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We consider distributions of ordered random vectors with given one-dimensional marginal distributions.
We give an elementary necessary and sufficient condition for the existence of such a distribution with finite
entropy. In this case, we give explicitly the density of the unique distribution which achieves the maximal
entropy and compute the value of its entropy. This density is the unique one which has a product form on
its support and the given one-dimensional marginals. The proof relies on the study of copulas with given
one-dimensional marginal distributions for its order statistics.
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1. Introduction

Order statistics, an almost surely non-decreasing sequence of random variables, have received
a lot of attention due to the diversity of possible applications. If X = (X1,...,Xy) is a
d-dimensional random vector, then its order statistics X0S = (X, --.,» X)) corresponds to
the permutation of the components of X in the non-decreasing order, so that X () < X(3) <
-++ < X(g). The components of the underlying random vector X are usually, but not necessar-
ily, independent and identically distributed (i.i.d.). Special attention has been given to extreme
values X (1) and X4, the range X(4) — X(1), or the median value. Direct application of the dis-
tribution of the kth largest order statistic occurs in various fields, such as climatology, extreme
events, reliability, insurance, financial mathematics. We refer to the monographs of David and
Nagaraja [8] and Arnold, Balakrishnan and Nagaraja [1] for a general overview on the subject
of order statistics. We are interested in the dependence structure of order statistics, which has
received great attention. In the i.i.d. case, Bickel [3] showed that any two order statistics are pos-
itively correlated. The copula of the joint distribution of X (1) and X4 is derived in Schmitz [19]
with exact formulas for Kendall’s T and Spearman’s p. In Avérous, Genest and Kochar [2], it
is shown that the dependence of the jth order statistic on the ith order statistic decreases as the
distance between i and j increases according to the bivariate monotone regression dependence
ordering. The copula connecting the limit distribution of the two largest order statistics, called
bi-extremal copula, is given by de Melo Mendes and Sanfins [9] with some additional properties.
Exact expressions for Pearson’s correlation coefficient, Kendall’s ¢ and Spearman’s p for any
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two order statistics are obtained in Navarro and Balakrishnan [16]. For the non i.i.d. case, Kim
and David [14] show that some pairs of order statistics can be negatively correlated, if the un-
derlying random vector is sufficiently negatively dependent. Positive dependence measures for
two order statistics are considered in Boland et al. [4] when the underlying random variables are
independent but arbitrarily distributed or when they are identically distributed but not indepen-
dent. A generalization of these results for multivariate dependence properties is given by Hu and
Chen [11]. See also Dubhashi and Héaggstrom [10] for conditional distribution of order statistics.

Here, we focus on the cumulative distribution function (c.d.f.) of order statistics without refer-
ring to an underlying distribution. That is, we consider random vectors X = (X1, ..., X4) € R¢
such that a.s. X| <--- < X; and we suppose that the one-dimensional marginal distributions
F = (F;, 1 <i <d) are given, where F; is the c.d.f. of X;. A necessary and sufficient condition
for the existence of a joint distribution of order statistics with one-dimensional marginals F is
that they are stochastically ordered, that is F;_j(x) > F;(x) for all 2 <i <d, x € R. With the
marginals fixed, the joint distribution of the order statistics can be characterized by the connect-
ing copula of the random vector, which contains all information on the dependence structure of
the order statistics. Copulas of order statistics derived from an underlying i.i.d. sample were con-
sidered in [2] in order to calculate measures of concordance between any two pairs of order statis-
tics. For order statistics derived from a general parent distribution, Navarro and Spizzichino [17]
shows that the copula of the order statistics depends on the marginals and the copula of the parent
distribution through an exchangeable copula and the average of the marginals. Construction of
some copula of order statistics with given marginals were given in Lebrun and Dutfoy [15].

Our aim is to find the c.d.f. of order statistics of dimension d with fixed marginals which
maximizes the relative entropy Hj, defined by (13). In an information-theoretic interpretation,
the maximum entropy distribution is the least informative among order statistics with given
marginals. This problem appears in models where the one-dimensional marginals are well known
(either from different experimentation or from physical models) but the dependence structure is
unknown, see Butucea et al. [7]. In [6], the same authors gave, when it exists, the maximum

entropy distribution of (X1, ..., X4) such that X; is uniformly distributed on [0, 1] for 1 <i <d
and the distribution of X4y = maxj<;<q4 X; is given, see Remark 4.8.
For a d-dimensional random variable X = (Xy, ..., Xy4) with c.d.f. F and copula CF, the

relative entropy of F' can be decomposed into the sum of the relative entropy (with respect to a
one-dimensional probability density /) of its one-dimensional marginals plus the entropy of CF,
see Lemma 2.1. In our case, since the marginals F = (F;, 1 <i <d) are fixed, maximizing the
entropy of the joint distribution F of an order statistics is equivalent to maximizing the entropy of
its copula Cr under constraints, (see Section 2.4). Therefore, we shall find the maximum entropy
copula for order statistics with fixed marginal distributions.

The main result of this paper is given by Theorem 5.4. It states that there exists a unique
maximum entropy c.d.f. Fg given by (52) if and only if:

d d
ZHh(Fi) - Z/RFi(dl)UOg(Fi—l(t) —Fi ()| > —o0.
i=2

i=1
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In this case, Ff is absolutely continuous with density fg defined as, for x = (xq, ..., x4) € RY:

d .
B f; (x;) . i fi (s)
JeCo=h (’”)E Fi—1 () — Fi () eXp( / Fio1(s) — Fi(s) ds>1”(x)’

where f; is the density function of F; and LF ¢ R? is the set of ordered vectors (x1,...,x4), that
isx] <---<xg4,suchthat F;_;(t) > F;(¢) forall t € (x;_1, x;) and 2 <i <d. See Example 5.8
for an illustrative example.

The rest of the paper is organized as follows. In Section 2, we introduce the basic notations and
give the definition of the objects used in later parts. Section 3 describes the connection between
copulas of order statistics with fixed marginals, and symmetric copulas with fixed multidiago-
nals. The multidiagonal, given by Definition 3.6, is the generalization of the diagonal section for
copulas, which received great attention in copula literature. We show that there exists a one-to-
one map between these two sets of copulas, see Corollary 3.14. This bijection has good properties
with respect to the entropy as explained in Proposition 3.22. In Section 4, we determine the max-
imum entropy copula with fixed multidiagonal, see Theorem 4.7. Since we obtain a symmetric
copula as a result, this is also the maximum entropy symmetric copula with fixed multidiagonal.
In Section 5, we use the one-to-one map between the two sets of copulas established in Section 3
to give the maximum entropy copula of order statistics with fixed marginals. We finally obtain
the density of the maximum entropy distribution for order statistics with fixed marginals by com-
posing the maximum entropy copula with the marginals, see Theorem 5.4. Section 6 contains the
detailed proofs of Theorem 4.7 and other results from Section 4. Section 7 collects the main
notations of the paper to facilitate reading.

2. Notations and definitions

2.1. Notations in R? and generalized inverse

For a Borel set A C RY, we write |A| for its Lebesgue measure. For x = (x1,...,x4) € R? and
y=1,...,Yd) € RY, we write x < yifx; <y;forall 1 <i <d.Wedefine minx = min{x;, 1 <
i <d}and maxx = max{x;, 1 <i <d} forx = (x1,...,xq) € R4, If J is a real-valued function
defined on R, we set J (x) = (J(x1), ..., J(x4)). We shall consider the following subsets of R:

S:{(xl,...,xd)eRd,xl §~--§xd} and A:Sﬂld,

with I = [0, 1]. In what follows, usually x, y will belong to Rd, and 5,7 to R or /. For a set
A C R, we note by A =R\ A its complementary set.

If J is a bounded non-decreasing cad-lag function defined on R. Its generalized inverse J !
is given by J~!(r) = inf{s € R; J(s) > ¢}, for € R, with the convention that inf @ = 400 and
infR = —o0o. We have for s, t € R:

J)y=>set>J"1s), Jlodmy<t and JoJ loJ(t)=J(@). (1)
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We define the set of points where J is increasing on their left:

L) ={teRu<t e Ju) <J®}. (2)
We have:
Lg,ed] =0 ae., 3)
JHR) C I(J) U {£o0} (4)
and for s € R, 1 € I, (J):
J<sot<JYs) and JloJ@)=r1. (5)

Notice that if J is continuous in addition, then we have for ¢t € J(R):

JoJ \t)=1. (6)

2.2. C.d.f. and copula

Let X = (X1, ..., X4) be a random vector on R?. Its cumulative distribution function (c.d.f.),
denoted by F is defined by: F(x) = P(X < x), x € R%. The corresponding one-dimensional
marginal c.d.f.s are (F;, 1 <i <d) with F;(t) =P(X; <t),t € R. The c.df. F is called a copula
if X; is uniform on / = [0, 1] for all 1 <i < d. (Notice a copula is characterized by its values on
1 only.)

We define £y as the set of c.d.f.s on R¢ whose one-dimensional marginal c.d.f.s are continu-
ous, and C C Ly as the subset of copulas. We set Lg (resp. C°) the subset of absolutely continuous
c.d.f. (resp. copulas) on R?.

Let us define for a c.d.f. F with one-dimensional marginals (F;, 1 <i < d) the function Cr
defined on 1¢:

Cr)=F(F7 'O, F 7 G), y=01..ya) €17 (7
If F € Ly, then Cf defined by (7) is a copula thanks to (6). According to Sklar’s theorem, F
is then completely characterized by its one-dimensional marginal c.d.f.s (F;, 1 <i <d) and the
associated copula Cr which contains all information on the dependence:
F(x)=Cr(Fi(xD),.... Fa(xa)),  x=(x1,...,xq) €R? 8)
Equivalently, if X = (X1, ..., Xy) has c.d.f. F, then CF is the c.d.f. of the random vector:

(Fi(X1), ..., Fa(Xq)). ©)



Maximum entropy distribution of order statistics with given marginals 119

2.3. Order statistics

For a d-dimensional c.d.f. F, we write P for the distribution of a random vector X =
(X1,...,Xy) withc.df. F. A d-dimensional c.d.f. F is a c.d.f. of order statistics (and we shall
say that X is a vector of order statistics) if Pp(X; < X7 <--- < X4) = 1. Let us denote by
LdOS C L4 the set of all c.d.f.s of order statistics with continuous one-dimensional marginal
c.d.f.s. The d-tuples (F;, 1 <i <d) of marginal c.d.f.s then verify F;_| > F; forall 2 <i <d.
Let F; be the set of d-tuples of continuous one-dimensional c.d.f.s compatible with the marginal
c.d.f.s of order statistics:

Fa={F=F,1<i<d)e (L) Fi_1=F;,vV2<i<d} (10)

For a given F = (F;, 1 <i <d) in Fy, we define the set of c.d.f.s F of order statistics with
marginal c.d.f.s F:

LPE) ={Feld F=F,1<i=<d} )

If F € Fy4, then we have £95(F) # @, since the c.d.f. of (F;'(U),...,F;'(U)), U uniformly
distributed on I, belongs to L«gs (F). We define COS(F) the set of copulas of order statistics with
marginals F:

COS(F) ={CreC;FeLm)}. (12)

According to Sklar’s theorem, the map F — CF is a bijection between Egs (F) and COS(F) if
Fe 7.

2.4. Entropy

Let i be a reference probability density function on R. We define h®(x) = ]_[fl:1 h(x;) for
x = (x1,...,xq) € R The relative Shannon-entropy for a c.d.f. F € Ly is given by:

if Felyg\L),

oo,
Hn(F) = —/dflog(f/h®‘1), if Fer),
R

13)

with f the density of F. Notice that Hj,(F) € [—o0, 0] is well defined. We will use the notation
Hjy(X) = Hp(F) if X is a random vector with c.d.f. F and Hy,(f) = Hj(F) if F has density f.
We shall simply write H (F') (resp. H(X) and H (f)) instead of Hj, (F) (resp. Hy(X) and Hy,(f))
when /1 = 1j9,1]. Note that H (F) can be finite only if F' is the c.d.f. of a probability distribution
on [0, 117.

According to the next lemma, the relative entropy of any F € £ Ilf can be decomposed into the
relative entropy of the one-dimensional marginals c.d.f. (F;, 1 <i < d) and the entropy of the
associated copula Cr.
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Lemma 2.1. Let F € Eclf. We have:

d
Hy(F)=H(Cr)+ Y Hy(F). (14)

i=1

Proof. It is left to the reader to check that F has a density, say f, if and only if F; has a density,
say fi,for 1 <i <d and CF has a density, say cr. Furthermore, in this case, we have:

d
fx)= cF(F1 (X1)y - ey Fd(xd)) Hfi(x[) a.e. forx = (x1,...,x5) €eRY,

i=1

as well as, with the convention 0/0 =0,

FET @), Fy ' wa))
19, i (F7 )

On the one hand, if F does not have a density then we have Hj(F) = —oo. Since F does
not have a density, then one of the F; or Cr does not have a density either, and then H(CF) +
>, Hy(F;) = —oo. Thus (14) holds.

On the other hand, let us assume that F' has a density, say f. Elementary computations give
with x = (x1,...,xg) and 1 <i <d:

ae. foru=(uy,...,uyq) € 14,

cr(u) =

Hy(Fy) = — /R fi G log((fi /1) (x)) dox; = — /R FOlog((fi/ W) dix.
We also have with u = (uy,...,ug) and x = (xq, ..., xq):

FET @), . Fyla) |
4 fiF wy)

H(CF)=— / crlog(cp) = — og(cr(u))du
(0,14

:_/f(x)log(CF(Fl(xl)a---7Fd(xd)))d)ﬁ

where, for the last equality, we used the change of variable F;(x;) =u; (for x; € I;(F;)) so that
F ' up) = F7' o F;(x;) = x; holds f; (x;) dx;-a.e and that f(x)dx =0 on (®¢_, I (F;))°. Then
use that f(x) = cp(F1(x1), ..., Fg(xq)) 1—[71:1 fi(xi) ae. for x = (x1,...,x9) € R? to deduce
that H(Cr) + Y4y Hy(F) = — [ flog(f/h®!) = Hy(F). O

Remark 2.2. Notice that if F; has density f; for 1 <i <d, then one can choose the reference
probability density h(t) = % Z?:] fi () so that H,(F;) > —log(d). In this case, H, (F) is finite
if and only if H(CF) is finite, and we have:

d
f(x)
' ' t=Zl ] [T fie)
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Thus, H(CF) is the relative entropy of the c.d.f. F with respect to the probability distribution
with c.d.f. ®?=1 F; of independent real valued random variables with the same one-dimensional
marginal as the one with c.d.f. F. This emphasizes the fact that H;, (F) — Z;Ll H;, (F;), when it
is well defined, does not depend on /.

For F = (F;, 1 <i <d) € F4, we define J(F) taking values in [0, +-00] by:
d
M=y fR Fi(dr)[log(Fi_1 (1) — F;(1))]. (15)
i=2

Our aim is to find the c.d.f. F* e EdOS (F) which maximizes the entropy Hj,. We shall see that
this is possible if and only if J(F) is finite. From an information theory point of view, this is
the distribution which is the least informative among distributions of order statistics with given
one-dimensional marginal c.d.f.s F. Since the vector of marginal distribution functions F is fixed,
thanks to (14), we notice that Hj (F') is maximal on ESS (F) if and only if H(CF) is maximal on
COS(F). Therefore, we focus on finding the copula C* € COS (F) which maximizes the entropy H.
We will give the solution of this problem in Section 5 under some additional hypotheses on F.

3. Symmetric copulas with given order statistics

In this section, we introduce an operator on the set C°S (F) of copulas of order statistics with fixed
marginal c.d.f.s F. This operator assigns to a copula C € COS(F) the copula of the exchangeable
random vector associated to the order statistics with marginal c.d.f.s F and copula C. We show
that this operator is a bijection between COS(F) and a set of symmetric copulas which can be
characterized by their multidiagonal, which is a generalization of the well-known diagonal sec-
tion of copulas. This bijection has good properties with respect to the entropy H, giving us a
problem equivalent to maximizing H on CO5(F). We shall solve this problem in Section 4.

3.1. Symmetric copulas

Forx = (x1,...,x4) € R? we define xS = (x(1y, - - -, X(ay) the ordered vector (increasing order)
of x, where x() <--- < x(g) and Zflzl le. = Z?:l Sx(l.), with 8, the Dirac mass at ¢ € R.

Let Sy be the set of permutations on {1, ...,d}. For x = (x1,...,x4) € RY and 7w € S, we set
Xz = (Xz(1), - -+ Xz(a))- A function & defined on R is symmetric if h(x;) = h(x) forall w € Sy.

A random vector X taking values in R? is exchangeable if X is distributed as X for all 7 € Sy.
In particular a random vector X taking values in RY is exchangeable if and only if its c.d.f. is
symmetric. Let £Zym C Ly (resp. CY™ C L) denote the set of symmetric c.d.f. (resp. copulas)
on R4,

Let F € L; and define its symmetrization F*Y™ e Eflym by:

FSY”‘@):% Z F(xy), x eRY. (16)

‘eSS,
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In particular, if X is a random vector taking values in R? with c.d.f. F and IT is a random variable
independent of X, uniformly distributed on Sy, then X7 is exchangeable with c.d.f. FsY™,
We define the following operator on the set of copulas of order statistics.

Definition 3.1. Let F € (£1)?. For C € C we define Sp(C) as the copula of the exchangeable
random variable X1, where X is a random vector on R? with one-dimensional marginal c.d.f.s
F and copula C and T1 is an independent random variable uniform on S;.

The application Sy is well-defined on C and takes values in C*Y™. In the above definition, with
F = (F;, 1 <i <d), the one-dimensional marginal c.d.f.s of X1y are equal to:

G:—ZF,-. 17

Since the one-dimensional marginal c.d.f.s F; are continuous, we get that G is continuous and
thus the c.d.f. of X7 belongs to £,. In particular, thanks to Sklar’s theorem, the copula of X is
indeed uniquely defined.

Combining (8), (7) and (16), we can give an explicit formula for Sg(C):

1
SE(C) () = — > CF (G Ux1) - Fa(G  Uny)).  uwel’. (18)

’ 7T€Sd

Remark 3.2. The copula Sp(C) is not equal in general to the exchangeable copula C¥™ de-
fined similarly to (16) by C¥™ = (1/d)) )" .s -, C(xy). However, this is the case if the one-
dimensional marginal c.d.f.s F; are all equal, in which case F; = G forall 1 <i <d.

If X is a random vector on R?, let X5 = (X(1), ..., X(4)) be the order statistics of X. The
proof of the next lemma is elementary.

Lemma 3.3. Let X be a random vector on R? with c.d.f. F and T1 a random variable indepen-
dent of X, uniformly distributed on Sy. We have:
o IfF el thenas. (Xn)°S =X.
e IfF e E;ym, then (X°8)1 has the same distribution as X .
For F € F;, we define the set of copulas C¥Y™(F) C C%™ as the image of COS(F) by the
symmetrizing operator Sg:
CY™(F) = Sp(COS(F)). (19)

The following lemma is one of the main result of this section.

Lemma 3.4. Let F € Fy. The symmetrizing operator Sg is a bijection from COS (F) onto CSY™(F).
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Proof. Let Cy, C, € COS(F) with Sg(C) = Sp(C2). Let X and Y be random vectors with one-
dimensional marginal c.d.f.s F and copula C1, C, respectively. Since C, C, € COS(F), we get
that X and Y are order statistics. Notice X and Y1 have the same one-dimensional marginals
according to (17) and same copula given by Sp(C1) = Sp(C»2). Therefore, X1 and Y11 have the
same distribution. Thus, their corresponding order statistics (X7)©® and (Y17)©S have the same
distribution. By Lemma 3.3, we get that X and Y have the same distribution as well, which
implies C1 = C». [l

Remark 3.5. We have in general CY™(F) % COS(F) N C%Y™. One exception being when the
marginal c.d.f.s F; are all equal. In this case, both sides reduce to one copula which is the Fréchet-
Hoeffding upper bound copula: C* () = minu, u € I¢.

3.2. Multidiagonals and characterization of C5Y™ (F)

Let C € C be a copula and U a random vector with c.d.f. C. The map t — C(¢,...,t) fort €1,
which is called the diagonal section of C, is the c.d.f. of max U. We shall consider a generaliza-
tion of the diagonal section of C in the next definition.

Definition 3.6. Let C € C be a copula on R? and U a random vector with c.d.f. C. The multi-
diagonal of the copula C, 6c = (§;), 1 <i <d), is the d-tuple of the one-dimensional marginal
cdfsof Uos = Wqy, ..., Uwy) the order statistics of U: for 1 <i <d

Siy() =PUu <), tel.

We denote by D = {3¢; C € C} the set of multidiagonals. Notice that D C F, see Remark 3.7.
For § € D a multidiagonal, we define Cs = {C; §¢ = 8} the set of copulas with multidiagonal §.

A characterization of the set D is given by Theorem 1 of [13]: a vector of functions § =
(8(1)s -+ ., 8)) belongs to D if and only if ;) is a one-dimensional c.d.f. and the following
conditions hold:

8oy =G+,  1=i=d-1, (20)
d
> 8y (s) = ds. 0<s<l1. Q21
i=1

Remark 3.7. The condition (21) implies that 8y € £1, 1 <i < d, moreover they are d-Lipschitz.
Also, it is enough to know d — 1 functions from d(;y, 1 <i < d, the remaining one is implicitly
defined by (21). Condition (20) along with the continuity of §;) implies that any multidiagonal §¢
is compatible with the continuous marginal distributions of an order statistics, therefore D C F.

Remark 3.8. Since 6(;), 1 <i < d are non-decreasing and d-Lipschitz, we have for almost every
t€1:0=<(8¢) () <d and thus |(8;)) (7) log((8¢)) (1))] < dlog(d) for d > 2. We deduce that
ford > 2:

|H(3))| < dlog(d). (22)
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Remark 3.9. Let C € C®Y™ be a symmetric copula on R and U a random vector with c.d.f. C.
We check that the multidiagonal ¢ = (§(;), 1 <i < d) can be expressed in terms of the diagonal
sections (Cy;y, 1 <i <d) where for 1 <i <d:

C{i}(t)=]P<maxUk§t> Cltoniti Lo l), el
1<k<i \‘f_'/

zterms d—i terms

According to 2.8 of [13], we have for 1 <i <d:
4 i=1\{(d
8([)(1‘)22(_1)]*1 (l_l) (]) C{j}(l‘), tel.
j=i

Conversely, we can express the functions (Cy;), 1 <i <d) withdc.For1 <i <dandtel, we
have:

Ciiy (1) = IP( max Uy < t)

1<k<i

d
ZP(U(]) < t| max Uk = U(j)>[P’< m]?x. Uy = U(j))
<i
j=i

d
= Z
Jj=i

where we used the definition of §(;) and the exchangeability of U for the third equality.

j—l

50)(0

The next technical lemma will be used in forthcoming proofs. Recall that J~! denotes the
generalized inverse of a non-decreasing function J, see Section 2.1 for its definition and proper-
ties, in particular, J 1o J(t) <t for t € R. Recall also that for x = (x1,...,x4) € RY, we write
G(x)=(G(x1),...,G(xg)).

Lemma 3.10. Let X = (X1, ..., Xq) be a random vector on R4 with one-dimensional marginals
cdf (Fi,1<i<d).SetG= Zle F;/d. We have for 1 <i <d:

]P’(X,- < G lo G(t)) =PX; <1), t eR, thatis F; o G loG= F;. 23)

We also have for x € R?:

P(G(X) <x)=P(X <G '(x)). (24)

Proof. Since G is the average of the non-decreasing functions F;, if G(s) = G(s’) for some
s,s’ € R, then we have F;(s) = F;(s") for every 1 <i < d. Thanks to (1), we have G o G™! o
G(t) =G (r) and thus F; o G~ 0 G(¢) = F;(¢). This gives (23).

Recall definition (2) for I4(J) the set of points where the function J is increasing on their
left. Since G is the average of the non-decreasing functions F;, we deduce that I,(G) =



Maximum entropy distribution of order statistics with given marginals 125

Uliiid I, (F;). Notice that a.s. X; belongs to I,(F;). Thanks to (5), we get that a.s. {G(X) <
x}={X < G~'(x)}. This gives (24). O

We will also require the following lemma.

Lemma3.11. Let X = (X1, ..., X4) be a random vector on R? with one-dimensional marginals
cdf (Fi,1<i<d).SetG= Zflzl F;/d. We have for 1 <i <d:

(FioG™ ) '=GoF". (25)

Proof. Recall Definition (2) for 1, (J) the set of points where the function J is increasing on their
left. Let 1 <i <d. Thanks to (4), we have Fi_l(R) C 14(F;) U {Fo00}. Since G is the average of
the non-decreasing functions F;, we deduce that I,(G) = Ulgigd Io(F;). Thus we get:

FT'(R) € I,(G) U {00}, (26)

for all 1 <i <d. The function F; o G~! is also bounded, non-decreasing and cad-lag therefore
we have for ¢, s, € R:

1> (FoG ) '(s) e FoGl)zs < G l0)=F ')

— 1>GoF (),

where we used the equivalence of (1) for the first and second equivalence, (26) and the equiva-
lence of (5) for the last. This gives that (F; o G~1)"! =G o Fi_l. O

In the following lemma, we show that for F € F, all copulas in CY™(F) share the same
multidiagonal denoted by 8.

Lemma 3.12. Let F = (F;,1 <i <d) e F;. Let C € Cos (F) and U be a random vector with
c.df. Sp(C). Let sF = 8¢y, 1 =i < d) be the multidiagonal of Sy (C), that is the one-dimensional
marginal c.d.f.s of UOS, the order statistics of U. We have that 8% does not depend on C and for
1<i<d:

Siy=F,0G™' and 3(;)1 =GoF; !, (27)
with G given by (17). Furthermore, C is the unique copula of U°S.

With obvious notation, we might simply write ¥ =F o G™!, with G given by (17).

Proof of Lemma 3.12. Let X be a random vector of order statistics with marginals F € F; and
copula C. Then Sg(C) is the copula of the exchangeable random vector Xy, where IT is uniform
on Sy and independent of X. We have already seen in (17) that the one-dimensional marginals
of X1 have the same distribution given by G € £;. Thanks to (9), we deduce that the random
vector U, with c.d.f. Sf(C), has the same distribution as G(X1y). Since G is non-decreasing, this
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implies that the order statistics of U, U OS | has the same distribution as G((X1)°S) that is as
G (X), thanks to Lemma 3.3. Then use (24) to get for x € R?:

P(U? <x)=P(G(X) <x) =P(X <G~ '(v)). (28)

This gives the first part of the lemma as the multidiagonal of U is the one-dimensional marginal
c.d.f.s of its order statistics. The second equation in (27) is due to Lemma 3.11. The fact that C is
the copula of U9S and its uniqueness are due to (28) and the continuity of (i), see Remark 3.7. [J

The next proposition shows that the set C5Y™(F) is actually the set of symmetric copulas with
diagonal section 8. This yields the main result of this section given by the subsequent corollary.

Proposition 3.13. Let F € F;. We have C¥Y™(F) = Cgr N CY™.

Proof. By Lemma 3.12, we have CY™(F) C Cgr N C™.

Let C € Cgr N C™ and U be a random vector with c.d.f. C. Let G be given by (17). No-
tice that X = G~!(U) is an exchangeable random vector with marginals G and copula C.
Thanks to Lemma 3.3, the proof will be complete as soon as we prove that the one-dimensional
marginal c.d.f.s of X9 = (X(1,..., X(4)), the order statistics of X, is given by F. Notice
XO8 = G=1(UOS), with UOS the order statistics of U whose one-dimensional marginal c.d.f.s
are given by ¥ Wehavefor 1 <i <dandteR:

P(X4) <) =P(G ' (Uu) <t) =P(Uy) < G1)) =F; 0 G~ 0 G(1) = F; (1),

where we used (1) for the second equality, (27) for the third, and (23) for the last. This finishes
the proof. |

Corollary 3.14. According to Proposition 3.13, (19) and Lemma 3.4, we get that for any F € F,
the symmetrizing operator Sg is a bijection between COS(F) and Csr NCHY™,

We end this section by an ancillary result we shall use later.
Lemma 3.15. Let F € F,;. We have J(F) = J(8F).

Proof. Let F = (F;, 1 <i <d). We get, using (27) and the change of variable s = G~ 1(¢) that:

f 8,y (1) [log (861 (1) — 8 (1)) | de = / Fs)[log(Fioi(5) — Fi(9)|-
1 G~1((0,1))

Since dF; = 0 outside G~'((0, 1)) (as G is increasing as soon as F; is increasing), we get that
the last integration above is also over R. We deduce that:

d
16 =>" /R Fi(ds)|log(F;—1(s) — Fi(9))| = J(F).
i=2
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3.3. Density and entropy of copulas in C*¥™(F)

We prove in this section that Sg preserves the absolute continuity on COS(F) for F € F; and the
entropy up to a constant. Let us introduce some notation. For marginals F € F, let

Uf ={seR Fi_i(s)>Fi(s)} for2<i<d. (29)

The complementary set (\IliF )¢ is the collection of the points where F;_; = F;. We define £F c 1
as:

sF = CJF (wFY°). (30)

By Remark 3.7, we have D C Fy, then the definitions (29) and (30) apply for all § € D. In partic-
ular, for 6 = ((1), ..., 8(q)) € D the sets \Iff, 2 <i <d are open subsets of /, therefore (\111{3)0 NI
is a compact subset. This and the continuity of 8y imply that 8;) ((\1,153)6) =) ((\1,153)6 N1)isalso
compact, hence X9 is compact. Notice that {0, 1} C X% always holds. We define Cg =C5NCO the
subset of absolutely continuous copulas with multidiagonal § and the subset D° = {§ € D, Cg #
&} of multidiagonals of absolutely continuous copulas. According to Theorem 2 of [13], the
multidiagonal § belongs to D if and only if it belongs to D and the Lebesgue measure of X% is
zero: | 2% =0.

Lemma 3.16. Let 8 € D. We have § € D if and only if forall2 <i <d, a.e.:
Si-nLawpe =i Ly =0- G
Furthermore, we have that J(§) < +oco implies § € L.

Proof. Let J be a function defined on 7, Lipschitz and non-decreasing. Let A be a Borel subset
of 1. We have:

1

1
|J(A)|=f1,(A)(r)dt=/O 1{56,710,(A)}J’(s)ds=f0 14(5)J'(s) ds,

where we used (3) and (5) for the last equality. This gives that |J(A)| = O if and only if a.e.
J'14 = 0. Then use that § € D° if and only if [¢;)((¥$))| =0 for all 1 <i <d and that
81y (W2)%) = 8 ((W9)®) to conclude that § € DY if and only if (31) holds for all 2 < i <d.
The last part of the lemma is clear. |

Definition 3.17. Let ]'_2 C Fg be the subset of marginals ¥ such that there exists an absolutely
continuous c.d.f. of order statistics with marginals F, that is L‘?S(F) N Lg #* .

In particular, we have D° C }"2 . The next lemma gives a characterization of the set ]—'g .



128 Butucea, Delmas, Dutfoy and Fischer

Lemma 3.18. Let F € F;. Then F € F0 if and only if F; € L9 for 1 <i < d and |2¥| = 0.
Furthermore, we have that F; € E(l) for1 <i<dandJ(F) <+oo implyF € }'3.

Proof. Let F € EgS(F). We know that F € Lg if and only if F; € L(l) forl <i<dand Cp e(P,
the subset of absolutely continuous copulas (see, for example, [12]). Therefore, F € ]-'g if and
only if F; € E? for 1 <i <d and COS(F) N C° # @. Recall that 8F is defined by (27). We first
show that

COFE)NC’# o ifandonlyif Ch NCY™# 0. (32)

Let C € COS(F) N C°. Then Lemma 3.12 ensures that Sp(C) € Csr N CY™, The absolute
continuity of Sp(C) is a direct consequence of (18), (27) and Remark 3.7 which ensures that
85),1 < i <d are d-Lipschitz, therefore their derivatives exist a.e. on /. This ensures that
Cor NCY™ £ .

Conversely, let C € C(?F N C¥™. Let U be a random vector with c.d.f. C. Then its order
statistics U9S is also absolutely continuous. Therefore, the copula of U OS which is Sg 1(C)
by Lemma 3.12, is also absolutely continuous. This proves thanks to Proposition 3.13 and
Lemma 3.4 that Sg ' (C) € COS(F) N C°. This gives (32).

Notice that C((S)F N CYM # & is equivalent to C(?F = @, since for any C € CgF we have that C5Y™

defined by (16) belongs to C?F NC¥™. By Theorem 2 of [13], C;)F # & if and only if 39" has zero

Lebesgue measure. The proof is then complete as one can easily verify using (27) that 8 = 5F
and thanks to Lemma 3.15. ]

From now on, we consider F € fg . We give an auxiliary lemma on the support of the copulas
in COS(F) N CO.

Lemma 3.19. Let F = (F;, 1 <i <d) € F and C € COS(F) N CO. Then the density of C van-
ishes a.e. on 14\ T¥ with:

T ={u=Gu,....,ug) € I ¥ @) < - < F ' wa)}. (33)
Proof. Let X = (Xq,...,Xy) be a random vector of order statistics with one-dimensional
marginal c.d.f.s F and copula C € C% Let U = (Uy,...,Uy) be a random vector with c.d.f.

C. Then it is distributed as (F;(X1),...,Fs(Xy)), see (9). We get P(U € TF) =1, since X is a
vector of order statistics and X; € I, (F;) a.s. for 1 <i <d. This gives the result. U

Now we establish the connection between the sets COS (F) N CY and CY™(F) N CO.

Lemma 3.20. Let F € ]:3 . The symmetrizing operator Sg is a bijection from COS(F) N C° onto
CY™(F) N CY. Moreover, if C € COS(F) N CY, with density function c, then the density function
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sp(C) of Sp(C) is given by, for a.e.u = (uy, ..., uq) € 1%

d
1
sF(C)(u) = 50(5(1)(14(1)), s 8y (i) H%)(M(i))- (34)

i=1
Let T¥ be given by (33). If C € CY™(F) N Cy with density c, then the density sg ' (C) of Sg ' (C)
is given by, fora.e.u = (uy,...,uq) € 14
@By ), -, 8.y (ua))

—1
sp (CO)(w) =d! —
H?:l z,') ° 6(,')1 (i)

Lre G0N 57 05} =01 ©39)

Proof. By Proposition 3.13, we deduce that C¥Y™(F) N C? = CSF N C¥™M, Lemma 3.4 and the

proof of Lemma 3.18 ensures that Sy is a bijection between COS(F) N C° and C¥™(F) N CY.
The explicit formula (34) can be obtained by taking the mixed derivative of the right hand side
of (18). By Lemma 3.19, all the terms in the sum disappear except the one on the right hand side
of (34).

To obtain (35), let C € CY™(F) N C° with density ¢, and U be a random vector with c.d.f. C.
The order statistics U°S derived from U is also absolutely continuous with cumulative distribu-
tion function K, and density function k given by:

k(u) =dlc)1a(u), uel
By Lemma 3.12, SEI (C) is the copula of U©S. From (7), we have for u = (uy, ..., ug) € 1¢:
Sg (©)w) = K (83 ). ... 85 (ua))- (36)

According to (5), we deduce that G loGo Ff] = Ffl on (0, 1). This implies that for s,7 €
O, D, 1<i<j=<d:

5(;)1 (s) < S(j;(t) GoF'(s)<Go F;l(t)
G loGoF'(s)<G™! oGonfl(t)

F-l(s) <F;'()

b ¢ 4 ¢

GoF '(5)<G oF;l(t),
where we used (27) for the first equivalence, that G~! is non-decreasing for the first implication
and G is non-decreasing for the second. Thus we have, for s, t € (0, 1), that the two conditions

5(_1.)1 (s) < 86; (t) and Fi_1 (s) < F;l (#) are equivalent. Thus, we deduce that the two sets

{i, . u) €155 ) < - <8, wa))

and TF are equal up to a set of zero Lebesgue measure. Then we deduce (35) from (36). ([l
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We give a general result on the entropy of an exchangeable random vector and the entropy of
its order statistics.

Lemma 3.21. Let X be a random vector on 19, XO8 the corresponding order statistics and T1

an independent uniform random variable on S;. Then we have:

H((X9%) ) =log(@) + H(X).

Proof. Let F be the c.d.f. of XOS. If F ¢ £9, then the c.d.f. F¥™ of (XOS);; given by (16)
verifies also F¥™ ¢ £9, therefore H((X%S)) = H(X9%) + log(d!) = —o0. If F € £ with
density function f, then the density function f™ of FY™ is given by, for x € I:

L 09,

£ =

where x©S is the ordered vector of x. Therefore, using that f(x) = 0 if x # x9S, we have:
H((XOS / fsym log fiym)
1
=log(dh) — — fld £ (x9%)1og(f(x©5)) dx

— log(d!) — fl Feolog(£(0)dx
=log(d!) + H(X). O

Now we are ready to give the connection between the entropy of C and Sg(C) for C € COS(F),
which is the main result of this section. Recall the definition of §F = (S(F), 1 <i <d) given in

Lemma 3.12 and thanks to Remark 3.8, H(S(i)) is finite forall 1 <i <d.

Proposition 3.22. Let F € F; and C € COS(F). Then we have:

d

H(Sp(0)) =log(d) + H(C) + Y H(3(;))- (37)
i=1

Proof. Let U be an exchangeable random vector with c.d.f. Sp(C), and U OS jts order statistics.
According to Lemma 3.12, U OS has one-dimensional marginal c.d.f.s §F = (S(F), 1<i<d)and
copula C. Therefore, using (14) with & = 1|9 1}, we get:

H(U%) = H(C)—l—ZH £)-
i=1
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On the other hand, since Sg(C) is symmetric, Lemma 3.3 ensures that (U OS) 1 has the same
distribution as U. Therefore Lemma 3.21 gives:

d
H(Se(C)) = HWU) = H((U®) ) = H(U®) + log(d!) = H(C) + ZH((SE)) +10g(d!).D

i=1

Corollary 3.23. Since the marginal c.dfs F are fixed, the difference between H(C) and
H (Sp(C)) is constant for all C € COS(F). Therefore if the entropy of a copula C € COS(F) is
maximal, then Sg(C) also has maximal entropy on CY™(F) = Cgr N CY™.

4. Maximum entropy copula with given multidiagonals

This section is a generalization of [6], where the maximum entropy copula with given diagonal
section (i.e., given distribution for the maximum of its marginals) is studied.

Recall that multidiagonals of copulas on R? are given by Definition 3.6. We recall some further
notation: D denotes the set of multidiagonals; for § € D, Cs denotes the subset of copulas with
multidiagonal §; C° denotes the subset copulas which are absolutely continuous, and Cg =CsN
CO. The set D° C D contains all diagonals for which Cg # Q.

We give an explicit formula for C* such that H(C*) = maxcec; H(C), with H the entropy,
see definition (13). Notice that the maximum can be taken over CY, since the entropy is minus
infinity otherwise. When d = 2, the problem was solved in [6].

Let § = (8¢;y, 1 <i <d) € D be a multidiagonal. Since §(;), 1 <i < d are d-Lipschitz, the
entropy of H(8(;)) is well defined and finite, see Remark 3.8 and J(§) given by (15) is also well
defined and belongs to [0, +o0].

The next two lemmas provide sets on which the density of a copula with given multidiagonal
is zero. For § € D, let:

Zs = {u € Id; there exists 1 <i < d such that Séi)(u(i)) = 0}. (38)

Lemma 4.1. Let § € D°. Then for all copulas C € Cg with density ¢, we have c1z; =0 a.e. that
is c(u)lzs;(u) =0 fora.e u € 4.

Proof. By definition of §(;), we have for all r € I:

r

/Id c) Vg <rydu =8¢y (r) = /0 (Séi)(s) ds.

This implies, by the monotone class theorem, that for all measurable subsets K of I, we have:

/ c(u)lK(u(i))duzf SGi)(s)ds.
14 K

Since ¢ > 0 a.e., we deduce that a.e. C(”)l{(SE.)(u(,-)):O} =0and thus a.e. clz; =0. (I
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Recall the definition of ‘~IllfS given by (29) for 2 <i < d. We also define \Ifj3 = (0, d;) with
dy =inf{s € I; 8(1)(s) = 1} and \Ile = (8d+1, 1) with gg11 = sup{s € I; 8(4)(s) = 0}. Since

s : PPN, [O)R10))
W7 are open subsets of I, there exist at most countably many disjoint intervals {(g;"",d;""),

J € Ji} such that
v = (s d). (39)
J€Ji

We denote by mgj ) = (gi(j )+ di(j )) /2 the midpoint of these intervals for 2 <i <d + 1. In partic-

ular mg41 = (1 4+ gg+1)/2. We also define m; = 0. For § € D, let:
Ls={u=(ui,...,uq) € I; (ui-1), ug) C W} forall2 <i <d}. (40)
We have the following lemma for all absolutely continuous copulas C € Cg with density c.

Lemma 4.2. Let § € D° and 2 <i < d. Then for all copulas C € Cg with density c, we have
clpr;, =0a.e., thatis fora.e.u=(uy,...,ug) € Id,forall s é \I/l‘S

C(u)l{u(,-,l)<s<u(,-)} =0 (41)

Proof. The complementary set (\IJ;S)C is given by:
(W) =Uls”. 4"} “2)
JEJdi
Let U = (Uy,...,Uy) be a random vector with c.df. C € Cg. For 2 <i <d and s €
Ujes, {gl.(]), dl.(’)}, that is 8 _1)(s) = 8(;)(s), we have:

PUi-1n <s <Uy) =PWUi-1) <5)—PWUg <s5)=38G-1)(s) — 3)(s) =0.

This implies that (41) holds a.e. for all s € Uieli {gi(j), dl.(j)}. Since J; is at most countable, we

have for a.e. u € I and for all s € Uje],— {gi(j), di(j)}, that (41) holds. Since forallu eI, s ¢ \II;S
there exists s € ¢, {gi(j), dl.(j)} such that

l{u([_|)<S<Ll(,')} = 1{M([_1)<S’<u(i)}s
we can conclude that for a.e. u € I and for all s ¢ \I/lfs (41) hold. (]
Notice that for all u = (uy, ..., uy) € 14
d

12,0 < [ T1ysnep, @i)- 43)

i=1
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We define the function c¢s on 19 as, foru = (ui,...,ug) € 14
1 d
es () = — 11, () Hai (), (44)
=

where the function a;, 1 <i <d, are given by, for ¢ € I:

ai(t) = K[ (K OO sy (@), 5)

withfor 1 <i <d,t € (gi(j)’ di(j)):

K= [ — 09, 46
i« )_/ml@ 3i-1)(s) — 8¢ (s) * (46)

and the conventions §() = 1 and K44 = 0. Notice that for t € ¥?:

Ki(1) = —log(1 = 80)(®). 7)

Remark 4.3. The choice of m?j ) for the integration lower bound in (46) is arbitrary as any other

value in (g.(j ), dl.(j )) would not change the definition of cs in (44).

1

Remark 4.4. Forall1 <i <d, je J;,t e (mgj ), dl.(j )), we have the following lower bound for
K;(t):

2 [, S04yt Bt
13 -_ . . _ N .
m? 8 _1)(d") — 8 (s) 81 (d) — 8 (1)

Since §(;) is non-decreasing and S(i_l)(di(j)) = 8(,-)(dl.(j)), we have limt/d_(j) K;(t) = +o0.

The following proposition states that c;s is the density of an absolutely continuous symmetric
copula Cs € Cg N C%™ It is more general than the results in [6], where only the diagonal 8(4)
was supposed given.

Proposition 4.5. Let § € D°. The function c; defined in (44)—(46) is the density of a symmetric
copula Cs € Cg N CYM In addition, we have:

d
H(Cs) =-J() +logd)+ (d—1)+ Z H (). (48)
i=1

The proof of this proposition is given in Section 6.2. The following characterization of Cs is
proved in Section 6.6.
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Proposition 4.6. Let § € D°. Then Cs is the only copula in Cg whose density is of the form
(1/d)1L,(u) Hflzl hi(uy), where h;, 1 <i < d are measurable non-negative functions defined
onl.

The following theorem states that the unique optimal solution of maxcec; H(C), if it exists,
is given by Cs. Its proof is given in Sections 6.7 for case (a) and 6.8 for case (b).

Theorem 4.7. Let § € D.

(a) If J(8) = +o0, then maxcec; H(C) = —00.
() IfJ(8) < +o0, then § € DY, maxcec; H(C) > —o0 and Cs given in Proposition 4.5 is the
unique copula such that H(Cs) = maxcec; H(C).

The copula Cs will be called the maximum entropy copula with given multidiagonal.

Remark 4.8. In [6], we considered the problem of the maximum entropy copula with given
diagonal section, that is when only §(4) is fixed. When d = 2, the problem considered here
coincides with the problem of maximum entropy copula with given diagonal section, see Re-
mark 3.7. For d > 2, the constraints of the problem discussed here are more restrictive. With the
same techniques it is possible to calculate the maximum entropy copula for which the c.d.f. of
the k largest order statistics are given (that is §(;y are given for d — k + 1 <i < d). Reasoning
the same way as in the proof of Theorem 4.7, we can deduce that this copula will be of the
form ]_[ftlk l;(u(i)) ]_[l‘-l:d_k 41Gi(u@)) on its domain, involving k + 1 different functions b and
aj,d —k+ 1 <i <d to compute based on the constraints.

5. Maximum entropy distribution of order statistics with given
marginals

We use the results of Section 4 to compute the density of the maximum entropy copula for
marginals F € 7 with 7 defined in Section 3.3. Recall 8¥ = (31, ..., 8@a)) =Fo G~! and the

definition of £%" in (30). Recall K; defined by (46), for 1 <i <d and T defined by (33). We
define the function cp on 14, foru = (Ui, ...,uq) € 14

—1 -1
d eKi (S(i_l)(uifl))_Ki((S(,') (i)

cr(u) = 1 e - 1 P . (49
F i=2 5<i—1>°5<7)1(u,~)—ui (WE T3 (83 @), 83y (ua) €L g ) (T 800y (i) >0) “49)

Recall the function J(6) defined on the set of multidiagonals by (15) and Cyr the copula with
density given by (44)—(46).

Proposition 5.1. Let F € ]-"3 . The function cy defined by (49) is the density of the copula Cy =
SF_1 (Cgr) which belongs to COS(F). The entropy of C¥ is given by:

H(Cp)=d—1-J(8"). (50)
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Proof. Since F € ]-'3, we have that 8 € D, According to Proposition 4.5, cgr defined by (44) is
the density of a symmetric copula Cgr which belongs to C*Y™(F) N C, thanks to Proposition 3.13
and Lemma 3.20. According to Lemma 3.20, formula (35) we get that cp = s ! (Cyr) is therefore

the density of a copula Cr which belongs to COS(F) N CY. Use (35) and (6) to check (49). To
conclude, use (37) and (48) to get (50). ([l

Analogously to Lemma 4.2, we have the following restriction on the support of all F €
ESS F)N Lg. Recall the definition of \Ile in (29). The proof of the next lemma is similar to
the proof of Lemma 4.2 and is left to the reader.

Lemma 5.2. Let F € .7-'3 and t € F,-((\I-’l.F)C) for some 2 <i < d. Then we have for all F €
ESS #Fn Cg with density function f:

FOO1y <i<x3 =0 fora.e.x = (x1,...,x4) €S.

For § € D, recall the definition of L in (40). Let L% = Ls N S. More generally, for F € 4, we
set:

L¥ ={x=(x1,....x0) € S; (xi—1,x;) C ¥ forall 2 <i <d}. (51)

The next lemma establishes the connection between the sets Lgr defined by (40) and LF.

Lemma 5.3. Let F = (F,...,F;) € ]-'3 with density functions f; for 1 <i <d. Let §F =
bys---,8)) given by (27), TY¥ given by (33) and Lsr defined by (40). Then for
1—[;1:1 £ (xi)dx) - xg-a.e. x € R? we have that

e (Fi(x1), ..., Faxa)) 1L, (85 o Fi(x1), ..., 8 0 Fa(xa)) =18 (x).

Proof. According to (3) and (5), we have f;(¢) dz-a.e. that Fi_1 o F;(¢) = t. This implies that
[Tz fi(xi)dxy---dxg-ae., Fi(x1),...,Fq(xq)) belongs to TF if and only if x € §. Recall the
sets \IlfF given by (29). For Hi:] fi(x;)dx;---dxg-a.e. x € S, we have:

(8) oF1(x1), ..., 84 0 Fa(xa)) € Lyr
= (651, oFiminio. 87 oFi(x)) c W', 2<i<d
= Vte((S(l 1y o Fio1(xi- 1),5(,) o Fi(xi)) : 84—y (1) > 81y (1), 2<i=d
= Vre(GoF; ! oF_1(xi_1),GoF; ' oFi(x))):Fi_i oG '(t) > Fi 0 G~ (1),
2<i<d
= Vie(Gxi_),Gx)):FisioG 1) >F0G ), 2<i<d,

where the first equivalence comes from the definition of Lr, the second from the definition of
wl.SF, the third from (27) and the last from the fact that f; () dz-a.e. Fl._1 o F;(t) =1t. Consider the



136 Butucea, Delmas, Dutfoy and Fischer
change of variable s = G~ (¢). We have by (1):
r<Gx) < G lH<xi < s<ux.
Since x;j_1 € I,(Fi_1) fi_1(x;—1) dx;_1-a.e., we get x;_1 € I4(G) and by (5):
Gxi—1) <t <= xi_1< Gfl(t) &= X <S.
Therefore, we deduce that Hi:l fi(xj)dx|---dxg-a.e. x € S:

(3(—1)1 oFi(x1), ..., 5(—5 oFy(xg)) € Lyr
= Vse(xi—1,x):Fi_1(s) > F;(s), 2<i=d

— xelLf. 0

Using Proposition 3.22, we check that the copula Cr maximizes the entropy over the set
COS(F). ForF e ]-'3, we define the c.d.f. Fy as, for x = (x1, ..., xg) € RY:

Fp(x) = Cp(F1(x1), ..., Fa(xq)). (52)

Let f; denote the density function of F; when it exists. Let us further note for2 <i <d,tr e R:

f; ()
i) = —"——- (53)
’ Fi_1(t) — F; (1)
When the densities f; exist for all 1 <i < d, we define the function ff for x = (xq,...,x4) € R4
as:
d x;
Sr(x) =f1(x1) nﬁi(xi)eXp<—/ Ei(S)dS>1LF(X), (54)
i=2 Yi-1

with L given by (51). The next theorem asserts that the c.d.f. Fr maximizes the entropy over
the set ESS (F) and that its density is fg. Recall J defined by (15). Recall that 4 is an arbitrary
probability density on R.

Theorem 54. Let F = (F;, 1 <i <d) € Fy4.

(a) Ifthere exists 1 <i <d such that H,(F;) = —o0, or if J(F) = +00, then we have

max Hj,(F)=—o0.
FeLS(F)

) If Hy(F;) > —oo for all 1 <i <d, and J(F) < +o00, then we have F € ]-"3,
maxFeLgs(F) Hy(F) > —o0, and Fg defined in (52) is the unique c.d.f. in ESI)S (F) such
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that Hp(Fp) = max g £O5(F) Hy,(F). Furthermore, the density function of Fy exists, and
is given by fy defined in (54). We also have:

d
Hy(Fp)=d — 1+ ) Hy(F;) — I(F).
i=1

Proof. The proof of case (a) is postponed to Section 6.7.

We shall assume that Hy, (F;) > —oo forall 1 <i <d and J](SF) < +o00. This implies that the
densities f; of F; exist for 1 <i <d and, thanks to Lemma 3.18, that F € ]-'3. Let Fg be defined
by (52), that is the c.d.f. with copula Cr from Proposition 5.1 and one-dimensional marginal
c.d.f.s F. Thanks to Proposition 5.1, we have Fg € CdOS (F).

We deduce from (14), Propositions 3.13 and 3.22, Theorem 4.7 case (b) and Proposition 5.1
that Fy is the only c.d.f. such that Hy (Ff) = maxFeﬁgs(F) H;, (F). We deduce from (14), (50)
and Lemma 3.15 that:

d
Hy(Fg)=d — 1+ Hy(F;) — J(F).
i=1

Since the copula Cy is absolutely continuous with density cg given in (49), we deduce from
(52) that Fy has density fF given by, fora.e. x = (x1,...,,xq) € R¢:

d
fox) =cp(F1(x1), ... FaCxa)) [ [0 (55)

i=1

Recall the expression (49) of cr as well as K; defined by (46), for 1 <i < d. Using the change
of variable s = G~!(¢) and (23), we get (similarly to the proof of Lemma 3.15):

F; LoF; (x;)
Kio8 ' oFi(xj)—Kio8 ' oFi_i(xi_1) = i (s)ds. (56)
@) (i=1 1
F,_ oFi_1(xi—1)
Using (23), we also get:
fi (xi) fi (xi)

- = — ' (57)
Si-1no 3([)1 oF;(x;) —Fi(x;)) Fi_joF; ' oF;(x;) — F;(x;)

According to (5), we have f; () dt-a.e. that Fl._1 oF;(t) =1.For 1 <i <d, we have from (5) that
[T fixi)dxy---dxg-ae.:

L, 87, 007! B xiy=0) = 1 (58)

We deduce from (49), (55), (56), (57), (58) and Lemma 5.3 that a.e. for x = (x1, ..., xg) € R%:

d Y g (s)ds
fo e =) [T laGere” O o), .
i=2



138 Butucea, Delmas, Dutfoy and Fischer

Remark 5.5. We deduce from the proof of Theorem 5.4 case (b) and Proposition 5.1, that if
F=F;,1<i<d)e 7-2 , then ff defined by (54) is a probability density function on § C R4,

Remark 5.6. The density fg has a product form on LF, that is it can be written as, for a.e.
x:(xl,...,xd)eRd:

d
fe@) =[] pi1 e ), (59)
i=1
where the functions (p;, | <i <d) are measurable and non-negative.

In addition to Remark 5.6, the next corollary asserts that Fg is the only element of Lg’s (F),
whose density has a product form.

Corollary 5.7. Let F € ]—'3 .Let F € Egs (F) be an absolutely continuous c.d.f. with density f
given by, a.e. for x = (x1,...,xg) € R%: f(x) = 1—[;1:1 hi(x;)1,r(x), with h;, 1 <i <d some
measurable non-negative functions on R. Then we have F = Fg on RY.

Proof. Let X = (X1, ..., Xg) be an order statistic with c.d.f. F, and F*™ the c.d.f. of X given
by (16), with IT uniform on S; and independent of X. Then the c.d.f. F¥™ is also absolutely
continuous, and its density f5Y™ is given by:

d
1
e = Hhium)m (x99), (60)

where x©S is the ordered vector of x. The one-dimensional marginal c.d.f.s of X are all equal to
G given by (17). Let C € COS(F) N CY denote the copula of F. Then according to (7), the copula
Sr(C) of X1y is given by, for a.e. u = (uy,...,uq) € 1%

SE(C)w) = FY™(G™' ().

Therefore its density sp(C) can be expressed as:

_ d
(G~ (w))
sp(C)(u) = 1 oG~ (u;)>0
]_[ﬁizlgoG‘l(ui) E {g u;)>0}
) § AL TP
drt Ll go G (ugy) e wa=op

where g is the density of G. Notice that for x = (x1,...,x4) € §, we have a.e.:

1{H§':1hf(xz-)>0} = 1{ 4| fix)>0)p
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with f; the density of X;. Therefore, by Lemma 5.3 and since G is continuous, we have that
]_[fizl hijo G_l(u(i))dm ---dug-ae.:

1;r (Gil (uOS)) =1y F( 1 © Sy, ..., (d) 0 8(a) (u(d)))

By Lemma 3.12, Sp(C) belongs to CSF and thus sp(C) =0 a.e. on Zzr defined by (38). Then use
(3) and (5) to get that 8(_1)1 08¢y(ugy) =u() a.e.on ZgF. This gives:

1 (G () =11, () =114 (w)

that is sp(C) is of the form sg(C)(u) = (I/d!)lLJSF (u) H?:l ﬁi(u(i)) for some measurable non-
negative functions (ﬁi, 1 <i <d). Then, thanks to Proposition 4.6, we get that Sp(C) = Cgr.
Then, use Proposition 5.1 to get that F = Ff. (]

Example 5.8. We consider the following example. Let +00 > A > -+ > A4 > 0 and for
1 <i <d let F; be the c.d.f. of the exponential distribution with mean 1/X; and density
f;(t) = Aie*1j;~¢y. Notice that F;_; > F; on (0, +00), so that L¥ = {(x,...,xs) e R¢;0 <
xp <---<xg4}. Itis easy to check that J(F) < +o0 with F = (F;, 1 <i <d). Elementary com-
putations yield that the maximum entropy density of the order statistic (X1, ..., X4), where X;
has distribution F;, is given by:

_ B Ao /A AL ) 1_e i+1X YA i1 i+1
Sr(xr, ..o xg) =1 r(x)A1e Azx‘(l—e Az’”) 2/ ZHAie A’“x'( )
i=2

(1 —e—Qixiyriz1/Ai 7

where A; =A;_1 —Ajfor1 <i <d+1and Ag41 =0.
In the particular case A; = (d — i 4+ 1)A for some A > 0, we get:

—Ax;

d
_ d.—h —axp\d—1 €
Fo(ir o xa) = 1 (o) dIAe ™0 (1 — e =) Hm

By considering the change of variable u; = 1 — e ™%, we get the following result. For
1 <i <d let F; be the c.d.f. of the f(1,d — i + 1) distribution with density f;(+) = (d —i +
nHa — t)d_’l(o’l)(t). Notice that F;_; > F; on (0, 1). The maximum entropy density of the

order statistic (Uy, ..., Uy), where U; has distribution F;, is given by:
41
fr(u, ... ud)—10<u1< <ud<l}d‘u1 1_[_2
i=2 l

Elementary computations give H (Fg) = —log(d!) +2d — (d + 1) Z;j:l(l/i).
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6. Proofs

6.1. Preliminary notations for the optimization problem

Recall notations from Sections 2 and 3. In particular, if u = (uy,...,ug) € 1 4 then u®S =

(u(1y, ..., u(q)) denote the ordered vector of u.
In order to apply the technique established in [5], we introduce the linear functional A =
(Ai,1<i<2d):L'(I% — L' (* as, for fe L'(I%) and r € I:

AP = /[dﬂu)l{u,.sr}du and  Agri(/)(r) = /ldﬂu)l{umsr}du for1<i<d.

Let § = (8(;), | <i <d) € D° be a multidiagonal, see Definition 3.6. We set b° = (b;, 1 <i <
2d) given by b; =id; the identity function on I and byy; = d(;), for 1 <i <d. If, for ¢ €
LY(1?), we have A;(c) =b;, 1 <i <d and ¢ > 0 a.e., then we deduce that c is the density of an
absolutely continuous copula, say C. If we further have A;4;(c) = by, for 1 <i <d, then § is
the multidiagonal of C.

Lemma 6.1. Let § € D° and b = bi,1<i<?2d).Ifce Ll(Id) is non-negative, symmetric and
satisfies Agyi(c) = byi for 1 <i <d, then c is the density of a copula with multidiagonal §.

Proof. The symmetry and non-negativity of ¢ as well as the condition Ag41(c)(1) = [, 1d €=
bi+1(1) = 1 ensures that ¢ is a density function of an exchangeable random vector V =
Vi,...,Vg) on I d Recall VOS = (Vay, - .+, Viay) denotes the corresponding order statistics.
By symmetry, the lemma is proved as soon as we check that A (c) = by. We have for r € I:

d d
1
Ai(o)(r)y=P(V1 <r)= Z]P’(V(i) <rVi=Vy)P(Vi=Vy) = 25(1')(7’)5 =,

i=1 i=1

where we used the exchangeability of V and the definition of §(;y for the third equality, and (21)
for the last. This gives A;(c) = b;. O

6.2. Proof of Proposition 4.5

Let § € P°. Lemma 3.16 implies that S(i)((\lff )¢) has zero Lebesgue measure for all 2 <i <d
with \IllfS given by (29). By construction, the function cs defined by (44) is non-negative, sym-
metric and well defined a.e. on 1¢. Recall the notation (gi(j ), dl.(j )) used in (39) and the definition
(45) of the functions a;. We define the functions B; on [ as, for 1 <i <d+1,t € (gi(‘i), dl.(j))
(with the conventions W? = (0,d1), ¥9_ | = (g4+1. 1)):

4
Buy1(t)=1 and B,-(r):/ ai()Bis1(s)ds  forl<i<d. 61)

t
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Fort e (\Illfs )¢, we set B; (1) = 0. Recall K; defined in (46) for 1 <i < d+ 1 with the convention
K441 =0. We show that B; can be simply expressed by K; on \I’f.

Lemma6.2. Letl1 <i<d+1landte ‘llf. Then we have:
Bi(1) = exp(—K; (1)) (62)

Proof. For i =d + 1, the result is trivial. We proceed by induction on i. We suppose that
Bi+1(t) = exp(—K;41(t)) holds for some 1 <i <d, and all ¢ € wlfsﬂ. We have for ¢ €

@, dV):

Pk

B,»(t):/l a; (s)Bis1(s)ds
t

a?
:/ Ki/(s)eK"“(S)_K"(s)lq,fsm,fs+1 ($)Bi+1(s)ds
t 1 1

ay
= / Ki/(s)e_K"(S)lq,{sm,sz (s)ds
t 1 1

a9

:/' K|(s)e Ki® gg
t
= exp(—K; (1),

where we used the definition of aj given by (45) for the second equality, the induction hypoth-
esis for the third equality, (r, dl-(J )) - ‘~IllfS and Lemma 3.16 for the fourth equality, and finally

Remark 4.4 for the fifth equality. This ends the induction. O
Similarly, we define the functions E; on [ as, for 0 <i <d asfort € (gl.(i)l, di(i)l):
t
Eot)=1, and E;(t)= /(_) a;i()E;_1(s)ds forl <i<d. (63)
J
8it1

Fort e (‘-IJfH)C we set E;(t) = 0. The next lemma gives a simple formula for E; on \I/f+l.
Lemma 6.3. LetO0<i<dandt e \I—ffﬂ. Then we have:
Ei(t) = (8)(t) — 8i+1) (D) exp(Kiy1(1)). (64)

Proof. For i =0, the result is clear thanks to the convention §(9) = 1 and (47). We proceed by
induction on i. We suppose that E; _1(t) = (8¢ —1)(r) — 8 (¢)) exp(K;(t)) holds for some 1 <i <

d,and all 1 € wf. Let us denote h; = 8 —1) — &(;). Before computing E;(t) for t € (gl.(fl,di(fl),
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) .
20

/ /!
eKi+1() — exp(_ /tv l+1(u) +/t ht+1(u) +/S, S(i)(u) du)
m D hig@) Sy hipi ) S hig ()
_ hini @) exp(_ / hin@ / 8 @) du)
hit1(s) m D B @) @ hiyr ()

[G2010))
i+1° d 1)

we give an alternative expression for exp(K;(s)) for s € (g

(65)

Then we have for t € (g

t
E;(t) 2/(,~) a;($)E;—1(s)ds
g

i+1

t
= / " k;(s)ekm“Hﬂ“Hwim?+1 (5)Ei—1(s)ds
gl+l

t
zf(, Kl ($)eX 1R ()L ysrgs (5)ds
gJ) i i+1

i+1

'
_ / Kii1(s)
_/u') 8y ()™ yargs (5)ds

8it1

— £ W) C( 3 (z)(”)
_h’“(t)e"p<_ /m;g i1 () d“) /g;g(hm(s) (f ) ))ds

t R, (w) =8 (u)
—hiexp(— [ L O g
+ p ) h;
mi) i+1(u)

= hi+l () eXp(Ki—H(t))v

where we used the definition of a; given by (45) for the second equality, the induction hypothesis
for the third equality, Lemma 3.16 and (65) for the fifth equality, and for the seventh equality we

use that, for ¢ € (gl.(_{_)1 s l(i)l) (similarly to Remark 4.4):

N INE ' 8/, (s) 8y (1) — 841 (g
/(_) 0 dssf(_) o) ds:log< (,)((;) <z+1>(gz+8) )
miy Bt () im0y () = Sy (g By (my ) = 8 ()

.. . 8 (S)
giving hm o) f o h,+1(s) 5 = —00. O

The following lemma justifies the introduction of the functions B;, E;.



Maximum entropy distribution of order statistics with given marginals 143

Lemma 6.4. We have withuy =0for1 <i <d,t e \I!f:
/ sy iz du = B(OE 1 (0 (66)
1

Proof. The definition (61) of B; for 1 <i < d gives that for r € I:

d—1
Bi(t) = /ai (ri)aiv1(riv1) - .ad(rd)l{lfrifri+lS"‘Srdfl}l{[[,ri)c\p?} l_[ 1{(rj”j+l)c‘l’§+l} dr,
j=i
withr = (rj,ri41,...,7q) € Ja-itl Similarly, we have for 1 <i <d, t € I that E;_;(¢) is equal
to:
i-2
/al(m)az(én) = 'ai—l(Qi—l)1{0§q1§q2§~-§qi—|St}l{(q,-,l,tjcq/f} H 1{(qj,qj+1)cw§+l}dq’
j=1
with ¢ = (¢1, 2, ..., qi—1) € I'~!. Multiplying B; (t) with E; _1(t) gives:
d d—1
Bi(1)E;i—1(1) = /A l_[aj(uj)l{u,-,lgzyi} l_[ Vgt du
j=1 j=1
d
= / [Taj @)l <icuplps ) du
AP
j=1
= d!/ cs Wy <i<u;ydu
A
2/ C&(u)l{u(,-,l)stgu(i)}d%
V&
where we used the symmetry of ¢s for the fourth equality. (I

Lemma 6.4 with i = 1 ensures that fl,, ¢s(u) du =limp\ o B1(¢) Eo(¢) = 1, that is cs a proba-
bility density function on 7¢. Now we compute A1 (cs). We have, for € \pf :

Ad+1(cs)(t) = fld cs )y <ry du

=1— /d CS(“)I{M(UZ!} du=1—Bi(t)Eo(t)
I
=481y (),

where we used Lemma 6.4 with i = 1 for the third equality, then (62) and (47) for the fourth
equality. By continuity this gives Ag41(cs) = 8¢1y on 1. For 2 <i < d, we have by induction
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for t € W?:
Adgyiles)(t) = fd cs ()X <y du
I

:/ 65(”)1{14(1'—1)51}‘1”_/ 05(“)1{M(i—|>§t§u(i)}d”
14 14

= Ag+i-1(cs)(t) — Bi () E;—1(t)

=81y (1) — (8i—1) () — 81y (1))

=43 (),
where we used the induction and Lemma 6.4 for the third equality, as well as (62) and (64) for
the fourth. By continuity, we obtain Az (cs) = 8;) on I. Then use Lemma 6.1 to get that c; is

the density of a (symmetric) copula, say Cs, with multidiagonal §.
To conclude, we compute the entropy H(Cs) = — f 14 cslog(cs).

Lemma 6.5. We have:

d
H(Cs) =log(d) + Y H() + (d — 1) — J(©).

i=1

Proof. Recall that for u € Ls:

d d
log(cs(u)) = —log(d!) + Zlog((SEi)(u(,-))) — Zlog((s(ifl)(u(i)) T
i=l i=2
d
- Z(Ki (u@i)) — Ki(ug-1)))
i=2

where we used (47) to express a; = Sél)eKZ a.e., so that the sums in the last two terms start at
i=2.

We first show that the function u — cs(u) log(Béi)(u(i))) belongs to L'(19 forall 1 <i <d.
Since Ag4i(cs) = 8(;), we deduce that for 1 <i <d and any measurable non-negative function
h defined on I:

/Id cs(u)h(ugy) du =/I éi)(t)h(t) dt. (67)

In particular, we get:

/[d ca(u)|1og(5g,.>(u(,»)))|du=/Iagi)(t)|1og(agi)(t))|d:,



Maximum entropy distribution of order statistics with given marginals 145

which is finite thanks to Remark 3.8. Therefore, the function u +— cg5(u) log(SEi) (u(;))) is indeed
in L'(1¢), and its integral J; ; is given by:

Jii =/Id ca(u)log(agi)(u(,-)))du=/l (0 (D) 1og(8(; (1)) dt = —H (53y).

We proceed by showing that u — cs(u)(K; (1)) — K; (4;—1))) belongs to L'(% for2<i<
d. Since this is a non-negative function, a direct calculation of its integral J ; gives:

Joi =d!/ cs ) (Ki(ui) — Ki(ui—1)) du
A

= /;2(Ei72ai71)(ui71)(Ki(ui) - Ki(Mifl))(aiBi+1)(ui)1{m_,Sui,(ui_],ui)cq,g}duifl du;,

where we used the symmetry of c¢; for the first equality; the definition of the functions B; and E;
given by (61) and (63) for the second equality. Using (45), (62), (64) and Lemma 3.16, we have:

. R Y] K; _ </ K; R . _ la—Ki _ wla—Ki
El—2“l—l—8(1—1)ell\y,{lmwl@—‘s([—l)e’ and a;Bi11=Kje llwfnwfﬂ—Kie i,

Therefore, we have:

a9 a9
hi=)" f " agi_l)(ui_o( / K{(u,-)(mu,»)—Kl-(u,-_o)er("f—”—Kf(”i)du,-)dul-_l
jedi g,'] Ui—1
v oo
!/ )
= Z/gm 5(1‘—1)(”!‘—1)(/0 se ds) du;_
jedi v oi
dy
= Z/g(j) 82,'_1)(141‘—1)0"41'—1
jeJ; “oi
=1,

where we applied the change of variable s = K; (u;) — K;(#;—1) and Remark 4.4 for the fourth
equality; finally Lemma 3.16 for the sixth equality.
Let us define J3;,2 <i <d as:

J3i=— /d cs () log(8i—1y (@) — 8¢y (u)) du.
I

Notice that the integrand is non-positive a.e., since for r € I, 2 <i < d, we have §;_1)(t) —
3¢iy(t) < 1. Therefore, we get by (67):

J3i= //d cs () [log(8—1) (@) — 8¢y (u@y)) | du = /15Ei)(t)|10g(3(i71)(t) — 8 (1))] dt.
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Notice that J3 ; € [0, 4-00] and Z;izz J3,1 =J(8). The results on Jy ;, Jo; and J3; imply that we
can decompose H(Cs) as:

d

d d d
H(Cs)=log(d) =Y Jii+ Y Joi— Yy Jsi=logd)+ Y H(m)+(d—1)—I©).

i=1 =2 =2 i=1 D

6.3. The optimization problem

Let § € D°. Recall notation from Section 6.1. The problem of maximizing H over C? can be
written as an optimization problem (P?) with infinite dimensional constraints:

A(c) =b°,

po
¢c>0ae. andceLl(Id). (%)

maximize H (c) subject to l

Notice that if f € L'(1¢) is non-negative and solves A(f) = b°, then f is the density of a
copula. We say that a function f is feasible for (PO if f e LY, f >0ae., A(f) =5’ and
H(f) > —oo. We say that f is an optimal solution of (P%) if f is feasible and H(f) > H(g)
for all g feasible. The next proposition gives conditions which ensure the existence of an optimal
solution.

Proposition 6.6. Let 8 € DO. If there exists c feasible for (P%), then there exists a unique optimal
solution to (P%) and it is symmetric.

Proof. Since A(f)=b°® implies A;(f)(1) =b;(1) that is fld f(x)dx =1, we can directly ap-
ply Corollary 2.3 of [5] which states that if there exists a feasible c, then there exists a unique
optimal solution to (P?%). Since the constraints of (P?) are symmetric, such as the functional
H, we deduce that if ¢* is the optimal solution, then so is ¢} defined for 7 € Sy and u € I d a5
¢k (u) = c*(ury). By uniqueness of the optimal solution, we deduce that ¢* = ¢} for all permuta-
tions 7 € Sy; hence ¢* is symmetric. O

Combining Lemmas 4.2 and 4.1 gives the following corollary on the support of any c verifying
A(c) =b°.

Corollary 6.7. Let § € D°. If c € L' (I?) is non-negative and verifies A(c) = b°, then ¢ =0 a.e.
on Zs U L with Ly defined by (40) and L§ = I\ L.

6.4. Reduction of the optimization problem (P?)
Let § € DY. Since the optimal solution of (P?) is symmetric, see Proposition 6.6, we can reduce

the optimization problem by considering it on the simplex A. We define p to be the Lebesgue
measure restricted to (Z§ N Ls) N A: u(du) = 1(Z§ﬂL3)ﬂA(”) du. We define, for f € L1(19):

H"(f) =~ /1 | S log(f @) p(du).
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From Corollary 6.7, we can deduce that if ¢ € L'(1¢) is non-negative symmetric and solves
A(c) = b, then:

H(c) =d'H"(c). (68)
Let us also define, for f € Ll(Id), 1<i<d,rel:

AL (©)(r) = d! / )1y, =rypa(du).
I
We shall consider the restricted optimization problem (Plf) given by:

A () =3,

ps
c>0 p-ae. andceLl(Id). (P

maximize H"(c) subject to :
We have the following equivalence between (P%) and (Pﬁ). Recall that 498 denotes the ordered
vector of u € RY.

Corollary 6.8. Let § € D°. If ¢ is the optimal solution of (P%) then it is also an optimal solution
to (P,§)~ If ¢ is an optimal solution of (Plf), then c, defined by c(u) = 5(uos)lzgﬂL8(u) is the
optimal solution to (P®).

Notice the Corollary implies that (Pli) has a p-a.e. unique optimal solution: if ¢; and ¢, are

two optimal solutions of (Pl‘z) then p-a.e. c; = ¢3. Thanks to Proposition 6.6 and (68), Corol-
lary 6.8 is a direct consequence of the following lemma that establishes the connection between
the constraints.

Lemma 6.9. Ler § € D°. For ¢ € L' (I%) symmetric and non-negative the following two condi-
tions are equivalent:

1. A(c) =b°.
2. At(c)=8andc=0a.e.on ZsU L.

Proof. Assume that A(c) = b®. We have, by Corollary 6.7, that c =0 a.e. on Zs U Lg. This and
the symmetry of ¢ gives, for 1 <i <d,r el:

Al (e)(r) =d! /Id )y <o) du = /Id () Ly <ry du = 8 (r).

On the other hand, let us assume that A*(¢) =8 and c =0 a.e. on Zs U Lg. We have, for 1 <i <
d,rel:

Aasi@0) = [ | e luyrzgon,@du=dt [ | e st =500,
1 I
where we used ¢ =0 a.e. on Zs U L§ for the first equality, the symmetry of ¢ and the definition

of u for the second, and A*(c¢) = § for the third. Lemma 6.1 ensures then that A;(c¢) = b; for
1 <i <d. This ends the proof. O
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6.5. Solution for the reduced optimization problem (P,f)

Let 8 € D°. We compute (A*)* : L®(I)? — L>®(I) the adjoint of A*. For A = (A;,1 <i <
d) e L®(I)? and f € L'(1?), we have:

d
(A F)= e A D =3 [ 300 [ 1120 durar
i=1

d
= fld f(u)igljm(ui)du(u),

where we used the definition of the adjoint operator for the first equality, Fubini’s theorem for
the second, and the following definition of the functions (A;, 1 <i <d) for the third:

Ai(7) =/)»i(r)1{r3,}dr, tel.
1

Thus, we have for A € L®°(I)¢ and u = (uy, ..., ug) € 1¢:

d
(A) @) =D Aiui). (69)

i=1

We will use Theorem 2.9. from [5] on abstract entropy minimization, which we recall here,
adapted to the context of (P;i).

Theorem 6.10 (Borwein, Lewis and Nussbaum). Suppose there exists ¢ > 0 w-a.e. which is
feasible for (P,‘z). Then there exists a ju-a.e. unique optimal solution, c*, of (P;j). Furthermore,

we have ¢* > 0 p-a.e. and there exists a sequence (\*, n € N*) of elements of L (1) such that:
/ )| (A*)* (") (u) — log(c*(w))| u(du) — 0. (70)
Id n—0o0

Now we are ready to prove that the optimal solution ¢* of (P;j) is the product of measurable
univariate functions.

Lemma 6.11. Let § € D°. Suppose that there exists ¢ > 0 ji-a.e.which is feasible for (P/f). Then
there exist non-negative, measurable functions (al?", 1 <i <d) defined on I such that a;‘ (s)=0

ifS/l.)(s) = 0 and the function c* defined a.e. on I? by:

d
1
¢y =~ 1, [ af @)
: i=1

is the optimal solution to (Pg).
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Proof. According to Theorem 6.10, there exists a sequence (A", n € N) of elements of L°°(/ )4
such that the optimal solution, say c*, satisfies (70). This implies, thanks to (69), that there exist
d sequences (Al'.’, n € N*, 1 <i <d) of elements of L°>°(I) such that the following convergence
holds in L' (14, ¢*p):

d
1
ZA?(M[) LI (c*(u)). (71)
n—oo
i=1
We first assume that there exist A;, 1 <i < d measurable functions defined on / such that
M-a.e.on S:

d
D Ai(ui) =log(c*w)). (72)
i=1

Seta} = «d/mexp(Ai) so that y-a.e. on S:

d
1
@) = - [ Tar@. (73)
Ti=1

Recall u(du) = l(zgm Ls)na () du. From the definition (38) of Zs, we deduce that without loss
of generality, we can assume that a (u;) = 0 if 8éi)(ui) = 0. Therefore, we obtain c¢*(u) =
(1/d) 1, ) [T a (uy) for u e 14

To complete the proof, we now show that (72) holds for A;, 1 <i < d measurable func-
tions. We introduce the notation u_;) = (U1, ..., Ui—1,Uit1,...,Uq) € 191, Let us define
the probability measure P(du) = c*(u)u(du)/fld c*(Mu(dy) on I%. We fix j, 1 < j <d.
In order to apply Proposition 2 of [18], which ensures the existence of the limiting measur-
able functions A;, 1 <i <d, we first check that P is absolutely continuous with respect to
P{ ® Py, where P{ (du-j)) = [, ¢; P(du(jyduj) and Py (duj) = [, . _ja-r P(ducj)duj)
are the marginals of P. Notice that there exists a non-negative density function i such
that P(du) = h(u(_j),uj)du(_j)duj. Let hl(u(_j)) = fh(l/-t(_j),uj)-duj and hg(u.,') =
[ h(ucjy,uj)duj) denote the density of the marginals P{ and Pj. Then the density
of the product measure Plj ® PZJ is given by Plj ® P2] (du) = hy(ujy)ho(uj)dujydu;.
The support of the density 4 is noted by Ty = {u € I%; h(u) > 0}, and the support of the
marginals are noted by 77 = {v € I h(v) > 0} and Tr = {r € I; h»(t) > 0}. With this
notation, we have that a.e. To C T1 x T, (that is Ty N (T1 x T»)¢ is of zero Lebesgue mea-
sure). If A C 1% is such that f1A(u)h1(u(_j))hz(uj)du(_j)duj = 0, then we also have
f lAﬂ(Tl xT3) (u)hl(u(_j))hz(uj) du(_j) duj = 0. Since h]hz is positive on T1 X T2, this implies
that A N (71 x T») has zero Lebesgue measure. Therefore, we have:

/1A(M)h(u)du=/1Am(T1xT2)(M)h(M)dM+/1A\(T.xT2)(u)h(u)du=0,

since h =0 a.e. on A\ (T; x T3). This proves that P is absolutely continuous with respect
to Plj ® sz . Then according to Proposition 2 of [18], (71) implies that there exist measurable
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Idfl

functions @ ; and A ; defined respectively, on and /, such that c*u-a.e. on A:

log(c*)) = ®;(uj) + Aju;).

As p-ae. ¢* > 0, this equality holds p-a.e. on S. Since we have such a representation for every
1 < j <d, we can easily verify that log(c*(u)) = Z?:l Ai(u;) p-ae. with Aj = Aj up to an
additive constant. O

6.6. Proof of Proposition 4.6

Let 8 € D°. Recall that u©S denotes the ordered vector of u € R?. Let ¢ be the density of a sym-
metric copula in R4 such that A(c) = b% and ¢ is of product form, that is, thanks to Corollary 6.8,
c(u) = c*(u®) with

d
1
C*(u)=alL,;(u)]_[a?(ui), u=(ui,...,uq) €A,
i=1

where al.*, 1 <i < d are measurable non-negative functions defined on /. In this section, we
shall prove that ¢ equals cs defined by (44); that is, for all 1 <i <d, a;k is a.e. equal, up to a
multiplicative constant, to a; defined in (45). This will prove Proposition 4.6.

Recall the definitions of gi(J ), m?’ ), dl.(] ) from Section 4, for 1 <i <d + 1. We deduce from
(43) that:

d
1
@) = 1, 0 [ Taf unlysngy @, u=u, . up) €.

i=1

We deduce also from Lemma 6.9 that A" (¢*) = §. We introduce the following family of func-
tions:

B  (1)=Ej@1) =1,
andforl <i <d,t¢€ (gl.(j), di(j)) andt' € (gl.(i)] , di('jr)]):

0 Y
B (1) =/ aj(s)B}',(s)ds, Ei*(t’) = /(j) a’(s)E;_|(s)ds.
' 3

i+1

Recall the functions B;, for 1 <i <d + 1, and E;, for 0 <i < d defined by (61) and (63). We
will prove by (downward) inductionon i € {1,...,d + 1} that:

Bi(t) = B{"(mgj))Bi (1), re (85”& di(j))' 74)

For i =d + 1, it trivially holds. Let us assume that (74) holds for i + 1, d > i > 1. Recall the
convention K411 =0, 8441y = 0 and 89y = 1. Arguing as in the proof of Lemma 6.4, we deduce
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from Al (c*) = 8 that for r € U?:

8iy(r) = d!/d () Luy <rypu(du)
I

d
:d!/ld C*("‘)l{u(m)fr}/’“(d”)+AlLa(”)]l_[l(aj(”j)lwﬁmwa(”j))l{uifrfuiﬂ}d”

=8G+1)(r) + B (N E} (r).
This gives on \Illfs :
8y — 8+ = B4 Ef (75)
Notice (75) holds for i = d thanks to the conventions. We get on \I/f :
@~ 81y = —Kip1Bi Ef + Bl @l Ef = =8y, + B 6] E[,

where we took the derivative in (75), twice the induction hypothesis for B "1 and (62) for the
first equality; then (46) and (75) for the second. We deduce that on lI/l‘S

5(,) =B/ 4] E]"_ (76)
On \IJ;S, we can divide (76) by (75) and get, thanks to (46):

/

Bi* IRIEE N

Notice that (B)' = —a Bl.*Jrl . So using the representation (62) of B;, we get that (74) holds for i.
Thus (74) holds for 1 <i < d + 1. Then use (74) as well as (B})' = —a B 1 and B = —a;Bi1

to get that for r € (gl.(j), dl.(j)) N (g(k) d(k)l)

i+1°
Bg<( )
a;k(t) k) i(t)'
B (m )
Therefore if u = (uy, ..., ug) € L®, we have:
B (m1)

d d
[ [ar @) = my Ha: (@),
i=1

B;+1 (ma

since when u € Ls, u;—1) and u ;) belong to the same interval (gl.(j), di(j)) for2 <i <d. This en-
sures that ¢s and c* are densities of probability function which differ by a multiplicative constant,
therefore they are equal. This ends the proof of Proposition 4.6.
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6.7. Proof of case (a) for Theorems 4.7 and 5.4

We first consider the case d = 2. Let § € D° with J(8) = 4+o00. Recall J(8) is defined by (15). We
have:

I6)=— /1 812, (1)og(2(t — 80 (1)) di
=—log(2) — /Ilog(t — 8 (1)) dr + /I(l — 8(y) (1)) log(r — 82)(1)) dt
=—log(2) — /Ilog(t — 38y ()dt + [(t — 82)(1)) log(t — 82y (1)) — (t — 82 (t))](l)
= —log(2) — /1 log(t — 82)(1)) dt,

where we used §(1y + 8(2) = 2t for the first equality, 6(2)(1) = 1 and 82y (0) = O for the second and
last. In particular, we obtain that J(§) is equal to —log(2) + J (8(2)), with J as also defined by
(1) in [6]. Therefore, we deduce case (a) of Theorem 4.7 (for d = 2) from case (a) of Theorem 2.4
in [6]. Then, we get from (14) and Theorem 4.7 case (a) that H,(F) = —oo for all F € Egs (F).
This proves case (a) for Theorem 5.4 (for d = 2).

We then consider the case d > 2. Let § € D° with J(§) = +o0. This implies that there exists
2 <i <d such that fl 521-) )] 10g(5(1_1)(l‘) - 5(,’)(1‘))| dt =+400. Set F = (5(,'_1), 5(,’)) and notice
that F belongs to JF, as d(;) is d-Lipschitz. Since fl (Séi)(t)| log(8¢i—1)(t) — 8¢y (1))| dt = 400, we
deduce from the first part of this Section that max L£95(F) Hy,(F) = —o0.

Consider a copula C belonging to Cs N C%Y™ and U a random vector on /¢ with c.d.f. C.
According to Lemma 3.21 and Lemma 3.3, as C is symmetric, we have:

H(UOS) = H(U) —log(d!) = H(C) — log(d").

It is easy to check that if X = (Xy,..., X4) is a random vector on I and 2 <1i <d, then we
have H((X;—1, X;)) > H(X). This implies that, for V = (U?S, U?®),

H(V)> H(C) —log(d!).

Since the c.d.f. of UES is §(¢) as C € Cs, we deduce the c.d.f. of V belongs to E?S (F), and thus
H (V) = —oo. This implies that H(C) = —oo. Thanks to Proposition 6.6 which states that the
entropy is maximal on symmetric copulas, we deduce that:

max H(C)= max H(C)=—o0.
CeCs CeCsnCsym

This proves cases (a) for Theorem 4.7. Then, we get from (14) that H,(F) = —oo for all F €
Eg)s (F). This proves case (a) for Theorem 5.4.
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6.8. Proof of Theorem 4.7, case (b)

Let § € D with J(8) < +o00. Thanks to Lemma 3.16, J(§) < +oo implies that § € DO. By con-
struction, c¢s introduced in Proposition 4.5 verifies u-a.e. ¢ > 0. The density c; is a feasible
solution to the problem (P;i). Theorem 6.10 ensures the existence of a unique optimal solution
¢*. Furthermore, by Lemma 6.11, we have that there exist non-negative, measurable functions
af, 1 <i <d, such that c*(u) = (1/d")1;(u) ]_[le a’(u;) jr-a.e. By Corollary 6.8, the optimal
solution ¢ of (P?%) is given by, for u = (uy, ..., uq):

d
1
c(u) = c*(uos)lzgma (u) = Eng(M) l_[af(“(i))l{sgi)(u(i))¢0}-

i=1

Since c¢ is of product form, Proposition 4.6 yields that ¢ = c¢; a.e., therefore Cs is the unique
copula achieving H (Cs) = maxcecy H(C).

7. Overview of the notations

— JFg: set of continuous one-dimensional marginal c.d.f.s F = (Fy, ..., Fy) of d-dimensional
order statistics, see (10).
- fg: set of continuous one-dimensional marginal c.d.f.s F = (Fy, ..., F;) of d-dimensional

abs. cont. order statistics, see Definition 3.17.

— Hj(F): the relative entropy (with respect to the reference probability density 4) of the
random variable corresponding to the c.d.f. F, see (13).

- H(inz Hy(F) when h =1j0,1] and F is the c.d.f. of a random variable taking values in
[0, 1]¢.

— J(F): the quantity appearing in the expression of the entropy of the maximum entropy dis-
tribution of order statistics with marginal c.d.f.s F € Fy, see (15).

— Lg: set of c.d.f.s on R¢ with continuous one-dimensional marginal c.d.f.s.

- ﬁg: set of absolutely continuous c.d.f.s on R¢.

- Egs: set of c.d.f.s of d-dimensional order statistics with continuous one dimensional

marginal c.d.f.s.

ESS (F): set of c.d.f.s of d-dimensional order statistics with marginal c.d.f.s F, see (11).

C;ym: set of symmetric c.d.f.s on R? with continuous one-dimensional marginal c.d.f.s.

— FS™: the symmetrization of the c.d.f. F, see (16).

— Sp: symmetrizing operator on copulas, associated to the marginal c.d.f.s F, see Defini-

tion 3.1.

C: set of all copulas.

— (Y set of absolutely continuous copulas.

— COS(F): set of copulas of order statistics with marginal c.d.f.s F, see (12).

— CS™: set of symmetric (permutation invariant) copulas.

— C™(F): image of the set COS(F) by the operator S, see (19). It is the set of symmetric
copulas with multidiagonal 8.

— Cs: set of copulas with multidiagonal §, see Section 3.2.
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Cg: set of abs. cont. copulas with multidiagonal §, see Section 3.2.

D: set of multidiagonals of copulas, see Section 3.2.

DO: set of multidiagonals of abs. cont. copulas, see Section 3.2.

\I’iF: set of points ¢ € R for which the marginal c.df.s F = (Fy,...,Fy) verify F;_{(t) >
Fj(1), see (29).

T¥: set of points u = (u1, ..., ug) € 14 for which F{ '(u1) < --- < F; ' (ua), see (33). The
density of all copulas in COS (F) vanishes outside TF.
LF: set of ordered vectors x € R? such that the marginal c.d.f.s F = (Fyq,...,Fy) verify

Fi_1(t) > F;() forallt € (x;_1,x;),2 <i <d, see (51). The density of any abs. cont. c.d.f.
in LdOS (F) vanishes outside LF.

Ls: set of points u = (uy,...,uq) € 1% for which all points t € (u(;—1),ug)) verify
8i—1)(t) > 8¢;)(¢) for all 2 <i < d, see (40). The density of any copula in Cg vanishes
outside Lg.

Zs:setof points u = (uy,...,ug) € 14 such that (Szi)(u(i)) =0 forsome 1 <i <d, see (38).
The density of any copula in C((s) vanishes on Z;.
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