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This paper presents a novel algorithm, the particle-based, rapid incremental smoother (PaRIS), for efficient
online approximation of smoothed expectations of additive state functionals in general hidden Markov mod-
els. The algorithm, which has a linear computational complexity under weak assumptions and very limited
memory requirements, is furnished with a number of convergence results, including a central limit theorem.
An interesting feature of PaRIS, which samples on-the-fly from the retrospective dynamics induced by the
particle filter, is that it requires two or more backward draws per particle in order to cope with degeneracy
of the sampled trajectories and to stay numerically stable in the long run with an asymptotic variance that
grows only linearly with time.
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1. Introduction

This paper deals with the problem of state estimation in general state-space hidden Markov
models (HMMs) using sequential Monte Carlo (SMC) methods (also known as particle filters),
and presents a novel online algorithm for the computation of smoothed expectations of additive
state functionals in models of this sort. The algorithm, which copes with the well-known problem
of particle ancestral path degeneracy at a computational complexity that is only /inear in the
number of particles, is provided with a rigorous theoretical analysis establishing its convergence
and long-term stability as well as a simulation study illustrating its computational efficiency.

Given measurable spaces (X, X) and (Y,)), an HMM is a bivariate stochastic process
{(X:, Y1) }ren (where ¢ will often be referred to as “time” without being necessarily a temporal
index) taking its values in the product space (X x Y, X ® ))), where the X-valued marginal pro-
cess {X;}reN 1s @ Markov chain (often referred to as the state sequence) which is only partially
observed through the Y-valued observation process {Y;};cn. Conditionally on the unobserved
state sequence {X;};cN, the observations are assumed to be independent and such that the condi-
tional distribution of each Y; depends on the corresponding state X; only. HMMs are nowadays
used within a large variety of scientific and engineering disciplines such as econometrics [6],
speech recognition [36] and computational biology [27] (the more than 360 references in [2] for
the period 1989-2000 gives an idea of the applicability of these models).
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Any kind of statistical inference in HMMs involves typically the computation of conditional
distributions of unobserved states given observations. Of particular interest are the sequences of
filter distributions, that is, the conditional distributions of X, given Yy, := (Yo, ..., Y;) (this will
be our generic notation for vectors), and smoothing distributions, that is, the joint conditional
distributions of Xo., given Yo, for + € N. We will denote these distributions by ¢; and ¢o,
respectively (precise definitions of these measures are given in Section 2.2). In this paper, we are
focusing on the problem of computing, recursively in time, smoothed expectations

¢0:t|tht Z/ht(x0:1)¢0:t|t(dx0:t) (t eN), (L.1)

for additive functionals /4, of form

t—1

hi(xo0) = he(xeen))  (xor €XT). (12)
£=0

Expectations of the form (1.1) appear naturally in the context of parameter estimation using the
maximum-likelihood method, for example, when computing the score-function (the gradient of
the log-likelihood function) via the Fisher identity or when computing the intermediate quantity
of the expectation-maximization (EM) algorithm. Of particular relevance is the situation where
the HMM belongs to an exponential family. We refer to [5], Sections 10 and 11, for a compre-
hensive treatment of these matters. Moreover, online implementations of EM (see, e.g., [3,29])
require typically such smoothed expectations to be computed in an online fashion. In the case
of marginal smoothing, the interest lies in computing conditional expectations of some state X;
given Yy, for z > §, which can be cast into our framework by letting, in (1.2), h ¢ =0for ¢ # § and
h; (X5:541) = h; (x;). Nevertheless, since exact computation of smoothed expectations is possible
only in the cases of linear Gaussian HMMs or HMMs with finite state space, we are in general
referred to finding approximations of these quantities, and the present paper focuses on the use of
SMC-based techniques for this task. A particle filter approximates the flow {¢;};cn of filter dis-
tributions by a sequence of occupation measures associated with samples {(¢/, a)ﬁ)}lN: 1t €N, of
random draws, particles (the S} ’s), with associated non-negative importance weights (the a)f’s).
Particle filters revolve around two operations: a selection step duplicating/discarding particles
with large/small importance weights, respectively, and a mutation step evolving randomly the
selected particles in the state space. The first and most basic implementation, the so-called boot-
strap particle filter [21] (see also [25]), propagates, in the mutation step, the particles according
to the dynamics of the hidden Markov chain and selects the same multinomially according to
importance weights proportional to the local likelihood of each particle given the current obser-
vation. This scheme imposes a dynamics of the particle cloud that resembles closely that of the
filter distribution flow. Due to its very strong potential to solve non-linear/non-Gaussian filtering
problems, SMC methods have been subject to extensive research during the last two decades, re-
sulting in a broad range of developments and variations of the original scheme; see, for example,
[4,5,15,17] and the references therein.

Interestingly, the particle filter provides, as a by-product, approximations also of the joint
smoothing distributions in the sense that for each ¢ € N, the occupation measure associated with
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the ancestral lines of the particles {&/ }1N= | forms, when the lines are assigned the corresponding

weights {a)i }1N= |» an estimate of ¢, ;. Unfortunately, this poor man’s smoother (using the termi-
nology of [14]) has a major flaw in that resampling systematically the particles leads to signifi-
cant depletion of the trajectories and the existence of a random time before which all the ancestor
paths coincide. In fact, [24] established, in the case of a compact state space X, a bound on the
expected height of the “crown” of the ancestral tree, that is, the expected time distance from the
last generation back to the most recent common ancestor, which is proportional to N log(N) and
uniform in time. Thus, the ratio of the length of the “crown” to that of the “trunk™ tends to zero
when time increases, implying that the Monte Carlo approximation obtained through this naive
approach will, for long observation records, be based on practically a single draw, leading to a
severely depleted estimator.

Haplessly, the particle path degeneracy implies that the variance of estimates produced using
the poor man’s smoother grows guadratically with ¢. To illustrate this phenomenon, let n and A
be a probability measure and a measurable function, respectively, on some state space (X, X),
and consider the problem of estimating expectations m; = f R (x1.0)n® (dx1.), where i, (x1.) =
S h(xs) and n® =y ®---®n (¢ times) denotes the product measure on (X', XY®’). Assume
that o2 = Var, (h) = f {h(x) — m1}*n(dx) < oo. For this purpose, we consider two different
approaches, namely

(1) The standard Monte Carlo approach, which generates a sample {éf:t}lNz | of i.i.d. random

variables from n®’ and provides the estimator mN = ZlN: 1 h,(éf:t) /N. The estimator n%{v
is unbiased for all N and has, straightforwardly, the variance 6,N =o2t /N, which is linear
inz.

(2) A selection and sampling approach with genealogical tracing, which resembles closely the

poor man’s smoother and proceeds recursively as follows: given a sample {é i . lN: | of ran-
dom variables such that the estimator m ;V = Z,N=1 hy (él’ .s)/ N approximates m, (i) draw
a set {I"}ZN=1 of i.i.d. indices from the uniform distribution on {1, 2, ..., N}, (ii) draw a
set {§s+1}lN=] of i.i.d. variables from n and (iii) set éf:sﬂ = (51’;, §£+]). In other words,

at each step of this procedure, each draw él’ 541 1s formed by selecting an ancestor with

uniform probability among {éf:s ,Nz | and extending the same by a draw from . The proce-
dure, which is initialized by letting {éf}f\’: | be i.i.d. draws from 7, is repeated recursively
for s € {1,2,...,t — 1}. For each s, the estimator rhﬁv is unbiased w.r.t. m, for all N.

Moreover, the variance can be shown to satisfy the recursion

) 1 v 1 1 2 ) 1
O'S+1’N:Nvarn®(s'+l)(hs+l)+0's’/v 1_N :NO’ (S+1)+O'S’N 1_ﬁ (13)

(with 67 \, = 0%/ N) implying that

1 t 1 t—s
63N=02N2s<1—ﬁ) ) (1.4)
s=1

When N tends to infinity, the sum in (1.4) tends to a quadratic function in ¢; indeed, en-
tering the asymptotic regime, the normalized estimator can be shown to satisfy the central
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limit theorem (CLT)
IN@Y —m) 2 6,002,

where Z has standard Gaussian distribution and the asymptotic variance

GZ,OO 2

t

Z t(t+1
52 :O‘z s:o‘zg

s=1

is indeed quadratic in ¢.

As clear from (1.3), the quadratic variance growth of the second procedure comes from the fact
that the multinomial selection step adds, at iteration s, when followed by the subsequent sam-
pling step, an O(s) variance term equal to the variance of the state functional under the target
distribution restricted to the first s 4+ 1 components of the path space. As the same principle
applies generally to path-space applications of the standard SMC method with multinomial re-
sampling (see [12], Theorem 4, for a single-step analysis in the general case and treatments of
alternative resampling strategies), this toy example pinpoints the crux of the poor man’s smoother
from a variance point of view; see also [35] for a discussion. On the contrary, as the components
of the target measure n®’ are independent in this simple model, the naive Monte Carlo sam-
pler in Procedure 1, where the draws do not interact, attains the optimal linear variance growth.
However, this does not hold in the general case, involving typically dependent components and
non-uniform particle weights, where particle interaction is crucial for preserving the numerical
stability of the algorithm.

1.1. Previous work

In the case of additive state functionals, it is possible to cope partly with the degeneracy problem
described above by means of a fixed-lag smoothing technique [26,30,32]. This approach avoids
the particle path degeneracy by “localizing” the smoothing of a certain state around observations
that are only significantly statistically dependent of the state in question and discarding remote
and weakly influential observations, that is, subsequent observations located at a time distance
from the state exceeding a lag chosen by the user. The method is expected to work well if the
mixing properties of the model allow the lag to be smaller than the length of the “crown” of the
ancestral tree. Still, such truncation introduces a mixing-dependent bias, and designing the size
of the lag is thus a non-trivial task.

A completely different way of approaching the problem goes via the so-called forward-
filtering backward-smoothing decomposition, which is based on the fact that the latent process
still satisfies the Markov property when evolving backward in time and conditionally on the ob-
servations. Consequently, each smoothing measure ¢ can be represented as the joint law of
this inhomogeneous backward chain with initial distribution given by the corresponding filter
¢;. Since the transition kernels of the backward chain depend on the filter distributions, which
may be estimated efficiently by a particle filter, a particle-based approximation of the smoothing
distribution can thus be naturally obtained by running, in a prefatory filtering pass, the parti-
cle filter up to time ¢ (if ¢, is the distribution of interest) and, in a backward pass, forming
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particle-based estimates of the backward kernels (and consequently the smoothing distribution)
by modifying the particle weights computed in the forward pass. This scheme, which avoids
completely the path degeneracy problem at the cost of a rather significant computational com-
plexity, is referred to as the forward-filtering backward smoothing (FFBSm) algorithm [16,23,
25]. As an alternative, the forward-filtering backward simulation (FFBSi) algorithm [20] gener-
ates, in order to reduce the computational overhead of FFBSm, trajectories being approximately
distributed according to the smoothing distribution by simulating transitions according to the
backward dynamics induced by the particle filter approximations produced by the forward pass;
as a consequence, FFBSm can be viewed as a Rao—Blackwellized version of FFBSi. These two
algorithms correspond directly to the Rauch—Tung—Striebel smoother [37] for linear Gaussian
HMMs or the Baum—Welch algorithm [1] for HMMs with finite state space. FFBSm and FFBSi
were analyzed theoretically in [11] (see also [9]), which provides exponential concentration in-
equalities as well as CLTs for these algorithms. Since each backward draw of FFBSi requires a
normalizing constant with N terms to be computed, the overall complexity of the algorithm is
O(N?). Under the mild assumption that the transition density of the latent chain is uniformly
bounded, this complexity can be reduced to O(N) by means of simple accept-reject approach.
The latter technique, which was found in [11], will play a key role also in the development of
the present paper. Since the Markov transition kernels of the backward chain depend on the filter
distributions, the FFBSm and FFBSi algorithms require in general batch mode processing of the
observations. This is the case also for the O(N) smoother proposed in [19], which is based on
the two-filter representation of each marginal smoothing distribution.

When the objective consists in online smoothing of additive state functionals (1.2), recursive
approximation of the forward-filtering backward-smoothing decomposition can be achieved by
introducing the auxiliary statistics

Tih(x) = E[ht(XO:t) | Xy = x4, Yo:z] (teN,x; € X),

where [E denotes expectation associated with the law of the canonical version of the HMM (more
precisely, in the previous expression T, is a normalized transition kernel which will be defined
in Section 2.2). This auxiliary statistic can be updated online according to

Tr1hi1 (1) = E[Tohy (X)) + e (X, Xe1) | Xe1 = Xeg1, You |

(t eN,x41 €X);

(1.5)

see [3,9,29]. In this recursive formula, the expectation is taken under the backward kernel de-
scribing the conditional distribution of X, given X;;+; and Yp.. On the basis of the auxiliary
statistics, each smoothed additive functional may be computed as

G0y = / T G)d(dy) (€.

Following [9], a particle representation of the recursion (1.5) is naturally formed using the esti-
mates of the retrospective dynamics provided by the FFBSm algorithm. Interestingly, this yields a
procedure that estimates, as new observations become available, the smoothing distribution flow
in a forward-only manner while avoiding completely any problems of particle path degeneracy.
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However, since the method requires the normalizations of the backward kernels to be computed
for each forward particle, the overall complexity of this algorithm is again O(N?), which is
unrealistic for large particle sample sizes.

1.2. Our approach

Our novel algorithm, which we will refer to as the particle-based, rapid incremental smoother
(PaRIS), is, similarly to the forward-only implementation of FFBSm proposed in [9], based on
(1.5) and can be viewed as an adaptation of the FFBSi algorithm to this recursion. It also shares
some similarities with the ancestor sampling approach within the framework of particle Gibbs
sampling [28]. Appealingly, we are able to adopt the accept-technique proposed by [11], yielding
a fast algorithm with O(N) complexity. PaRIS differs from the forward-only implementation of
FFBSm in the way the update (1.5) of the auxiliary function is implemented; more specifically,
instead of computing each subsequent auxiliary statistic as the expected sum of the previous
statistic and the incremental term under the retrospective dynamics induced by the particle filter,
PaRIS simulates N such sums using the backward kernel and updates each statistic by taking
the sample mean of these draws. Thus, as for the FFBSi algorithm, forward-only FFBSm can
be viewed as a Rao-Blackwellization of PaRIS. Interestingly, the design of the sample size N is
ultimately critical, as the naive choice N = 1 leads to a degeneracy phenomenon that resembles
closely that of the Poor man’s smoother and, consequently, a variance that grows quadratically
with ¢; on the other hand, for all N > 2 the algorithm stays numerically stable in the long run
with a linearly increasing variance. The main objective of the present paper is to investigate theo-
retically this phase transition by, first, deriving, via a non-asymptotic Hoeffding-type inequality,
the asymptotic (as N tends to infinity) variance of the Monte Carlo estimates produced by the
algorithm (which is highly non-trivial due to the complex dependence structures induced by the
backward simulation) and, second, verifying that this asymptotic variance is, for any N > 2,
of order O(t) and O(1) in the cases of joint smoothing and marginal smoothing, respectively.
The authors are not aware of any similar analysis in the SMC literature. The stability results are
obtained under strong mixing assumptions that are standard in the literature of SMC analysis
(see, e.g., [5,8,10]). Also the numerical performance of algorithm is investigated in a simulation
study, comprising a linear Gaussian state space model (for which any quantity of interest may be
computed exactly using the Rauch—-Tung—Striebel smoother) and a stochastic volatility model.

We finally point out that the PaRIS algorithm was outlined by us in the conference note [33]
without any theoretical support; in the present paper we are able to confirm, through a rigor-
ous theoretical analysis, the conjectures made in the note in question concerning the stability
properties of the algorithm.

To sum up, the smoothing algorithm we propose:

e is computationally very efficient and easy to implement,

e does not suffer from particle lineage degeneracy,

e allows the observed data of the HMM to be processed online with minimal memory require-
ments, and

e is furnished with rigorous theoretical results describing the convergence and numeric sta-
bility of the same.
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1.3. Outline

After having introduced some kernel notation, HMMs, and the smoothing problem in Section 2,
we describe carefully, in Section 2.3, particle filters, FFBSm (and its forward-only implemen-
tation), and FFBSi. Section 3.1 contains the derivation of our novel algorithm as well as some
discussion of the choice of the design parameter N. Our theoretical results are presented in
Section 3.2, including a Hoeffding-type inequality (Theorem 1) and a CLT (Theorem 3). Sec-
tion 3.2.3 is devoted to the numerical stability of PaRIS in the case N > 2. and Theorem 8 and
Theorem 9 provide variance bounds in the cases of joint and marginal smoothing, respectively.
In Section 4, we test numerically the algorithm and some conclusions are drawn in Section 5.
Finally, Appendix A and Appendix B provide all proofs and some technical results, respectively.

2. Preliminiaries

2.1. Notation

Before going into the details concerning HMMs and particle filters we introduce some nota-
tion. For any measurable space (X, X), where & is a countably generated o -algebra, we denote
by Fp (X)) the set of bounded X /B(R)-measurable functions on X. For any & € Fy(X), we let
lAlloo = supyex Ih(x)| and osc(h) := sup, ynex2 |h(x) — h(x")| denote the sup and oscillator
norms of &, respectively. Let M(X") be the set of o -finite measures on (X, X) and M1 (X)) C M(&X)
the probability measures. Given n € N, we will denote product sets and product o-fields by
Xt:=Xx--xXand X" :=X ®---® X (n times), respectively. For real numbers and integers,
we define the sets R, := [0, 00), R% :=(0,00), N:={0,1,2,...}, and N*:={1,2,3,...}. For
any quantities {ag}Z:m, we denote vectors as dp., := (@, - . ., ay) and for any (m, n) € N? such
that m < n we denote [m, n] :={m,m + 1, ..., n}. The cardinality of a set S is denoted by #S.

An unnormalized transition kernel K from (X, X) to (Y, ))) induces two integral operators,
one acting on functions and the other on measures. More specifically, let 4 € F,(X ® )) and
v € M(X), and define the measurable function

Kh:XaxH/h(x,y)K(x,dy),
and the measure
vK:yBAH/K(x,A)U(dx),

whenever these quantities are well-defined. Moreover, let K be defined as above and let L be
another unnormalized transition kernel from (Y, ))) to a third measurable space (Z, Z); we then
define two different products of K and L, namely

KL: XX Z35x,A) /K(x, dy)L(y, A)
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and
KQL:Xx (YV®Z)> (x,A)r—)/JlA(y,Z)K(deY)L(y’dZ),

whenever these are well-defined. Note that the previous products form new transition kernels
from (X, X) to (Z, Z) and from (X, X) to (Y x Z, Y ® Z), respectively. We also define the ®-
product of a kernel K and a measure v € M(X') as the new measure

VRIK: X®YsA— /]lA(x, VK(x, dy)v(dx).

The concept of reverse kernels will be of importance in the coming developments. For a kernel
K from (X, X) to (Y, )) and a probability measure n € M (X'), the reverse kernel fn associated
with (n, K) is a transition kernel from (Y, V) to (X, X’) satisfying, for all 4 € Fp(X ® )),

@ Kh=K) ® K, h.

A reverse kernel does not always exist; however, if K has a transition density « with respect to
some reference measure in M(})’), then ﬁ,, exists and is given by

_ [h@kE, x)n(db)
Kyhtr) = (&, x)n(d) (h € Fp(X), x €X) 2.1)

(see [5], Section 2.1, for details).
Finally, for any kernel K and any bounded measurable function & we write K24 := (Kh)? and
Kh? := K(h?). Similar notation will be used for measures.

2.2. Hidden Markov models

Let (X, &) and (Y, )) be some measurable spaces, Q: X x X — [0, 1] and G: X x Y — [0, 1]
some Markov transition kernels, and y € M;(X). We define an HMM as the canonical version
of the bivariate Markov chain {(X;, Y;)};en having transition kernel

XxYx(X®y):((x,y),A)|—>Q®G(x,A) (2.2)

and initial distribution ¥ ® G. The state process {X;};en is assumed to be only partially ob-
served through the observations process {Y;};en. The dynamics (2.2) imply that (we refer to [5],
Section 2.2, for details)

(1) the state sequence {X;};en is a Markov chain with transition kernel Q and initial distribu-
tion x,

(ii) the observations are, conditionally on the states, independent and such that the conditional
distribution of each Y; depends on the corresponding X, only and is given by the emission
distribution G(X;, -).
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We will throughout the paper assume that G admits a density g (referred to as the emission
density) with respect to some reference measure v € M())), that is,

Gh(x) = /h(y)g(x, yvdy)  (xeX heFp))).

In the following, we assume that we are given a distinguished sequence {y; };cN of observations
of {Y;};en, and will in general omit the dependence on these observations from the notation.
Thus, define g, (x) := g(x, y;), x € X. For any (s, s’, 1) € N3 such that 0 < s < s’ <t we denote
by ¢s.s|; the conditional distribution (posterior) of X;., given the observations Y., = yo. . This
distribution may be expressed as

[ [ ) 80(i0) x (dxo) TTimg gea1 (e 1)Q(xe, dxer)
[+ [ go(xo)x (dx0) [Tog ge+1 (ke 1)Qxe, dxet1)
(h c Fb(XS/_SH))

¢s:s/\th =

(2.3)

(assuming that the denominator is non-zero). If s = s’ = ¢, we let ¢, be shorthand for ¢y, that s,
the filter distribution at time 7. If s = 0 and s’ =1, then ¢, is the joint smoothing distribution.
For t € N, define the unnormalized transition kernels

Lia(x) :=Q(gry1h)(x)  (x € X, h € Fy(X)),

with the convention that Ly, = id whenever s > ¢. In addition, we let L_; be the Boltzmann
multiplicative operator associated with gg, that is, L_1h(x) = go(x)h(x) for all 1 € F,(X) and
x € X. By combining this notation with (2.3), we may express each filter distribution as

L_---L_
¢[ — u (t c N),
xL_p--- Ly 1x
which implies immediately the filter recursion
¢ Ly
= teN). 24
Gr+1 S LIy ( ) 24

In the following, we will often deal with sums and products of functions with possibly different
arguments. Since these functions will be defined on products of X, we will, when needed, with
a slight abuse of notation, let subscripts define the domain and the values of such sums and
p~roducts. For instance, ﬁﬁ X2x: > fy (x,)f,(x,) while f; +ﬁ+1 X2 3 (%, Xt+1) > fr(xe)+
Ser1(xeg1)-

We will for simplicity assume that the HMM is fully dominated, that is, that also Q admits a
transition density g with respect to some reference measure p € M(&X'). In this case, the reverse
kernel 6,] of Q with respect to any 1 € M (X) is well-defined and specified by (2.1) (with k =
g). It may be shown (see, e.g., [5], Proposition 3.3.6) that the state process has still the Markov
property when evolving conditionally on Yy.; = y¢., in the time-reversed direction; moreover, the
distribution of X given X1 and Yy.; = yo. is, for any s < ¢, given by 6%, which is referred to
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as the backward kernel at time s. Consequently, we may express each joint smoothing distribution
¢0:t|t as

b0t = ¢ Ty, 2.5)
where we have defined the kernels

T, := { 6@,, ® 6@,2 Q- ® 6,;)0 for t € N¥,
id forr =0

(which were also introduced in (1.5)).

As discussed in the Introduction, the aim of this paper is, given a sequence {ilt}zeN of terms,
to estimate the sequence {¢o:|:h}sen, Where each h; is given by (1.2). By convention, hg =
0 (implying, e.g., that Toho = 0). Using (2.5), each quantity of interest may be expressed as
¢ Tihy = ¢o:1ehe . In addition, note that {T, A, },en may be expressed recursively as

Tiihir1 = Qg, (Tihe +hy), (2.6)

a formula that will play a key role in the coming developments.
Finally, define, for (s,?) € N2 such that s <1, the retro-prospective kernels

Ds,th(xs) = // h(x0.)Ts(xs, dxo.s—1)Ls - - - Ly—1 (x5, dxs—i—l:t)a
D h(xy) i= Dy (h — g0 h)(x5) (x5 € X, h € Fp (X))

operating simultaneously in the backward and forward directions. Note that the only difference
between D; ; and Dy ; is that the latter is centralized around the joint smoothing distribution.

2.3. Particle-based smoothing in HMMs

2.3.1. The bootstrap particle filter

In the following, we assume that all random variables are defined on a common probability space
(2, F,P). The bootstrap particle filter updates sequentially in time a set of particles and asso-
ciated weights in order to approximate the filter distribution flow {¢,};cn given the sequence
{y:}ren of observations. Assume that we have at hand a particle sample {(a)i, Et[)}fvz | approxi-
mating the filter distribution ¢; in the sense that for all & € Fp(X),

N i -\ N—>oo
¢§thzg_’th(g;) N2 i, 2.7)
i=1

i
t+1°
! +1)}1N= | targeting the subsequent filter ¢;41, we simply plug in the approximation qb,N into the

filter recursion (2.4), yielding the approximation of ¢,; by a mixture distribution proportional

where €2; := ZlNzl a)§ denotes the weight sum. To form a weighted particle sample {(w
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Algorithm 1 Bootstrap particle filter

Require: A weighted particle sample {(&/, 0!)}, targeting ¢;.
1. fori=1— N do

_ P ON .
2: I/ ~Pr({o; }E:l.)’

. I
3: draw &, | ~ Q&)
4 set oy | < gr1(5/,1);
5: end for
6: return {($;+1,w§+1)}fv=1-

to ZlNzl a)ﬁL, (g;', -), and aim at updating the particle cloud by sampling from this mixture. How-
ever, since L, is generally intractable, we augment the space by the index i and apply importance
sampling from the extended distribution proportional to wiLt (Eti ,-) using the distribution pro-
portional to a)iQ(é}, -) as instrumental distribution. This yields a sampling schedule comprising
two operations: selection and mutation. In the selection step, a set {/ t’ 1) lN: , of indices are drawn
multinomially according to probabilities proportional to {a)ﬁ}lN= |- After this, the mutation step
propagates the particles forward according to the dynamics of the state process and assigns the
mutated particles importance weights given by the emission density, that is, for all i € [1, N],

. It
étl-q-l ~ Q(‘%—IH—I ’ ')7
C“f+1 = gt+1(5ti+1)'

The algorithm, which is the standard bootstrap particle filter presented in [21], is initialized by
drawing {‘g“é}lN:l ~ x®N and letting a)6 = go(éé) for all i € [1, N]. In this basic scheme, which
is summarized in Algorithm 1, the information provided by the most current observation y;1|
enters the algorithm via the importance weights only. However, instead of moving the particles
“blindly” according to the latent dynamics Q, it is, in order to direct the particle swarm toward
regions of the state space with large posterior probability, possible to increase the influence of the
last observation on the mutation moves as well as the selection mechanism step via the frame-
work of auxiliary particle filters [34]. Even though all the results of the present paper can be
extended straightforwardly to auxiliary particle filters, we have chosen to limit the presentation
to bootstrap-type particle filters only for clarity.

In Algorithm 1, Pr({wf} éV:l) denotes the categorical distribution induced by the probabilities

{wf / Q,}é\; 1- We will express Algorithm 1 in a compact form by writing

(3 [ [ N [ [ N 2
{E- o) finy) < PR({(E - @) }iz))™
2.3.2. Forward-filtering backward-smoothing (FFBSm)

As discussed in Introduction, the bootstrap filter may also be used for smoothing, as the weighted
occupation measures associated with the genealogical trees of the particle samples generated by
the algorithm form consistent estimates of the joint smoothing distributions. A way of detouring
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the particle path degeneracy of this poor man’s smoother goes via the backward decomposi-
tion (2.5), granted that we are able to approximate each kernel 6% , s € N. However, consider-
ing instead the reverse kernel associated with the particle filter ¢§V , yields, via (2.1), the particle
approximations

N i (g
Q)= 246 i x €X, h € Fp(X)). 2.8)
. ; Yol wfq &L x) &) #D)

FFBSm consists in simply inserting these approximations into (2.5), that is, approximating, for
h € Fo(X™1), oy)ih by

. (Gt D N W
=3 (11 DY e

N sl
io=1  i;=1 \s=0 Zl:lwsq(ss’gﬁ—l

For general objective functions #, this occupation measure is impractical as the cardinality of
its support grows geometrically fast with time. In the case where the objective function # is of
additive form (1.2), the computational complexity is still quadratic, since computation of the
normalizing constants Zévzl wtq(&f, si+1) is required for all i € [1, N] and s € [0, t — 1]. Con-
sequently, FFBSm is a computationally intensive approach.

2.3.3. Forward-only implementation of FFBSm

Appealingly, as noted by [9], in the case of additive state functionals the sequence {d)lN hilren
can be computed on-the-fly as t increases on the basis of the recursion (2.6). More specifically,
plugging the estimates (2.8) into the recursion in question yields particle approximations {z; }1N= |
of the statistics {T;h ,(S,i)}f\': | evaluated at the particle locations. After initializing fé =0 for all
i € [1, N], these approximations may, when new observations become available, be updated by
first evolving the particle filter sample one step and then setting

N Joced gi
~ w;q &, t+1) 5 RS B
=) — & +h (5 EL)) e, (2.10)

=1 Zy:l”f‘l@f»%fﬂ)

yielding
N i
! _.
¢(1)\:/t|thf = 527; 2.11)

i=1

as an estimate of ¢q.,|,/1;. Note that (2.11) provides a particle interpretation of the backward de-
composition (2.5). Besides allowing for online processing of the data, the algorithm has also the
appealing property that only the current statistics {fti lN: , and particle sample {(Sf, wf)}f\': | need
to be stored in the memory. Still, the complexity of the scheme is O (N?) due to the computation

of the normalizing constants of the backward kernel induced by the particle filter.
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2.3.4. Forward-filtering backward-simulation (FFBSi)

In order to remedy the high computational complexity of FFBSm, FFBSi generates trajectories
on the index space [1, N]"*! by simulating repeatedly a time-reversed, inhomogeneous Markov
chain {J }§=0 with transition probabilities

AV Gy wlq& . &)

YN wlqEl g ) (i pelor=1]x[LNP) @12
=11 s Ss+1

aYy

and initial distribution (i.e., distribution at time ) Pr({a),j } ; ). Given {js}i=o’ an approximate

draw from the joint smoothing distribution is formed by the random vector (gof o, IJ’). Con-
sequently, the uniformly weighted occupation measure associated with a set of conditionally
independent such draws provides a finite-dimensional approximation of the smoothing distribu-
tion ¢o./|;; see [20]. In this basic formulation of FFBSi, the backward sampling pass requires
the normalizing constants of the particle-based backward kernels to be computed, and hence the
algorithm suffers from a quadratic complexity. On the other hand, on the contrary to FFBSm, this
complexity is the same for all types of objective functions (whereas FFBSm has quadratic com-
plexity only when applied to additive state functionals). However, following [11] it is, under the
assumption that there exists & € R” such that g (x, x’) <& forall (x,x") € X2 (an assumption that
is satisfied for most models of interest), possible to reduce the computational complexity of FF-
BSi by simulating the approximate backward kernel using the following accept-reject technique.
In order to sample from Pr({A Y (i, j)}?/:]) for givens € [0, — 1] and i € [1, N], a candidate J*
drawn from the proposal distribution Pr({w] }?’zl) is accepted with probability q(ésj " é‘f L/E
The procedure is repeated until acceptance; see Algorithm 3 for an efficient way of implementing
this approach. Under the additional assumption that the transition density is bounded also from
below (see Assumption 2 below) it can be shown (see [11], Proposition 2) that the computational
complexity of this accept-reject-based FFBSi algorithm is indeed linear (i.e., O(N)).

3. Main results

Requiring separate forward and backward processing of the data, the standard design of FFBSi
is not useful in online applications. We hence propose a novel algorithm which can be viewed
as a hybrid between the forward-only implementation of the FFBSm algorithm and the FFBSi
algorithm. In order to gain computational effort, it then replaces, in the spirit of FFBSi, exact
computation of (2.10) by a Monte Carlo estimate. The algorithm, which is presented in the next
section, is furnished with rigorous theoretical results concerning its convergence and numerical
stability in Section 3.2.

3.1. The particle-based, rapid incremental smoother (PaRIS)
Given estimates {t;}" , of the auxiliary statistics {T;h,(&/)}" | and a particle sample {(&/,

a);')}fv= | targeting the filter ¢, the algorithm updates the estimated auxiliary statistics by, first,
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Algorithm 2 Particle-based, rapid incremental smoother (PaRIS)

Require: Particles sample {(Sl , a),)}lN | targeting ¢, and estimated auxiliary statistics {‘L’l }N
1 run {(&] ), 0l DY < PF{(E, oD )):
2. fori =1— N do
3: for j=1— N do
draw J ) ~ Pr(folq &l &L DY)

end for
(l 7 @)

4
5
, 7 ,
6: Set 7, <N Z (T t'“ + Iy (g, L)
7: end for ‘ ‘

8: return {tt’Jrl}lN:1 and{(ét‘H,a);H)}fV:l.

propagating the particle cloud one step, yielding {(El L1 @ +1)}z |» second, drawing, for each
i € [1, N], conditionally independent and identically distributed indices {Jt(_u)} =1 where

N e N* is some given sample size referred to as the precision parameter, according to

SDEL ~Prar G o) L)®Y el ).

where the transition probabilities Afv are defined in (2.12), and third, letting

(l J) @.J)

N
R i ) et

Using the updated statistics {t, +1} AR

tained as Zl 1‘0; Ty Jrl/ Q;+1. As for FFBSm, the algorithm is initialized by setting ré =0
for i € [1, N]. The resulting smoother, which is summarized in Algorithm 2, allows for online
processing with constant memory requirements, as it requires only the current particle cloud and
estimated auxiliary statistics to be stored at each iteration. In addition, applying, in Step (4), the
accept—reject technique described in the previous section yields, for a given N, an algorithm with
linear complexity.

In the PaRIS scheme, the precision parameter N has to be set by the user. As shown in Sec-
tion 3.2, the algorithm is asymptotically consistent (as the particle sample size N tends to in-
finity) for any fixed N € N* (i.e., the precision parameter does not need to be increased with N
in order to guarantee consistency). Increasing the precision parameter increases the accuracy of
the algorithm at the cost of additional computational complexity. Importantly, there is a signif-
icant qualitative difference between the cases N=1and N > 2, and it turns out that the latter
is required to keep PaRIS numerically stable. This will be clear from the theoretical bounds on
the asymptotic variance obtained in Section 3.2 as well as from the numerical experiments in
Section 4.

In order to understand the fundamental difference between the cases N = 1 and N > 2, we
may use the backward indices to connect the particles of different generations. Hence, let, for all

an estimate of ¢o:ry1)r41hr+1 = Gr41Trr1hrq1 is ob-
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Figure 1. Genealogical traces corresponding to backward simulation in the PaRIS algorithm. Columns of
nodes refer to different particle populations (with N = 3) at different time points (with time increasing
rightward) and arrows indicate connections through the relation «--. Black-colored particles are included
in the support Sy of the final estimator, while gray-colored ones are inactive.

teNandie[1,N], 742 :=i and, forall s € [0, — 1] and js—1 € [1, N]'~,

Gds10—1) .
j(z 1) J(JHZ Js)
— Ys+l1

ln

and let us write “€ «-- £/ if there exists a sequence js;—1 of indices such that ¢ = \7;’,’”"’1).

Note that the support of the PaRIS estimator at time ¢ is given by S; := ]_[220 Ay C XL
where A, := (N (gL 1 8F e~ &} C {1}, (so that, since & «—- &/ forall i € [1, N], A, =
{5;5}2\/:1). When N = 1, the sequence {#A;}7° is non-decreasing, and #A;; =1 = #A,; =1
for all u € [0, s]. This implies a degeneracy phenomenon that resembles closely that of the poor
man’s smoother. On the contrary, in the case N > 2 it may well occur that #A, ; > #A; 41, also
when #A; ;11 = 1. The previous is, for N = 3 and ¢t = 4, illustrated graphically in Figure 1,
where columns of nodes represent particle clouds at different time steps (with time increasing
rightward) and arrows indicate connections through the relation «--. Black-colored particles are
included in the support Sy of the final estimator, while gray-colored ones are inactive. As clear
from Figure 1(a), setting N = 1 depletes quickly the support of the estimator, leading to a nu-
merically unstable algorithm. Figure 1(b) shows the same configuration as in (a), but with one
additional backward sample (i.e., N =2). In this case, the sequence {#A;, 4} _o is no longer non-
decreasing, and a high degree of depletion at some time points (such as s = 2) has merely local
effect of the support of the estimator. In the coming sections, the fact that PaRIS stays numeri-
cally stable for any fixed N > 2 is established theoretically as well as through simulations.

3.2. Theoretical results
The coming convergence analysis is driven by the following assumption.

Assumption 1.

(1) Forallt € N, the measure density g; € Fp(X) is a positive bounded measurable function.
(ii) The transition density q € Fp(X 2) is a bounded measurable function.
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Assumption 1(i) implies finiteness and positiveness of the particle weights; the boundedness
of the transition density g implied by Assumption 1(ii) allows, besides certain technical argu-
ments (formalized in Lemma 14) based on the generalized Lebesgue theorem, the accept-reject
sampling technique discussed in Section 2.3.4 to be used.

It turns out to be necessary to establish the convergence of PaRIS for a slightly more general
affine modification of the additive state functional (1.2) under consideration. More specifically,
we will verify that for all # € N and bounded measurable functions ( f;, f,) € Fp(X)2,
wi

5 L ED) + R ED) ST g (T fi + ), 3.1)

™M=

i=1

where {‘L’t }N , and {(El , a)l)}lN | are the output of Algorithm 2, in the senses of exponential con-
centration, weak convergence, and L, error. The analogous results for the original additive state
functional are then obtained as corollaries by simply applying (3.1) with f; = 1x and f; = Lxe.
Our proofs, which are presented in Appendix A, are based on single-step analyses of the scheme
and rely on techniques developed in [11] and [12]. Nevertheless, the analysis of PaRIS is, es-
pecially in the case of weak convergence, highly non-trivial due to the complex dependence
between the ancestral lineages of the particles induced by the backward sampling approach (on
the contrary to standard FFBSi, where the backward trajectories are conditionally independent;
see the previous section).

3.2.1. Hoeffding-type inequalities

Besides being a result of independent interest, the following exponential concentration inequality
for finite sample sizes N plays an instrumental role in the proof of the CLT in the next section. For
reasons that will be clear in the proof of Theorem 3, the bound is established for the unnormalized
as well as the normalized estimator; see Theorem 1, equations (i) and (ii), respectively.

Theorem 1. Let Assumption 1 hold. Then for all t € N, bounded measurable functions (f;, f,) €
Fb(é\f)2 and N € N* there exist constants (cr,¢r) € (RY )2 (depending on hy, N, fi»and fl) such
that for all N € N* and all ¢ € Rj_,
i) Plly i 1w§{rfﬁ(5}) + frED) — 1L 1 (Tehy f + fi) = €) < ¢, exp(—¢Ne?),
(i) P(| Zz 1 Q, {1’[ fiEH + fz(é,) — ¢ (Tehy fi + [}l = €) < crexp(—& Ne?)

(with the convention ¢_1 = x).
The following is an immediate consequence of Theorem 1.

Corollary 2. Let Assumption 1 hold. Then for all t € N and N € N* there exist constants
(cr,¢r) € (R )2 (depending on h; and N) such that for all N € N* and all ¢ € R%,

o

i

N

E a 7! — @01t hy
— Q t 1]
1=

> 8) <c¢ exp(—E,Naz).
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3.2.2. Central limit theorems and asymptotic L, error

Theorem 3. Let Assumption 1 hold. Then for all t € N, bounded measurable functions ( f;, f,) €
Fp(X)2, and N € N*, as N — 00,

N i ) ) o - ~
YNy %{t;ft(g;) + fi(&) — 6 (Tihe fi + f0)) L oilfi fy)Z,
i=1

where Z has standard Gaussian distribution and

o2 fe, fi) (he)
= 62(f1, fi) (he)
—1 s
T Z Z NZ*(S+1)
s=0£=0

5 ¢eLe{Q g, (Tehe +he = Tegther) Lgt -+ Ly(gss1 (Lt - L1 fi}2)
(oL - - - Lg—11x) (ps L - - - Ly—11x)?

(3.2)

with

—1 N2 7

~ ¢sLs{gs+1D (he fr + f0)}
~2 o s+1,t

&7 e ) hoy =) —— ST L, L

s=0

being the asymptotic variance of the FFBSm algorithm (where, by convention, L,,L,, = id if
m > n).

Remark 4. Since for all s € [0,7 — 1] and £ € [0, s], £ — (s + 1) < —1, it holds, in (3.2), that

Lim o2(fy, fi)(h) =2 f1, fi) (o),

N—o00

that is, for large N the asymptotic variance of PaRIS tends to that of the FFBSm algorithm.
This is in line with our expectations, as the forward-only version of FFBSm can be viewed as a
Rao—Blackwellization of PaRIS.

Again, the following is an immediate consequence of Theorem 3.

Corollary 5. Let Assumption 1 hold. Then for all t € N and N € N*, as N — o0,

N

o D
ﬁ(Z Q_tt'f;l - ¢O:t|tht> —> o1(hy)Z,

i=1
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where Z has standard Gaussian distribution and

of(h) == 67 (hy)

t—1 s
+3S N (3.3)

s=0£=0

" ¢£Le{6¢@ (Tehg +he — Tophey ) Lost - Ly(gog1 {Lss1 - - L1 1x})}
(¢peLg -+ - Lyg_11x)(¢sLs - - - Ly 11x)?

with

—1 N2
62(]/1[) — tz ¢SLS(gS+1DS+1JhZ)
! (¢psLis - -+ Lt—1]1X)2

s=0

being the asymptotic variance of the FFBSm algorithm.

By following identically the lines of the proof of [13], Theorem 8, we may use Corollary 2 and
Corollary 5 for deriving also the asymptotic L, error of the estimates produced by the algorithm.

Corollary 6. Let Assumption 1 hold. Then for all p e R%,t € N, and N € N*,

N 1/p
. r 1)/2
E —gt T;l —¢0:t|tht Zﬁat(hz)<7{(p+ )/ }> ,
t

lim VN
i=1 V2

N—oo

LP
where Uz2 (hy) is given in (3.3).

3.2.3. Time uniform asymptotic variance bounds

In the present section, we establish the long-term numerical stability of the PaRIS algorithm by
bounding the asymptotic variance (3.3) (and hence, by Corollary 6, the asymptotic L, error) using
mixing-based arguments. We will treat separately joint smoothing and marginal smoothing, and
derive, for precision parameters N >2, O(t) and O(1) bounds, respectively, on the asymptotic
variances in these cases. Since such time dependence is the best possible for SMC error bounds
on the path and marginal spaces, these results confirm the conjecture that the algorithm stays
numerically stable for precision parameters of this sort. Similar results for the FFBSm and FFBSi
algorithms were obtained in [11,18]. The analysis will be carried through under the following
strong mixing assumption, which is standard in the literature of SMC analysis (see [10] and, e.g.,
[5,7,8,13] for refinements) and points to applications where the state space X is a compact set.

Assumption 2.
(i) There exist constants 0 < & < & < 0o such that for all (x, %) € X,
£=q(x,x) <¢,

and we define o .= 1 —¢/¢&.
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(ii) There exist constants 0 < § < § < 00 such that for all t € N, ||g:|leo < 8 and § < L;1x(x),
xeX

Joint smoothing. The following assumption implies that the additive functional under consid-
eration grows at most linearly with time, which is a minimal requirement for obtaining an O(t)
asymptotic variance.

Assumption 3. There exists |h|so € R% such that for all s € N, osc(hy) < |hoo-

As an auxiliary result, we provide an O(¢) bound on the asymptotic variance of the FFBSm
algorithm; see [18] for a similar result on the L, error for finite particle sample sizes.

Proposition 7. Let Assumption 2 and Assumption 3 hold. Then

) 1., ~ 5 468
fimsup 7oi () = oo 5 — o5
In the light of Proposition 7, it suffices to bound the second term of (3.3) by a quantity of order

O(t). This yields the following result, where interestingly, the incremental asymptotic variance
caused by the backward simulation is inversely proportional to the precision parameter N. This
is well in line with the theory of random weight SMC methods, in which, in similarity to our
algorithm, intractable quantities (the importance weights) are replaced by random and unbiased
estimates of the same (see [31,32]).

Theorem 8. Let Assumption 2 and Assumption 3 hold. Then for all N>2,

1 N § 4850%+1—0)?
limsup ~o2(h,) < |72 4<4 @o" t1-0) )
oo 1 3(1—0) (N —1)(1—0)

where a,z(h,) is defined in (3.3).

Marginal smoothing. 'We turn to marginal smoothing, that is, the situation when all terms of the
additive functional are zero but a single one. For such a particular objective function, we are able
to construct a time uniform bound on the unnormalized asymptotic variance of the same form as
before, with one term representing the FFBSm asymptotic variance (see [11], Theorem 12) and
one additional term being inversely proportional to the precision parameter and representing the
loss of accuracy introduced by backward sampling.

Assumption 4. The additive functional has the following form. For some § € N,

fors #35,

~ 0
hs(Xs:541) = { ﬁﬁ(xf) fors =3.
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Theorem 9. Let Assumption 2 and Assumption 4 hold. Then for allt € N and N > 2,
- s 1402 1
of (hy) < osc? (hy) 3 (6 T )
(I-0°\ 1+o (N =Dl —oH A (1/2)}
where o (h;) is defined in (3.3).

3.2.4. Computational complexity

We conclude this section with some comments on the complexity of the algorithm. Under As-
sumption 1(ii), we may cast the accept—reject technique proposed in [11], Algorithm 1, into the
framework of PaRIS. A pseudo-code describing the resulting scheme is provided by Algorithm 3
in Section B.2. For a given 7 € N, we denote by C;(N, N) the (random) number of elementary
operations needed for executing the PaRIS algorithm parameterized by (N, N) € (N*)? from
time zero to time ¢. Note that C; (N, N ) is strongly data dependent, as the observations {y; }2:0
effect, via the particle weights, the acceptance probabilities at the different time steps. Still, under
the strong mixing assumption above it is possible to bound uniformly this random variable. The
following result is an immediate consequence of [11], Proposition 2.

Theorem 10. Let Assumption 2 hold. Then there exists a constant ¢ € R% such that E[C (N,
N)YI <ctNN/(1 — o) forall t € N.

Thus, the expected number of trials grows linearly with time, the number of particles, and the
precision parameter, showing the importance of keeping the latter at a minimum. On the other
hand, since the variance bound derived in Proposition 7 (and Theorem 9) is inversely propor-
tional to N, using an excessively large precision parameter will not pay off in terms of variance
reduction (as the variance term controlled by the precision parameter will be negligible beside
the variance corresponding to FFBSm). We hence advocate keeping N at a moderate value, and
will return to this matter in connection to the numerical illustrations of the next section.

4. Simulations
An exhaustive study of the numerical aspects of PaRIS is beyond the scope of the present paper;
nevertheless, we benchmark the algorithm on two different models, namely

e a linear Gaussian state-space model (for which all quantities of interest can be computed
exactly for comparison) and
e a stochastic volatility model [22].

4.1. Linear Gaussian state-space model

We first consider the linear Gaussian state-space model

X1 =aX; +0.8111, @D
Y =bX,+0:5 (1N, ’
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where Y = X =R and {&};en+ and {{;};en are sequences of mutually independent standard
normally distributed random variables. The parameters (a, b) € R? and (0g,0¢) € (RL )2 are
considered to be known. We aim at computing smoothed expectations of the sufficient statistics

t t
mV o) =D x b (o) =) 22,
s=0 s=0
“4.2)
t—1

h§3)(mr) = szxs+1 (xo0: € X’+1)
s=0

under the dynamics governed by the parameter vector (a, b, o,, ;) = (0.7, 1, 0.2, 1), and assume
for simplicity that the model is well-specified. For this model, the disturbance smoother (see,
e.g., [5], Algorithm 5.2.15) provides the exact values of the smoothed sufficient statistics, and we
compared these values with approximations obtained using PaRIS as well as the forward-only
implementation of FFBSm. With our implementation, parameterizing PaRIS and FFBSm with
(N, N ) = (150, 2) and N = 50, respectively, resulted in very similar computational times for the
two algorithms, with PaRIS being slightly faster (recall that FFBSm has a quadratic complexity).
As clear from the box plots (based on time-normalized estimates) displayed in Figure 2, PaRIS
outperforms clearly FFBSm as the former exhibits lower variance as well as smaller bias for
equal computational time.

As a measure of numerical performance, we define efficiency as inverse sample variance over
computational time. Figure 3 reports the efficiencies by which the PaRIS and forward-only FF-
BSm algorithms estimate ¢o.| ,h;l) using each N = 500 particles. As evident from the plot, PaRIS
exhibits a higher efficiency uniformly over all time points. The variance estimates were based on
50 replicates.

In order to examine the dependence of the performance of PaRIS on the design of the precision
parameter N , we produced estimates of ¢ ,hgl)for t € [0, 1000] using the algorithm for each of
the precision parameters N e {1,2,3,4, 10, 30}. All these estimators were computed on the basis
of the same forward particles, so also an additional FFBSm-based estimator. This experiment
was, in order to estimate the variances of the (seven) different estimators, replicated 100 times for
the same fixed sequence of observations. Figure 4, displaying estimated variance as a function of
time, shows a momentous difference between the cases N = 1 and N > 1 (note the difference in
y-axis scale between the two graphs); the graphs in the top (N = 1) and bottom (N>1) figures
exhibit variance growths that appear to be close to quadratic and linear, respectively, which is
well in accordance with the theory. Increasing the precision parameter N from 2 to 4 implies
some decrease of variance, while increasing the same from 4 to 30 has only marginal effect on
the accuracy of the estimator (the difference between the variances corresponding to N =10
and N = 30 is close to indistinguishable). This is perfectly in line with the theoretical results
obtained in Section 3, where the second term of the variance bound in Theorem 8§ is inversely
proportional to the precision parameter. Finally, ratios of variances of estimators associated with
different N are displayed in Figure 5, which shows a linearly increasing ratio of the variances
associated with N = 1 and N = 2 and a close to constant ratio of the variances associated with
N =2and N =3.
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Figure 2. Box plots of estimates of smoothed sufficient statistics (4.2) for the linear Gaussian model
(4.1) produced by PaRIS (right column) and the forward-only version of FFBSm (left column) using
(N, N) = (150,2) and N = 50, respectively (yielding close to identical computational times). The boxes
are based on 50 replicates of the estimates for the same fixed observation sequence and asterisks indicate
exact values obtained with the disturbance smoother.

Finally, in order to illustrate our algorithm’s capacity of coping with particle path degeneracy,
we report, in Figure 6, the ratios #S,/{N (¢t + 1)}, ¢ € [0, 1000], where #S; is the cardinality of
the support of the PaRIS algorithm at time ¢ (in the notation of Section 3.1), for the precision pa-
rameters N € {1, 2,3, 10, 30}. Here, N = 100, and again the estimators associated with different
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Figure 3. Estimated efficiencies for the PaRIS and forward-only FFBSm algorithms using each N = 500
particles. (The first time step is removed from the plot due to very high efficiencies for both algorithms.)
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Figure 4. Estimated variances of PaRIS estimators for N=1 (top graph) and Ne {2,3,4,10, 30} (bot-
tom graph) at different time steps ¢ € [0, 1000]. The bottom graph includes variance estimates of the for-
ward-only FFBSm estimator. The variance estimates are based on 100 replicates.
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Figufe 5. Ratios of variances of the estimators associated with N = 1 and N =2 (solid line) and N =2
and N = 3 (dashed line).
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Fraction

Figure 6. Plot the ratios #S;/{N (¢ + 1)}, ¢ € [0, 1000], for the precision parameters Ne {1,2,3,10, 30}
and N = 100. The 95% confidence bounds are obtained on the basis of 100 replicates of the observation
record.

precision parameters were based on the same forward particles. The 95% confidence bounds dis-
played the same plot were obtained on the basis of 100 replicates of observation record. Judging
by these confidence bounds, the dependence of the copiousness of the support on the observa-
tions is fairly robust. Interestingly, for N = 1 the sequence of ratios tends quickly to zero, while
letting N > 1 stabilizes completely the support of the estimator. Already N=2 yields a sup-
port that involves, on the average and in the long run, more than 50% of all forward particles.
Again, increasing the precision parameter has some effect for moderate values of the same, say,
up to N = 10, while increasing the parameter further from 10 to 30 (which implies a significant
increase of computational overhead) effects only marginally the cardinality of the support. Also
this observation is perfectly in line with the theory presented in Section 3, consolidating our
apprehension that only a modest value of N is required as long as N > 2.

4.2. Stochastic volatility model

For the sake of completeness, we also consider a non-linear model, namely the standard stochas-
tic volatility model

Xiy1 = Xt +0c8141,

Yy = Bexp(X:/2)4 (teN),

4.3)

where X =Y =R and {;};en+ and {{;};cn are as in the previous example. We assume that the
model parameters ¢ € R and (o, B) € (}R*Jr)2 are known and that the model is well-specified. Our
aim is to compute, using again PaRIS and the forward-only implementation of FFBSm, smoothed
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Figure 7. Box plots of estimates of smoothed sufficient statistics (4.4) for the stochastic volatility model
(4.3) produced by PaRIS (right column) and the forward-only version of FFBSm (left column) using
(N, N) = (250, 2) and N = 250, respectively. With this parameterization, PaRIS was 5 times faster than the
FFBSm algorithm. The boxes are based on 100 replicates of the estimates for the same fixed observation
sequence.

expectations of the sufficient statistics

s—1

t
n o) =Y xZ P o) = xexe (xoq €X' (4.4)
s=0 s=0

for a model parameterized by (¢, o, 8) = (0.975,0.16,0.63). In this case, both algorithms
used N = 250 particles and the precision parameter of PaRIS was set to N =2. Figure 7
shows box plots based on 100 replicates of estimates of ¢o;t‘,h§i) /t, for i € {1,2} and t €
{2000, 4000, 6000, 8000, 10000}, obtained using these methods. Even though the variance and
the bias of the estimates produced by the two algorithms are comparable, PaRIS was now 5 times
faster than the FFBSm algorithm.

4.3. Some comments on the implementation

When applying accept-reject-based backward sampling (Algorithm 3), some acceptance proba-
bilities will be small due to the random support of the particle-based backward kernel. In order to
avoid getting stuck, it may be convenient to equip the algorithm with a threshold for the number
of trials used at each accept-reject operation; when the threshold is reached, accept-reject sam-
pling is cancelled and replaced by a draw from original distribution (recall that we are just using
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Figure 8. Computational time as a function of the size of the accept-reject threshold for the linear Gaus-
sian model and N = 250 particles (left panel). The histogram to the right displays the number of trials
needed before acceptance at any accept-reject sampling operation in algorithm when the threshold is 14
(corresponding to minimal computational time); the bar at 15 represents 3.55% of the occasions.

accept—reject sampling in order to reduce the computational work). Figure 8 displays computa-
tional time as a function of the size of this threshold for the linear Gaussian model and N = 250
particles. Interestingly, the graph has a minimum for the threshold value 14, and using this value
we run the algorithm and counted the number of trials at any accept-reject sampling operation.
The outcome is presented in the histogram plot to the right, from which it is clear that the ma-
jority of the particles are accepted after just a few trials (moreover, an index is most commonly
accepted at once). In addition, at only 3.55% of the occasions, the number of trials exceeded the
threshold. Needless to say, the optimal threshold depends on the model as well as the number
of particles (when the number of particles is small, a too high threshold may have significant
negative effect on the computational efficiency; on the contrary, when the number of particles is
large, the performance of the algorithm is relatively robust vis-a-vis the design of the threshold).
Further simulations not presented here indicate however that a threshold value around /N could
be a rule of thumb.

5. Conclusions

We have presented a novel algorithm, the particle-based, rapid incremental smoother, PaRIS, for
computationally efficient online smoothing of additive state functionals in general HMMs. The
algorithm, which is based on a backward decomposition of the smoothing distribution which
can be implemented recursively for objective functions of additive type, can be viewed as a
hybrid between the forward-only implementation of FFBSm and the FFBSi algorithm; more
specifically, forward-only FFBSm may be viewed as a Rao-Blackwellized version of PaRIS.
The algorithm is furnished with a number of convergence results, where the main result is a
CLT of PaRIS’s Monte Carlo output at the rate +/N. The analysis of PaRIS is considerably more
involved than that of the FFBSi algorithm due to the complex dependence structure introduced by
the retrospective simulation (on the contrary to FFBSi, where the trajectories are conditionally
independent given the particles generated in the forward pass). Interestingly, the design of the
precision parameter, that is, the number of Monte Carlo simulations used for approximating the
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backward decomposition, turns out to be critical, since using a single backward draw yields a
degeneracy phenomenon that resembles closely that of the poor man’s smoother. However, as
established theoretically as well as through simulations, using at least rwo such draws stabilizes
completely the support of the estimator. For N > 2, we are able to derive O(1 + 1/(N — 1))
and O(t{l +1/ (N — 1)}) bounds on the asymptotic variance in the cases of marginal and joint
smoothing, respectively, and since the second term of these bounds is inversely proportional to
the precision parameter, we suggest this parameter to be kept at a moderate value in order to gain
computational speed. As known to the authors, this is the first analysis ever of this kind.

The algorithm we propose has a linear complexity in the number of particles while the forward-
only implementation of FFBSm has a quadratic complexity, and a numerical comparison between
the two shows clearly that PaRIS achieves the same accuracy as FFBSm at a considerably lower
computational cost. In addition, similarly to forward-only FFBSm, our smoother has limited and
constant memory requirements, as it needs only the current particle sample and a set of estimated
auxiliary statistics to be stored at each iteration.

Smoothing of additive state functionals is a key ingredient of most — frequentistic or Bayesian —
online parameter estimation techniques for HMMs. Since these applications are most often char-
acterized by strict computational requirements, PaRIS can be naturally cast into any such frame-
work.

Appendix A: Proofs

The following filtrations will be used repeatedly in the proofs. For all (N, N) € (N*)2, define

i\ N
EN . U({%}i 1) fort =0,
" o g Y s el i e [LN]) forr e,

that is, f"tN is the o -field generated by all random variables produced during the first ¢ iterations
of PaRIS (Algorithm 2). (Since we consider exclusively the convergence of PaRIS as the particle
sample size N tends to infinity for a fixed precision parameter N, we have omitted the latter from
the notation.) In addition, for all (N, N) € (N*)2, let

FN fort =0,
F :== ”(;v i 7i\N "
FN, V"({éwlz}i=1) for r € N*,

that is, }',N is the o -field generated by all random variables produced by PaRIS up to Step (1) in

the rth iteration. Note that for all € N, FN FN.

A.1. Two prefatory lemmas
Lemma 11. Forallt € N and (f,41, fi4+1) € Fo(X)? it holds that

G AT Ly fr1 + Ly (hy fir1 + fian))
¢ L 1x '

G111 (Tosr bt fio1 + fie1) =
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Proof. By combining the definitions of T;, L; and using reversibility,

$L(Ty1hig fir) = 6 Q{ Q, (Tuhy + h)grs1 fis1 )
=$Q® Qg {(Tihy +h)gir1 fisn)
= ¢ ® Q{(Tihy + hi)gis1 fis1)
= ¢ {Tih/Ly fip1 + Li(hs fry1) ).

Now the statement of the lemma follows by dividing both sides of the previous equation by
¢:L;1x and using the identity ¢;41 = ¢:L; /oL 1x. ([l

Lemma 12. For all t € N, (fi+1, fr+1) € Fp(X)2, and (N, N) € (N®)?2 the random variables
{a)H] (T,+1ft+1(r§t+]) + ft+1($,+1))} ", are, conditionally on FN | iid. with expectation

E[‘“zl+1 {TzlJ-rlft+l($zl+1) + ff+1($t1+1)} | ﬁtN] (A1)
wi

N
:Z— Ly fis1 () + Loy frr + fieD(E))-
i=1

KD

Proof. The multinomial selection procedure implies that the particles {&’ +1} L are i.i.d. condi-
tionally on ftN . Hence, since also the backward indices {Jt(i{ ) }N
particle & and the o-field FV, we conclude that {w§+1(rt+1f;+1(§t+l) + f,+1($,+1))}i:1 are

i.i.d. conditionally on FN.
In order to compute the common conditional expectation, we decompose the same according to

E[‘“t1+1{ftl+1ft+l (5t1+1) + fre1 (5t1+1)} | ﬁtN]
= E[wtl+lft1—&-lft+1 (5z1+1) | -7:—tN] + IE[‘“z1+1f~t+1 (Ezl+1) | ]?tN]’
where, by the tower property,
B[yt fien (1) | 7]

=E[oy fir1(E41)E[7) | z+1]|ﬁtN]
N

fqEl gl ) . .
—E| o' fi (€] @i q 1 Sl oL (5 ) EN
|: t+1 t+1( z+1)§ Z?/f:] wfq(é "31+1){ t t( t z+1)} ‘ t

| are i.i.d. conditionally on the

i
1

wﬁq(sé’x) 7
/ (& x )gt+1(x)ft+l(x)zze/; f,’q@ﬁ,’x){rf+h,(€f,x)}u<dx>

Il
Y-
EIE

s

{TZZLtfH-l (ff) + Lt(ljltft-i-l)(gtz) }

I
Mz
D&

o~
Il
_
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We conclude the proof by noting that

=

~ ~ N e ~
Efwfp1 fr1 (6) | FN] = Y 2 Qe fran) (6) = Y ‘S’; L fr1 (£).
— N t

=1

A.2. Proof of Theorem 1

We proceed by induction and assume that the claim of the theorem holds for ¢ € N. To establish
(i) for t + 1, write, using Lemma 11,

(A . - "
v Z“);H {tla fir1(E) + fim1 (5} — ¢ (Tigihig frvn + frvn)

i=1
A . .
= ool i A ) + fin (&)
i=1
—Elop {thi e () + fr (60 ) LAY ]

N
+ZQ_, T/ Li fis1 (&) + Ly s fron + freD(E)}
i=1

£

— ¢ {Tih/Ly frs1 + Lo (hy frn + fieD)}-

Since the functions L; f;+1 and L; (iz, fir1+ fH_ 1) belong to F, (X)), the induction hypothesis (ii)
implies that for all ¢ € R¥,

gt

<¢ exp(—E,Nez).

N
!

Z— ,Ltft+l st)"‘Lt(h ft+l +ft+1)(§;)}
)

In addition, by Lemma 12, {w§+l(t[i+1f,+1 (E,i+1) + fir (§f+1))}fvzl are conditionally i.i.d. given
J{—zN; thus, since for all i € [1, NJ,

K)

—¢t{TthtLtft+1 + Ly (s frgn + fz+1)} =

|w§+l {Tti+1ft+1(‘§ti+1) + ft+1(‘§zi+1)H
< ||gt+1||oo(||ht+l llooll fr41lloo + ||ﬁ+1||oo) < 00,
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the conditional Hoeffding inequality provides constants (d, d) € (R% )% such that

(1 )
Pl | —
N
i=1

Zwiﬂ {1 frn1 (Bln) + i (810))

- E[“)tl+1{ftl+1ft+l(‘§z5rl) + ft+1(§tl+1)} | ]:—tN] z¢€

<d exp(—c?Naz).

This establishes (i).

The inequality (ii) for the self-normalized estimator is an immediate consequence of (i) and
the generalized Hoeffding inequality in [11], Lemma 4.

Finally, we conclude the proof by checking that the result is straightforwardly true for the base
case t = 0, since Tohg = 0, ‘L’é =0 for all i € [1, N], and the weighted sample {(éé, wf))}ZNZ1
(targeting ¢o) is generated by standard importance sampling.

A.3. Proof of Theorem 3

We proceed by induction and suppose that the claim of the theorem holds true for some
t € N. Thus, pick (fi+1, fi+1) € Fb(X)2 and assume first that ¢; 1 (Typ1h:41 fr41 + fi+1) =0
Write

‘/_Z z+1fl+l sr+1) + ft+1(§r+1)}
1 &, . .
=Ne! N ;(‘U;H (Tt firr () + fr (E0) }
N ~ ~
= L fin (&) + Lol firn + ff+1>(sf+1)})

AN
+NQT'WN Y Q’ (L f1 () + LeCh frr + firD (EL ) )
=1

where, by Theorem 1, NQ, ' tends to (¢,L,]lx)’] in probability. In order to establish
the weak convergence of the first term, we will apply Theorem 16 to the triangular ar-
ray

N
Z (9P EL) (i €[1.N] N eNY),

a\
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where

ON (j, X) i= g1 (x){(rf' i (&%) frr1 ) + i1 ()

- Z o T LSt (&) + Ll fir + fran (&)} (A2)

(x eX,j e[l,N], N e N*),

furnished with the filtration {F¥}yens. Note that for all i € [1, N], E[vi, | F¥N1=0 (by
Lemma 12) and vy | < 201841 lloo (41 llosll fitlloo + Il fi+1ll00)/v/N. To check the condi-
tion (B1) in Theorem 16, write, using, first, that {U;\,}l’: | are conditionally i.i.d. given }"tN and,

second, that the backward indices {J[(_H )}N: , are, for all i € [1, N, i.i.d. conditionally on FV
and Eti 1

el 124 = 2] (S avta k) |7

i=1 =1

= N'E[E[o} (5. &) | BN ] L AN (A3)
+ N7V N - DE[E [0y (5 &) L FN T EN] (A

We treat separately the two terms (A.3) and (A.4). Concerning (A.3),

(I & ) VN EN]

~2
Uy
N 0 sl g1
Z &5, .
—E l~)2 E,é;-'l wyq /t t+1 J__.N:|
|:e:1 N( I—H)Zg’lzl oy q(& Et+l)‘ '

E[E[o

w‘q(&i,x)
q(&, Uy (€, x L w(dx)
' Z N Zz/ 10) ‘1(5;' X)

q(&l, %) 0%, (¢, x)u(dx).

Now, using the definition (A.2),

N (,()E
Zat, f q (&, x)0x (€, x)pe(dx)
(=1

s

( te)sz (gt+1ft2+1)(§t€)

-3

=1

§>|S
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N ot
+Z§f

=1

(tf2L{ g1 frs1 Gu frn + FiaD Y E) + Lol gt (e fran + fieD)?}ES))

~

N 2
<Z T, Ltft+l(§z ) + L (b fry1 + ft+1)(‘§t )}) :

=1

In the previous expression, by Lemma 13,

s

N
Z Lt gt+1f;+1)(§;) ox {thhtLt (gt+1fz2+1)} + Th{Lt (8t+1f;2+1)}7

=1

s

where the functional 7, is defined in (A.9), and, by Corollary 2 and Lemma 11 (recalling that
&L (T41 fr41 + fr+1) = 0 by assumption),

S

(t/2Li{ g1 fir1 (s frr + fieD}ED) + Ll i1 s frr + fie)*HE))

M=
BE

o~
I

1

= 20 (TehiLe{ g1 fis1 (s frr + fix1)}) + &Le{ges1 (e frn + fieD)?},

o~

‘S‘;—’t Lo fia1 (L) + Loy finr + Fri(ED)) — 0. (A.5)

M=

=1

We hence conclude that

(A.3) ;P) N_l(@{T;zhtLt (gt+1 f;2+1)} + ﬂt{Lt (gt+1 f12+1)}
+2¢ (Tihi Lol g1 firt (e fran + frD))) + diLe{ g1 (e fir1 + fisD)?}) (A6)

= N7 @Li (et {(Tohy + ho) frar + i 1) + 0 {La (81 £20) ).

We turn to (A.4) and write

E[E2[on (/1 &) 1 FNL L FY]

) wlgEl el )\ -
=E On (€, AhiiAhahd EY
[(; mt “)ZZ of' gl 8l ) ) '

N o w,q(sf,x) ?
25/ ZUN(E Z 706 ) f1(dx),

0= ‘I(ét s
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where we note that the right-hand side can, by (A.2), be written as ¢ZN Qon, with

wfq(éf, X) {

Yh_iof g x) ol +he(E X))+ g1 (6) fra (x)
=1

N (x) = (gz+1(X)fz+1(X)Z

N Vi

2
-3 ‘;—’t{q"uﬁ“(sf/) + Ly frgr + ﬁm(sf)}) (x €X).

=1

Note that [lon [leo < 411811112, (1r41lloll fit1lloo + Il fiilloc)? for all N € N. Moreover, by
Corollary 2 (and, in particular, the implication (A.5)) it holds, for all x € X, P-a.s.,

[ qF, AT hy (F) + e (R, x))py (dF)
[ q(F, x)¢p: (dF)

= & O 1) Qy, (T + 7)) + fir1 )
= & O frr1 T 11 (0 + fip ().

Thus, under Assumption 1 we may apply Lemma 14, yielding

2
on(x) = gl (x)<fr+1(X) + fz+1(X)>

P ~
¢ Qun — ¢Li{ g1 (fis1 Trsthigr + fir)?},

and we may hence conclude that
(Ad) = BN = DL gt (fin Tiihiss + fin)?).
Finally, by combining this limit with (A.6) we obtain, using the identity
&L (41{ (Tehy + 1y frr + frsn }2) — Lo g1 (Fir1 Tosr b + fir)?}
=¢ ® Q(gt2+l{(Ttht +he) frat + fran }2 - gt2+1{ft+1Tt+lht+1 + ft+1}2)
=$:Q® Qu, (8741 { (Tt +h) frr + Frn} = g lfrnTicthirt + finn)?)
= $:Q® Qg {871 31 Ty + e = Triihi)?)

= ¢ Ly 645, {81 [ (Tihy 4+ hy — Tyihi)?),

the convergence

ZE )1 FN]

2 oLlg (fin Tt + fin1)?) (A7)

+ N (3L Qg {2 £2 Ty + e = Tynhie )2} + 0L (g £2))),
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which verifies (B1). In order to check also the condition (B2), write, for ¢ € R* ,

N
S E[(08) Ly imey | FY] = 4l e (estllos | fratllos + 1 it lloo)”

i=1
x 1 2 £ )
{2018+ 1 loo (1r41 oo Il frart oot | fr+1] o) 26V N}

where the indicator function on the right-hand side is zero for N large enough. This shows
the condition (B2). Hence, for general (fi+1, f,+1) (by just replacing ft+1 by ft+1 -
Grp1 (Trp1his1 fiv1 + f,+1)), by Theorem 16, [38], Lemma A.5, and Slutsky’s lemma,

N o . , . . x
\/ﬁz Q:ll {rip frr (En) + fir1 (&) = G (Tepthug frn + firn)}
=1

Ly ot (vt i) (D Z,

where Z is a standard Gaussian variable and

Uz2+1 (frs1s fre1) (hegr)

_ &Ly (gt { i1 Tothist + frar — Gt (Testhugt frn + fia)}?)

L,1x)?
(¢ Ly >~<) (A8)
N Xt: LD ¢ZL€{6¢£ (Tehe +he — Tother)* Lot -+ Lo (g1 f2 )
(¢peLyg -+ Li_11x) (¢ L 1x)?

£=0

N o2 (Ls fa1, Lithysr frar + fier — $r1 (Tegrhigr fran + fz+1)})
(¢:L/1x)2

We now apply the induction hypothesis to the last term. For this purpose, note that, by Lemma 11,

MLy frt + Lol frr + firt — St (Tigthegt fr + freD))
— ¢ (L frsr + Lol b fior + fivr — bt (Dot hug fron + firD)))
=L{his1 fror + fier — 1 Topthos fror + freD ),

yielding, forall N> s < ¢,

Dy i 1o (L frot + Ll hegt fior + fror — bt (Toprhigt frm + fieD)})
=Dyt Li{hist fror + firr — b1 (T higt frr + fie)}

=Dyt 1,001 Bet frg1 + frg).
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We may hence conclude that

0,2(L,f,+1, Lolhitt foar + firr — oot (Tt het fror + frr)D)
(¢:L;1x)?

_ tilz ¢sLs{gs+ll~)?+1’t+1 (ht+1ft+l + ]FZ—H)}
(@sLs - - Le1x)?

5s=0
t—1 s ¢ |

DR
s=0 £=0

¢13Lz 6@ (Tehe +he — Tether1)? Lot - Ly(gs1{Lyt1 - Ly fra1}))}
(deLig - Ls—11x)(¢sLs - Lzllx)2 '

Finally, we complete the induction step by noting that

&L (gt i1 Tethest + frot — Gt (Tegt st frst + fre1))?)
(¢:Li1x)?

¢tLt{gt+lDH_1 1Pt fr + fz+1)}
(¢:L;1x)?

It remains to check the base case; however, letting, in (A.8), t =0 and 002 =0 (as Toho =0
and t) =0 for all i € [1, N]) yields

= L T h F— i (T h 7 \12
o2 f1, iy = 2@ T+ i = g1 (i fy + JDY)

(¢oLolx)?
LN ¢0L0{6¢0 (ho — T1h1)*g1 £}
(¢oLolx)?
_ doLolgiD1,1 (1 f1 + f1)?) v ¢0L0{6¢0(ﬁo —Tih)%g1 7}
(¢oLolx)? (¢oLolx)?

which is, under the standard convention that L,,L,, = id if m > n, in agreement with (3.2). This
completes the proof.

Lemma 13. Let Assumption 1 hold. Then for all t € N, f; € Fp(X), and N e N*,

V21 (8D) > 0 (T2h, £) + 0o (),

?WA

I

i=1
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where

) _Z e z¢eL£{6¢,(TihZ +he — Tepthey) Ligr - Lo fy)
0= el - Ly—11x '

(A.9)
=0

Proof. Again, we proceed by induction. First, the base case r = 0 is trivially true since Toho =0,
7, =0 for all i € [1, N], and Zzz;]o = 0 by convention. We now assume that the claim of the

lemma holds true for some ¢ € N. Since Corollary 2 implies that N~1Q; i) ¢ L 1y it is

enough to study the convergence of N ! ZlN= 1 a); 4 (tti Jrl)2 fr+1 (éti +1)- For this purpose, we will
apply Theorem 15 to the triangular array

vy = N_1w§+1(fri+1)2ﬁ+1(‘§ti+1) (i €[1.N].N eN")

furnished with the filtration {]:' } nven=. Note that |U;V| < ||g,+1||oo||ht+1|| Il fr+1lloo/N for all
i €1, N] and N € N*. In addition, using, first that {UN} *, are conditionally i.i.d. given ]-'N
and, second, that for all i € [1, N, the backward indices {J G.J )}N (are conditionally i.i.d. given

r+1
7N i
F;¥ and SH_l,

N
D Elvy 1 7]
i=1

ZE[wtl+1 (Ttl+1)2ft+1(§tl+1) | ]},N]

o W S i
=N IE[“’}Hfz+1(§tl+1)E[(ttJ'+l +h(& i $,1+1)) | F T FY (A.10)

(11

1
+N (N — 1)]E[ [+1f,+1(51+1)]E2[ ’“ + hy (E e z?,H) | t+1] | ]-",N]. (A.11)
We treat separately the two terms (A.10) and (A.11). First,

N

£ l &1
~—1 1 1 a);q@;aft_,_l) ~N:|
(A10)=N E|lw'  fis1( . &,
|: t+1 l+1( H_l)Z;l Zé\/fﬂwlgq(s %-t+l){ (t t+1)} ‘ t

=N*Z [ @ hiaco

X XN: a)fq(éf,x) {re+ﬁ (E‘Z x)}zu,(dx)
3_122/10) CI(E x) ' e

N
Zg— f (&5 %) 8141 (0) fi1 GO [ + g (8 %)} pa(dv).
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Using Corollary 2 and the induction hypothesis, we obtain the limits

N
3LV La 6 fin) > (TR frn) + L fr),
t

N
Z Pty (£l By fipr) — & [ TehiLy Ry i),

AN
Zg’Lt(s, 2 i) = L (B2 i)
=11
which yield
(A10) = N7 (¢ (T2h Ly 1) + me (L frs1) + 260 {Tuhi Ly By fro)) + $iLa (B2 fig1)
= N N OL (ks + R figr ) + 1 W fiy1)).

We turn to the second term (A.11) and equate the same with N - (N — l)qth Qoy, where

N I, 2
wtq(étsx) V)
= +h , X).
o (x) gt+1<x)fz+1<x>(z§:1 ST of et x){r, (& x)}> (x €X)

Since [|onlloo < 1gr+1llooll fr+1lloollr+1lloo for all N € N, and, by Corollary 2, for all x € X,
P-a.s.,

[ q @, x){Tehy (%) + hy (%, x)}cm(dx))z
[ q(F, x)¢ (dx)

= 81 () i1 O Qo (T + ) ()

= gr1(x) fir1 )TFy  hygr (x),

oN(x) = grr1(X) fra1 (X)(

we may, under Assumption 1, apply Lemma 14, yielding

P
N Qun — ¢ Q(gi+1 fir1 T2 higt) = Gl (T2 Ayt fin).
Consequently,

N

Z]E[va | ﬁtN] = ¢fL’(Tt2+1ht+1ft+1)
- (A.12)

N_l(¢>,L,{(Tthl + ﬁt)sz-l} — ¢y (T;2+1ht+1ft+l) + 100 (Lt fi41))-
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In order to show that ZZNZ | Ul has the same limit (A.12) in probability we use Theorem 15.
Condition (Al) is easily checked by reusing (A.12) with f;y1 replaced by |f;+1]. In order to
check (A2), we simply note that for all ¢ € R* ,

N
1 N 2
D B[k [ ey | FN] < gt loo et 3l fit Noo L gy oot 12 oo 22N}

i=1

where the right-hand side is zero for N large enough. Thus, Theorem 15 applies and since, by
reversibility,

SLe{(Tohy +h)? fin} — bl (T g frgr)
= ¢ @ Q({(Trhs + 7)> = T7,  hig1}gis1 fir1)
=$Q® 6¢, {(Tehy + e = Tygrhig 1) ggr firan )
= ¢ Lo{Qu, (Toh + by = Typihip ) i},

Slutsky’s lemma implies

N
. 2 .
Z Q:: (1) frr1 (Er41)

N
-1 i
=NQ, 2 :U;V

i=1

P
— ¢z+1(Tt2+1ht+1fz+1)
1

W(QSILI{a@ (Teh: + i’f - Tl+lht+1)2ft+l} + nt(Ltft+l))'
L Ly

We may now conclude the proof by noting, using the induction hypothesis, the identity
(oL - L1 1x) (e Li1x) = oL - - - Ly 1x,

and the convention L;;1L; =1id, that

1 ~
(L Qy (Tihy + iy = Trthes)? frr) + m W i)
N(¢tLt]lX)( { [ } )
B Xt:ﬁz—(wl)wu{éw (Tehe +he — Terthey) Ligr -+ Ly frn)
s ¢eLg - - - Lylx ' O

The following lemma formalizes an argument used in the proof of [11], Theorem 8.
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Lemma 14. Let Assumption 1 hold. Let W be a possibly unnormalized transition kernel on
(X, X) having transition density \ € Fy(X?) with respect to some reference measure \. More-
over, let {on}Nen+ be a sequence of functions in Fy(X) for which:

(i) there exists ¢ € Fy(X) such that for all x € X, pn(x) = ¢(x), P-a.s., and
(ii) there exists ¢l € R such that |lonllco < |@loo for all N € N*.

Then forall t € N, q),N\IlgoN N &V
Proof. Since, by Corollary 2, ¢tN )\ 10 LR ¢ W, it is enough to establish that

P
oMWy — pN .

For this purpose, set
an (x) = |on (x) — (x)| / ¥ (%, x)¢;) (dF),
an(x) :=/1/f()?,x)¢,N(dfc) (N e N*,x eX).

Since |¢,N Yoy — ¢,N Wo| < Aay itis, by Markov’s inequality, enough to show that E[Aay] tends
to zero as N tends to infinity. However, by Fubini’s theorem,

Nlim E[kaN]leim /E[aN(x)],\(dx) =0,

where the last equality is a consequence of the generalized Lebesgue dominated convergence
theorem provided that:

(1) limy_ o0 Elan(x)] =0 forall x € X,
(i) there exists ¢ € R% such that E[ay (x)] < cE[ay (x)] for all x € X,
(iii) limy oo [ Elay (x)]A(dx) = [limy o E[ay (x)]A(dx).

Here, (i) is implied by Corollary 2 and, as |ay ()| < [[¥]lco(|¢]lcc + |¢|so) for all x € X, the
standard dominated convergence theorem. Moreover, (ii) is satisfied with ¢ = ||¢]lco + [¢]oo-
Finally, to check (iii), notice that

. s @ .. N (b)
]\lll_r)rloofE[aN(x)]k(dx) = ngnooE[¢, Wiy ]| = ¢ Wix

= f / ¥ (F, 1)y (@) © f wim_ Elay ()]1(d),

where (a) and (c) follow by Fubini’s theorem and (b) and (d) are obtained from Corollary 2 and
the standard dominated convergence theorem (as Wiy € Fy,(X) and ¥ € F,(X 2) by assumption).
This completes the proof. (]
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A.4. Proof of Proposition 7

By [18], Lemma 1,

t—1
Lylxloo Y @253 0 o5 hy), (A.13)

£=0

IDs+1.thtlloo < Mg -+

and, consequently,

t—1

5 ¢sLs (g5+1D2 | /1r)
0 (¢sLs T L,,1 ]lX)z

t—1 t—1 2
< lﬁlgo Z (sLsgs+1) | Ls+1 "'L121X||(2x> ngax{s_g+2,z_s_3,o} ]
=0 (¢sLs---Ly—11x) =0

Now, under Assumption 2, for all x € X,

ep(gs+2lsya - Lillx) <Lgip---Lilx(x) < &p(gs42Llsy2---Lilx) (A.14)
implying that
(@sLsger DMt Lelxllze _  (Dss18s+D) Lot - Lolxld, §<§>2 ¢
(@sLy Ly 11x)? (@sLs 1) (@s1Lgs1 - Lim11x)2 ~ 8\e) — 8(1—0)?

Moreover, as
r—1

2 —4 3 _s—3\ 2 t—1 —
Z(Z max{s—€+2,0—s— 30}) _Z(z—QS+ -0’ ) n <ps+21—,0 ')
= _ —

5=0 \t=0 I-e 3 I=p

s=0 s=t—3

4t
= m +o(1),

we conclude that

L sLs(ger1DZ,, b)) 45
limsup — Z PO sl < hgo—.
(5L -+ Li—11x)? §(1-o0)*

A.5. Proof of Theorem 8§

The first term of o; %(h;) is the asymptotic variance of the FFBSm algorithm, which is, by
Proposition 7, bounded by 4|h|g08/ {8(1 — 0)*}. To treat the second term, we bound, using
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(A.14),

Lgr - Ly(gs41{Lyt1 - - Li—11x}?)
(pe1Lesr -+ Lg_11x)(dsLy - - - Ly 1 1x)?
ILe41 - Lym1Ixlood L1 - - - Le—1Ix 1%
T (Per1Lpg1 - Ly 1100 (95 Lsx) (h 41 g1 - - Li—11x)?
)
8(1—0)%

(A.15)
<

Moreover, since Tyi1he41 = 6¢[(T5hg + ﬁg) and Tohy = Dy ¢he, we obtain, by reusing
(A.13),

ITehe + e — Tosthesilloo < 0sc(Tehy) 4 0sc(he) < 4Dy ehell o + 0sc(iie)

Thus,
1 t—1 s —(s41)
~{—(s
22N
5s=0£=0
N ¢£+1{6¢k (Tehe +he — Tegther )Lt -+ Lo(gss1{Lgt1 - Li—1 £119))
(Pe+1Leq1 - - Ly 11x) (@5 Ly - - - Ly—11x)?
5 480 a FE6HD.
o ) ISy
§(1-0) §=0 £=0
and since

lim ZNz 6D (- !

§—00
£=0

we may conclude the proof by taking the Cesaro mean.

A.6. Proof of Theorem 9

In the case of marginal smoothing, [11], Theorem 12, provides, for ¢ > § (since the variance
vanishes for ¢ < §, the result holds trivially true in this case), the time uniform bound

82(1+ 0%

~2 2chy— - TE T
Gt (ht) S 0SsC (hv)(l +Q)(1 _Q)3
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and hence, since all terms are zero except /1;, it is enough to bound the quantity

i (A.16)
N ¢e+1{6¢l (Tehe + he — Terrhes1) gy - - Ly(@s41 {Lyt1 - Le—1 1))}
(pe41Ly1 -+ Ly_11x) (5L - - - Ly 11x)?

(where hy = 0 for £ > §). In addition, by [11], Lemma 10, for all £ > §

IDe,ehelloo < 0~ osclhy),

yielding
ITehe 4+ he — Tey1herlloo < 207 osc(hy).

By combining this with (A.15) we obtain, via standard operations on geometric sums,

N
(A.16) <4OSC (h ) 5 )3 ZZN@ (H—l)QZ(Z 5)

§s=§ (=

— 20
=4 0sc (hs)gs(1 — o

o= (=5 2(1—5)

1 1-N 1- -

_ ( - — 2 ) if No? #1,
x { (1-Ng? -1 I-o

(2 N (t $) (t _ §)]\~/—(t—s)+l _ N—(z—s))

T if No2 =1,
and hence, letting ¢ tend to infinity,
! if No2 +# 1
< —_ if No ,
~ 1) _ )
(A.16)§4osc2(h5)8173 (N2 DA —e%) )

which concludes the proof.

Appendix B: Technical results

B.1. Conditional limit theorems for triangular arrays of dependent
random variables

We first recall two results, obtained in [12] (but reformulated slightly here for our purposes),
which are essential for the developments of the present paper.
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Theorem 15 ([12]). Let (2, A, {Fn}nen+, P) be a filtered probability space. In addition, let
{UN}l » N € N*, be a triangular array of random variables on (2, A, P) such that for all

N € N*, the variables {U}'\,}I{VZ1 are conditionally independent given Fy with ]E[|va| | Fn] < o0,
P-a.s., for all i € [1, N]. Moreover, assume that

(AD)

N
li E[|vy| I Fn] =2 ] =0.
Jim sup (; [lon] 1 Fv] = )

(A2) Foralle >0,as N — o0,

N

i P
ZEHUNM{WZS} | Fn] — o.
i=1

Then, as N — 00,

ZUN Z]E UN|.7'—N

max
me[1,N]|#

Theorem 16 ([12]). Let the assumptions of Theorem 15 hold with E[(U;V)2 | Fn] < 00, P-a.s.,
foralli €[, NJ, and (A1) and (A2) replaced by

(B1) For some constant §2 >0,as N — oo,
N i P
Z I]:N] ]ETZ[U}V | fN]) — ¢

(B2) Foralle >0,as N — oo,

N

; P
ZE[(UN)%MIES} | Fy] — 0.

i=1

Then, for allu e R, as N — o0,

E[exp(iu XN:{U}V — IE[U}V | fN]}) ‘ ]-'N:| LN exp(—u2§2/2).

i=1

B.2. An accept-reject-based algorithm for backward sampling

Given two subsequent particle samples {(g; 1 @y 1)} * ;and { (SS’ , W )}l |» the following algo-

rithm, which is a trivial adjustment of [11], Algorithm 1, simulates the full set (& i, j) e
[1, N] x 1, N]} of backward indices required for one iteration of PaRIS. The algorithm requires
Assumption 1(ii) to hold true.
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Algorithm 3 Accept-reject-based backward sampling

Require: Particle samples {(€/_,, ! )}V and {(&], o))} .

1: for j=1— N do
2 setL < [[1, NJ;
3 while L £ & do
4 setn < #L;
5 draw (11, ..., Iy) ~ Pr({o’_ }N &N,
6 draw (U, ..., Uy) ~ U0, 1H®V;
7 set L, < J;
8 fork=1—ndo
9 if U <q&* . &7Y)/ then
10: set JS(L(k)‘j) <~ Iy;
11: else
12: setL, <L, U{LKk)};
13: end if
14: end for
15: set L < L,;
16: end while
17: end for
18: return {J"": (i, j) € [1, N] x [1, N]}
Acknowledgements

The authors thank the anonymous referees for insightful comments that improved the presenta-
tion of the paper. Jimmy Olsson is supported by the Swedish Research Council, Grant 2011-5577.

References

(1]

(2]
(3]
(4]

(5]

(6]

Baum, L.E., Petrie, T., Soules, G. and Weiss, N. (1970). A maximization technique occurring in
the statistical analysis of probabilistic functions of Markov chains. Ann. Math. Stat. 41 164-171.
MR0287613

Cappé, O. (2001). Ten years of HMM:s (online bibliography 1989-2000).

Cappé, O. (2011). Online EM algorithm for hidden Markov models. J. Comput. Graph. Statist. 20
728-749. MR2878999

Cappé, O., Godsill, S.J. and Moulines, E. (2007). An overview of existing methods and recent ad-
vances in sequential Monte Carlo. IEEE Proceedings 95 899-924.

Cappé, O., Moulines, E. and Rydén, T. (2005). Inference in Hidden Markov Models. Springer Series
in Statistics. New York: Springer. With Randal Douc’s contributions to Chapter 9 and Christian P.
Robert’s to Chapters 6, 7 and 13, with Chapter 14 by Gersende Fort, Philippe Soulier and Moulines,
and Chapter 15 by Stéphane Boucheron and Elisabeth Gassiat. MR2159833

Chib, S., Nardari, F. and Shephard, N. (2002). Markov chain Monte Carlo methods for stochastic
volatility models. J. Econometrics 108 281-316. MR1894758


http://www.ams.org/mathscinet-getitem?mr=0287613
http://www.ams.org/mathscinet-getitem?mr=2878999
http://www.ams.org/mathscinet-getitem?mr=2159833
http://www.ams.org/mathscinet-getitem?mr=1894758

The PaRIS algorithm 1995

(7]
(8]
(9]
(10]
(11]
[12]
[13]

[14]

[15]
[16]
(7]
[18]
[19]
(20]
(21]
(22]
(23]
[24]
(25]

(26]

(27]
(28]

(29]

Crisan, D. and Heine, K. (2008). Stability of the discrete time filter in terms of the tails of noise
distributions. J. Lond. Math. Soc. (2) 78 441-458. MR2439634

Del Moral, P. (2004). Feynman—Kac Formulae. Genealogical and Interacting Particle Systems with
Applications. Probability and Its Applications (New York). New York: Springer. MR2044973

Del Moral, P., Doucet, A. and Singh, S.S. (2010). A backward particle interpretation of Feynman—Kac
formulae. ESAIM Math. Model. Numer. Anal. 44 947-975. MR2731399

Del Moral, P. and Guionnet, A. (2001). On the stability of interacting processes with applications to
filtering and genetic algorithms. Ann. Inst. Henri Poincaré Probab. Stat. 37 155-194. MR1819122
Douc, R., Garivier, A., Moulines, E. and Olsson, J. (2011). Sequential Monte Carlo smoothing for
general state space hidden Markov models. Ann. Appl. Probab. 21 2109-2145. MR2895411

Douc, R. and Moulines, E. (2008). Limit theorems for weighted samples with applications to sequen-
tial Monte Carlo methods. Ann. Statist. 36 2344-2376. MR2458190

Douc, R., Moulines, E. and Olsson, J. (2014). Long-term stability of sequential Monte Carlo methods
under verifiable conditions. Ann. Appl. Probab. 24 1767-1802. MR3226163

Douc, R., Moulines, E. and Stoffer, D.S. (2014). Nonlinear Time Series: Theory, Methods, and Appli-
cations with R Examples. Chapman & Hall/CRC Texts in Statistical Science Series. Boca Raton, FL:
Chapman & Hall/CRC. MR3289095

Doucet, A., de Freitas, N. and Gordon, N. (eds.) (2001). Sequential Monte Carlo Methods in Practice.
Statistics for Engineering and Information Science. New York: Springer. MR1847783

Doucet, A., Godsill, S. and Andrieu, C. (2000). On sequential Monte-Carlo sampling methods for
Bayesian filtering. Stat. Comput. 10 197-208.

Doucet, A. and Johansen, A.M. (2009). A tutorial on particle filtering and smoothing: Fifteen years
later. In Oxford Handbook of Nonlinear Filtering. Oxford: Oxford Univ. Press.

Dubarry, C. and Le Corff, S. (2013). Non-asymptotic deviation inequalities for smoothed additive
functionals in nonlinear state-space models. Bernoulli 19 2222-2249. MR3160552

Fearnhead, P., Wyncoll, D. and Tawn, J. (2010). A sequential smoothing algorithm with linear com-
putational cost. Biometrika 97 447-464. MR2650750

Godsill, S.J., Doucet, A. and West, M. (2004). Monte Carlo smoothing for non-linear time series.
J. Amer. Statist. Assoc. 50 438-449.

Gordon, N., Salmond, D. and Smith, A.F. (1993). Novel approach to nonlinear/non-Gaussian Bayesian
state estimation. /EE Proc. F, Radar Signal Process. 140 107-113.

Hull, J. and White, A. (1987). The pricing of options on assets with stochastic volatilities. J. Finance
42 281-300.

Hiirzeler, M. and Kiinsch, H.R. (1998). Monte Carlo approximations for general state-space models.
J. Comput. Graph. Statist. 7 175-193. MR1649366

Jacob, P.E., Murray, L.M. and Rubenthaler, S. (2013). Path storage in the particle filter. Stat. Comput.
25 487-496.

Kitagawa, G. (1996). Monte Carlo filter and smoother for non-Gaussian nonlinear state space models.
J. Comput. Graph. Statist. 5 1-25. MR1380850

Kitagawa, G. and Sato, S. (2001). Monte Carlo smoothing and self-organising state-space model.
In Sequential Monte Carlo Methods in Practice. Stat. Eng. Inf. Sci. 177-195. New York: Springer.
MR1847792

Koski, T. (2001). Hidden Markov Models for Bioinformatics. Dordrecht: Kluwer Academic Publish-
ers.

Lindsten, F. and Schon, T.B. (2013). Backward simulation methods for Monte Carlo statistical infer-
ence. Foundations and Trends in Machine Learning 6 1-143.

Mongillo, G. and Deneve, S. (2008). Online learning with hidden Markov models. Neural Comput.
20 1706-1716. MR2417104


http://www.ams.org/mathscinet-getitem?mr=2439634
http://www.ams.org/mathscinet-getitem?mr=2044973
http://www.ams.org/mathscinet-getitem?mr=2731399
http://www.ams.org/mathscinet-getitem?mr=1819122
http://www.ams.org/mathscinet-getitem?mr=2895411
http://www.ams.org/mathscinet-getitem?mr=2458190
http://www.ams.org/mathscinet-getitem?mr=3226163
http://www.ams.org/mathscinet-getitem?mr=3289095
http://www.ams.org/mathscinet-getitem?mr=1847783
http://www.ams.org/mathscinet-getitem?mr=3160552
http://www.ams.org/mathscinet-getitem?mr=2650750
http://www.ams.org/mathscinet-getitem?mr=1649366
http://www.ams.org/mathscinet-getitem?mr=1380850
http://www.ams.org/mathscinet-getitem?mr=1847792
http://www.ams.org/mathscinet-getitem?mr=2417104

1996

[30]
[31]
(32]

(33]

(34]

(35]

[36]
[37]

(38]

J. Olsson and J. Westerborn

Olsson, J., Cappé, O., Douc, R. and Moulines, E. (2008). Sequential Monte Carlo smoothing with ap-
plication to parameter estimation in nonlinear state space models. Bernoulli 14 155-179. MR2401658
Olsson, J. and Strojby, J. (2010). Convergence of random weight particle filters. Technical report,
Lund University.

Olsson, J. and Strojby, J. (2011). Particle-based likelihood inference in partially observed diffusion
processes using generalised Poisson estimators. Electron. J. Stat. 5 1090-1122. MR2836770

Olsson, J. and Westerborn, J. (2014). Efficient particle-based online smoothing in general hidden
Markov models. In /EEE 2014 International Conference on Acoustics, Speech, and Signal Processing
(ICASSP 2014). New York: IEEE.

Pitt, M.K. and Shephard, N. (1999). Filtering via simulation: Auxiliary particle filters. J. Amer. Statist.
Assoc. 94 590-599. MR1702328

Poyiadjis, G., Doucet, A. and Singh, S.S. (2011). Particle approximations of the score and observed
information matrix in state space models with application to parameter estimation. Biometrika 98
65-80. MR2804210

Rabiner, L.R. and Juang, B.-H. (1993). Fundamentals of Speech Recognition. New York: Prentice-
Hall.

Rauch, H.E., Tung, F. and Striebel, C.T. (1965). Maximum likelihood estimates of linear dynamic
systems. AIAA J. 3 1445-1450. MR0181489

Vergé, C., Del Moral, P., Moulines, E. and Olsson, J. (2014). Convergence properties of weighted
particle islands with application to the double bootstrap algorithm. Preprint.

Received December 2014 and revised September 2015


http://www.ams.org/mathscinet-getitem?mr=2401658
http://www.ams.org/mathscinet-getitem?mr=2836770
http://www.ams.org/mathscinet-getitem?mr=1702328
http://www.ams.org/mathscinet-getitem?mr=2804210
http://www.ams.org/mathscinet-getitem?mr=0181489

	Introduction
	Previous work
	Our approach
	Outline

	Preliminiaries
	Notation
	Hidden Markov models
	Particle-based smoothing in HMMs
	The bootstrap particle ﬁlter
	Forward-ﬁltering backward-smoothing (FFBSm)
	Forward-only implementation of FFBSm
	Forward-ﬁltering backward-simulation (FFBSi)


	Main results
	The particle-based, rapid incremental smoother (PaRIS)
	Theoretical results
	Hoeffding-type inequalities
	Central limit theorems and asymptotic Lp error
	Time uniform asymptotic variance bounds
	Joint smoothing
	Marginal smoothing

	Computational complexity


	Simulations
	Linear Gaussian state-space model
	Stochastic volatility model
	Some comments on the implementation

	Conclusions
	Appendix A: Proofs
	Two prefatory lemmas
	Proof of Theorem 1
	Proof of Theorem 3
	Proof of Proposition 7
	Proof of Theorem 8
	Proof of Theorem 9

	Appendix B: Technical results
	Conditional limit theorems for triangular arrays of dependent random variables
	An accept-reject-based algorithm for backward sampling

	Acknowledgements
	References

