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1. Introduction

The problem of ordinal embedding, also called non-metric multidimensional scaling [4], consists
of finding an embedding of a set of items based on pairwise distance comparisons. Specifically,
suppose that §;; > 0 is some dissimilarity measure between items i, j € [n]:={1,...,n}. We as-
sume that §;; =0 and §;; = §; forall i, j € [n]. These dissimilarities are either directly available
but assumed to lack meaning except for their relative magnitudes, or only available via compar-
isons with some other dissimilarities, meaning that we are only provided with a subset C C [n]*
such that

8ij <8ke, V. j kO eC. o

Note that the latter setting encompasses the former. Given C and a dimension d, the goal is
to embed the items as points pi,..., p, € R? in a way that is compatible with the available
information, specifically

Sij<dke = pi—pill <lpr— pell, V@, j, k £)eC, ()

where || - || denotes the Euclidean norm. The two most common situations are when all the
quadruple comparisons are available, meaning C = [n]*, or all triple comparisons are available,
meaning C = {(i, j, i, k) : i, j, k € [n]}, which can be identified with [n]3. We emphasize that the
dissimilarities §;; may not be available, but their ordering is, although only according to the set C.
In some situations, the dissimilarities may be available but cannot be considered a meaningful
measure of distance, making the direct use of methods for metric embedding inappropriate. This
problem has a long history surveyed in [27], with pioneering contributions from [18,19] and [15].

The main question we tackle here is that of consistency. Suppose that the items are in fact
points xp,...,x, € R¢ and 8;j = llxi — xj||. Provided with a subset C = C, of dissimilarity
comparisons as in (2), is it possible to reconstruct the original points in the large-sample limit
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n — 00? Clearly, the reconstruction can only be up to a similarity transformation — that is, a trans-
formation f : R¢ — R? such that, for some A > 0, || f(x) — f(y)|| = Allx — y|| forall x, y € R?,
or equivalently, of the form f(x) = AR(x) + b where R is an orthogonal transformation and b is
a constant vector — since such a transformation leaves the distance comparisons unchanged. This
question is at the foundation of non-metric multidimensional scaling.

Early work only addressed the continuous case, where the x’s span a whole convex subset U C
RZ. In that setting, the goal becomes to characterize isotonic functions on U, that is, functions
f: U+ RY satisfying

Ix =yl <[« =] = |feo-r»|=lr&)-r0)]. VYxy.x,yeU. 3

Shepard [20] argues that such functions must be similarities, and cites earlier work [3,22] dealing
with the case d = 1.

Only recently has the finite sample case been formally considered. Indeed, [14] prove a con-
sistency result, showing thatif xq,...,x, e U C R4 , where U is a bounded, connected, and open
subset of R¥ satisfying some additional conditions — for example, a finite union of open balls —
and C = [n]*, then in the large sample limit, it is possible to recover the x’s up to a similarity
transformation. We note that [14] focus on the strictly isotonic case, where the second inequality
in (3) is strict. Our first contribution is an extension of this consistency result for quadruple learn-
ing to triple learning where C = [n]>. In the process, we greatly simplify the arguments of [14]
and weaken the conditions on the sampling domain U. We note that [23] have partially solved
this problem by a reduction to the problem of embedding a nearest-neighbor graph. However,
their arguments are based on an apparently incomplete proof in [25], which is itself based on a
rather sophisticated approach. Our proofs are comparatively much simpler and direct.

Our second contribution is to provide rates of convergence, a problem left open by [14].

The last decade has seen a surge of interest in ordinal embedding, motivated by applications to
recommender systems and large-scale psychometric studies made available via the internet, for
example, databases for music artists similarity [9,16]. Sensor localization [17] is another possible
application. Modern datasets being large, all quadruple or triple comparisons are rarely available,
motivating the proposal of embedding methods based on a sparse set of comparisons [1,4,12,23].
Terada and Von Luxburg [23] study what they call local ordinal embedding, which they define as
the problem of embedding an unweighted K -nearest neighbor (K -NN) graph. With our notation,
this is the situation where C = {(i, j, k) : §;; < 8;(x) < 8ix}, 8i(k) being the dissimilarity between
item i and its Kth nearest-neighbor. Terada and Von Luxburg [23] argue that, when the items
are points xi, ..., x, sampled from a smooth density on a bounded, connected, convex, and open
subset U C R? with smooth boundary, then K = K, > n% @+ (logn)?/?*+% is enough for
consistency. Our third contribution is to consider the related situation where C = {(i, j, k, £) :
8ij < 8re and max(d;;j, Six, 8i¢) < 8;(k)}, which provides us with the K-NN graph and also all
the quadruple comparisons between the nearest neighbors. In this setting, we are only able to
show that K,, >> +/nlogn is enough.

Beyond local designs, which may not be feasible in some settings, [12] consider the problem
of adaptively (i.e., sequentially) selecting triple comparisons in order to minimize the number of
such comparisons and yet deduce all the other triple comparisons. They consider a few methods,
among which a non-metric version of the landmark MDS method of [8]. Less ambitious is the
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problem of selecting few comparisons in order to consistently embed the items when these are
points in a Euclidean space. Our fourth contribution is to show that one can obtain a consistent
embedding with a landmark design based on a,n queries, where a,, is any diverging sequence.
Moreover, the embedding can be computed in (expected) time ¢ (a,)n, for some function ¢ :
R+ = R+.

The rest of the paper is organized as follows. In Section 2, we state our theoretical results and
prove the simpler ones. We then gather the remaining proofs in Section 3. Section 4 concludes
the paper with a short discussion.

2. Theory

In this section, we present our theoretical findings. Most proofs are gathered in Section 3.
We already defined isotonic functions in (3). Following [14], we say that a function f : U C
R? — R4 is weakly isotonic if

lx =yl <llx—zl = [f@)—fO|=|f&) - @

. Vx,y,zeU. (4
Obviously, if a function is isotonic (3), then it is weakly isotonic (4). Weak isotonicity is in fact
not much weaker than isotonicity. Indeed, let P be a property (e.g., ‘isotonic’), and say that a
function f : U C R? > R? has the property P locally if for each x € U there is r > 0 such that
S has property P on B(x,r) U, where B(x, r) denotes the open ball with center x and radius r.

Lemma 1. Any locally weakly isotonic function on an open U is also locally isotonic on U .

Proof. This is an immediate consequence of [14], Lemma 6, which implies that a weakly iso-

tonic function on B(x, r) is isotonic on B(x, r/4). O
Suppose we have data points x1, ..., x, € R4, Define
Qp={x1,..., 2}, Q:UQn:{xn:nzl}- )
n>1

Let 6;; = |lx; — x; || and suppose that we are only provided with a subset C,, C [n]* of distance
comparisons as in (1). To an (exact) ordinal embedding p : [n] — R? — which by definition
satisfies (2) — we associate the map ¢, : 2, — R4 defined by ¢, (x;) = p; for all i € [n]. We
crucially observe that, in the case of all quadruple comparisons (C, = [n]*), the resulting map ¢,
is isotonic on €2,,; in the case of all triple comparisons (C, = [1n]*), ¢, is only weakly isotonic
on £2,, instead. In light of this, and the fact that the location, orientation and scale are all lost
when only ordinal information is available, the problem of proving consistency of (exact) ordinal
embedding reduces to showing that any such embedding is close to a similarity transformation
as the sample size increases n — 0o. This is exactly what [14] do under some assumptions.
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2.1. Ordinal embedding based on all triple comparisons

Our first contribution is to extend the consistency results of [14] on quadruple learning to triple
learning. Following their presentation, we start with a result where the sample is infinite, which
is only a mild generalization of [14], Theorem 3.

Theorem 1. Let U C R? be bounded, connected and open. Suppose 2 is dense in U and con-
sider a locally weakly isotonic function ¢ : Q +— R?. Then there is a similarity transformation S
that coincides with ¢ on Q2.

The proof is largely based on that of [14], Theorem 3, but a bit simpler; see Section 3.1.

We remark that there can only be one similarity with the above property, since similarities
are affine transformations, and two affine transformations of R¢ that coincide on d + 1 affine
independent points are necessarily identical.

In this theorem, the set 2 is dense in an open subset of R4, and therefore infinite. In fact, [14]
use this theorem as an intermediary result for proving consistency as the sample size increases. In
fact, most of their paper is dedicated to establishing this, as their arguments are quite elaborate.
We found a more direct route by ‘tending to the limit as soon as possible’, based on Lemma 2
below, which is at the core of the Arzela—Ascoli theorem.

For the remaining of this section, we consider the finite sample setting:

UcR4is bounded, connected and open,
Qn, ={x1,...,x,} CU issuchthat Q:={x, :n>1}isdensein U, (6)

and ¢, : 2, — O C R? is a function with values in a bounded set Q.

In the context of (6), we implicitly extend ¢, to 2, for example, by setting ¢, (x) = g for all
x € 2\ ©,, where ¢ is any fixed point in Q, although the following holds for any extension.

Lemma 2. Consider Q, C R? finite and ¢, : Q2 — Q C R?, where Q is bounded. Then there
is N C N infinite such that ¢ (x) :=limuen ¢n (x) exists for all x € Q =, Qn.

This is called the diagonal process in [13], Problem D, Chapter 7. Although the result is clas-
sical, we provide a proof for completeness.

Proof of Lemma 2. Without loss of generality, suppose 2, = {x1, ..., x,}. Let No = N. Since
(¢n(x1) :n € Ng) € Q and Q is bounded, there is N; C Ny infinite such that lim, ey, ¢ (x1)
exists. In turn, since (¢,(x2) : n € Ni) is bounded, there is N, C N; infinite such that
lim, ¢y, ¢ (x2) exists. Continuing this process — which formally corresponds to a recursion —
we obtain --- C Ngy1 C N C --- C N1 C No = N such that, for all k, N is infinite and
lim; e, ¢n (xx) exists. Let ny denote the kth element (in increasing order) of Ny and note that
(ng : k > 1) is strictly increasing. Define N = {ny : k > 1}. Since {np, p > k} C Ni, we have
limuen ¢ (xk) = lim,en, ¢y (xk), and this is valid for all £ > 1. O
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Corollary 1. Consider the setting (6) and assume that ¢, is weakly isotonic. Then (¢,) is se-
quentially compact for the pointwise convergence topology for functions on Q and all the func-
tions where it accumulates are similarity transformations restricted to Q.

The corresponding result ([14], Theorem 4) was obtained for isotonic (instead of weakly iso-
tonic) functions and for domains U that are finite unions of balls, and the convergence was
uniform instead of pointwise. For now, we provide a proof of Corollary 1, which we derive as a
simple consequence of Theorem 1 and Lemma 2.

Proof of Corollary 1. Lemma 2 implies that (¢,) is compact for the pointwise convergence
topology. Let ¢ be an accumulation point of (¢,), meaning that there is N C N infinite such
that ¢ (x) = lim,ecy ¢, (x) for all x € Q. Take x, y,z €  such that |x — y|| < |lx — z||. By
definition, there is m such that x, y, z € R,,;, and therefore ||¢;, (x) — (W) || < l|Ppn(x) — dn (2|
for all n > m. Passing to the limit along n € N, we obtain ||[¢p(x) — (V)| < l¢(x) — d(2)].
Hence, ¢ is weakly isotonic on €2 and, by Theorem 1, it is therefore the restriction of a similarity
transformation to €2. (]

It is true that ([14], Theorem 4) establishes a uniform convergence result. We do the same
in Theorem 2 below, but with much simpler arguments. The key are the following two results
bounding the modulus of continuity of a (resp. weakly) isotonic function. We note that the second
result (for weakly isotonic functions) is very weak but sufficient for our purposes here. For A C
V C R?, define 85 (A, V) = SUpycy infycp ||y — x|, which is their Hausdorff distance. We say
that (y; :i € I) ¢ R? is an n-packing if ||y; — yjll = n for all i # j. We recall that the size of
the largest n-packing of a Euclidean open ball of radius r is of order exactly (r/n)~¢. For a set
V c R?, let diam(V) = sup, yey llx — y|l be its diameter and let

p(V):argsup{Elve V:B(v,r/Z)CV}, @)

r>0

which is the diameter of a largest ball inscribed in V.

Everywhere in the paper, d is fixed, and in fact implicitly small as we assume repeatedly that
the sample (of size n) is dense in a full-dimensional domain of R4, In particular, all the implicit
constants of proportionality that follow depend solely on d.

Lemma 3. Let V C R? be open. Consider A C V and set ¢ =85 (A, V). Let ¥ : A — Q be
isotonic, where Q C R4 is bounded. There is C diam(Q)/p(V), such that

[ @)=y ()| =c(|x—x"| +e), Vx,x" € A. (8)

Proof. The proof is based on the fact that an isotonic function transforms a packing into a pack-
ing. Take x, x" € A such that & := ||y (x) — ¥ (x")|| > 0, and let n = ||x — x’||. Since V is open it
contains an open ball of diameter p(V'). Let yq, ..., y,, be an (+ 3¢)-packing of such a ball with
m > C1(p(V)/(n + €))? for some constant C; depending only on d. Then let xq,...,x, € A
such that max; ||y; — x;|| < ¢. By the triangle inequality, for all i # j we have |lx; — x| >
lyi —yjll —2¢ > n+¢e > |lx —x'||. Because ' is isotonic, we have ||y (x;) — ¥ (x;)[| > £, so
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that ¥ (x1), ..., ¥ (xy) is a £-packing. Therefore, there is a constant C, depending only on d
such that m < C,(diam(Q)/&)?. We conclude that £ < (C,/C1)Y4(diam(Q)/p(V))(n +¢). O

For VCR? and h > 0, let V" = {xeV:3dye Vst xeB(y,h) CV}. We note that Vi s
the complement of the A-convex hull of V¢ := R4 \ V —see [6] and references therein.

Lemma 4. In the context of Lemma 3, if { is only weakly isotonic, then there is C o diam(Q),
such that for all h > 0,

Vd — yxe ANV vx eA. 9)

[v@ = v @) <C(lx =2/ + e/ h)
Proof. Assume that V" # @, for otherwise there is nothing to prove. Take x € ANV and x’ € A
such that & := ||y (x) — ¥ (x")|| > 0, and let n = ||x — x’||. Because ¥ is bounded, it is enough to
prove the result when n, ¢ < h/2. Let y € V be such that x € B(y, h) C V. There is y' € B(y, h)
such that y € [xy’] and ||x — y'|| > 2h/3. Define u = (y' — x)/||y’ — x||. Let zg = x, and for
J=1,definez; =z 1+ (n+5je)u. Let k > 0 be maximum such that Zl;zl(n +5je) <h/2.
Since k satisfies kn + 5k%e > h/2, we have k > min(h/(4n), «/h/(10¢)). By construction, for all
j€lkl, zj € [xy'] and B(zj,2¢) C B(y,h). Let x_1 =x’, xo = x and take xi, ..., xx € A such
that max; [|x; — z;|| < e. By the triangle inequality, for j =2,...,k,

lxj —xj—1ll = llzj —zj-1ll —=2e > llzj—1 — zj—2ll + 3¢ > |Ixj—1 — xj—2| + &,
which implies by induction that
lxj —xj—1ll = lx1 —xoll + & = llz1 — 20l =n+5¢ > |x — x|

By weak isotonicity, this implies that || (x;) — ¥ (x; )| = [ (x) — ¥ (x")|| = &. We also have,
forany i, j € [k] such that 1 <i < j —2,

lxj —xill = llzj —zill =2 = llzj — zj—1ll + n+ 56 = 2e > |lxj —xj—1ll +n +&.

By weak isotonicity, this implies that || (x;) — ¥ ()|l > [W(x;) — ¥ (x;j—1)| forall 0 <i <
J < k. Consequently, (¥ (x;) : j € [k]) forms a &-packing of Q. Hence, k < C’'(diam(Q)/£)4,
for some constant C’. We conclude with the lower bound on k. ([l

From this control on the modulus of continuity, we obtain a stronger version of Corollary 1.

Theorem 2. Under the same conditions as Corollary 1, we have the stronger conclusion that
there is a sequence (Sy,) of similarities such that, for all h > 0, max,cq ~yh [|¢n(x) — Sp(X)[| —
0 as n — oo. If in fact each ¢, is isotonic, then this remains true when h = 0.

We remark that when U is a connected union of a possibly uncountable number of open balls of
radius at least & > 0, then U = U". This covers the case of a finite union of open balls considered
in [14]. We also note that, if U is bounded and open, and dU has bounded curvature, then there
is h > 0 such that U = U”". This follows from the fact that, in this case, U° has positive reach
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[10], and is therefore h-convex when / is below the reach byl [6], Proposition 1. Moreover, our
arguments can be modified to accommodate sets U with boundaries that are only Lipschitz, by
reasoning with wedges in Lemma 4.
Theorem 2 now contains ([14], Theorem 4), and extends it to weakly isotonic functions and to
more general domains U. Overall, our proof technique is much simpler, shorter, and elementary.
Define ¢, = 5 (2, U), which quantifies the density of €2, in U. Because 2,41 C 2, and Q2
is dense in U, we have g, \ 0 as n — oo.

Proof of Theorem 2. Let ¢ be an accumulation point of (¢,) for the pointwise convergence
topology, meaning there is N C N infinite such that ¢ (x) = lim,en ¢, (x) for all x € Q. We
show that, in fact, the convergence is uniform.

First, suppose that each ¢, is isotonic. In that case, Lemma 3 implies the existence of a constant
C > 0 such that ||¢, (x) — ¢ (x")|| < C(|lx — x'|| + &) for all x, x" € ,, and for all n. Passing
to the limit along n € N, we get ||¢(x) — ¢ (x")|| < Cllx — x|| for all x,x" € Q. (In fact, we
already knew this from Corollary 1, since we learned there that ¢ coincides with a similarity, and
is therefore Lipschitz.) Fix ¢ > 0. There is m such that ,, < &. Then there is m’ > m such that
max;epm] [¢n(xi) — @ (x;)|| <& foralln € N with n > m’. For such an n, and x € Q,, leti € [m]
be such that ||x — x;|| < &;,,. By the triangle inequality,

|60 x) = )| < [P0 (x) = P (x) || + [ (xi) — ) || + @ (xi) — d ()|
< C(llx = xill + &n) + || pn(xi) — p(x) | + Cllxi — x|
<C(em+e)+e+Cep<@BCH1)e.

Since x € Q is arbitrary and ¢ can be taken as small as desired, this shows that the sequence
(¢, : n € N) convergences uniformly to ¢ over (2, :n € N).

When the ¢,, are only weakly isotonic, we use Lemma 4 to get a constant C > 0 depending on
diam(Q) and h > 0 such that [|¢, (x) — ¢ (x")|| < C(llx — x'|| + /&2) /¥ for all x € @, N U"
and all x’ € Q,, and for all n. Passing to the limit along n € N, we get ||¢(x) — ¢(x)| <
Cllx — x|/ for all x,x" € Q. (In fact, [|¢(x) — ¢ (x)|| < Cllx — x| for all x,x" € Q from
Corollary 1, as explained above.) The rest of the arguments are completely parallel. We conclude
that (¢, : n € N) convergences uniformly to ¢ over (2, N U h:neN).

Let S denote the similarities of R?. For any functions ¢, v : Q — R?, define 8, (¢, ) =
max, .o nph ¢ (x) — ¥ (x)|, and also 8, (¢, S) = infgcs 5,(¢, S). Our end goal is to show that
8n(¢n, S) — 0 as n — o0o. Suppose this is not the case, so that there is n > 0 and N C N infinite
such that §,,(¢,,S) > n for all n € N. By Corollary 1, there is Ny C N and S € S such that
S(x) = lim,en, ¢, (x) for all x € Q2. As we showed above, the convergence is in fact uniform
over (2,NU" :n e Ny, meaning lim,en, 8, (¢,, S) = 0. At the same time, we have §, (¢, S) >
8, (¢n, S) > n. We therefore have a contradiction. O

I This proposition is stated for compact sets (which is not the case of U®) but easily extends to the case where set is
closed with compact boundary.
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2.2. Rates of convergence

Beyond consistency, we are able to derive convergence rates. We do so for the isotonic case, that
is, the quadruple comparison setting. Recall that ¢, = 8 (2, U).

Theorem 3. Consider the setting (6) with ¢, isotonic. There is C depending only on (d, U), and
a sequence of similarities S, such that maxycgq, |¢n(x) — S, (x)|| < C diam(Q)e,. If U = U" for
some h > 0, then C = C’/ diam(U) where C' is a function of (d, h/ diam(U), p(U)/ diam(U)).

The proof of Theorem 3 is substantially more technical than the previous results, and thus
postponed to Section 3. Although [14] are not able to obtain rates of convergence, the proof
of Theorem 3 bares resemblance to their proof technique, and in particular, is also based on a
result of [2] on the approximation of e-isometries; see Lemma 18. We will also make use of a
related result of [24] on the approximation of approximately midlinear functions; see Lemma 17.
We mention that we know of a more elementary proof that only makes use of [2], but yields a
slightly slower rate of convergence.

We note that there is a constant ¢ depending only on d such that &, > cn /4. This is because
U being open, it contains an open ball, and this lower bound trivially holds for an open ball. And
such a lower bound is achieved when the x;’s are roughly regularly spread out over U. If instead
the x;’s are i.i.d. uniform in U, and U is sufficiently regular — for example, U = U" for some
h >0 —then g, = 0(10g(n)/n)1/d, as is well-known. This would give the rate, and we do not
know whether it is optimal, even in dimension d = 1.

Remark. We are only able to get a rate in /g, for the weakly isotonic case. We can do so by
adapting of the arguments underlying Theorem 3, but only after assuming that U = U" for some
h > 0 and resolving a few additional complications.

2.3. Ordinal embedding with local comparisons

Terada and Von Luxburg [23] consider the problem of embedding an unweighted nearest-
neighbor graph, which as we saw in the Introduction, is a special case of ordinal embedding.
Their arguments — which, as we explained earlier, seem incomplete at the time of writing —
indicate that K = K,, > n* @*® (1ogn)?/@+4) is enough for consistently embedding a K-NN
graph.

We consider here a situation where we have more information, specifically, all the distance
comparisons between K -nearest-neighbors. Formally, this is the situation where

Con={G. j.k, £):8ij <8eand {j, k, €} C Nk, (i)},

where Nk (i) denotes the set of the K items nearest item i. If the items are points 2, =
{x1,...,x,} C R?, an exact ordinal embedding ¢, is only constrained to be locally weakly iso-
tonic as we explain now. We start by stating a standard result which relates a K-NN graph to an
r-ball graph.
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Lemma 5. Let U C R? be bounded, connected and open, and such that U = U h for some h > 0.
Sample x1, ..., x, i.i.d. from a density f supported on U with (essential) range in (0, 00) strictly.
There is a constant C such that, if K := [nr?] > C logn, then with probability tending to 1,

Neighg (x;) C {xj Hlxy =il < r} C Neighy g (x;), Vi € [n],
where Neighy (x;) denotes the set of the K points in {x; : j € [n]} nearest x;.

The proof is postponed to Section 3 and only provided for completeness. Therefore, assuming
that K > Clogn, where C is the constant of Lemma 5, we may equivalently consider the case
where

C}’l = {(l’ jvk’g) : 8!] < 8k€ and max(sijvaikvail) < r}’l}v

for some given r, > 0. An exact embedding ¢, : 2, — R4 in that case is isotonic on €2, N
B(x, ry) for any x € 2,,. We require in addition that

[x=x'| <ra< <" =xF] =
|60 ) = @u ()] < 18 (x") — 60 (x¥)

This is a reasonable requirement since it is possible to infer it from C,,. Indeed, for k, £ € [n], we
have 8¢ < ry, if, and only if, (k,k,k,£) € C, or (£,¢,4,k) € C,. (Here we assume that §;; =0
for all 7 and §;; > 0 if i # j, as is the case for Euclidean distances.) We can still infer this even
if the quadruples in C,, must include at least three distinct items. Indeed, suppose &, £ € [n] are
such that there is no i such that (i, k,i,£) € C, or (i, £, i, k) € C,, then (a) §;x = §;¢ for all i such
that max(8;x, 8i¢) < ry, or (b) x¢ > ry. Assume that r, > Ce, with C > 0 sufficiently large, so
that situation (a) does not happen. Conversely, if (k, £) is such that §;¢ < r;,, then when (a) does
not happen, there is i such that (i, k,i,£) € C, or (i, £,i,k) € Cy,.

. (10
, vx,x xt xFeq,.

Theorem 4. Consider the setting (6) and assume in addition that U = U" for some h > 0, and
that ¢, is isotonic over balls of radius r,, and satisfies (10). There is a constant C > O depend-
ing only on (d, h, p(U), diam(U), diam(Q)) and similarities S, such that max,cq, |[¢n(x) —
Sa(@)|l < Cen/r2.

Assume the data points are generated as in Lemma 5. In that case, we have ¢, = O (log(n)/
n)l/ 4 and Theorem 4 implies consistency when r, > (log(n)/ n)l/ 4 By Lemma 5, this corre-
sponds to the situation where we are provided with comparisons among K, -nearest neighbors
with K,, > /nlogn. If the result of [23] holds in all rigor, then this is a rather weak rate. Initially,
we were hopeful to prove that K,, > logn is enough for consistency, but even that we were not
able to show.

2.4. Landmark ordinal embedding

Inspired by [12], we consider the situation where there are landmark items indexed by L,, C [n],
and we are given all distance comparisons from any point to the landmarks. Formally, with triple
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comparisons, this corresponds to the situation where
Co= G, j. k) elnl x L2 : 8 <8k}

If the items are points 2, = {x1,...,x,} C R4, an exact ordinal embedding ¢, is only con-
strained to be weakly isotonic on the set of landmarks and, in addition, is required to respect the
ordering of the distances from any point to the landmarks. The following is an easy consequence
of Theorem 2.

Corollary 2. Theorem 2 remains valid in the landmark triple comparisons setting (meaning with
¢n as just described) as long as the landmarks become dense in U .

Jamieson and Nowak [12] study the number of triple comparisons that are needed for exact
ordinal embedding. With a counting argument, they show that at least Cn logn comparisons are
needed, where C is a constant depending only on d. If we only insist that the embedding respects
the comparisons that are provided, then Corollary 2 implies that a landmark design is able to be
consistent as long as the landmarks become dense in U. This consistency implies that, as the
sample size increases, an embedding that respects the landmark comparisons also respects all
other comparisons approximately. This is achieved with O (n€2 + £3) triple comparisons, where
£, :=|L,| is the number of landmarks, and the conditions of Corollary 2 can be fulfilled with
£, — oo at any speed, so that the number of comparisons is nearly linear in .

Proof of Corollary 2. We focus on the weakly isotonic case, where we assume that U = U h for
some h > 0. Let A,, = {x; : [ € L,} denote the set of landmarks. Since A, becomes dense in U,
meaning 0, := 8y (A, U) — 0, by Theorem 2, there is a sequence of similarities S, such that
Cn t=maxXyeep, 1@n(x) — Sy (x)|| = 0. Now, for x € Q,, let X € A, such that ||x — X|| <n,. We
have

[600) = a0 | < 60(0) = D] + [ = $u® [ + S0 = Su0)]. (D)
The first term is bounded by C n,l,/ 2d by Lemma 4, for some constant C. The middle term is
bounded by ¢,. For the third term, express S, in the form S, (x) = 8, R, (x) + by, where §, € R,
R, is an orthogonal transformation, and b,, € R4 Take two distinct landmarks xT, x* € A,, such
that || x* —x*|| > diam(U)/2, which exist when n is sufficiently large. Since || S, (xT) — S, (x)|| =
Bullx™ — x*¥|| > B, diam(U)/2 and, at the same time,

12 (x7) = S ()| < [1Sa(x7) = @u (xT)|| + [0 (xT) = @u (xF) || + || (xF) — S (x¥) |
< ¢n +diam(Q) + &, < 2diam(Q), eventually,

we have 8, < ﬁ :=4diam(Q)/diam(U). Hence, the third term on the RHS of (11) is bounded

by Ainn. Thus, the RHS of (11) is bounded by Cna/*? + ¢, + Bn,, which tends to 0 as n — oo.

This being valid for any x € €2,,, we conclude. O

We remark that at the very end of the proof, we obtained a rate of convergence as a function
of the density of the landmarks and the convergence rate implicit in Theorem 2. This leads to the
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following rate for the quadruple comparisons setting, which corresponds to the situation where
Co={G, j. k) elnl x Ly :8;; <8} U{G, j. k0 €Ly 8 <8ix).

Here, ¢, is constrained to be isotonic on the set of landmarks and, as before, is required to respect
the ordering of the distances from any data point to the landmarks.

Corollary 3. Consider the setting (6) in the landmark quadruple comparisons setting (meaning
with ¢, as just described). Let A, denote the set of landmarks and set 0, = g (Ay, U). There is
a constant C > 0 and a sequence of similarities S, such that max,cg, ||¢n(x) — Sy (x)|| < Cnp.

Proof. The proof is parallel to that of Corollary 2. Here, we apply Theorem 3 to get ¢, < Con,,.
This bounds the second term on the RHS of (11). The first term is bounded by C17, by Lemma 3,
while the third term is bounded by B, as before. (Co, C; are constants.) O

Computational complexity. We now discuss the computational complexity of ordinal embedding
with a landmark design. The obvious approach has two stages. In the first stage, the landmarks
are embedded. This is the goal of [1], for example. Here, we use brute force.

Proposition 1. Suppose that m items are in fact points in Euclidean space and their dissimilari-
ties are their pairwise Euclidean distances. Then whether in the triple or quadruple comparisons
setting, an exact ordinal embedding of these m items can be obtained in finite expected time.

Proof. The algorithm we discuss is very naive: we sample m points i.i.d. from the uniform dis-
tribution on the unit ball, and repeat until the ordinal constraints are satisfied. Since checking
the latter can be done in finite time, it suffices to show that there is a strictly positive proba-
bility that one such sample satisfies the ordinal constraints. Let &}, denote the set of m-tuples
(x1,...,xm) € B(0, 1) that satisfy the ordinal constraints, meaning that ||x; — x; || < [lxx — x¢||
when (i, j, k, £) € C. Seeing X;, as a subset of B(0, 1) C R%™ it is clearly open. And sampling
X1, ..., Xy 1.1.d. from the uniform distribution on B(0, 1) results in sampling (x1, ..., X, ) from
the uniform distribution on B(0, 1), which assigns a positive mass to any open set. U

In the second stage, each point that is not a landmark is embedded based on the order of its
distances to the landmarks. We quickly mention the work [7], who develops a convex method
for performing this task. Here, we are contented with knowing that this can be done, for each
point, in finite time, function of the number of landmarks. For example, a brute force approach
starts by computing the Voronoi diagram of the landmarks, and iteratively repeats within each
cell, creating a tree structure. Each point that is not a landmark is placed by going from the root
to a leaf, and choosing any point in that leaf cell, say its barycenter.

Thus, if there are £ landmarks, the first stage is performed in expected time F (£), and the sec-
ond stage is performed in time (n — £)G (£). The overall procedure is thus computed in expected
time F(€) + (n — £)G(L).
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Remark 1. The procedure described above is not suggested as a practical means to perform
ordinal embedding with a landmark design. The first stage, described in Proposition 1, has fi-
nite expected time, but likely not polynomial in m. For a practical method, we can suggest the
following:

1. Embed the landmarks using the semidefinite [1] (which solves a semidefinite program) or
the method of [23] (which uses an iterative minimization-majorization strategy).
2. Embed the remaining points using the method of [7] (which solves a quadratic program).

We cannot provide any theoretical guarantees for this method.

3. More proofs

In this section, we gather the remaining proofs and some auxiliary results. We introduce some
additional notation and basic concepts. For z1,...,z;, € R4, let Aff(zy, ..., zm) denote their
affine hull, meaning the affine subspace they generate in R?. For a vector x in a Euclidean space,
let ||x|| denote its Euclidean norm. For a matrix M € RP*?, let ||M|| denote its usual operator
norm, meaning, | M || = max{||Mx|| : [|x|| < 1} and | M||r = /tr(M T M) its Frobenius norm.

Regular simplexes. These will play a central role in our proofs. We say that z1, ..., z,, € R?, with
m > 2, form a regular simplex if their pairwise distances are all equal. We note that, necessarily,
m < d + 1, and that regular simplexes in the same Euclidean space and with same number of
(distinct) nodes m are similarity transformations of each other — for example, segments (m = 2),
equilateral triangles (m = 3), tetrahedron (m = 4). By recursion on the number of vertices, m, it
is easy to prove the following.

Lemma 6. Let z1,...,2, form a regular simplex with edge length 1 and let  denote the

barycenter of z1,...,2Zm. Then ||u — zi|| = /(m —1)/2m, and if z,z1, ..., zZm form a regular
simplex, then ||z — u|| = ~/(m + 1) /2m. (In dimension m, there are exactly two such points z.)

3.1. Proof of Theorem 1
We assume d > 2. See [14] for the case d = 1. We divide the proof into several parts.

Continuous extension. Lemma 4 implies that ¢ is locally uniformly continuous. Indeed, take
xp € Q and let r > 0 such that B(xp, r) C U and ¢ is weakly isotonic on B(xg, ) N 2. Applying
Lemma 4 with V = B(xq, r) and A = QN B(xg, r) —so that (A, V) = 0 because A is dense in
V —and noting that V" = V, yields a constant C, > 0 such that ||¢ (x) — ¢ (x")|| < C,||lx —x'||'/4,
for all x, x’ € N B(xg, r). Being locally uniformly continuous, we can uniquely extend ¢ to
a continuous function on U, also denoted by ¢. By continuity, this extension is locally weakly
isotonic on U.
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Isosceles preservation. Sikorska and Szostok [21] say that a function f : V c RY — R? pre-
serves isosceles triangles if

Ix=yll=llx=zll = [f@-rfo»|=]re-ral. Vx,y,zeV.

In our case, by continuity, we also have that ¢ preserves isosceles triangles locally. Indeed, for the
sake of pedagogy, let u € U and r > 0 such that B(u, r) C U and ¢ is weakly isotonic on B(u, r).
Take x, y, z € B(u, r/2) be such that ||x — y|| = ||x —z||. For t € R, define z; = (1 —t)x +1z. Let
t > 1 such that z; € B(u, r). Because ||x — y|| < t|lx —z|| = ||x — z/||, we have ||[¢ (x) —d (V)| <

¢ (x) — @ (zo)l. Letting £ 1, we get [|¢(x) —p (V)| < l|¢(x) — ¢ ()| by continuity of ¢. Since
y and z play the same role, the converse inequality is also true, and combined, yield an equality.

Midpoint preservation. Let V. C R? be convex. We say that a function f : V > R? preserves
midpoints if

f(x+y> _I0HIO

2 2 ’

We now show that ¢ preserves midpoints, locally. Kleindessner and Von Luxburg [14] also do
that, however, our arguments are closer to those of [21], who make use of regular simplexes. The
important fact is that a function that preserves isosceles preserves regular simplexes. Let u € U
and r > 0 such that B(u,r) C U and ¢ preserves isosceles on B(u,r). Take x,y € B(u,r/2),

andlet u = (x +y)/2.Let zy, ..., zg form a regular simplex with barycenter x and side length s,
and such that ||x — z;|| = s for all i. In other words, x, z1, ..., zg forms a regular simplex placed
so that u is the barycenter of z1, ..., z4. By symmetry, y, z1, ..., z4 forms a regular simplex also.

By Lemma 6, we have ||z; — u||/||x — || =+/(d — 1)/(d +1),sothat z1, ...,z4 € B(u,7/2) C
B(u, r), by the triangle inequality and the fact that || x — || < r/2. Hence, ¢ (x), ¢ (z1), ..., ®(zq)
and ¢ (y), ¢(z1), ..., ®(zq) are regular simplexes. If one of them is singular, so is the other one, in
which case ¢ (x) = ¢ (y) = ¢ (). Otherwise, necessarily ¢ (x) is the symmetric of ¢ (y) with re-
spect to Aff(¢(z1), ..., ®(z4)); the only other possibility would be that ¢ (x) = ¢ (y), but in that
case we would still have that ¢ (z;) = ¢ (x) foralli € [d], since || x —z; || /llx —ul| =/2d/(d + 1)
by Lemma 6 — implying that ||x — z;|| < ||x — y|| — and ¢ is weakly isotonic in that neighbor-
hood. So assume that ¢ (x) is the symmetric of ¢ (y) with respect to Aff(¢(z1), ..., $(z4)). For
a €{x,y, u}, |la — zi| is constant in 7, and therefore so is ||¢ (a) — ¢ (z;)||, so that ¢ (a) belongs
to the line of points equidistant to ¢ (z1), ..., ¢ (z4). This implies that x, y, i are collinear. And

because [|u — x|l = || — yll, we also have [[¢ (1) — @ ()| = ¢ () — @ (¥)Il, so that ¢ () is
necessarily the midpoint of ¢ (x) and ¢ (y).

Conclusion. We arrived at the conclusion that ¢ can be extended to a continuous function on
U that preserves midpoints locally. We then use the following simple results in sequence: with
Lemma 7, we conclude that ¢ is locally affine; with Lemma 8, we conclude that ¢ is in fact affine
on U; and with Lemma 9, we conclude that ¢ is in fact a similarity on U.

Lemma 7. Let V be a convex set of a Euclidean space and let f be a continuous function on V
with values in a Euclidean space that preserves midpoints. Then f is an affine transformation.
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Proof. This resultis in fact well known, and we only provide a proof for completeness. It suffices
to prove that f is such that f((1 —)x +ty) =1 — 1) f(x) +tf(y) for all x,y € V and all
t € [0, 1]. Starting with the fact that this is true when t = 1/2, by recursion we have that this
is true when ¢ is dyadic, meaning, of the form ¢ = k277, where j=>1and k < 2J are both
integers. Since dyadic numbers are dense in [0, 1], by continuity of f, we deduce the desired
property. (]

Lemma 8. A locally affine function over an open and connected subset of a Euclidean space is
the restriction of an affine function over the whole space.

Proof. Let U be the domain and f the function. Cover U with a countable number of open balls
B;,i € I such that f coincides with an affine function f; on B;. Take i, j € I distinct. Since U is
connected, there must be a sequence i =ky,...,k; = j, allin I, such that By, N By, # < for
s € [m — 1]. Since By, N By, is an open set, we must have f; = f ., and this being true for
all s, it implies that f; = f;. ]

Lemma 9. An affine function that preserves isosceles locally is a similarity transformation.

Proof. Let f be an affine function that preserves isosceles in an open ball. Without loss of
generality, we may assume that the ball is B(0,2) and that f(0) = 0 (so that f is linear). Fix
uog € dB(0, 1) and let a = || f (uo)||. Take x € R different from 0 and let u = x/||x||. We have
IF N/ Nxll=11f @I = I1f ) = fFOI = I1f(uo) — fO)I =l f(uo)|| = a. Hence, || f(x)|| =

a||x||, valid for all x € R¢, and f being linear, this implies that f is a similarity. O

3.2. Auxiliary results

We list here a number of auxiliary results that will be used in the proof of Theorem 3.

The following result is a perturbation bound for trilateration, which is the process of locating
a point based on its distance to landmark points. For a real matrix Z, let ox(Z) denote its kth
largest singular value.

Lemma 10. Letzy,..., 2441 € RY such that Aff(zy, . .., Zd+1) = R4 and let Z denote the matrix
with columns z1, ..., z4+1. Consider p,q € R? and define a; = ||p — z;i|| and b; = |lq — zi|| for
ield+1]. Then

1
lp—ql < Ex/c_lod(z)‘l mgXItlfm —a} — b} + b3, | <Vdoy(2)™! miax|ai2 —b7|.

Proof. Assume without loss of generality that z7+1 = 0. In that case, note that az1 = || p||
and by+1 = ||q]|. Also, redefine Z as the matrix with columns z1, ..., z4, and note that the first d
singular values remain unchanged. Since Aff(z1, ..., z4+1) = RY thereisa = (a1, ..., aq) € R4
and B = (B1....,Ba) € R? such that p =), yyizi = Za and g = Y4 Bizi = ZB. For p,

we have al,z =|p—z ||2 = ||p||2+ lzi ||2 —2zl.TZa forall i € [d], or in matrix form, ZT Za = %u,
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where u = (u1,...,uq) and u; = aL21+1 — czl.2 + 1zl Similarly, we find AV %v, where
v=(vy,...,vg) and v; = b?z+1 — b? + ||z [|*. Hence, we have
1 1 )
T _ 7T T _ _ 2 2 2.4 32
127w =) =12"2a =27 28] = Sl —vl =5 |3 (ag,y —bay) —af +57)
ield]

1
< L amanla3,, — a2 =7+ 83| = Vmax|a? — ).
1 1
Simultaneously, || ZT (p — )|l = 04(Z)||p — ¢||. Combining both inequalities, we conclude. [J

For n €10, 1), we say that z1, ...,z € R4 form an n-approximate regular simplex if

min [|z; — z; | > (1 — n) max ||z; — z;]|.
i#] i#]

Lemma 11. Let 71, ..., 2, form an n-approximate regular simplex with maximum edge length A
achieved by ||z — z2||. There is a constant Cp and 2}, . . ., z,, € Aff(z1, ..., zp) with 2} = z1 and
2y = 22 and forming a regular simplex with edge length X, such that max; ||z} — z;|| < ACpu1.

Proof. By scale equivariance, we may assume that A = 1. We use an induction on m. In what
follows, Cy,, C,’n, C,’,g, etc., are constants that depend only on m. For m = 2, the statement is
trivially true. Suppose that it is true for m > 2 and consider an n-approximate regular simplex

21+ Zmy1 € RY with maximum edge length 1. By changing d to m if needed, without loss
of generality, assume that Aff(zq, ..., Zu4+1) = R4, In that case, zi, ..., Zm is an n-approximate
regular simplex with maximum edge length achieved by ||z; — z2|| = 1, and by the inductive
hypothesis, this implies the existence of z},...,z,, € A := Aff(z1,...,z,) with z; = z; and

7, = z2 and forming a regular simplex of edge length 1, such that max;c(m [|2; — z; || < Cpn for
some constant Cy,,. Let p be the orthogonal projection of z,,4+1 onto A. Before continuing, let

P be the set of such p obtained when fixing 2/, ..., z, and then varying z; € B(z}, Cn) for
i € [m] and z,,4+1 among the points that make an n-approximate regular simplex with z1, ..., z,.
Let ' be the barycenter of 2, ..., z,, and note that 4" € P. Now, set § = ||z41 — pll. By the

Pythagoras theorem, we have || p — z; R Zm+1 — zi 2 —82, with 1 —n < zm+1 —zill <1, s0

that 0 < 1 —8% — || p — z;[|> < 2. By the triangle inequality, [[|p — z/|| — Il p — zi | < llzi — 2}l <

Cu1, so that

e =21 =1p =zl =lp =z == zll|(lp = 2 = lp = 21) < i — 2| |2 — 2|
< Cun2+ Cun) < Cy,,

using the fact that || p — z;[| < [lzm+1 — zill < 1. Hence,
Pclq:|qg—z| =1-6>+Cln,Viem]}.

Since y’ € P, we must therefore have || p — z}||> = |1/ — z/||*> £ 2C},n. By Lemma 10, this im-
plies that || p — p/|| < v/m — lo,il([z’1 -~z D2Crn=:C)'n. Let z/ | be on the same side of

m m+1
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A as z;;+1 and such that z/], e z;,l, z;n 11 form a regular simplex. Note that w1’ is the orthogonal
projection of z, 41 onto A. By the Pythagoras theorem, applied multiple times, we obtain the
following. First, we have

[zt =zt | = Iz =0 + 1 = p+ p =zt |
= |zpsr — ”2 — 221 — M/)T(Zm+1 —p)HIp—zmal*+ |1 - P”2
= (lztas = = 1P = zwsr ) + | = p|".

because z/, - w1’ and z,,11 — p are orthogonal to A, and therefore parallel to each other and
both orthogonal to ' — p. For the second term, we already know that ||u’ — p|| < C/'n, while
the first term is bounded by (2C ,’,’, + 2)2172 since, on the one hand,

et =P = Ny =5 = =2 =1 = | =24
while, on the other hand,

2 2 2 2
1P = zmt1ll” = llzmt1 —z21ll” = lp —21l" =1 £ 2n = lIp — 21",

and we know that || — Z}[1?> = |p — z11|> & 2C};n. Hence, we find that IZpy1 — Zml? <

Ci an for some constant C,,; function of m only. This shows that the induction hypothesis
holds for m + 1. ]

Lemma 12. There are constants Cy,, C,, > 0 such that, if z1, ..., 2, form an n-approximate
regular simplex with maximum edge length A, then o,y—1([21 - Zm]) = ACi (1 — C),0).

Proof. By scale equivariance, we may assume that A = 1. By Lemma 11, there is a constant
C, and z},...,z, € Aff(z1,...,z,) forming a regular simplex with edge length 1 such that
max; ||z§ —zill < C)'n. By Weyl’s inequality ([11], Corollary 7.3.8), 0,y—1(Z) > oyy—1(Z') —
|Z — Z'||. On the one hand, ,,—1(Z’) is a positive constant depending only on m, while on the

otherhand, |Z — Z'|| < ||1Z = Z'lF =/ >_; llzi — 2} 11> < /mCppn. O
Lemma 13. Let 71, ..., 2,y form an n-approximate regular simplex with maximum edge length A
and barycenter ju. Let p € Aff(z1, ..., zm) and define y = max; ||p — z;i||> — min; || p — zi ||
There is a constant Cy, > 1 depending only on m such that |p — u|| < Cpry when n <1/C,.

Proof. By scale equivariance, we may assume that > = 1. By Lemma 10, we have
1 _
Ip =l = 5vm =To, Ly (lzy - zw]) max| I p = 2w l* = lp = ziI].

By Lemma 12, there is a constant C,, such that ar;ll([m --zm]) < C,, when n <1/C,,. And
we also have max; ||| p — zm||> — || p — zi||*| < y. From this, we conclude. O
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Lemma 14. Let v : A — Q be isotonic, where A, Q C RY. Let v e RY and r > 0, and set
e =38y (A, B(v,r)). There is C o< diam(Q)/r such that, for all x,x’, x7,x% € A with x,x' C
B(v,3r/4) and for all n € (0,r/4 — 2¢),

|[x=x|=x"=x*|£n = |y -v)|=vE")-vEH)|£Ccm+e). 12

Proof. Let & = ||x —x'|| and &7 = |xT — x*||. Suppose that & < 5 + 2¢, which implies that &7 <
2n + 2¢. In that case, Lemma 3 — where the constant there is denoted here by C; o diam(Q)/r —
yields ||y (x) — ¥ (x))|| < C1(& +¢) < C1(n + 3¢) and, similarly, || (xT) — v (x%)|| < C12n +
3¢). This proves (12). Henceforth, we assume that £ > n + 2¢.

First assume that & > £7. In that case, we immediately have |y (x) — v (x)|| = [Y (xT) —
¥ (x¥)||. For the reverse, let y; = (1 — f)x + tx’, and note that ||y, — x|| = t€. Take t = 1 —
(n + 2¢)/& and note that ¢ € [0, 1], so that y; € [xx'] C B(v,r), and therefore there is x* € A
such that |[x* — y;|| < e&. We have ||x* —x|| < |ly; — x| + [x* — y;|| <€ —np — e < &, so that
v (x) — ) < ¥ (") — ¥ (x¥)|. Applying the triangle inequality and Lemma 3, we then
have

[y —v () =z v - v )] - v () - v )]
z [y v @) - (¥ =] +2).

with [lx" — x*[| < llx" = yell 4+ llye — x*Il <+ 3e.

When & < €7, we choose t = 1 + (17 + 2¢)/&. Because x, x’ C B(v, 3r/4), we still have y; €
B(v, r) because of the constraint on 7. The remaining arguments are analogous.

When & = &7, repeating what we just did both ways and with 1 = 0 yields the result. ([

Lemma 15. Consider v : A — R4 isotonic, where A C RY. Let V denote the convex hull of A.
Set £ =8y (A, V) and ¢ = diam(y (A))/5diam(A). Then ||y (x) — ¥ (x")|| = cllx — x| for all
x,x" € A such that |x — x'|| > 4e.

Proof. We first prove that, if ¢ > 0 and n > 4¢ are such that ||y (x) — ¥ (x')|| < cn forall x,x’ €
A with ||x — x'|| <7, then diam(y(A)) < c(4diam(A) + 7). Indeed, take x,x" € A. Let u =
(x"—x)/llx" — x|l and L = ||x — x'||, and define y; = x + s;u where s; = j(n — 3¢) for j =
0,...,J :=[L/(n—3¢)], and then let s; 1.1 = L. By construction, y; € [xx'] C V, with yg = x
and y;41 = x’. Let x; € A be such that ||x; — y;|| <&, with xo = x and x;4; = x’. By the
triangle inequality, ||xj+1 — x| < [lyj+1 — ¥l +2e =541 —s; +2¢ < n. Hence,

v x) — v (') <Z||W(x,>—w<x,+1>|| SU+Dhense

j=0

+ cn < c(4 diam(A) + 17),

since n —3e >n —3n/4=n/4 and L < diam(A).

Now assume that v is isotonic and suppose that || (x) — ¥ (x)|| < c|lx —x’|| for some x, x' e
A such that 5 := ||x — x’|| > 4e. Then we have || (x7) — ¥ (x¥)|| < cnp when xT, x¥ € A satisfy
||xT —xt || < n. We just showed that this implies that diam((A)) < c(4diam(V) + n), and we
conclude using the fact that n < diam(A). ([l
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The following result is on 1-nearest neighbor interpolation.

Lemma 16. Let A be a subset of isolated points in V. C RY and set ¢ = 8y (A, V). For any
function  : A+ R?, define its 1-nearest neighbor interpolation as ¥ : V — R as

> Y).  Na(y):=argmin|x — y]. (13)

xeNA(Y) xeA

v = |NA<y)|

Consider the modulus of continuity of ¥, which for n > 0 is defined as w(n) = sup{||¥ (x) —
Y| :x,x’ € A, ||x —x'|| <n}. Then the modulus of continuity of v, denoted ®, satisfies
o) < w(n + 2¢). Moreover, for any y,y' € V and any x,x' € A such that ||x — y|| < & and
X" =yl <e,

[0 =¥ () = v 0o = v (x) | £ 20@e).

Proof. Fix n > 0 and take y,y’ € V such that ||y — y'|| < 5. We have ||x — y|| < & for all
x € NA(y) and ||x" — y'|| < e for all x’ € Na(y'), so that ||x — x| < ||y — ¥'|| + 2¢ for all such
x and x’, by the triangle inequality. Therefore,
[0 =& ()] < sup{ ¥ (0) = ¥ (') :x € Na(y).x" € Na(Y)]}
< supf{ |y (») -y ()] :

} =0 +2e).

Since this is true for all y, y' € V such that ||y — y'|| < n, we conclude that @() < w(n + 2¢).
For the second part of the lemma, we have

[V =3 () = v = (&) £ [P0 —v@| £ [ () - v(x)

)

where the second term is bounded by

[V () = v @] <sup{ |y &) — ¥ )] : £ € Na()}
<sup{[[¥ @ — Y @) : |¥ — x|l <2} <0(2e),

using the fact that | x — x|| < ||Xx — y|| + ||y — x|| < 2¢, and similarly for the third term. O

Let V C R be convex. In our context, we say that f : V i R¥ is n-approximately midlinear
if

1
Hf(x i y) — S0+ 1)

<n, Vx,yeV.

Lemma 17. Let V C R? be star-shaped with respect to some point in its interior. There is a
constant C depending only on V such that, for any n-approximately midlinear function f : V
R, there is a affine function T : R¢ — R? such that sup,cy | f(x) =T (x)| <Cn.
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Note that, if V is a ball, then by invariance considerations, C only depends on d.
Proof of Lemma 17. This is a direct consequence of [24], Theorem 1.4. O
We say that f: V ¢ RY > R? is an e-isometry if
lx =yl —e<|f@) = fO| <llx =yl +e, Vx,yeV.
ForasetV C Rd, define its thickness as
0(V) = inf{diam(u" V) :u e R, |Ju|| = 1}.

Recalling the definition of p in (7), we note that 6(V) > p(V), but that the two are distinct in
general.

Lemma 18. Let V C R? be compact and such that 0(V) > ndiam(V) for some 1 > 0. There is
a constant C depending only on d such that, if f : V +— R? is an e-isometry, then there is an
isometry R : R+ RY such that max.cy || f(x) — R(x)|| < Ce/n.

Proof. This is a direct consequence of [2], Theorem 3.3. [l
Lemma 19. Let T : R? = RY be an affine function that transforms a regular simplex of edge
length 1 into an n-approximate regular simplex of maximum edge length A > 0. There is a con-
stant C, depending only on d, and an isometry R, such that | T (x) — AR(x)|| < CAn for all
x € B0, 1).

Proof. By invariance, we may assume 7 is linear and that the regular simplex is formed by

0,z1,...,24 and has edge length 1. Letting w; = T (z;), we have that 0, wy, ..., wy form an
n-approximate regular simplex of maximum edge length A := max; ||w;||. Lemma 11 gives O,
w], ..., w); forming a regular simplex of edge length A such that max; |[w; — w!|| < CiAn for

some constant Cq. Let R be the orthogonal transformation such that R(z;) = wl/. /A foralli e
[d]. We have ||T (z;) — AR(zi)|| = |lw; — w}|| < CiAn for all i. In matrix notation, letting Z :=
[z1---z4], we have

d
ITZ = RZI|I <ITZ = RZIlF= |Y_ITz —*Rz|?
i=1

< ﬂm% 172 — ARzl < VdCihn.
le
At the same time, |[TZ — ARZ|| = |T — AR|/1Z~"|| with |27V = 1/04(Z) = 1/04([0z; - --

z4]) being a positive constant depending only on d. Hence, ||T — AR| < (\/E/ad(Z))CIM; =:
CoAn. [
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Lemma 20. Suppose that S1, S : RY > R? are two affinities such that maxyep(y,r [|S1(x) —
S>(x)|| < n forsome y € R and r > 0. Then || S (x) — S2(x)|| < 2nllx — y||/r +n forall x € RY.

Proof. By translation and scale invariance, assume that y =0 and r = 1. Let L; = §; — S;(0).
For x € B(0, 1), we [[L1(x) — La() [ < [IS1(x) — S2(0)[I + [|51(0) — $2(0)|| < 27. Hence, for
x €Re, ||Li(x) — Lo(x)|| < 2n|lx]|, which in turn implies that || S1(x) — S2(X)|| < ||IL1(x) —
Ly ()] + 151(0) = S2000[1 < 2n(lx[| + 7. U

3.3. Proof of Theorem 3

Without loss of generality, we may assume that D, := diam(¢, (£2,)) > 1. Indeed, suppose that
D,, < 1, but different from 0, for otherwise ¢, is a degenerate similarity and the result follows.
Let d;n =D, 14:,,, which is isotonic on €2, and satisfies diam(d?n(Q,,)) = 1. If the result is true
for (511, there is a similarity S',, such that max,cq, |q3,, (x) — S’n (x)| < Ceg, for some constant C.
(We implicitly assume that the set ¢, (£2,,) contains the origin, so that ¢~>n (€2;,) remains bounded.)
We then have max,cq, |9, (x) — Sp(x)| < CD,e, < Ce,, where S, := D, S‘,, is also a similarity.

Let r = p(U), so that there is some u, such that B(u,,r) C U. Let A, = 2, N B(uy,7/2)
and §, = diam(¢, (A,)). Let w be any unit-norm vector and define y+ = u, + (r/2 — &,)w. Let
x4+ € Q, be such that ||[x+ — y+|| <e&,. Necessarily, x4 € A, because the distance from y to
9 B(u., r/2) exceeds e,. Note that ||[x_ — x4 || > r| :=r — 4e,,. By isotonicity,

[n(x) = dn(x")] < [dn(x2) = n(x0)| <8u,  whenever |x —x'| <ri. (14)

Let yy, ..., yx be a (r1/3)-packing of U, so that K < C(diam(U)/r)¢ for some constant C > 0.
Let x;, € 2, be such that [lx;, — yill < &n, so that U C Uyerx BOks 71/3) € Ugery Big s 72),
where rp :=r1 /3 + e,. Let zx = x;, for clarity. Take x, x” € ,,. Because U is open, it is path-
connected, so there is a continuous curve y : [0, 1] — U such that y(0) = x and y (1) = x'.
Let ko € [K] be such that x € B(zg,,72) and so = 0. Then for j > 0, let s5;41 = inf{s >
sjiy(s) ¢ UIE[J]B(zk,,rz)} and let kj41 € [K] be such that ||Zk,+1 YD)l < &n. Let
J =min{j : s;11 = oo}, which is indeed finite. By construction, ||zk Tk | <2rp <n
when ¢, < r/10. By (14), we have [¢n(zk;) — én(2k; )l < Sp. Thus by the triangle in-
equality, ||¢,(x) — ¢ (X)) || < J8, < K$,,. ThlS being true for all x, x’ € ©,, this prove that
8n > D, /K D, (diam(U)/r)~.

1-NN interpolation. Let (ﬁn denote the 1-NN interpolation of ¢, as in (13). We claim that there is
a Cj o< Dy /r and ¢ o< (diam(U)/ r)~¢D, /r such that ¢, satisfies the following properties: for
ally, vy, v,y eU,
[6n) =& ()| = Co(ly = '] +en) (1s)
ly=yT <[y" =y —4en =

. R R . (16)
|60 ) = ()| < [0 (3") = G (F)| + Cien,
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and also
() = _C ns
D=0l zeilly =] = Ce -
if y,y' € B(u.,r/2) satisfy |y — y'| > 10g,,
and
Iy=yI=1"=y£n = 600 = (¥)] = [6a(v7) = & (6¥) [ £ C5 0 +0),
(18)

ify,y € B(us,r/2), 6, <r/120and 0 < n <r/5.

Indeed, let x, x’, xT, x* € Q, such that ||x — y|[, [|x — y'II, lxT = y |, |x¥ = y*|| < &n.
For (15), we start by applying Lemma 16 to get

160 () = @u ()] = 0 x) — B (x) || £ 2000 (222
< on([|x = x'])) + 200 en) < @a(|y = ¥'|| + 260) + 200 (2¢0),

where wj, is the modulus of continuity of ¢,,. We then use Lemma 3, which gives that w, () < Cn
for all n and some C o« D,,/r, to get w, (||y — Y|l + 2&n) £ 2w, 2e,) < C(|ly — y'|| + 68).

For (16), we first note that ||x — x| < [|xT — x¥|| by the triangle inequality, which in turn im-
plies that [|¢, (x) — ®n NIl < ||¢n " — ®n, (x*)|| since ¢, is isotonic. We then apply Lemma 16
to get that ||¢n(¥) — du ()| < 10 0T = Gu ()| + 4wn (26,), and conclude with Lemma 3 as
for (15).

For (17), we may apply Lemma 15 with A,. Let V be the convex hull of A,, so that V C
B(uy,r/2). Let z be a point in that ball. If z 7 u,, let w = (4, — 2)/||ux — zl|, and if z = u,, let w
be any unit-norm vector. Define z’ = z + ¢, w and notice that the distance from z’ to 9 B(uy, r/2)
exceeds ¢,. Therefore, if x € 2, is such that ||z’ — x|| < ¢,, then necessarily, x € A,. We then
note that ||z — x|| < 2&,. We conclude that §5(A,, V) < 2¢,. Since ||x — x'|| > |y — y'|| —
26, > 4(2en), we get that ||, (x) — (X)) || = cllx —x'||, with ¢ := diam(¢, (A,)) /5 diam(A,) >
8,/5r. We then apply Lemma 16 to obtain ||¢,(y) — ¢n ()| = cllx — x| — 20, (26n) > c|ly —
y'|l = 2(c + C)e,, using Lemma 3 as for (15).

For (18), note that x, x’ € B(u,, r/2 4+ €,) C B(uy,3r/4), and ||x — x| = ||xT — x¥| & (n +
4¢p,) by the triangle inequality. By Lemma 14 — where the constant there is denoted here by
C’ « D, /r — this implies that

|60 ) = 8a ()] = [0 (x") = bu (x¥) | £ C' + £0)

when n+4¢, <r/4—2¢,, whichis true when ¢, < r/120 and n <r/5. We then apply Lemma 16
together with Lemma 3, as for (15).

CASE d = 1. This case is particularly simple. Note that U is a bounded open interval of R.
We show that the function ¢, is approximately midlinear on U. Take x, y € U and define u =
(x 4+ y)/2. By the fact that ¢, takes its values in R, and (18), we have

| RPN A A | BN N A A
5(%()6) + () = du(w)| = §||¢n(x) — dn(W)| = [0 (V) — G (|| < Cien/2,
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when ¢, /r is small enough. Hence, b is (Cgéen)-approximate midlinear on U. By the result of
[24], namely Lemma 17, there is C o< 1 —since U is a ball — and an affine function 7;, such that
maxyey |dA>,, (y) = Tw(y)| < CCjey. Since all affine transformations from R to R are (possibly
degenerate) similarities, we conclude.

CASE d > 2. For the remaining of this subsection, we assume that d > 2.

Approximate midlinearity. We show that there is a constant C such that qAbn is locally Ce,-
approximately midlinear. Take x, y € B(u4, r/4), and let u = (x + y)/2. Let t > 0 be a constant
to be set large enough later. . . .

If |lx — yll < tep, then by (15), ¢n(x), $n(y) € B(dn(p), C5(t/2 + 1)&p), so that

. 1, .
$n(n) — 5(%(}6) + ()| < C5(t/2 4 Den.

Therefore, assume that ||x — y|| > t¢,. Let z1, ..., zg be constructed as in the proof of Theo-
rem 1. By construction, both x, z1,...,zg and y, z1, ..., zg form regular simplexes, and p is the
barycenter of z1, ..., z4. By Lemma 6, for any i # j,

lzi =l =v/(d = D/2dllzi =zl = V/(d = 1)/2dv/2d/(d + Dllx = pll < |x = y1I/2,

which coupled with the fact that x, Y€ B(u,, f/4) yields that z; € B(u,, r/g) for all i. Now, let
20 = x. By (18), we have min;; ||¢,(z;) — ¢u(z;) | = max; j ¢n(zi) — dn(z;)ll — Cyen. Let
cd =+/d/(2d +2). By (17) and Lemma 6,

|60 (zi) = dn(z)| = clizi — zjll = Chen = cicallx — vl — Cien = (chcat — Cj)en.

Hence, assuming t > 2C(/cjca, we have minl¢j n(2i) — bn (@)= (1 —n)max; ; lln(zi) —
qﬁn(z i), where n :=2C(/(cgcat). In that case, ¢,,(x) ¢>,, (zl) ¢A>,,(zd) form a n-approximate
regular s1mp1ex.ABy symmetry, the same is true of ¢n(y), qf)n (zl), e 43,1 (z4).

Define A = [l¢n (x) — ¢ ()|l By Lemma 6, [|z; — z; [l = callx — ¥l </llx — y[| — 4&, when
t>4/(1 —cy), since ||x — y|| > te, and ¢y < 1. By (16), this implies that ¢, (z;) — ¢n(z;) 1| <
A+ Clen. By (17), A > (¢t — C§)en, so that A + Cle, < 2) since we already assumed that
t > 2C}/cpea > 2C5/cp.

Fora € {x,y, u}, lla — zi| is constant in i € [d]. Therefore, by (18), min,-A||¢A>n (a) — qAS,, @) =
max; ||, (@) — ¢n (2)|| — C*en Define &, as the orthogonal projection of ¢, (a) onto the affine
space A := Aff(¢,, (zl) ¢,, (zd)) and let 6, = ||¢,, (a) — &,||. By the Pythagoras theorem, we
have [|&, — ¢u(zi) |1 = |I¢n(a) — $n(z)||* — 82. In particular,

max | — ¢ () |* — min[[&s — §uc) | = max| du(@) — duz) | — min| gy (@) — a0 |
=< 2C68n m_in”d;n(a) - (Z,Sn(zi) “ + (C68n)2 <Cié&n,

where Cy :=2C D, + Cjr, once &, < r. Let ¢ denotes the barycenter of én(zl), ...,<]3,1(Zd).
Assume that ¢ is sufficiently large that n < 1/C3, where C, o 1 is the constant of Lemma 13.
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By that lemma, and the fact that Gn(21), ..., Pu(zq) form a n-approximate regular simplex of
maximum edge length bounded by A, we have ||, — ¢|| < C2AC¢&,. Let L be the line passing
through ¢ and perpendicular to A. We just proved that an (x), qg,, ), qg,, (w) are within distance
CiAe, from L, where C3 := CC>.

Let & denote the orthogonal projection of ¢A>n () onto ((;AS,, (x)dgn (y)). Since ||[x — |l = ||y — ull,
we can apply (18) to get

& =) |” = € = |
=[6n () = $u @ |* = | $n () = S |*|

=1[6n (1) = G || + || n (1) — P ||| X [ B0 () — u ()| = [ Pn () — S (M]||
< 4Cyren,

using the fact that max (||, (12) — ¢u ()1, 16n (1) — Gu (M) < X + Cen < 22, due to (16) and
lx —pul=lly —ull = %Hx —y|l < |lx — y|| —4e, when ¢ is large enough. By Lemma 13, we
then obtain ||& — 1 (&n x)+ (}A&n (")l < C4hrey for some constant C4 o< Cf). In particular, recalling

that A = [[¢, (x) — $u(») |, this implies that & € [¢, (x)$, ()] when &, < 1/2C4.

It remains to argue that ¢n(,u) is close to £&. We already know that d)n(x) d),,(y) d)n(,u)
are within distance Csie, from L, and by convexity, the same must be true of &. Let M =
(¢3,, (x)qAﬁn (y)) and 6 = Z(L, M). Let Py denote the orthogonal projection onto M, when M is a
linear subspace. By Pythagoras theorem,

32 =60 =P = | PL (B 0) = )| + | Pre (Bn ) — )|
< (cos6)?A% + (2C3he,)>,

implying that sinf < 2Cs¢,,. Since || P — Py|| = sinf and qAﬁ,, (u) — & is parallel to M, we also
have

Idne) — &[> = | PL(Bn () — &) |* + | Prr(dn ) — &)
< (s5in0)? G (1) — €] + 2C3080)%,

so that ||q3n(u) — E|| <2C3re,/cosO < 2C3he,/+/1 — (2C38,)? < CsAe,, for some constant
Cs o« C3, once C3g, isAsmall enough. .
We conclude that ||¢, (1) — %(q&n x) + (M) < (C4q + Cs)rey, by the triangle inequality.

Approximate affinity. We now know that ¢3,1 is Ce,-approximate midlinear on B(u,,r/4) for
some constant C o« Cj(Dy, + r) o C(*)(diam(Q) + r). This implies, by the result of [24], that is
Lemma 17, that there is an affine function 7, such ||<13n (x) = T,(x)|l < Ciey for all x € W, for
some constant C} o rC o rCj(diam(Q) +r).

Approximate similarity. (Reinitialize the constants Cy, kK > 1.) We saw above that qAbn transforms
the regular simplex zo(= x), 21, ..., z4 With height denoted & satisfying h > te, /2 into a n-
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approximate one, where 1 = 2C(j/(ccat). In what follows, choose these points so that they are
all in B(u,,r/2) and the simplex has height 4 > r/8. (From here on, reinitialize the variables
X, ¥, A, etc.) We can then take t = r/4¢,, yielding n = C¢&, for a constant C; C6/(06r). By
the triangle inequality, we have

rl_r;i;nu Tu(zi) — Tn(z)) | = rln;}_a!!én(z,-) — du(z))| —2Cten
>(1- clsn>rp;;<|\¢3n(zi) — du(z))| —2Cten

> Iggjxil To(zi) — Tu(zj) | — (4CT + C18,)en.

By the triangle inequality and (17),
Vo = IIIléle” Tu(zi) = Tu(z))| = Hilé}XH(ISn @) = @u(zp)| = 2CTen
> c5 rrila;_x lzi —zjll — Cien — 2Cen = cfr/8 — (Cf +2C7)ey.
Hence, we find that T,,(zp), ..., T (z4) form a Cs¢,-approximate regular simplex, where C» :=

(4C7 + C18,)/(chr/8 — (Cj + 2C7)ey). Note that its maximum edge length is bounded as fol-
lows:

Yn < nl_le}xuén (@) = $n(2))| +2CTen <84 +2CTen <26,
when 2C}e, < §,. By Lemma 19, there is a constant C3 > 0 and an isometry R;;, such that we
have maxyew |7, (x) — A, R (x)|| < C3A,Caey, Where A, := y,/h. Because r/8 < h <r and
the bounds on y,, above, there is a constant C; > 1 such that
1/C5 <A <C3. (19)

This implies that

|60 (x) = 2a RE) | < |0 (¥) = T (|| + [ To (x) = M R ()|

(20)

< (C} + C3C2C))en =: Clep.
Covering and conclusion. (Reinitialize the constants Cy, k > 1.) Letu; = u, andletus, ..., ug €
U be such thatuy, ..., ug form a maximal (r/16)-packing of U. (The number 16 is not essential

here, but will play a role in the proof of Theorem 4.) Note that U = U; U --- U Ug where
Uk := U N B(ug, r/4), and note that U, := U; C U. For u,u’ € Uy, there are w, w' € U, such
that ||w — w’|| = ||u — u’||. Define ¢, = ¢, /An. By (18), and then (19)—(20), we have
||¢3n () — Q;n (M/) || = “‘Z’n(w) - q';n (w/) || + C(;giz/)‘n
= |w —w'|| £ (C{+ C3)en/C} =: |lw — w'|| £ Cie,.
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Let
0 (Ux)
min ————,
k  diam(Uy)
which is strictly positive. The result of [2], namely Lemma 18, gives a constant C2 o & and an

isometry Ry such that max,ep, ¢, (1) — Ri ()| < Caep.
Let

§1= 2y

1
& = 5 min{p(Ue N Uy) : Uk N Uy # 2} (22)

Take k, k' € [K] such that U N Uy # &, so that there is u € U such that B(u, &) C Uy N Uy.
Since

max | Re(x) — Ry ()| < max |Re(x) — Gp(x)| + [|fn(x) — Ry (0)]|
xeB(u,&) xeUrNU;,

< max | Re(x) — ¢ () || + max ¢, (x) — Re(x) || <2Caey.
xeUg xeUy

we have ||Rx(x) — Ry (x)|| < Q2llx — ul|/§2 + 1)2Cz¢, for all x € RY, by Lemma 20. Hence,
IRk (x) — R (x)|| < 2diam(U) /&> + 1)2Cae;, =: C3¢,, for all x € U. If instead Uy N Uy = &,
we do as follows. Since U is connected, there is a sequence kg =k, kq, ...,k =k’ in [K],
such that Uy, N Uy, , # 9. We thus have maxycy || Ri; (x) — Ry, (x)|| < C3¢,. By the triangle
inequality, we conclude that max,cy || Rg(x) — Ry (x)|| < KCse, for any k, k' € [K]. Noting
that Ry = R}, (since Uy = U,), for any k € [K] and x € Uy,

[0 () = R | < [ Ri(x) = Ri@) | + Cagn < (K C3 + Co)en.
We conclude that, for any x € U,
|fn () = 2 RE) | < (KC3+ C)Anen < (KC3 + C2)Cien =: Caey. (23)
This concludes the proof when d > 2.

A refinement of the constant. Assume now that U = U" for some h > 0. Tracking the constants
above, we see that they all depend only on (d, p(U), diam(U), diam(Q)), as well as & and &,
defined in (21) and (22), respectively. We note that diam(Uy) < r and p(Uy) > min(r/2, h) by
Lemma 21, so that £, > min(r/2, h)/r. To bound &;, we can do as we did at the beginning of
this section, so that at the end of that section, we can restrict our attention to chains ko, ..., ky,
where |lug; —ug;,, |l <2r/16 =r/8.To be sure, fix k, k' € [K]andlety : [0, 1]+ U be acurve
such that y (0) = uy and y (1) = uy. Define so = 0 and then s; 1 =inf{s > s; : ||y (s) — Uk; || >
r/16}, and let k41 € [K] be such that ||y (sj4+1) — uk;,, | <r/16, which is well-defined since
(uk, k € [K]) is a (r/16)-packing of U. We then have

iy = iy Il < g =y )] = [y i) =i | <r/16+r/16=1r/8.

We can therefore redefine &, in (22) as % min{p(Ux NUy) : |lux —uy | <r/8}. Because U = U™,
for each k € [K], there is v; such that uy € B(vr, min(r/16, h)) C U. By the triangle inequality,
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B(vg, min(r/16, h)) C Uy when |lux — uy|| < r/8, so that & > min(r/16, ). So we see that
everything depends on (d, h, p(U), diam(U), diam(Q)). The second part of the theorem now
follows by invariance considerations.

3.4. Proof of Lemma 5

Let c = essinfy f and C = esssup;; f, which by assumption belong to (0, 00). Fix i € [n] and
let Ny =#{j #i:llxj — x| <r}. For j #i, pi(j) :=P(lx; — xil <r) = [p, ,, f (@) du. For
an upper bound, we have

pi(j) < CVol(B(x;,r) NU) < CVol(B(x;, r)) = Céar? =: Q,

where Vol denotes the Lebesgue measure in R¢ and ¢  is the volume of the unit ball in R¢. Hence,
P(N; >2(n —1)Q) <PBin(n — 1, Q) > 2(n — 1) Q) < e~ "~D2/3 by Bennett’s inequality for
the binomial distribution. By the union bound, we conclude that max; N; < 2(n — 1) Q with
probability at least 1 —ne~~1D2/3 which tends to 1 if nr? > Cologn and Cy > 0 is sufficiently
large.

For a lower bound, we use the following lemma.

Lemma 21. Suppose U C RY is open and such that U = U" for some h > 0. Then for any x € U
and any r > 0, B(x,r) N U contains a ball of radius min(r, h) /2. Moreover, the closure of that
ball contains x.

Proof. By definition, there is y € U such that x € B(y, h) C U. We then have B(x,r) N U D
B(x,r) N B(y, h), so it suffices to show that the latter contains a ball of radius min(r, k)/2. By
symmetry, we may assume that r < h. If ||x — y|| <r/2, then B(x,r/2) C B(y, h) and we are
done. Otherwise, let z = (1 —¢)x +ty with ¢t :=r/2||x — y|| € (0, 1), and note that B(z,r/2) C
B(x,r) N B(y,h) and x € 0B(z,r/2). O

Now that Lemma 21 is established, we apply it to get
pi(j) = e Vol (B(x;, r) NU) = cgg(min(r, h)/2)" =: q.
Hence, P(N; < (n — 1)q/2) < PBin(n — 1,q) < (n — 1)q/2) < ¢~ ©/D=Da By the union

bound, we conclude that min; N; > (n — 1)g/2 with probability at least 1 —ne~(©/P=Da_which
tends to 1 if nrd > C; logn and C1 > 0 is sufficiently large. (Recall that £ is fixed.)

3.5. More auxiliary results

We list here a few additional of auxiliary results that will be used in the proof of Theorem 4.
For V C R? and x, x’ € V, define the intrinsic metric

Sy (x,x") =sup{L:3y : [0, L]~ V, 1-Lipschitz, with y (0) = x, y (L) = x'},
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where y is 1-Lipschitz if ||y (s) — y(t)|| < |s —¢| for all s, ¢ € [0, L]. If no such curve exists,
set 8y (x, x’) = oo. The intrinsic diameter of V is defined as sup{Sy (x, x") : x, x’ € V}. We note
that, if L := 8y (x, x") < oo, then there is a curve y C V with length L joining x and x’. Recall
that a curve with finite length is said to be rectifiable. See [5] for a detailed account of intrinsic
metrics.

For U c R? and h > 0, let US" = {x € U : B(x, h) C U}. This is referred to as an erosion (of
the set U) in mathematical morphology.

Lemma 22. If U C R? is open and connected, then for each pair of points x,x' € U, there is
h > 0 and a rectifiable curve within US" joining x and x'.

Proof. Take x, x’ € U. By taking an intersection with an open ball that contains x, x’, if needed,
we may assume without loss of generality that U is bounded. Since every connected open set
in a Euclidean space is also path-connected [26], Example 2.5.13, there is a continuous curve
y : [0, 1]+ U such that y (0) = x and y (1) = x’. A priori, ¥ could have infinite length. However,
y (= y ([0, 1])) is compact. For each ¢ € [0, 1], let 7(¢) > 0 be such that B, := B(y(t),r(t)) C U.
Since y C Uze[o,l] B;, thereis 0 <t < --- <t, <1 such that y C Uje[m] By;. Since y is
connected, necessarily, for all j € [m — 1] there is s; € [¢;, ;1] such that y(s;) € B,j N B,j e
Letso =0and s, = 1. Then [y (s;)y (sj+1)]1 C By;,, C U forall j €0,...,m — 1, and therefore
the polygonal line defined by x = ¥ (s0), ¥ (s1), ..., ¥ (Sm—1), ¥ (5;) = x' is inside Uje[m] B, C
U®" where r := minjep,)r(¢j) > 0. By construction, this polygonal line joins x and x’, and is
also rectifiable since it has a finite number of vertices. [l

Lemma 23. Suppose U C R? is bounded, connected, and such that U = U" for some h > 0.
Then there is hy > 0 such that, for all h e€]0, hy], the intrinsic diameter of UsSh is finite.

Proof. Let V = U®", By assumption, for all x € U, there is y € V such that x € B(y,h) C U.
In particular, U DV # @.

Let V1 be a connected component of V. Pick y; € V; and note that By := B(y;,h) C U by
definition, and also By C V| because Bj is connected. Let {; be the volume of the unit ball in
R<. Since the connected components are disjoint and each has volume at least zh¢ while U has
volume at most £y (diam(U)/2)¢, V can have at most [(diam(U)/2h)%] connected components,
which we now denote by Vi, ..., Vk. Pick yx € V; for each k € [K]. Applying Lemma 22, for
each pair of distinct k, k" € [K], there is a rectifiable (i.e., finite-length) path y; »» C U joining
vk and yp. By Lemma 22, the length of yj y/, denoted Dy y/, is finite, and there is sy x > 0 such
that yy x» C UShw  Let Dy =maxy perx] Dix and hy = ming grex) M k-

We now show that each connected component Vj has finite diameter in the intrinsic metric
of V' := U®"2, Since Vj is bounded, there is xj, ..., xu € Vi such that Vy C U/’E[mk] 0,
where Q; := B(xj,h/2) C V'. Take any x, x" € Vi. Let j, j' € [my] be such that xe Q; and

x" € Qj. Since Vj is connected, there is a sequence j = jo, ji,..., js, = j' € [my] such that
0;NQj,, #Dforalls=0,..., S Choosez; € Q;; NQ; ., andlet zo = x and zg5, = x’. Then
[zs25+1] C Qj,,, for all s. Let L be the polygonal line formed by zo, ..., zs,. By construction,

LC Uszo Q, C V', it joins x and x’, and has length at most (Sx + 1)2A. Hence, 8y (x,x) <
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(Sx + 1)2h < 2(my + 1)h. This being valid for all x, x” € Vi, we proved that V; has diameter at
most Dy :=2(my + 1)A in the intrinsic metric of V'. Let D, = maxkex] Dk

Now take A+ € [0, h;] and any x,x’ € US" . Let y,y' € V be such that x € B(y, h) and
x" € B(y',h). Let k, k' € [K] be such that y € V; and y’ € V;. There are curves y,y’ C V' of
length at most D, such that y joins y and yk, while y’ joins y’ and y,/. We then join y; and yy
with y, 1 All together, we have the curve [xy]U y Uy p Uy’ U [y'x’], which joins x and x’,
lies entirely in U Sht and has length bounded by & + D, + Dy + D, + h =: D. And this is true
for any pair of such points. O

Lemma 24. Suppose that Sy, 5> : R — R are two affinities such that max; [|S1(z;) —
S$2(zj) |l < &, where zq, ...,zq form in a n-approximate regular simplex with minimum edge
length at least A. There is C > 0 depending only on d such that, if n < 1/C, then ||S1(x) —
Sr(x) || < Cellx —zoll/A+ & forall x € R4,

Proof. Note that this is closely related to Lemma 20. By translation and scale invariance, assume
thatzp=0and A=1.Let L; = §; — S;(0). We have ||L1(z;) — L2zl < 1S1(z;) — S2z )l +
[IS1(0) — S2(0)]| <2e. Let Z denote the matrix with columns zy, ..., z4. In matrix notation, we
have

i~ Loyz], = Jzn (L1 — Loyz; | < 2Vde.
J

We also have ||(L1 — L2)Z||r > ||(L1 — L2)Z|| = 064(Z)||IL1 — L>||, and by Lemma 12, 04(Z) =
04([z0, Z]) = 1/C1 when n < 1/C1, where C; depends only on d. In that case, ||L1 — L2|| < Cae
for another constant C,. Equivalently, for x € R?, ||L{(x) — La(x)| < Czé&|lx||, which in turn
implies that [|S1(x) — S2(x)[| < [[IL1(x) — L2(0) | + [151(0) — $2(0)[| < Caellx]|l +&. U

3.6. Proof of Theorem 4

Because ¢, is bounded independently of n, we may assume without loss of generality that
Coen <rp and Cor, < h for all n, where Cop > 1 will be chosen large enough later on.

Take y € U and let Qy = 2, N B(y,r,) and Qy = ¢,(2,). We first show that there is
C1 o< diam(Q)/p(U) such that, for any y € U, diam(Q,) < C;ry. For this, we mimic the
proof of Lemma 3. Take x,x" € ©, such that & := ||, (x) — ¢, (x")|| = diam(Qy). Let u
be such that B(u, p(U)) C U. Let yi,...,y, be an (r, + 2¢,)-packing of B(u, p(U)) with
m > Al(,o(U)/r,,)d for some Aq o< 1. Then let {x; :s € [m]} C 2, be such that maxsem [lys —
xi; | < e,. By the triangle inequality, for all s # ¢, we have ||x;;, — x;, | > llys — y:ll — 2&, >
ra > [ — '|l. By (10), we have [, (x;,) — éu(x;)]| = &, 50 that ¢u(xi), ..., $u(x;,) form
a &-packing. Therefore, m < Az(diam(Q)/é)d for some Ay o< 1. We conclude that & <
(A2/ A (diam(Q)/p(U))ry =: Ciry.

We apply Theorem 3 to Uy := B(y, ;) and £2,. With the fact that 64 (2, Uy) < 2¢, — as
we saw in the proof of (17) — and invariance considerations, we obtain a constant C 1 and
a similarity Sy such that max,eq, [¢n(x) — Sy(x)|| < C(diam(Qy)/rn)en < CCrey =: Catp.
(Note that all the quantities with subscript y depend also on 7, but this will be left implicit.)
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Fix y, € U®™. For x € Q,, there is y € U®™ such that x € U,. Assume y is parame-
terized by arc length and let #; be given by Lemma 23 and let D denote the intrinsic di-
ameter of U®". Then assuming r, < hy, there is a curve y C U Orn of length L < D join-
ing y, and y. Let yo = yx, yj = y(jrp) for j =0,...,J :=|L/r,], and then y; 11 =y. We
have maxzeu, NUy.., ||Syj. () — Syj 4 @I = 2Cz¢, by the triangle inequality. We also have
p(Uy; NUy,,,) = ry, because ||yj — yj+1ll < ry. Letv; be such that B(vj, r,/2) C Uy, NUy, ;.
Fix j and let vjo,...,vjq denote a regular simplex inscribed in the ball B(v;,r,/4). Let
An X 1, denote its edge length. Then let xj, ..., X5, € 2, be such that maxg [|x;x — vl <
&n. When Cy is large enough, xj9,...,xjq € B(vj,r,/2) by the triangle inequality. More-
over, maxg [|xjx — xj |l < Ap + 2&,, as well as ming [|x; % — x|l > Ay — 2&,. When Cy
is large enough, F; := {xj0,...,xjq} is therefore an n-approximate regular simplex, with
N X &, /1y, and minimum edge length o r,,. Now, since maxy || Sy/. (xj k) — Syj+1 xj0l <2Cey,
by Lemma 24, for all z € R4, ||Syj () — Sijrl @I = CCagyllz — xj0ll/rn + 2C2ey, for some
C o 1, assuming &, /r, < 1/C. In particular, by the fact that ||x — x; ol < diam(U), this gives
[1Sy; (x) = Sy;,, )l < C38n/ry for some C3 o diam(U)C>. Hence,

ISy, () = Sy ()| < (J + 1D)C3en/rn < Caen/ry,

since J < L/r, < D/ry.
This being true for any arbitrary x € €2,,, we conclude that

max [ ¢ (x) = Sy, ()| < Cagn/ry + Casn < Cseu/ 1.

4. Discussion

This paper builds on [14] to provide some theory on ordinal embedding, an important problem
in multivariate statistics (aka unsupervised learning). We leave open two main problems:

e What are the optimal rates of convergence for ordinal embedding with all triple and quadru-
ple comparisons?

e What is the minimum size of K = K, for consistency of ordinal embedding based on the
K -nearest neighbor distance comparisons?

We note that we only studied the large sample behavior of exact embedding methods. In partic-
ular, we did not discuss or proposed any methodology for producing such an embedding. For this,
we refer the reader to [1,4,23] and references therein. In fact, the practice of ordinal embedding
raises a number of other questions in terms of theory, for instance:

e How many flawed comparisons can be tolerated?
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