, Chatterjee [10] developed a remarkable technique using ex-
changeable pairs and showed [10], Theorem 1.1, that the MPLE {ﬁN} N>1, given a single realiza-
tion o € Sy from (1.2), is a /N -consistent estimator at 8 = By > 0, whenever supy IInll < 002
and

1
li inf —F 0. 2.5
im inf - '~ (Bo) > 2.5

To the best of our knowledge, all results regarding MPLE { B} ~N>1 are in the regime where it
is +/ N-consistent. However, in many examples such as the Ising model on dense graphs, d(N)-
regular graphs with d(N) — 00, and Erds—Rényi graphs G(N, p(N)), with 2N « p(N) « 1,
the log-partition function F (8) = o(N) for certain ranges for §. In these cases, the hypothesis
(2.5) is not satisfied, and Chatterjee’s result is not applicable for deriving the consistency of
the MPLE. The following theorem (see Section 5.2 for proof) shows that the consistency of the
MPLE at a point is governed by the order of the log-partition function in a neighborhood of that
point. This generalizes the result of Chatterjee [10] giving the rate of consistency of the MPLE
for all values 8 (at all temperatures) away from the critical points.

Theorem 2.1. Let supys [|In || < 00, and By > 0 be fixed. Suppose {an}n>1 is a sequence of
positive reals diverging to oo such that for some § > 0 we have

1 1
0 < liminf — Fy (Bp — &) < limsup — Fn (8o + 8) < oo. (2.6)
an an

N—o0 N—o0

Moreover, assume that the following conditions hold:

2For any N x N symmetric matrix A, denote by ||All = sup, .pn IAx]>

Ty the operator norm of A.
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(a) limsupg_, o, limsupy_, o ﬁ]EﬁO(ZlN:l |m;(o)| - 1{|m;(0)| > K}) =0, where m; (o) is
as defined in (2.3).
(b) limsupy_, o # Z,{szl InGi, j)? < oo.

Then the MPLE {,éN} N>1 for the model (1.2) is a Jan-consistent sequence of estimators for

B = Bo-

Conditions (a) and (b) are technical requirements arising out of the proof technique, which
ensure that the main contributions come from m; (o) that are small, and on average the entries in
Jn are not too large compared to a . The proof of the result is given in Section 5.1 (with technical
lemmas proved in Appendix A). The proof is organized as follows: Using the two conditions of
the theorem, Lemma 5.2 shows that g, (L (B0)?) = O(ay/N?), which implies that L, (Bo) is
small with high probability. To derive the rate of consistency of the pseudo-likelihood, it thus
suffices to get a lower bound of the derivative L. (8). Again invoking the two conditions of
Theorem 2.1, in Lemma A.3 we derive a lower bound on

N
> mi(@)1{|mi(o)| < K}

i=1

for K fixed. This translates into the desired lower bound on the derivative L/ (8) using which
the proof of the theorem is then completed.

The conditions of the theorem are satisfied in most commonly used models (see Section 3).
Moreover, the result of Chatterjee [10], Theorem 1.1, is an immediate corollary of Theorem 2.1
(refer to Section 5.3 for the proof).

Corollary 2.2 ([10], Theorem 1.1). Lez supy~ [Nl < 00 and Bo > 0 be such that (2.5) holds.
Then the sequence of estimators {,éN} N>1is V'N consistent for B = Bo.

Remark 2.1. Condition (2.6) in the Theorem 2.1 demands the right order of the log-partition
function in a small neighborhood around the point Sy. This avoids the critical points, where the
order of the log-partition function (and its derivative) undergoes a sharp transition. It follows
from the proof of Theorem 2.1 that the following (possibly slightly weaker) condition works as
well instead of (2.6):

1 1
0 < lim liminf — Fy (8o — §) < limsup — Fy (Bo) < 00.
§—0 N—oo an N—oo AN
However, for most of the applications estimates of the log-partition function are more readily

available. Thus, the sufficient conditions are stated in terms of the log-partition function instead
of its derivative.

Note that Theorem 2.1 does not apply to the case Fy(Bo) = O(1). Next, we show that if
Fn(Bo) = O(1), then there is no sequence of estimators which consistently estimates By. In fact,
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we show that even testing is impossible in this regime: Given a single spin-configuration o € Sy
from (1.2), there exists no sequence of consistent tests> for the hypothesis testing problem:

Hy:=p81 versus H;:8=}. 2.7)
This is summarized in the following theorem (see Section 6 for proof):

Theorem 2.3. Let supy - [|Jn| < 00, and Bo > 0 be fixed. Suppose

limsup Fn (Bp) < oo. (2.8)

N—o00

Then for 0 < B1 < B2 < Po, there exists no consistent sequence of tests for the testing prob-
lem (2.7). In particular, there exists no consistent sequence of estimators for 8 in the interval

[0, Bol.

One of the main applications of above results is in deriving the rate of the MPLE for Ising
models on weighted graphs, that is, for matrices Jy with non-negative entries. For such matrices,
condition (b) in Theorem 2.1 can be directly verified, and we have the following simplified
corollary:

Corollary 2.4. Consider the model (1.2) such that Jy is a sequence of matrices with non-
negative entries with limy_, || Iy || = A > 0.

(a) The sequence of estimators {/§N}N31 is |InllF:= ,/th]jzl JIn(i, j)? consistent at B =
Bo for any By < % whenever condition (a) in Theorem 2.1 holds.

(b) If imsupy_, o Zle:l In(i, j)* < oo, then exists no consistent sequence of estimators
. . 1
for B in the interval [0, 53).

3. Applications

The +/N-consistency of the MPLE in the Sherrington—Kirkpatrick (SK) model and the Hopfield
model, for all values of 8 > 0, follows from results of Chatterjee [10]. Our results give the rate
of consistency of the MPLE in the regime where it is not /N-consistent.

We begin with a simple example where the rate of the MPLE undergoes multiple phase tran-
sitions.

3A sequence of test functions ¢y : Sy — {0,1} is said to be consistent for the testing problem (2.7) if
limN_wo ]Eﬁl ¢N =0and limN_,oo ]E,gz(,‘b}v =1.
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Example 1. Consider the model (1.2) with

1 'f1<'7£'<N

-, 14 =1 =,

Nl N ! 2N

N R R
0, otherwise.

Then the sequence of estimators {,éN} N>1 is inconsistent for g € (0,1), N 1/4_consistent for B €
(1,2), and /N -consistent if B>2.

The proof of the above example is given in Section 7.2. In fact, this example can be easily
generalized to construct a K -block matrix Jy such that the consistency rate of MPLE undergoes
K phase transitions. However, for most popular choices of Jy the rate of the MPLE undergoes
at most one phase transition from || Jy || p-consistent to +/N-consistent.

3.1. Ising model on regular graphs

Let Gy be a sequence of dy regular graphs. Consider the family of probability distributions (1.2)
with the sufficient statistic

1
Hy(t) = ET’A(GN)‘L', 3.1)

where A(Gy) = ((an(i, j))) is the adjacency matrix of the graph G y. This includes Ising mod-
els on lattices, complete graph, hypercube, and random regular graphs, among others, and have
been extensively studied in probability and statistical physics. Dembo et al. [14,15] derived the
limit of the log-partition function for random regular (and other locally-tree like) graphs. Levin
et al. [26] showed that the mixing time of the Glauber dynamics on the complete graph exhibits
the cutoff phenomenon [16] in the high temperature regime. The cutoff phenomenon for lattices
was established by Lubetzky and Sly in a series of breakthrough papers (refer to [28,29] and the
references therein).

The next result gives the rate of consistency of the MPLE for general regular graphs. The
proofs are deferred to Section 7.

Corollary 3.1. Fix fo > 0 and let Gy be a sequence of dy regular graphs. Suppose {,éN}Nzl is
the MPLE for the model (1.2) with sufficient statistic (3.1).

(@ If0<By<1, {,31\/}1\/21 is a /N /dy-consistent sequence of estimators for By.
() If Bo> L, {BNIn=1i5a V/N-consistent sequence of estimators for Bo.

The above theorem shows that the rate of the MPLE undergoes a phase transition at § = 1 for
general regular graphs. In particular if dy = d = O (1) remains bounded, then the above theorem
shows that the MPLE is /N for all non-negative B # 1. However, in this case, it is easy to
argue that liminfy_, o %F N (B) > 0, for all 8 > 0 (see proof of lower bound in Corollary 3.1).
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Theorem 2.1 then concludes that 31\/ is /N-consistent for all values of B > 0. In fact, using
similar arguments as in the proof of Corollary 3.1, it follows that the MPLE {/§N} N>1 18 J/N-
consistent for all 8 > 0 in all bounded degree graphs with at least O(N) edges. This shows
that MPLE is «/N-consistent for lattice graphs re-deriving classical results (see [21] and the
references therein).

For dy — o0, the behavior of the MPLE at 8 = 1 remains unclear. It is believed that the
MPLE might have a non-Gaussian limiting distribution at the critical point 8 =1 [10].

Remark 3.1. If dy = ©®(N),* then Theorem 3.1 shows that the MPLE is O(1) consistent for
0 < By < 1, suggesting that the MPLE might be inconsistent in this regime. Chatterjee [10]
showed that this is indeed the case for the Curie-Weiss model (where Jy (i, j) = 1/N for all
i # j)for 0 < B < 1. Comets and Gidas [12] showed that even the MLE of g in the Curie—Weiss
model is inconsistent for 0 < 8 < 1. Later, in Theorem 3.4 we strengthen this result by showing
that for Ising models on arbitrary dense graphs, there exists no sequence of consistent estimators
before the phase transition point. This extends the results in [10,12] and justifies the O (1)-rate
of the MPLE in the dense case.

3.2. Ising model on Erd6s—Rényi graphs

Let Gy ~ G(N, p(N)) be a sequence of Erd6s—Rényi graphs. Consider the family of probability
distributions (1.2) with the sufficient statistic

Hy(r)= T A(Gn)T, (3.2)

Np(N)
where A(Gy) = ((an (i, j))) is the adjacency matrix of the graph Gy.

Corollary 3.2. Fix By > 0 and consider a sequence Gy ~ G(N, p(N)) of Erdés—Rényi graphs,
with lo}ng L p(N) < 1. Let {BN}n=1 be the MPLE for the model (1.2) with sufficient statis-
tic (3.2).

(@ If0< o<1, {BN}Nzl is a /1/p(N)-consistent sequence of estimators for Bo.

®) If Bo > 1, {BN}Nzl is a ~/N-consistent sequence of estimators for fp.

As in the regular case, the rate of the MPLE undergoes a phase transition at 8 = 1 for
Erd6s—Rényi graphs. Figure 1 shows the error bars for the MPLE for the Ising model on

Gn ~G(N, p(N)), with N =2000 and p(N) = N*%, for a sequence of values of g € [0, 2].
3.3. Ising model on dense graphs

Recall that the MPLE is inconsistent in the Curie-Weiss model in the high temperature regime,
0 < B < 1 [10]. In this section, using the emerging theory of graph limits and Theorem 2.3

4Given non-negative sequences {ay}y>1 and {by}y>1, the notation ay = ©(by) means that there exist constants
k1,ko > 0, such that k1by <ay < krby, for all N large enough.
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MPLE in Random Graph

MPLE and Error Bars

-2

0.0 0.5 1.0 1.5 2.0

Beta

Figure 1. The MPLE and the 1-standard deviation error bar in an Ising model on Gy ~ G(N, p(N)) with
1
N =2000 and p(N) = N~ 3 averaged over 100 repetitions for a sequence of values of 8 € [0, 2]. Lengths
of the error bars undergo a phase transition at § = 1, as predicted by Corollary 3.2 which shows that for
1
0<pB < 1the MPLE is N© consistent, and for 8 > 1, the MPLE is +/N-consistent.

above, we strengthen this result to show that consistent testing is impossible in the entire high
temperature regime in Ising models on a converging sequence of dense graphs. We also calculate
the distribution of the most powerful test and the asymptotic power in this regime.

3.3.1. Graph limit theory

Let Gy be a simple graph with vertices V(Gy) = {1,2, ..., N} and adjacency matrix A(Gy).
Lovész and co-authors [7,8] developed a limit theory of graphs, which connects various topics
such as graph homomorphisms, Szemerédi regularity lemma, and extremal graph theory. In the
following, we summarize the basic results for converging sequence of graphs (cf. Lovasz [27]
for a detailed exposition). To this end, note that any graph Gy can be represented as a function
Way 1 10, 11?2 = [0, 1] in a natural way: Define Wg , (x, y) := 1 if and only if ([nx7], [ny]) is an
edge in Gy, that is, partition [0, 1]2 into N2 squares of side length 1/N, and define Wg,, (x, y) =
1, when (x, y) is in the (a, b)th square and (a, b) is an edge in G . Let # be the space of all
measurable functions from [0, 1]2 into [0, 1] that satisfy W(x, y) = W(y, x) for all x, y € [0, 1].
For every W € # and any fixed simple graph H = (V(H), E(H)) define the homomorphism
density

I(H,W)Z/ 1_[ W(x,-,xj)dxldx2~-~dx|v(y)|.
[o,1ivadr ..
(i,))EE(H)
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A sequence of simple graphs {G y}ny>1 is said to converge to W € # if for every finite simple
graph H,

Nlim t(H,Gy)=t(H, W). (3.3)

The limit objects, that is, the elements of %, are called graph limits or graphons. Conversely,
every such function arises as the limit of an appropriate graph sequence.

It turns out that the above notion of convergence can be suitably metrized using the so-called
cut-metric (cf. [27], Chapter 8, for details). Moreover, every function W € # defines an operator
Tw : L7[0,1] — L»[0, 1]:

1
(Tw f)(x) = fo W(x. ) f () dy. (3.4)

Tw is a Hilbert—Schmidt operator with operator norm denoted by ||W||, which is compact and
has a discrete spectrum, that is, a countable multiset of non-zero real eigenvalues {A; (W)};en. In
particular, every non-zero eigenvalue has finite multiplicity and

o
D oW = /[O - W(x, y)dx dy == | W]2. (3.5)

i=1
3.3.2. Consistency and asymptotic power

Recall that for a graph G, A(G y) is the adjacency matrix of G . Now, using graph limit theory
we show the following result:

Theorem 3.3. Let {Gy}n>1 be a sequence of simple graphs which converges in cut-metric to
W e W such that f[o 11 W (x, y)dxdy > 0. Consider the testing problem (2.7) given a single

realization o € Sy from (1.2) with sufficient statistic Hy (1) = %I’A(GN)I.

(@ Ifo<B1<Br< H_V%’H’ then there does not exist a sequence of consistent tests for (2.7).

®) If Bo > H_&/H’ then the MPLE {BN} N>1 is a sequence of V/'N-consistent estimators for
= fo.

The proof of the theorem is given in Section 8. It involves showing that F (89) = O (1) when-
ever 0 < By < ”17”, for any converging sequence of graphs, which together with Theorem 2.3
proves (a). To show (b) it suffices to show that limy_, % Fn(Bo) > 0, for By > ||_vlvu (by Corol-
lary 2.2). For Ising models on a convergence sequence of graphs, limy_, %F N (Bo) is given
by a variational problem (8.1) (cf. [8], Theorem 2.14). Even though explicitly solving this varia-
tional problem for large values of § is extremely difficult, a simple argument can be used to show
that the value of the variational problem is positive for 8 > W

By the Neyman—Pearson lemma, the most-powerful (MP) test for (2.7) is based on the suffi-
cient statistic Hy (o). By Theorem 3.3, the test based on Hy (o) is not consistent (see Figure 2).
However, the asymptotic power of the MP-test can be derived from the limiting distribution of

Hy (o), forany B < m
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Ising model on random graph G(N, p)

100

0 011 022 033 044 056 067 078 089 1
Edge probability (p)

Figure 2. The power of the MP-test for the Ising model on an Erdés—Rényi random graph G(N, p) as
a function of p and B, with N = 500. Every point (p, 8) in the grid shows the empirical power of the
MP-test averaged over 100 repetitions. Note the phase transition curve §(p) = % above which the MP-test
has power 1, as predicted by Theorem 3.4.

Theorem 3.4. Let {Gn}n>1 be a sequence of simple graphs which converges in cut-metric to
W e, with f[o 12 Wx, y)dxdy > 0. If o ~ Pg, then for p < m

1 = 1
Hy(0) = o' AGN)o 2 Zx\,(W)(méi - 1), (3.6)

i=1
where £1,&>, ..., are i.i.d. X12 random variables.

Hereafter, the random variable in the RHS of (3.6) will be denoted by Qg w and can be used
to compute the asymptotic power for the test based on Hy (o) for the testing problem (2.7), when
0<B1<pBa< ”17” To this end, we need the following definition:

Definition 3.1. Let W € # and B8 < m Denote by Fg w the distribution function of the ran-
dom variable Qg w defined in (3.6). Also, let q1_q p,w be the (1 — a)th quantile of Fg w, that
is, Pg(0p,w = q1—a,p,W) =0.

The following corollary is an immediate consequence of the Neyman—Pearson lemma and
Theorem 3.4.
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Corollary 3.5. Fixa € (0,1) and 0 < 1 < 2 < m The most powerful level a test for (2.7)

rejects Hy when Hy (o) > q1—a,g,,w, and has limiting power

]\}iirlwpﬁz(HN(U) > qi—a.prw) =1 — 0p w(q1—a,p,W)- (3.7

In most of the relevant examples, the limiting graphon W has finitely many non-zero eigen-
values, and the expression on the RHS of (3.7) can be computed easily in terms of the quantiles
of the chi-squared distribution.

Example 2. Suppose Gy ~ G(N, p) be a Erdés—Rényi random graph with 0 < p < 1. Then Gy
converges to the constant function W), := p on [0, 112, which has only one non-zero eigenvalue
A1(Wp) = p. Therefore, consistent testing is impossible for 0 < 8 < % (see Figure 2). Moreover,
for B < 1/p, (3.7) simplifies to

Hy@) 2 0pw = p(——y2—1
N BW, =D 1—,3PX1 .
If q1—q denotes the (1 — a)th quantile of the X12 distribution, then by (3.7), the limiting power of
the test with rejection region { Hy (0) > cq := p(q1—o — 1)} for the testing problem 8 = 0 versus

B=PBo<1/pis
Jim Py, (Hy(0) > ca) =P(x? > (1 = op)q1-a)- (3.8)

The limiting power of the MP-test for the Curie—Weiss model (which corresponds to taking p = 1
in (3.8)) is shown in Figure 3. Note that it has a phase transition at 8 = 1, as stated in Theo-
rem 3.3.

Remark 3.2. Note that throughout the paper, the term phase transition has been is used to imply
a change in the rate of consistency of the pseudo-likelihood estimate ,é ~ - Interestingly, in all our
examples (Corollaries 3.1, 3.2 and Theorem 3.3) the change in the rate of consistency happens ex-
actly at the point of thermodynamic phase transition, that is, prior to this phase transition point the
log-partition function is o(N), whereas after the phase-transition point the log-partition function
scales linearly with N. In fact, in the setting of Corollary 3.1, the limiting log-partition function
is continuous but not differentiable at the phase transition point 8 = 1 (see [3], Theorem 2.2(b)).
Similar statements about the non-differentiability of the limiting log-partition function should
also hold for the other two examples, but since they are not directly used in our calculations, this
direction has not been pursued.

4. Analysis of the facebook dataset

Ising models have been widely used to understand correlations among neighboring vertices in
network data with binary node attributes. Here, we use it to study the effect of gender in Face-
book friendship-networks using data from the Stanford Large Network Dataset (SNAP) col-
lection, available freely at http://snap.stanford.edu/data/egonets-Facebook.html. The nodes are
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Ising Model on the Complete Graph
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Figure 3. The power of the MP-test in the Curie—~Weiss model as a function of S; the black curve is
the empirical power for the Curie-Weiss model with N = 500 and 1000 repetitions at each point along a
sequence of values (of length 500) of B € [0, 2]. The red curve is the limiting power function (corresponds
to taking p =1 in (3.8)) as a function of g € [0, 2]. The blue line corresponds to the level « = 0.05 of the
test.

groups of users from Facebook and there is an edge between two users if they are friends.
The dataset also include several anonymized node features, such as hometown, gender, birth-
day, school, and university. We consider two networks (referred to as FB1 and FB2) with gender
as the binary node feature, encoding, without loss of generality, male by 1 and female by —1.
The nodes labelled 1 are colored blue and those labelled —1 are colored red. The FB1 network
has 221 nodes and 3176 edges. Among the 221 nodes, 170 are labelled 1 and 51 are labelled
—1. The FB2 network has 333 nodes and 2519 edges, with 213 nodes labelled 1 and 120 la-
belled —1.

In order to understand how gender correlates with friendship, we fit Ising models on the two
networks. The MPLE for 8 corresponding to the two networks are given in the table in Figure 4.
This can be used to test the null hypothesis that gender does not correlate with friendship. The
p-values show that the null hypothesis is rejected at the 5% level in both cases, suggesting, as
expected, significant correlation in the friendship-network based on gender. The MPLE in FB1
is larger, which suggests a stronger gender-based correlation in FB1, which might be due to the
larger male-to-female ratio in FB1 than in FB2.

Figure 4 also shows the error bars for the MPLE calculated using parametric bootstrap: 10°
realizations of the Ising model were resampled using the original MPLE, which then gives an
estimate of the standard error of the MPLE. Note that the error bar for FB1 is slightly longer than
that for FB2. This might be because the FB1 network, with average degree 28.74, is significantly
dense than FB2, which has average degree 15.13.
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FB1 FB2

(Vertices, Edges) (221, 3176) (333, 2519) 1.0

Average Degree 28.74 15.13 :
MPLE 1.0518 0.8530 -

p-value 0.0045 0.0001 08 - :

T T
FB Network 1 FB Network 2

Figure 4. Facebook friendship-network: The table gives the MPLE of § for Ising models on two Facebook
friendship-networks and the corresponding p-values for testing independence. The plot shows the empirical
(resampled) error-bars for the MPLE in the two networks.

5. Proof of consistency of the MPLE

This section contains the proof of Theorem 2.1. The technical lemmas required for the proof are
listed in Section 5.1 and proved later in Appendix A.l. Using this, we complete the proof of the
theorem in Section 5.2. Corollary 2.2 is proved in Section 5.3.

5.1. Technical lemmas

The proof of Theorem 2.1 requires a few technical lemmas. We begin by showing that in Ising
models satisfying (2.6), the asymptotic order of the sufficient statistic Hy (o) is the same as

the order of the log-partition function, that is, (a) the sequence #H n (o) does not tend to 0

in distribution, and (b) #H N (o) is Op(1). In fact, (b) is not required in the rest of the proof,
however we include it because, together with (a), it gives the correct order of Hy (o), which
appears to be new and might be of independent interest. The proof of the lemma is given in
Appendix A.1.

Lemma 5.1. Under assumption (2.6), the following hold:

(a) limg_olimsupy_, o Pg, (Hy(0) < cay) =0,
(b) limg o limsupy _, o, Pg,(Hn(0) > Kay) =0.

The next lemma is similar to the lemma in [10], Lemma 1.2, where it was shown that the
second moment of the function L, (Bp) is O(1/N) whenever the log-partition function scales
like N. Here, by a finer analysis using part (a) of Lemma 5.1 we show that the Eg, (L (,80)2) =
O(ay/N?), if the log-partition function has order ay. The proof of the lemma is given in Ap-
pendix A.2.
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Lemma 5.2. Let L, be as defined in (2.2). Then under the assumptions in Theorem 2.1, for N
large enough,

N2
lim sup —EﬁO(L (Bo) )

N—o00

Lemma 5.3. Under the assumptions in Theorem 2.1,

lim lim hm Pﬁo (Zml (o)1 |mi(o)‘ < K} < eaN> =0.

e—>0K—>ooN
i=1

The above lemma replaces the application of Paley—Zygmund inequality of [10], Lemma 2.2,
and will be used to complete the proof of Theorem 2.1.

5.2. Completing the proof of Theorem 2.1

By Chebyshev’s inequality and Lemma 5.2 there exists C < oo such that

N? C
Pgy (| Lo (Bo)| > Ki/an/N) < aEﬂoLa(ﬂo)z < (5.1)
1
Now, fix § > 0. Therefore, it is possible to choose K| = K(§) such that the RHS above is less
than &.
Also, by Lemma 5.3 there exists ¢ := ¢(§) > 0 and K> = K»(¢, §) < oo such that

N
Pp, (Zmi(a>21{|mi<o)\ <K= saN) =135, (52)
i=1
for N large enough. Thus, taking N large enough and setting
Tn(Bo) == {0 €Sy :|Lo(Bo)| < K1— Zm (o) 1{|m (@)| <Kz} > can t,
i=1
we have Pg,(Ty) > 1— 6. Foro € Ty,
9 e
L, (Bo)| = 'a—La(ﬁ)' =+ 2 mi(0)? sech? (Bomi (o)
p p=p0 N5
1 N
2 2
> sech’(BoK2) D Jmi(0)*1{|mi(0)] < Ko} (5.3)

i=1

> aaWN sechz(ﬁoKz).



508 B.B. Bhattacharya and S. Mukherjee

Therefore,
K 2 (L ()| = |Lo (B — Lo (B (@)
BovBn (o)
> f LB dp
BonBn (o)

=

1?2”1(/ |tanh(K» By (o)) — tanh(K2 o).
Let R=R(5) := KK—I%S This implies that

Pg, (Van |tanh(K2By) — tanh(K20)| = R) <35, (5.4)

and Theorem 2.1 follows.

5.3. Proof of Corollary 2.2

Note that for 7 € Sy and any K > 0,

N N ,
Z| '(t)|1{|ml(r)| > K} < _F § 1 m,’(‘l,')z = —‘[/J]%,‘[ < M
i= K K

i=1
Therefore, condition (a) in Theorem 2.1 holds with ay = N.

Moreover,

N

N N
SO ING =D MInel3 < 1INIPY lleil3 = NIyl
i,j=1 i=1

i=1

that is condition (b) in Theorem 2.1 holds with ay = N.
Finally, to check (2.6) note that F;V B) = %Eﬂo’JNo < %N, where M :=||Jy|| < oco. There-
fore,

1 1 M
lim liminf — F — &) > lim liminf| —F - =94 0,
fm it o= m i3 P~ 59 >

by condition (2.5). Also, lims_, o limsupy_, %FN(/BO 4+ 6) < Mlims_o(Bg + §) < oco. This
verifies (2.6) and by an application of Theorem 2.1 the result follows.

6. Proof of Theorem 2.3

In this section, we give the proof of Theorem 2.3, which shows that consistent testing and esti-
mation is impossible whenever the partition function is O (1). This is a consequence of a general
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result (see Proposition 6.1 below) which shows that distinguishing two probability measures Py
versus Qu is impossible whenever the KL divergence between the two measures Py and Qp
remains asymptotically bounded.

6.1. Non-existence of consistent tests

For every N > 1, let (£, Fn) be a measure space and Py and Qu two distributions on this
measure space. Let y be a dominating measure for both Py and Qp, and py and g denote
the respective densities with respect to this measure. Also, denote the Kullback—Leibler (KL)
divergence between Qu and Py by

gn(X)

D Py) :=Eg,Ly(X) :=Eg, I
QnIPy) oy Ly X) Qw ngN(X)

6.1)

=/ qN(x)IquN(x) dun.
Xy PN (X)

Consider the problem of testing Py versus Q. A sequence of tests ¢y is consistent for this
testing problem if there exists a sequence of test functions {¢ } y>1 such that limy_, oo Ep, ¢n =
0, and limy_, oo Egy ¢y = 1.

Proposition 6.1. Consider the problem of testing Py versus Q. If

limsup D(Qy |Py) < oo, 6.2)

N—o00

then there does not exist a consistent sequence of tests for this testing problem.

The proof of the proposition is given in Appendix B. In the following, we use it to prove
Theorem 2.3.

6.2. Completing the proof of Theorem 2.3

Given Proposition 6.1, it remains to verify that

D(Pg, [Pg,) = Fn(B2) — FN(B1) — (B2 — B Fy (B1) < 00, (6.3)

for 0 < B1 < B2 < Bo (wWhere By satisfies (2.8)).
By hypothesis (2.8) there exists M < oo such that Fy(81) < M and Fx(B82) < M, for N large
enough. Moreover, by the monotonicity of F} (-),

B2
(B — BOFy(B) < / Fly(6)d6 = Fy(B2) — Fy(B1) < M,

Bi

proving (6.3).
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7. Applications: Proofs of Corollary 2.4, 3.1 and 3.2

In this section, we prove Corollary 2.4 which will then be used to derive rates of consistency of
the MPLE for Ising models on different graph ensembles, using Theorems 2.1 and 2.3. To apply
these results, we need to determine the correct order of Fy(fBp) in a neighborhood of a point
Bo > 0. However, the exact asymptotics Fy (Bp) is known only for specific choices of the matrix
Jn and for specific values of fy.

Nevertheless, the correct order of Fy (Bp) can be easily obtained in various examples, using,
for instance, the following very useful lemma, which is of independent interest and may find
other applications.

Lemma 7.1. Consider the family of probability distributions on Sy given by (1.2). Assume that
the elements of the matrix Jy are non-negative, and A (Jy) < A (Jy) < --- < An(JN) are the
eigenvalues of the matrix Jy.

(@) For0 < B < 70,
1 n
Fy(B) < —E;Iog(l — BAi(IN))- (7.1)
(b) Forany B >0,
Fx(B)z ) logeosh(BJIn (G, ). (7.2)
I<i<j<N

Proof. Let W := (W1, Wa, ..., Wy)' be a vector of i.i.d. N(0, 1) random variables. Note that
for any s > 1 and non-negative integers b1, b, ..., bs
an]b]afz coobs < ]EWlb' thz e WSI’S.

N

Since the matrix Jy has non-negative entries, by expanding the exponential function in power
series every term can be bounded using the above inequality. This implies that

VB = Fe1Po NG < BerAW VW (7.3)

The RHS of (7.3) can be computed exactly as follows: Let Jy = Z 1 AMi(IN)pi p be the spec-

tral decomposition of Jy, where p1, p2, ..., py are the normalized eigenvectors of Jy. Then
setting piW = Z; for 1 <i <N, we get

FedBWINW _ 3B XL N PIW? _ 3B MUNZE (74)

Note that Z :=(Z1, Z», ..., Fy) is a vector of i.i.d. N(0, 1) random variables. Therefore, (7.3)
and (7.4) implies

N
EezfW' W H (1= BriUn)~
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using the MGF of the chi-squared distribution (since S1;(Jy) < 1, for all 1 <i < N). The in-
equality (7.1) follows by taking log on both sides.

To prove (b), let {¥;;,1 <i < j < N} be iid. with P(Y;; =%1) = % Then for any collection
of non-negative integers ((b;;))1<i<j<N.,

E 1_[ Yl-l;ij <Ey 1_[ (Gioj)bij.

I<i<j<N I<i<j<N

Indeed, this follows on noting that both the LHS and RHS are {0, 1}-valued, and the LHS is 1 if
and only if b;; is even for all (i, j), which is when the RHS is 1 as well. This implies,

eFN(ﬁ):EO 1_[ eﬂJN(i’j)”"”-sz 1_[ PING DY
l<i<j<N l<i<j<N

= 1_[ COSh(,B]N(la]))

I<i<j=N

The inequality (7.2) follows on taking log on both sides. |

Remark 7.1. Note that the upper bound (7.1) is obtained by replacing the spin configuration
o = (01,02,...,0x) with a vector of i.i.d. N(0, 1) random variables. To get the lower bound,
the collection {0;0;}1<i<j<n is replaced by i.i.d. Rademacher random variables. Surprisingly,
the bounds obtained by these simple comparison techniques often give the correct asymptotic
order of F(B) in the high temperature regime 8 < TonT J T To get the order of F(B) beyond the
phase transition, the standard mean-field approximation can be used (see Section 7.1 for details).

7.1. Proof of Corollary 2.4

For all § > 0, by the bound (7.2) in Lemma 7.1, we get

Fy()= Y logcosh(BIn(G, /)= Cif> Y  J{G, ), (1.5)
I<i<j<N I<i<j<N
logcoshx

where Cp :=infjy|<i > 0. To get the upper bound, we use (7.1) for 8 < 3

Fy(B) < —5 Zlog (1= Bri(I) <

i=1

< C2 tr(Jy) (7.6)

_Gp? N
S i,

i,j=1
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< 0o for any B < 1, and we use the fact that

where Cy = C2(B) = SUp|y|<p s
Z[N:l Xi(Jy) = 0. The bounds (7.5) and (7.6) together implies (2.6) with ay = Zﬁ/j:l In(, j)2
for B =y < % Therefore, if Zgjzl Jn(i, j)* — oo, part (a) follows by Theorem 2.1.

Finally, if limsup_, o, Zf,vjzl In(i, j)* < oo, then Fy(B) = O(1) for B < 1 and by Theo-
rem 2.3 part (b) follows.

—log(1—x)—x
2

7.2. Proof of Example 1

It is well known that in the Curie—Weiss model for 8 > 1 (see [8], Example 3.9)

1 i o
lim — Ege2¥ Zisizi=N %% .— F(B) € (0, 00). (1.7)
N—oo N
Note that
’ _ 1 1
o'Ivo =+ ) Uf“ﬂfﬁ ) 9if%j

I<i#j<% Noigj<N¥4UN

— oW Ay + 6@ Bye®,

where Ay is a N/2 x N/2 matrix with Ay (i, j) = 1/N, for i # j, and By is a /N x /N
matrix with By (i, j) = l/\/ﬁ, fori £ j,and o = (0(1), 0(2)). Therefore,

B B () (1) B2 2)
VB —Fe27INT =[R20 AN Rpe20 " BNOT (7.8)

Note that Jy|| =1 and by (7.1) Fy(8) = O(1) for B < 1. Thus, there exists no sequence of
consistent estimators for 8 € (0, 1) by Theorem 2.3.
For1 <8 <2,by (7.7)

1 1
0 <liminf —= Fy (B) <limsup ——=Fn(B) < oo,
N—00 N

\/N N—o0

since 0(2)/BN0(2) is the Hamiltonian of a Curie-Weiss model on size ~/N. Moreover, |m; ()| <
I,forall 1 <i <N and 7 € Sy; so taking K =1, \/LN INII |m; (0)|1{|m;(0)] > K} =0, es-
tablishing condition (a) of Theorem 2.1. Therefore, the MPLE {ﬁN} N>11s N 1/4_consistent for
B € (1,2) by Theorem 2.1.

Similarly, for 8 > 2

1 1
0< I/ivrii;lofﬁFN(’B) <limsup NFN('B) < 00,

N—o0

and so the MPLE {31\/} N>1 1S +/N-consistent.
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7.3. Proof of Corollary 3.1

Note that when the sufficient statistic is of the form (3.1), |m; ()| < 1, for all t € Sy. There-
fore, taking K =1, dy ZZN 1 Im;(0)|1{|m;(0)| > K} = 0, which implies condition (a) of The-
orem 2.1. Moreover, in this case, |Jy| = 1, and Zl = 1 InG, j)? = N/dy. Therefore, part (a)
follows by Corollary 2.4.

By Corollary 2.2, to show part (b) it suffices to verify that condition (2.5) holds for all gy >
1. This is done using the mean field approximation of Lemma C.1. By plugging in the vector
(m,m, ..., m) for the vector z in the RHS of (C.1)

Bom?

Fn(Bo) = N  sup T I(m)¢, (7.9)
me[—1,1]

where I (x) := %(1 + x)log(1 + x) + l(1 — x)log(l — x) for x € [—1, 1]. Thus, it suffices to

show that sup,,c(_; 118(m) > 0, where g(m) := ﬂom — I(m). To this end, note that g”(0) =
Bo— 1> 0, that is, m = 0 is not a local maximum of g. This implies the RHS of (7.9) is positive,
thus verifying condition (2.5).

7.4. Proof of Corollary 3.2

Let d; be the degree of the vertex i in Gy, for 1 <i < N. Then |m;(7)| <
log N
N

NP(N), forall T € Sy.

In the regime <& p(N) <1, the maximum degree A =max;cv(Gy) di = Np(N)(1 4 o(1))
with high probability [25]. Therefore, |m;(t)| <1+ o0(1) forall 1 <i < N, and by taking K >
2 it follows that p(N) ZIN=1 |m;(0)|1{|m;(0)| > K} = 0, with high probability. This implies
condition (a) of Theorem 2.1.

Moreover, for lOI%N L p(N) <1, |lIn|l =1+ o(1) with high probability [25], and

p(N) Z InG, j)* =

i,j=1

W|E(GN)| Z,

and part (a) follows from Corollary 2.4.
To prove part (b), we use the mean field approximation as in Corollary 3.1. By plugging in the
vector (m, m, ..., m)’ for the vector z in the RHS of (C.1), we get

Fy(Bo) = N sup

me[—1,1]

Bom*|E(Gy)|
{ Np(N) 1(’”)}'

2|E(GN)I

N p(N) —>1

Condition (2.5) follows by arguments similar to those in Corollary 3.1 and the fact
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8. Proofs of Theorems 3.3 and 3.4

In this section, we show the existence of a untestable/testable threshold in Ising models on con-
verging sequence of dense graphs, and compute the distribution and asymptotic power of the
most powerful test, before the phase transition.

8.1. Proof of Theorem 3.3

If Gy converges to W, then %HA(G ~N)|| converges to the operator norm of || W] (see (3.4)).
Moreover,

N
1
=7 24 (AGN)?) = 1(Co, W),
i=1
and part (a) follows by Corollary 2.4.
We now show (b). From [8], Theoem 2.14, when Gy converges to W, then
limy oo 5 Fy (B) = & (W, B), where

1
EW,B) = sup {é/ m(x)m(y)W(x, y)dxdy —f I(m(x)) dx}, (8.1)
(0,112 0

m0,11~>[—1,17 1 2

and I (x) = %{(1 + x)log(l 4+ x) + (1 — x)log(l — x)} as in Corollary 3.1. By Corollary 2.2, it
enough to show that &(W, 8) > 0, for g > m

To this end, let v{(x) to be the eigenvector corresponding to the eigenvalue A = ||W||. Then
[Avi(x)] = |f01 W(x, y)vi(y)dy| <1, and sup, (o 17 |v1(x)| < 00. Thus, there exists § > 0 such

that for z € (=4, §) we have sup,.9 17 [zv1(x)| < 1, and

1
EW,pB) > Sup{gzzf vl(X)vl(y)W(x,y)dxdy—/ I(ZUI(X))dx}
[0,11? 0

|z]<é

2 1 1
= sup{ﬁzTA/O vl(x)zdx—/o 1(zv1(x))dx}.

|z]<é
Setting h(z) := @ 01 v1(x)2dx — fol I (zv1(x)) dx it suffices to show that z = 0 is not a point

of local maxima of the function /4. This follows on noting that 2”(0) = (8A—1) fol v1(x)%dx > 0.

8.2. Proof of Theorem 3.4

By Lemma D.1 (see Appendix D), the limiting distribution (3.6) is well defined.
The following proposition (proved in Appendix D) gives the limit of the log-partition function,
for a converging sequence of dense graphs, for g < ”17”
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Proposition 8.1. Ler {Gy} N>1 be a sequence of simple graphs converging in cut-metric to W €

W, such that [i 1 W(x, y)2dxdy > 0. Then for any 0 < p < W

[e.e]

: 1
Jim Py (p) =—> 2{1%(1 — B2 (W) = Bri(W)}. (8.2)
1=
The above proposition can be used to complete the proof of Theorem 3.3 as follows: Fix § > 0

such that 8 + 6§ < m Then for any ¢t € (—8, ),

1
Eg exp{% . NU’WNU} = exp{FN(B+1) — Fn(B)}

(8.3)
00 $t(W)
- H thi (W)
by Proposition 8.1.
By Lemma D.1 the RHS above is the MGF of the random varlable ¥ defined in (3.6).

Appendix A: Proofs of technical lemmas

In the appendix we prove the lemmas used in the proof of Theorem 2.1. The rest of the section
is organized as follows: Appendix A.1 contains the proof of Lemma 5.1. The proofs of Lemmas
5.2 and 5.3 are given in Appendices A.2 and A.3, respectively.

A.1l. Proof of Lemma 5.1

By (2.6) there exists § € (0, Bo/2) such that liminfy_, o # Fn(Bo—§) > 0. By the monotonicity
of Fy, (),

Bo—$
Fn(Bo —93) =f0 Fy(t)dt < (Bo—8)Fy (o —8) < BoFy(Bo—8)

it follows that liminfy _, o #Fl/v (Bo — &) > 0. Thus, for any € > 0

Pg, (HN(U) < gaN) Pg, (e 38HN (o) o —1580N) < 62580N+FN(/30 8)—Fn(bo)
which, on taking logarithms, implies that

85@]\]

Po , gdan ,
lOg]P’ﬁO(HN(U)<£aN)§ — FN(t)dth—FN(ﬂo—(S)(S.
Bo—3
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Dividing both sides by ay and taking limits as N — oo followed by ¢ — 0 we have

1 1
lim lim sup — log Pg, (HN(U) < saN) —11m1nf—FN(ﬁ0 —46) <0,
N

£=>0 Noo

thus completing the proof of (a).
To show (b), again invoking (2.6) there exists § > 0 such that limsupy_, ., Fn(Bo +25) < oo.
Since

Bo+28
FN(,30+25)=/ Fly(t)dt = 5F}(Bo +9).
0
it follows that limsupy_, o, #Fz/v (Bo + 8) < 0o. Thus, for any K < oo
P(Hy(o) > Kay) = P(e%SHN(rr) - ezaKaN) < o~ 33Kan+Fn (Bo+8)—Fn (Bo)

Taking logarithm on both sides,

SK Bo+6
log P(Hy (0) > Kay) < — zaN +/ Fl,(t)dt
Bo

SKa
<-— N o FL(Bo+9),

from which dividing by ay and taking limits as N — oo followed by K — oo gives

hm hmsup— logP(Hy(0) > Kay) = —o0,

K—00 Noo AN

thus proving part (b).

A.2. Proof of Lemma 5.2

We begin with a technical estimate which will be needed to bound the second moment of L, (8p).

Lemma A.1. Under assumption (2.6) and m; (o) as defined in (2.3),

N
lim sup LIE,go Zm (o) tanh(ﬁom (J)) < 00.

N—oo AN i=1

Proof. By (2.6) there exists § > O such that limsupy_, %FN(ﬂO + 8) < oo. Therefore,
Fn(Bo+96) = /3o+8 Fy(t)dt = 8 Fy(Bo), and so

1
— limsup ZN(,BO) < 00. (A1)
AN N—oo
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Now, observe that m; (o) does not depend on o;, and Eg, (0;|(c) j) = tanh(Bom; (c)). Since

N
2Fy(Bo) =Eg, Hy (o) = Eg, (Z oim; (a))

i=1

N
=Eg, (Zmi(g)tanh(ﬂomi(a))>,

i=1

the result follows from (A.1). [l

The above lemma will be used to complete the proof of Lemma 5.2. To thisend, for 1 < j < N
and T € Sy, let

‘L'(j) = (‘L’], ...,‘Ej_l, —‘L'j,‘L'j+1, ...,‘EN)
and
e—Potim ()
Pj(®) = ePotimj(@) o p=Potim (@)’ (A-2)
From equation (10) of Chatterjee [10] it follows that
N
2 1
Eg(Lo(Bo)”) = NEﬁ Z(La(ﬂo) — L, (Bo))mj(o)ajp;(o). (A.3)
j=1
Setting r (x) := x tanh(Bpx), note that
2m(0)o; 1 N .
Lo (o) = Lo (fo) = = + E{r(mi (@) = r(mi@)}.
1=
Now, by a second order Taylor expansion,
2y _ 4w
Eg(Lo(B0)°) = W(Tl + T2+ T3), (A4)

where

, N
Ti=—> mj()pj).
an =l

2 N
h=- Y InG, D (mi(@)m (@) pj(o)
i,j=1
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and
) N
3= 37 r"(6(0)InG. J)’m;©@)op;(@),
aN S

for some 6;; (o) in the interval [m; (o (), m; (0)]. Therefore, to prove the lemma, it suffices to
control these three terms.
To control 77, note that

2 ! sech?(Bom ;(0)),

Egy (pj(0)|(01)iz)) = Pom;©@) 1 g—hom; @) — 2

and x2 sechz(ﬂox) < M x tanh(Bpx) for all x € R for some M| = M1(Bp) < oo, which gives

N
1
BTt = - Epo > mj(0)*sech’(fom;(o))

= (A.5)

M; al
EEﬂO ij(a) tanh(ﬂomj(‘f))v
j=1

IA

which is finite as N — oo by an application of Lemma A.1.
Now, let us bound 7>. By the Cauchy—Schwarz inequality,

2 N 12 8 /N 2,1/2
|Tz|sa{2r/(mi<a>)2} {Z(Zm(nj)mj(o)ajm(a)) }

i=1 i=1 \j=1
20y e "
< TR mi(a>2} { m.(a)zp-(a>2} :
S I

Taking expectation on both sides above and using Cauchy—Schwarz inequality again

1/2
o) N N

Eg,|T2| < | N”{Eﬁozr/(mi(a))z.EﬂOij(U)zpj((T)} . (A.6)
i=1 j=1

Now, since r/(x)? = {tanh(Box) + Box sech’(Box)}> < Max tanh(Box), for some constant M, =
M>(Bo), by Lemma A.1

N
lim sup LEﬁO Zr/(m,-(cf))2 < 0.

a
N—oo N i=1

Using this along with (A.5) in (A.6) gives limsupy_, o, Eg, 72| < o0.
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It remains to bound 73. Since M3 = M3(Bp) := sup, g |r”' (x)| < 0o, we have

2M
T3 < = Z InG. j)*|mj(e)|pj (o)

i,j=1
2M3 N /N 23172 ¢ 1/2
{Z(Zmn j)2> } {ij(a)zpj(a)} (A7)
=1 \i=1 j=1
N 12 N 1/2
smjl'il'vjfv”{ZJN(i,j)z} :ijw)zpj(o)} ,
i,j=1 j=1

where the last step uses ZlNzl InG, )2 = lne; 12 < w13 Finally, taking expectations on
both sides in (A.7), and using condition (b) on the first term, and (A.5) on the second term, gives
limsupy _, o Eg, | T3] < 0o.

A.3. Proof of Lemma 5.3

Fixing § > 0 by Lemma 5.1(a) there exists ¢ = £(8) > 0 such that
]P’ﬁo(HN(O‘) < 38/30611\/) <34, (A.8)

for N large enough. Also, using Lemma 5.2 and Chebyshev’s inequality, for K1 = K(§) :=

C(ﬂ 9’ we have

NZ
Pgy (| Lo (Bo)| > K1y/an/N) < aEﬂOLU(ﬂoV <. (A.9)

Moreover, by condition (a) in Theorem 2.1 there exists Ko = K»(§) < oo such that for all N
large enough we have

N

Egy Y _|mj(@)|1{|m;(0)| > K2} < edpoay
i=1

and so by Markov’s inequality

N
Pgy (Z‘mi(")‘lﬂmj("ﬂ > K>} > SﬁoaN>
- (A.10)

_ B 3L Imj(@)1{m; (0)] > Ka)
- eBoan

<.
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Defining

An(8) ;=40 € Sy : Hy(o) > 3¢foay, }Lg(ﬁ0)| < Kl@,

N
> |mj@)|1{lm;(0)| > Ka} >sﬂoaN},

i=1

we have Pg, (AN (8)) > 1 — 34, for N large enough (by combining (A.8), (A.9), and (A.10)).
Now, on the set Ay (§) using the bounds tanhx < x on x < K», and tanhx <1 on x > K>,

N

N
Bo Y mi(@)*1{|mi(0)| < K2} + efoan = Y mi(o) tanh(Bom; (o))
i=1

i=1
= Hyn(0) — NLs(Bo) > 3efoan — K1/an.
Thus, on the set Ay (),

N

Zmi(ﬁ)zl{’mi(d)’ < Ky} >2eay — §M>WN
0

i=1

for all N large, completing the proof.

Appendix B: Proof of Lemma 6.1

For every N > 1, let (£, Fn) be a measure space and Py and Qu two distributions on this
measure space. Recall the definition of Kullback-Leibler divergence D(Qy||Py) from (6.1),
and consider the problem of testing Py versus Qpu such that condition (6.2) holds. Since
D(Qu|Py) =Egy Ly, by assumption (6.2)

0<Eqg,Ly=Eq,L} —EqyLy <M, (B.1)

for some M| < oo and all large N. Also, there exists M < oo suchthat Eg, Ly < M, forall N.
To see this, note that

o0
EqyLy=— Y EqyLnl{-s <Ly <-s+1}

s=1

o0
Y se VPN (—s <Ly <—s+1) (B.2)

s=1

IA

oo
< Zse_(s_l) =M < 00.
s=1
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Hence, by (B.1) and (B.2), Eqy |Ly| = E@NL; +Eqy Ly <M1 +2M> =: M < oo. There-
fore, by Markov’s inequality, for any ¢ > 0

e
Qn(ILyl > M/e) < MEQN“LND <e.
Now, suppose there exists a sequence of test functions ¢ such that Ep, ¢y — 0. Then

Egyén <Qn(ILnl > M/e) +Eqy (dn1{ILn| < M/e}) < e+ M/Ep, py.

Taking limits on both sides gives, limsupy_ ., Eqy¢n < €. Since & > 0 is arbitrary
limy_, o Eqy¢n =0, that is, ¢ is not a consistent sequence of test functions.

Appendix C: The mean-field approximation

A standard technique to derive a lower bound on the log-partition function is the mean-field
approximation (refer to [13] for details). Here, we give a short proof for the sake of completeness.

Lemma C.1. Consider the family of probability distributions on Sy given by (1.2). Then for any
matrix

N
Fy(B)=  sup {gz’JNz—ZHa)}, (hY
i=1

ze[—1,1IN

where I (x) = %[(l +x)log(1 +x) + (1 — x)log(l — x)] for x e [—1, 1].

Proof. Let D(-|-) be the Kullback-Leibler divergence between two probability measures. By a
direction computation, for any probability mass function v on Sy =[—1, 11V we have

D||Pg) = Fn(B) + Nlog2 +E,logv(o) — %EVHN(O').
Now, since D(v||Pg) > 0 we have
Fy(8) = LB, Hy(0) ~ B loguio) — Nlog2.
One can obtain a lower bound on Fy (8) by taking supremum in LHS over product measures,

that is v(o) = ]_[lN=1 v; (0;). Hence, setting z; = ), 0 = v;(1) —v;(—=1) € [-1, 1], the bound in
(C.1) follows. U

Appendix D: Proof of Proposition 8.1

We begin by deriving the MGF of the limiting distribution (3.6). The proof involves straightfor-
ward calculations using the MGF of the chi-squared distribution, similar to [6], Proposition 7.1.
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Lemma D.1. Let {a;}i>1, {bi}i>1 be a sequence of real numbers such that Z,Oil al.2 < 00 and
Z;’il(ai — bj) = u for some finite real number . Suppose €1, &, ... be i.i.d. X12 random vari-
ables.

(a) Then the sum S := % Zfi 1(a;i&; — b;) converges almost surely and in L.
(b) Moroever, if M := sup;~ |a;| < 00, then for 0 <t < ﬁ,

1
—jlb,'

oo
Eet' EE1@ti—b) — [ — (D.1)
i=1

«/l—ta,"

Proof. By defining Sy := %vazl(a,'& —b;) and Fy = a({sj}jyzl), it follows that (Sy, Zn)
is a martingale, with

1 o0
. 2 1 2 2
thsupESN =1 </L —i—jE_laj) < 00,

and so Sy converges almost surely and in L' [17].

To compute the moment generating function of S, first note that ¢'S¥ 5 ¢/S. Thus if the
collection of random variables {e’5¥} is uniformly integrable, then we have

e—%tbi S e—%lbi

V1 —ta; zgxll—ta,"

N
Ee'S = lim Ee'S¥ = lim ]_[
N—oo N—oo 1

thus completing the proof of the lemma. It thus remains to prove uniform integrability, for which
it suffices to show that for some § > 0 we have limsupy_, o, Ee 95V < 0o, Since t < % there

exists 6 > O such thatr 4+ § < % For this § setting ' := ¢ + § we have

N
log e = 23" {~'bi —log(1  'ar)}. (D.2)

i=1

Now setting C := sup|, |y w

and so the RHS of (D.2) can be bounded by %Z,N:l{t/(ai —b;) + Ct/zaiz}, which converges

/ n2Noo 2 . . . .
to e WHCI" XiZ147  Therefore, 'SV is uniformly integrable, thus completing the proof of the
lemma. O

< 0o we have —log(l — x) —x < Cx? for |x| <t'M,

The above lemma can be used to complete the proof of Proposition 8.1. To this end, let Wy :=
A(Gp). Then, by [6], Theorem 1.4, it follows that

o Wre L3 W& -1,

i=1
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where &1, &, ..., areii.d. X]2 random variables. Thus,

B 1, 7 B
exp{g v WNJ} = expl o X;Ai(W)(Ei - Dt (D.3)
i=
If the LHS in (D.3) is uniformly integrable, then

1 o
Nli_r)nooEexp{g . NO'/WNO'} = Eexp{ggki(w)@i - 1)}
= (D.4)
o LBLO)

H JI=Brn W)

i=

where the last equality uses Lemma D.1. The proof of part (a) then follows on taking log of both
sides of the above equality.
It remains to show that the LHS in (D.3) is uniformly integrable, that is,

5 1
lim suplog Eg exp 'B; -—o'Wyo t = lim Fy(B+6) < oo, D.5)
N—00 2 N N—o0

for some § > 0. To this end, note that if 0 < 8 < 1/||W]|, there exists § > O such that y :=
B+ 8 < 1/||W]. Now, using (7.3) and the fact Z _12i(Gy) =0, we have

AN A (W A (W
FN(V)SZ{—ElogQ—%)—g- (NN)} D.6)
i=1

Since Wy = W in the cut metric, limy— oo %WN) =y ||W] < 1, and so there exists ¢ > 0 such
that for all N large enough %WN) <1 —e¢. For x <1 — ¢ there exists M = M (&) such that

—log(l —x) —x < Mx>. Using this the RHS of (D.6) can be bounded by w which
converges to My ||W||2 My?, as N — oco. This proves (D.5) and completes the proof of the

proposition.
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