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Mean density of lower dimensional random closed sets, as well as the mean boundary density of full dimen-
sional random sets, and their estimation are of great interest in many real applications. Only partial results
are available so far in current literature, under the assumption that the random set is either stationary, or it is
a Boolean model, or it has convex grains. We consider here non-stationary random closed sets (not neces-
sarily Boolean models), whose grains have to satisfy some general regularity conditions, extending previous
results. We address the open problem posed in (Bernoulli 15 (2009) 1222—1242) about the approximation of
the mean density of lower dimensional random sets by a pointwise limit, and to the open problem posed by
Matheron in (Random Sets and Integral Geometry (1975) Wiley) about the existence (and its value) of the
so-called specific area of full dimensional random closed sets. The relationship with the spherical contact
distribution function, as well as some examples and applications are also discussed.
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1. Introduction

We remind that a random closed set ® in R? is a measurable map
0:(Q2,8,P) — (F,op),

where F denotes the class of the closed subsets in R¢, and oF is the o -algebra generated by the
so called Fell topology, or hit-or-miss topology, that is the topology generated by the set system

{Fo: GeGYU{FC: Ccec),

where G and C are the system of the open and compact subsets of R?, respectively (e.g., see [22]).
We say that a random closed set ®: (€2, §, P) — (I, of) satisfies a certain property (e.g., ® has
Hausdorff dimension n) if ® satisfies that property P-a.s.; throughout the paper we shall deal with
countably H" -rectifiable random closed sets. For a discussion about measurability of H" (©), we
refer to [7,28].

Let ®, be a set of locally finite H"-measure; then it induces a random measure g, defined
by

ne, (A) :=H"(©®, N A), A € Bga,
and the corresponding expected measure

Elpne,](A) :=E[H"(©, N A)], A € Bga.
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Whenever E[ue,] is absolutely continuous with respect to H<, its density (or Radon—Nikodym
derivative) with respect to H is called mean density of ©,, and it is denoted by r@,-

The problem of the evaluation and the estimation of the mean density of lower dimensional
random closed sets (i.e., with Hausdorff dimension less than d), and in particular of the mean sur-
face density Ae for full dimensional random sets, is of great interest in several real applications.
We mention, for instance, applications in image analysis (e.g., [17] and reference therein), in
medicine (e.g., in studying tumor growth [4]), and in material science in phase-transition models
(e.g., [27]). (See also [1,8,10] and references therein.)

In particular, we recall that in the well-known seminal book by Matheron on random closed
sets [22], page 50, the so-called specific area og is defined by

P(x € Ogr \ ©)
r b

e))

oe(x) :=Ilim
rl0

where Og, is the parallel set of ® at distance r > 0, that is, Og, := {s € RY: dist(x, ®) <r};
it is introduced as a probabilistic version of the derivative at O of the volume function V (r) :=
H%(Og,), and so, whenever the limit exists, as a possible approximation of what we denote by
Ls@, the mean boundary density of ®. The problem of the existence of og is left as an open
problem in [22] (apart from particular cases as stationary random closed sets).

More recently, in [1] the problem of the approximation of the mean density Ag, of lower di-
mensional non-stationary random closed sets is faced under quite general regularity assumptions
on the rectifiability of ®,. More precisely, an approximation of Ag, in weak form is proved
in [1], Theorem 4; namely

P(x € Ong,)

lim y— dx:/Ak@n(x)dx. 2)

r0Ja bg—nr
The possibility of exchanging limit and integral in the above expression when ®,, is not stationary
with n > 0, was left as open problem in [1], Remark 8. (The stationary and the 0-dimensional
cases are trivial.)

A first attempt to solve the above mentioned open problems (the one for og posed by Math-
eron, and the one for Ag, with n < d posed in [1]), is given in [26], where explicit results are
proven for inhomogeneous Boolean models.

The aim of the present paper is to address such open problems for more general random closed
sets. Indeed, even if Boolean models are widely studied in stochastic geometry (e.g., see [6]), it is
clear that they cannot be taken as model for many real situations in applications. Thus, we revisit
here some results in [26], addressing the two mentioned open problems; we provide sufficient
conditions on lower dimensional random sets ®,, so that

Pxe®
Lo, (x) zhmu

, He-ae. x e R, 3
740 by_prd—n ae.xe S

and so that the specific area og defined as limit in (1) exists, in the case of random sets ®
with non-negligible ¢-measure. Such results might allow to face a wider class of possible
applications; indeed, for instance, the statistical estimator Agn (x) of the mean density Ag, (x),
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introduced in [26] and which we recall here in Corollary 13, can now be applied to very general
lower dimensional random sets ®,, not only in stationary settings or to Boolean models, and
so also to non-stationary germ-grains model whose grains are not assumed to be independent.
We also mention here that the estimation of Ag, and o might be considered as the stochastic
analogous to the estimation of a non-random unknown support, and the stochastic counterpart
of boundary estimation for a given support, respectively (see, e.g., [5,11]); this might lead to
possible further research on this topics.

The plan of the paper is the following: preliminary notions and known results on the so-called
Minkowski content of sets and on point processes and germ-grain models are briefly recalled in
Section 2. In Section 3, we answer to the open problem posed in [1] mentioned above, that is
we prove equation (3); we also provide an explicit expression for Ag, (x). A natural estimator
follows as a corollary. Further results and remarks are discussed in the final part of the section;
known results on the special case of Boolean models follow here as particular case. In Section 4,
random sets with non-negligible {“-measure are considered; by recalling recent results on the
outer Minkowski content notion we answer to the open problem posed by Matheron in [22] about
the existence of the specific area og of random sets ® which can be represented as one-grain
random sets. The relationship between o, the mean boundary density Ay¢ of ®, and its spherical
contact distribution function is studied. Some explicit formulas for the derivative of the contact
distribution are also proved.

2. Preliminaries and notation

In this section, we recall basic definitions, notation and results on point processes and geometric
measure theory which we shall use in the following.

2.1. The Minkowski content notion and related results

Throughout the paper, H" is the n-dimensional Hausdorff measure, dx stands for H¢(dx),
and By is the Borel o-algebra of any space X. B,(x), b, and S¢~! will denote the closed
ball with centre x and radius r > 0, the volume of the unit ball in R” and the unit sphere in R4,
respectively. We remind that a compact set A C R is called n-rectifiable (0 < n < d — 1 integer)
if it can be written as the image of a compact subset of R” by a Lipschitz map from R” to R?;
more in general, a closed subset A of RY is said to be countably H"-rectifiable if there exist
countably many n-dimensional Lipschitz graphs I'; € R¢ such that A \ | J ; i is H"-negligible.
(For definitions and basic properties of Hausdorff measure and rectifiable sets see, e.g., [3,13,
15].)

The notion of n-dimensional Minkowski content will play a fundamental role throughout the
paper. We recall that, given a subset A of R4 and an integer n with 0 <n <d, the n-dimensional
Minkowski content of A is defined as

n . Hd(AéBr)
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whenever the limit exists finite. Well known general results about the existence of the Minkowski
content of closed sets in R are related to rectifiability properties of the involved sets. In par-
ticular, the following theorem is proved in [3], page 110. (We call Radon measure in R? any
non-negative and o -additive set function defined on By« which is finite on bounded sets.)

Theorem 1. Let A C R? be a countably H" -rectifiable compact set, and assume that
n(Br(x)) >yr" Vxe A, Vre(0,1) 5)
holds for some y > 0 and some Radon measure n < H" in RY. Then M"(A) = H"(A).

Condition (5) is a kind of quantitative non-degeneracy condition which prevents A from being
too sparse; simple examples show that M"(A) can be infinite, and H"(A) arbitrarily small,
when this condition fails [2,3]. The above theorem extends (see [3], Theorem 2.106) the well-
known Federer’s result [15], page 275, to countably H" -rectifiable compact sets; in particular for
any n-rectifiable compact set A C R¥ there exists a suitable measure 7 satisfying (5) (see [2],
Remark 1). As a consequence, for instance in the case n = d — 1, the boundary of any convex
body or, more in general, of a set with positive reach, and the boundary of a set with Lipschitz
boundary satisfy condition (5). Note also that if a Radon measure 1 as in Theorem 1 exists, then
it can be assumed to be a probability measure, without loss of generality (e.g., see [26]); the next
theorem is proved in [26], and provides a result on the existence of the limit in (4) when the
measure H? is replaced by a measure having density f with respect to ¢, and so it may be seen
as a generalization of the theorem above. disc f denotes the set of all the points of discontinuity

of f.

Theorem 2. Let 1 << HY be a positive measure in R?, admitting a locally bounded density f,
and A C R? be a countably H"-rectifiable compact set such that condition (5) holds for some
y > 0 and some probability measure n < H" in R, If H" (disc f) =0, then

li n(Agr)
m--——-—-
r0 bd—nrdin

= f S )H™ (dx).
A

2.2. Point processes

Here we report some known facts from the theory of point processes just for establishing notation
which will be used later. For a more complete exposition of the theory of point processes, see, for
example, [12]. Roughly speaking a point process ®inR? is a locally finite collection {&;};en of
random points in R?. Formally, ® can be seen as a random counting measure, that is a measurable
map from a probability space (€2, F, IP) into the space of locally finite counting measures on R4,
@ is called simple if ®({x}) <1 forall x € R?; we shall always consider simple point processes.
The measure A(A) = IE[CD(A)] on Bpa is called intensity measure of <I> whenever it is ab-
solutely continuous with respect to ¢, its density is called intensity of ®. It is well known
the so-called Campbell’s formula (e.g., see [6], page 28), which states that for any measurable
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function f :R¢ — R the following holds

E[Z f(x)} = /R [ FOA ).

xed

Another important measure associated to a point process ® is the so-called second factorial
moment measure Vyp) of ®; it is the measure on Byas defined by (e.g., see [6,24])

f f 00 YV (d(x, ) = [ PIRNACS y)}

X, yeCD xXF£y

for any non-negative measurable function f on R??. Moreover, @ is said to have second moment
density g if Vo) = gv?¢, that is

M121(C) =/ g(x,y)dxdy
C

for any compact C  R??. Informally, g(x, y) represents the joint probability that there are points
at two specific locations x and y:

Z(x, y)dxdy ~P(®(dx) > 0, d(dy) > 0).

A generalization of the above notion is the so-called marked point process. We recall that a
marked point process ® = {&;, K;};cy on R? with marks in a complete separable metric space
(c.s.m.s.) K is a point process on R? x K with the property that the unmarked process { ®(B): B¢
Bra} = {®(B x K): B € Bga} is a point process in R?. K is called mark space, while the
random element K; of K is the mark associated to the point &;. ® is said to be stationary if the
distribution of {& + x, K;}; is independent of x € R<.

If the marks are independent and identically distributed, and independent of the unmarked
point process ®, then @ is said to be an independent marking of P.

The intensity measure of @, say A, is a o-finite measure on Bya, g defined as A(B x L) :=
E[® (B x L)], the mean number of points of ® in B with marks in L. We recall that a Campbell’s
formula for marked point processes holds as well [6]:

[ Y. S, K)} /d @O K)). 6)

(x,K)ed

Since K is a c.s.m.s. and A is a o -finite measure, it is possible to factorize A in the following
way [21]:

A(d(x, K)) =« (x,dK)A(dx),

where A is the intensity measure of the unmarked process ®,and k(x, ) isa probability measure
on K forall x € R?, called the mark distribution at point x. A common assumption (e.g., see [19])
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is that there exist a measurable function A:R? x K — R, and a probability measure Q on K
such that

A(d(x, K)) = A(x, K) dx Q(dK), 7)

this happens if and only if « (x, -) is absolutely continuous with respect to Q for H%-a.e. x € R?.
If @ is stationary, then its intensity measure is of the type A = Av¢ ® Q for some A > 0
and Q probability measure on K. If ® is an independent marking of ®, then Ald(x, K)) =
K(dx) Q(dK), where Q is a probability measure on K, called distribution of the marks.
Let (RY x K)? :=R? x K x R? x K; the second factorial moment measure vy of ® is the
measure on B pa, k2 s0 defined [24]

f.f(xl,Kl,xz,Kz)v[z](d(xl,Kl,szz))=E Z f(xiaKi,xj,Kj)] (8)
(xi,Ki),(xj,Kj)ED,
x,-;éxj-

for any non-negative measurable function f on (R¢ x K)2. By denoting Vp2; the second factorial
moment measure of the unmarked process @, for any By, By € K the measure vp2)(- x By X - X
By) is absolutely continuous with respect to Vjaj; moreover, if vz is o -finite then

vy (d(x1, K1, x2, K2)) = My, 5, (d(K1, K2)) V21 (d(x1, x2)), )

where My, ,, is a measure on K? for any fixed x; and x», called two-point mark distribution.
Informally, vpj(d(x1, K1, x2, K2)) represents the joint probability that there are points at two
specific locations x| and x, with marks K| and K>, respectively.

Similarly to A, we shall assume that there exist a measurable function g: (R? x K)? — R,
and a probability measure Q) on K? such that

vy (d(x1, K1, x2, K2)) = g(x1, K1, x2, K2) dx; dx2 Q21 (d(K 1, K2)). (10)

We remind that if @ is a marked Poisson point process with intensity measure A(d(x, K)) =
k(x,dK)A(dx), then V2 = A ® A and vpp; = A ® A, and so

Mx,y(d(s, t)) =k (x,ds)k(y, dt);
in particular, by the assumptions (7) and (10) it follows
g(x1, K1, x2, Kp) = A(x1, K1)A(x2, K2), an
Or21(d(K1, K1) = Q(dK1) Q(dK?).

We also recall that point processes can be considered on quite general metric spaces. In par-
ticular, a point process in C¢, the class of compact subsets of R¢, is called particle process (e.g.,
see [6] and references therein). It is well known that, by a center map, a particle process can be
transformed into a marked point process ® on R with marks in C%, by representing any compact
set C as a pair (x, Z), where x may be interpreted as the “location” of C and Z := C — x the
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“shape” (or “form”) of C (e.g., see [6], page 192 and [20]). In this case the marked point process
® = {(X;, Z;)} is also called germ-grain model. In case of independent marking, the grains Z;’s
are i.i.d. as a typical grain Zo with mark distribution Q, which is also called, in this case, grain
distribution or distribution of the typical grain.

Every random closed set in R? can be represented as a germ-grain model, and so by a suitable
marked point process ® = {X;, Z;}. In many examples and applications the random sets Z; are
uniquely determined by suitable random parameters S € K. For instance, in the very simple case
of random balls, K =R, and S is the radius of a ball centred in the origin; in applications to
birth-and-growth processes, in some models K = R? and S is the spatial location of the nucleus
(e.g., [1], Example 2); in segment processes in R2, K = R4 x [0,2x] and S = (L, o) where L
and o are the random length and orientation of the segment through the origin, respectively
(e.g., [26], Example 2); etc. So, in order to use similar notation to previous works (e.g., [26,27]),
we shall consider random sets ® described by marked point processes ® = {(X;, S;)} in R? with
marks in a suitable mark space K so that Z; = Z(S;) is a random set containing the origin:

O(w) = U xi + Z(s), weQ. (12)
(xi,5;) €D (w)

We also recall that whenever ® is a marked Poisson point process, ® is said to be a Boolean
model.

The intensity measure A of ® is commonly assumed to be such that the mean number of grains
hitting any compact subset of R¢ is finite, which is equivalent to say that the mean number of
grains hitting the ball Bg(0) is finite for any R > 0:

6
E|: Z l(Z(Si))e)R(xi)] (z)/ 1(,Z(S))®R(x)A(d(x,s)) <0 VR > 0. (13)
(51, 51)€® ROxK

3. Mean densities of lower dimensional random closed sets

3.1. Assumptions

Let ©, be a random closed set in R¢ with integer Hausdorff dimension 0 < n < d as in (12),
where ® has intensity measure A (d(x, s)) = A(x, s) dx Q(ds) and second factorial moment mea-
sure vp21(d(x, s, y, 1)) = g(x,s, y,t) dx dyQ2)(d(s, 1)) such that the following assumptions are
fulfilled:

(A1) for any (y,s) € R? x K, vy + Z(s) is a countably H"-rectifiable and compact subset of
R4, such that there exists a closed set E (s) D Z(s) such that fK H"(E(s))Q(ds) < oo and

H"(E(s) N B,(x)) >yr” Vx e Z(s),Yr € (0, 1) (14)

for some y > 0 independent of y and s;
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(A2) for any s € K, H"(disc(A(-,s))) = 0 and A(-, s) is locally bounded such that for any
compact K ¢ R?

sup  A(x,s) <Ex(s) (15)

x€Kgdiam(z(s))

for some &k (s) with [ H" (E(s))ék (5) Q(ds) < 00;
(A3) for any (s,y,t) € K x R? x K, H"(disc(g(-, s, y,1))) =0 and g(-, s, y,1) is locally
bounded such that for any compact K € R¢ and a € R?,

Lu—z1))e: () sup  g(x,s,y,1) <& k(s,y,1) (16)
X€K g diam(z(s))

for some &, x (s, y,t) with f]Rdez H"(E(s))éq,k (s, y,1)dyQ2(ds, dt) < oo.

Before stating our main results, we briefly discuss the above assumptions. As mentioned in
the Introduction, we want to find sufficient conditions such that equation (3) holds for a general
class of random closed sets ®,,, so answering to the open problem stated in [1], Remark 8. We
point out that such a result has been proved recently in [26] for Boolean models with position-
independent grains, and so only in the case in which & is a Poisson point process with intensity
measure A of the type A(d((x, s))) = A(x)dx Q(ds). In that work, the assumption that ® was a
marked Poisson point process allowed to apply the explicit expression of the capacity functional
of ®,, both in proving the exchange between limit and integral in (2), and in providing an ex-
plicit formula for the mean density Ag, of ®, in terms of its intensity measure A. Actually, in
order to prove equation (3), the knowledge of the capacity functional of ®,, is not necessary, by
making use of Campbell’s formula. Nevertheless, for a general random set ®,, as in the above
assumptions, and so without the further assumption that ® is a marked Poisson process, we need
to introduce also the second factorial moment measure of @, and the related assumption (A3).
Of course, considering here a generic random set ®,, (point process @), it obvious that the above
assumptions are similar to (actually, they generalize) those which appear in [26]; as a matter of
fact (A1’) and (A2') in [26] coincide with (A1) and (A2) above in the case of independent mark-
ing. We also point out that in the particular case of Boolean models, the second factorial moment
measure v2] is given in terms of the intensity measure A, and so the function g in terms of A
by (11); this is the reason why here assumption (A3) appears, whereas it is already contained in
(A1”) and (A2') in [26], Theorem 3.13 (see also Corollary 8 below).

‘We mention also that taking vpp; of the type vjp1(d(x, s, y,1)) = g(x, s, y, 1) dx dy Q2)(d(s, 1))
is in accordance to the assumption in [19], Proposition 4.9, where contact distributions of general
germ-grain models with compact convex grains are considered; in that paper v[2; is assumed to be
absolutely continuous with respect to the product measure H¢ ® ., where p is o-finite measure
onK x RY x K.

Moreover, note that the measure H" (E(s) N-) in (A1) plays the same role as the measure 7 of
Theorem 1; indeed (A1) might be seen as the stochastic version of (5). (See also [26], Remark 3.6,
and the examples discussed in [1].) Roughly speaking, such an assumption tells us that each
possible grain associated to any point x of the underling point process P is sufficiently regular, so
that it admits n-dimensional Minkowski content; this explains also why requiring the existence
of a constant y as in (Al) independent on y and s is not too restrictive (see also the example
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below about this). Note that the condition fK H"(E(s))Q(ds) < oo means that the H"-measure
of the grains is finite in mean. In order to clarify better the meaning of assumption (A1), let us
consider the following simple example.

Example 1. Let ®1 be a germ grain model with segments as grains, with random length. (As it
will be clear, the orientation of the segments does not take part to the validity of (Al).) Let us
only assume that the mean length of the grain is finite. We may notice that the introduction of
the suitable random set E is needed only if the length of the segments could be indefinitely close
to 0. Indeed, let us first consider the case in which the length is bounded from below by a positive
constant, for instance H(Z(s)) > > 0 for any s € K; then

H'(Z(s) N B,(x)) = min{l, 1}r  Vx € Z(s), ¥r € (0, 1),

and so there exists y := min{/, 1} > 0, clearly independent of the position and of the length of
the particular grain considered.

Now let us consider the case in which the length is not bounded from below by a positive
constant (e.g., the length is uniformly distributed in [0, L]). In this case, [ = 0 and so we have
to introduce a suitable random set E satisfying (14); a possible solution is to extend all the
segments having length less than 2 (the extension can be done homothetically from the center of
the segment, so that measurability of the process is preserved). In particular, for any s € K, let

2(5) Z(s), it H'(Z(s)) > 2,

B(s) =
Z(s) extended to length 2, if H!(Z(s)) <2;

it follows that (14) holds now with y = 1. Since we have assumed that the mean length of the

segments is finite, it follows that fK H'(E(s))Q(ds) < 0o, and so (A1) is fulfilled.

Note that we have chosen segments as grains in order to make the example simpler, but it is
now clear that the same argument may applied to fibre processes (in order to provide another
example of a random closed set of dimension 1), or even more complicated random sets in R?
with any integer dimension 7.

The role of assumption (A2) and (A3) is more technical, and it will be clearer later in the proofs
of the next statements. Finally, it is clear that if A and g are bounded, the above assumptions (A2)
and (A3) simplify (see also Remark 9).

3.2. Main theorem and related results

In this section, we state and prove our main theorem (Theorem 7), which provides a pointwise
limit representation of the mean density Ag, of ®,. To this aim we need to prove some other
related results, before. We start with the following lemma, which tells us that the grains of the
random set ®, overlap only on a set having negligible {"-measure in mean.



10 E. Villa

Lemma 3. Let ©, be a random closed set in R? with integer Hausdorff dimension 0 < n < d
as in (12), where ® has intensity measure A(d(x,s)) = A(x,s)dx Q(ds) and second factorial
moment measure v2)(d(x, s, y,t)) = g(x,s,y,1)dx dyQ2)(d(s, 1)). Then

E Z H" ((vi +Z(sl~))ﬂ(yj+Z(sj))):| =0.
i si).(yj,s;)€P,
YiFYj

Proof. The following chain of equalities hold:

E Z H'((vi + Z(s) N (y; +Z(Sj)))]
issi)s(vj,s7)€P,
YiF#Yj

@f H'((x +Z() N (v + Z(®))vpzy (d(x, 5, v, 1))

(R4 xK)?2

= / </ 1x+z(s)(u)1y+z(t)(u)H"(du)>V[2] (dCx. 5.y, 1)
(R4 xK)2 \JR4

= /(Rd o </Rd lu—Z(s)(x)lu—Z(t)(y)Hn(du))g(x»S’ y,t)dxdyQp(ds, dr)

:/ (// /lu’z(’)(y)f g(xvsvyvf)dXdyQ[z](ds,dt)>H"(du)’
R4 K JRrd JK =7 (s)

where the last equality is implied by Fubini’s theorem. The assertion follows by observing that
fu_z(s) g(x,s,y,t)dx =0, because Hd(Z(s)) =0, being lower dimensional. O

In order to prove our next results, we recall that in [1] it is proved that if S € R¢ is a countably
‘H-rectifiable compact set such that

n(Br(x)) = yr" VxeS, Vre(,1)
holds for some y > 0 and some finite measure 7 < H" in R?, then

d d
S R b
M GSer) _ 1RY 540 ba Vr <2. (17)
bd—nrd_n Y bd—n

Remark 4. By (17), and the proof of Lemma 3.14 in [26], we know that

H'(E(s))y~'2"49b R, if R <2,

H(z
(2)or) = H'(B(s))y~12"4%by R, ifR>2,
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and so condition (13), which guarantees that the mean number of grains intersecting any compact
subset of R is finite, is fulfilled:

/ 1 z(s)er (DA (d(x, 5)
R4 xK
nad d—n. pd T n{m (A2)
<2"4%bymax{R*™"; R }/ EprH"(E(5))0(@ds) < o0 VR>0.
K
As a consequence, together with assumption (A1) which tells us that each grain has finite H"-
measure in mean, it is easy to see that E[i1g, ] is locally bounded. Moreover, by proceeding along
the same lines of the proof of Proposition 3.8 in [26], we get that E[H"(®, N A)] = 0 for any
A Cc R? with H? (A) =0, thatis E[ue, ] is absolutely continuous with respect to H.
By following the hint given in [26], page 494 (there given for Boolean models, but here applied
to more general ®,,), the following proposition, which provides an explicit formula of the mean
density Ag, of ©, in terms of its intensity measure, is easily proved by means of the above

lemma and Campbell’s formula. (See also [18] for a similar application.)

Proposition 5. Under the hypotheses of Lemma 3,
re, (y) = / / A, YH'(dx)Q(ds)  for H'-ae.y e RY, (18)
KJy—Z(s)

Proof. By Lemma 3, we know that the event that different grains of ®,, overlap in a subset of
R? of positive H"-measure has null probability; then the following chain of equalities holds for
any A € Bpa:

E[H'©,n ] =E[ S H'((w+Z() 0 A)}
(i si)eP

@/ H'(y+ Z(s) N A)A(d(y, )

R4 xK

= f / Lyt z( ()14 (OH" (@A) A(d(y, 5))
RIxK JR4

_ / / 14 (E) L2 (WA (E — 1, $YH" (du) O(ds) dé
R4 xK JR4

_ / ( / / lzm(s—v)k(v,S)H"(dv)Q(dS)>dé
A K JR4

=re, (§)

and so the assertion. O

In [1], Proposition 9, it has been proved that for a class of germ-grain models in R¢ with
independent and identically distributed grains with finite H"-measure, n < d, the probability
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that a point x belongs to the intersection of two or more enlarged grains is infinitesimally faster
than 7" The i.i.d. assumption on the grains seems to be too restrictive; we now extend it to
more general germ-grain models as in above assumptions. To this end, we shall make use of
the assumption (A3), which provides an integrability condition on the second factorial moment
measure vpz; of ®, similar to the condition given on the intensity measure A in (A2). Such a
result will be fundamental in the proof of the main theorem about the validity of equation (3).

Proposition 6. Under the assumptions in Section 3.1, the probability that a point x € R? belongs
to the intersection of two or more enlarged grains (y + Z(s)) g, is infinitesimally faster than r¢ =" .

Proof. Let us observe that

E[ Z l(yi+Z(Si))eBrﬂ(yj+Z(A‘j))ear (X):|
(5is5i),(yj,sj)€P,

YiF#Yj

3)
= / L—z(s1)er VD= Z(s2))er (Y2)V[21(dY1, dsi, dy2, ds2)
(R xK)?

= / <1(xZ(sz))@, () g1, 51, 2,52) dyl) dy> QO (ds, dy).
R4 xK?2 (x=Z(s1)er

By Theorem 2 with u = g(-, s, y, 1YHY, together with (A1) and (A3), it follows

1

llmif g()’l,Sl,)’Z,SZ)dYI
70 ba—nr " S~ Z(s1))er

=/ g1, 51, y2, 2)H" (dy1) Vsi, 52 € K, Vy, e RY,
x—2Z(s1)

and the limit is finite being g(-, s1, y2, s2) locally bounded by (A3), and H" (Z(s)) < oo for any
s € Kby (Al). As Z(s) is lower dimensional for any s € K, it is clear that

lim 1 z(q, (v2) =0 for H-ae. y, eR? Vsy €K,
r

thus

1
lim ———1,_7 L (2) g(y1,51,¥2,82)dy1 =0
ri0 bd—nrd_" (=22)e (x—=Z(s1)er

for H?-a.e. y» € R?, Vs, 5o € K. Furthermore, by (17), (A1) and (A3) it follows that for any r < 1

1
1o-z7 ,()’2)7/ g1, 51, y2,82) dyy
(2o ba—nr ™" J - Z(s1)er

HY(E (s1)ar)
Az 0D sup g(s1.32.8)
b d—n
d—nT yie(x—Z(s1)er

npd
_2"4by

= mHn(E(SI))Sx,BI(x)(Sl, ¥2,82).
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By assumption (A3), we have that

2%4by
H" (E(s1)&x, B, (x) (51, ¥2, 52) dy2 O[21(ds,dr) < 00,
RIxK2 YDd—n

so the dominated convergence theorem implies

m ]E[Z(y,',S,’),(y_,',Sj)E(D,y,';ﬁyj l(yi+Z(Si))e;rﬁ(ijrZ(Sj))eer (‘x)] _ O (19)
0 bg_nrd—" ’

Let W, be the random variable counting the number of pairs of different enlarged grains of ®,,
which cover the point x:

Wﬂ:ﬂﬁjxi<ﬁxe(w+ZQM®JWW+Z@ﬂ%J; (20)

then
Wy < Z LGi 426 ernG+2(s)ar (X
(i 5i),(yj,5;)€P,
Vi#EYj
and so
P(W, >0 > kP(W, =k E[W,] 19
0<tim - Wr=0 o D KW, =k _ - EIW 09

rl0 by_prd=" T rlo by_prd—" rl0 by_prd=—"

and so the assertion. O

We are ready now to state and prove the main result of the section.

Theorem 7. Under the assumptions in Section 3.1,

i PO€ )

M0 by _yrdn = e, (x), H-a.e.x eRY. Q21
—n

Proof. Let Y, be the random variable counting the number of enlarged grains which cover the
point x:

Vo= D A zisie 0,
(yi,si)ed
and W, be the random variable defined in (20). By the proof of Proposition 6, we know that
P(W, >0) = o(rd_") and E[W,]= o(rd_”);

thus, noticing now that
0, if Y =0,1,
1, ifY =2,

o Y, .
<2>, if Y >3,
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we get
P(Y, =2) =P(W, =1) <P(W, > 0) =o(r’™")
and
0 <E[Y,; Y, = 3] <E[W,; ¥, > 3] < E[W,] =o(r?™"),
which imply

P eB®py) . P¥, >0 . P¥,=1)+0¢r"™") E[Y,]
lim——— =lim =1lim =1lim
110 bg_nrd" ri0 bd, rd=n 110 bg_nrd=" 710 bg_prd="

(6)
© fimg — L // A(y. 5)dy Q(ds).
r0 ba— nrd "Ik J-z(s)er nE

By Theorem 2 with p(dy) = A(y, s) dy, it follows that

(22)

1
hmi/ Ay, s)dy =/ Ay, s)H"(dy),
0 ba—nr ™" J - z())er x—Z(s)

besides, by observing that

1 /
— Ay, s)dy
ba—nr ™" J i~ 2(5)ar

d 17),(15) 2144
<H (Z($)gr) sp A, )( >_< ) 214 bd

(8))&B,(x) () Vr <2,
ba-nr ™" ye(—Z()ar Ybi—n H (2O

assumption (A2) and the dominated convergence theorem imply

lim-——— / / Ay, 5)dy Q(ds) = / / Ay, sYH (dy) O(ds).
40 bg—nr (—Z(Ner 7()

and so, by (18),

)L@n(x)_hmid/ f A(y,s)dyQ(ds)  for He-ae. x e RY. (23)
V0 bg—pr (—Z()ar

Finally, the assertion follows:

. P(x €0yg,) 22).03
lim ————— "=

10 b d—n Lo, (x) for H4-a.e. x e RY.
r d—nT

3.3. Corollaries and remarks

We point out that equations (18) and (21) have been proved in [26], Theorem 3.13, for a general
class of Boolean models ®,, with intensity measure A of the type A(d(x, s)) = f(x)dxQ(ds),
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and so with position-independent grains and typical grain Zg, by using the explicit form of the
capacity functional of ®,,. Actually, Proposition 5 and Theorem 7 generalize to Boolean models
with position-dependent grains, as stated in the following corollary, under the assumptions (A1)
and (A2) only, in accordance with the above mentioned result in [26].

Corollary 8 (Particular case: Boolean models). If ®, is a Boolean model with intensity mea-
sure A(d(x,s)) = A(x,s)dx Q(ds), then all the results stated in the above section hold under
assumptions (A1) and (A2).

Proof. It is enough to note that assumption (A3) is implied by (A1) and (A2). Indeed, by (11)
g(,s,y, 1) =A(, $)A(y, 1), so that g(-, s, y, 1) is locally bounded and H" (disc(g(-, s, y,1))) =0
by (A2), whereas (16) holds with &, x := &k ()1 (a—z())e (V)A(Y, 1), by observing that

/ H"(E(5))éa,x (s, y, 1) dyQpz)(ds, dr)
R4 xK2

:f l(a—zm)@](y)/\(y,t)dyQ(dl)/ H"(E(5))Ek () Q(ds),
R xK K
with fK H"(E(s))gK (s)Q(ds) < oo by (A2), and

/Rl Kl(a—Z(z))@l(Y))»(%l)dYQ(dl) < /KH‘J((a—Z(t))@l) sup  A(y,H)Q(dr)

ye(a—Z(#)a1

(5).(AD) H" t
< f ED gngdp,  sup a0
K 14 ye(@—Z())a1

neg
= / PEO) ngtp gy 0@n P oo
K 4
Remark 9 (Independent marking). If the point process @ is an independent marking of P,
then the two-point mark distribution M, ,(ds,dt) in (9) is independent of x and y, so that
M, y(ds,dr) = Q(ds, dr) = Q(ds) Q(dr); accordingly, g(x,s,y,t) = g(x,y). As a conse-
quence, assumption (A3) simplifies by replacing g(x, s, y, #) with g(x, y). We also recall that
g(x, y) can be written in terms of the so-called pair-correlation function p(x, y) in this way:

g(x, y) = px, MAX)A().

Moreover, if in particular A and g are bounded, say by c; and ¢; in R, respectively, then the
finiteness of the integral in assumptions (A2) and (A3) is trivially satisfied by (Al), by taking
§x(s) =crin (15) and &, k (s, y, 1) := c21(a—z(1)) (V) in (16), and noticing that

/ H(2(5)Eak (5. v+ 1) dy Qpa) (ds. )
R4 x K2

fcz/ Hn(y HED) g ga, Q(dt)/H” 2(5)) 0(ds) 2 oo,
K
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Example 2. Simple examples of point processes ) having bounded intensity A and second
moment density g, are, for instance, the binomial process of m points in a compact region
W c R? with HY(W) > 0, and the Matern cluster process (e.g., see [6]). We remind that for
the binomial process we have A(x) = m/Hd(W) and g(x, y) =m(m — 1)/(Hd(W))2; whereas
for a Matern cluster process in R? in which the parent process is a uniform Poisson process
with intensity «, and each cluster consists of N ~ Poisson(m) points independently and uni-
formly distributed in the ball B,(x), where x is the centre of the cluster, we have A = ma, and
g(x,y) = a’m? + am®*H% (B, (x) N B, (y))/(7*r*) < a’?m? + am?/(wr?). Other examples of
processes with bounded intensity and second moment density are considered for instance in [23].
These, together with Example 1, which gives an insight into the validity of assumption (A1), pro-
vide simple examples where all the assumptions (A1)—-(A3) hold.

Example 3. We mention that an important case of random sets of dimension 1 is given by the
so-called fibre processes (e.g., see [8]); they can taken as models in different fields, as Biology
(e.g., fibre systems in soils [8], Section 3.2.3) and Medicine (e.g., modelling vessels in certain
angiogenesis processes [9,10]), and it is clear that assuming stationarity or that the fibres are
the grains of a Boolean model might be too restrictive in applications. Now, we have results for
studying also the more general case in which the fibres are not independent of each other; note
that assumptions (A1) and (A2) are generally satisfied in applications: (A1) is trivial, since fibres
are usually assumed to be rectifiable (see also Example 1), while (A2) and (A3) hold whenever A
are g are, for instance, bounded and continuous, as observed in the remark above.

Moreover, Proposition 5 applies and an explicit expression for A, can be obtained in terms
of the intensity measure of the process. In particular, in order to provide an explicit example, let
us notice that in [26], Example 2, an explicit formula for Ag, is given for an inhomogeneous
segment Boolean model in R?, whose segments have random length and orientation; the same
assumptions on the intensity measure also apply now to more general segment processes, not
necessarily Boolean models (e.g., with ® as in Example 2).

Remark 10 (“one-grain” random set). 1t is worth noting that, as a very particular case of point
process P, we may consider the case in which ® = {X}, that is it is given by only one random
point X in R?. Obviously, in this case g = 0, and only assumptions (A1) and (A2) have to be
satisfied for the validity of all the results stated above. Even if this case might seem trivial,
actually it can be taken as a model for several real applications, and it is of great interest, because
it emerges that whenever a random closed set ©,, can be described by a random point X € R¢
(not necessarily belonging to ®,, e.g., its centre if ®;_; is the surface of a ball centred in X
with random radius R) and its random “shape” Z := ®, — X, then we may provide sufficient
conditions on ®,, such that our main result (21) holds. Note that in this case A (d(x, s)) represents
the probability that the point X is in the infinitesimal region dx with mark in ds. For instance,
if the “shape” does not depend on the position and X is uniformly distributed in a bounded
region W C R?, then A(d(x, s)) = dx Q(ds)/H?(W). Then, it emerges that the key assumption
on the random closed set ®, which implies (21) is the geometric regularity assumption (A1)
on its grains. As a matter of fact, (A1) can be seen as the stochastic version of the condition (5)
which ensures the existence of the n-dimensional Minkowski content of each grain, whereas (A2)
and (A3) are just technical assumptions; in particular (A3) allows us to prove the statement of
Proposition 6 (in the Boolean case, it is already contained in (A1) and (A2)).



Mean densities of random sets 17

Under the above assumptions, it follows in particular that ®,, admits the so-called local mean
n-dimensional Minkowski content, which has been introduced in [1]; namely ®,, is said to admit
local mean n-dimensional Minkowski content if the following limit exists finite for any A C R?
such that E[H"(®,, N3dA)] =0

_E[H!(Opg, N A)] .
1% By =E[H"(©,NA)].

Proposition 11. If ®, satisfies assumptions (Al) and (A2), then it admits local mean n-
dimensional Minkowski content.

Sketch of the proof. It is sufficient to prove that ®,, satisfies the hypotheses of Theorem 4 in [1].

We already observed in Remark 4 that E[ue,] is finite on bounded sets.

By proceeding along the same lines as in the proof of Theorem 3.9 in [26] (here, by defin-
ing O(w) := U(xl,’xi)eq,(w) x; + B(s;), where E(s;) 2 Z(s;) as in (Al), and () := H"(O(w) N
WgaN-)/H" (C:)(a)) N Wg2)), it is easy to see that the hypotheses of the above mentioned theorem
are fulfilled with Y := H"(© N Wgn)/y. O

Remark 12. By Theorem 7 and the above proposition, the following chain of equalities holds, for
any A C RY such that H¢ (9 A) = 0 (which implies E[H" (0, N dA)] = 0, being E[ue,] < H):

. P(x € Oyg,)
lim ———— 22 dx = | Ag dx =E|/H"(©®,NA

=lim =lim y—

E[HY (@, N A)] / P(x € Opg,)
rl0 bg_yrd r10 /4

bg_nr

as if we might exchange limit and integral, answering to the open problem raised in [1], Re-
mark 8.

As mentioned in [1], several problems in real applications are related to the estimation of
the mean density of lower dimensional inhomogeneous random sets (see also [10] and refer-
ence therein); in particular, as a computer graphics representation of lower dimensional sets in
R? is anyway provided in terms of pixels, which can offer only a 2-D box approximation of
points in R2, it might be useful to have statistical estimators of the mean density A, based on
the volume measure H? of the Minkowski enlargement of ®,. To this end, a consistent and
asymptotically unbiased estimator ’):@n (x) of A, (x) has been introduced in [26], based on equa-
tion (21), for a class of Boolean models with typical grain Zy. Having now proved that (21) holds
for more general random closed sets, that is not only in stationary settings or for Boolean models,
but also for non-stationary germ-grains models whose grains are not assumed to be independent
each other, the same simple proof of Proposition 6.1 in [26] still applies, so that we may state the
following result.
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Corollary 13. Let ©, satisfy the assumptions, and {®£Z }ieN be a sequence of random closed sets
i.i.d. as ©,; then the estimator kgn (x) of e, (x) so defined

N
din Loinggy (v 2@
Nbg_, Rja\,,i"

W (x) =

is asymptotically unbiased and weakly consistent for H?-a.e. x € R?, if Ry is such that

lim Ry =0 and lim NR}™ = cc.
N—o00 N—o00

Remark 14. ’):gn (x) can be written also in terms of the so-called empirical capacity functional
of ®,, which we recall to be defined as [16] ?Cf)\;(l() = % ZlN=1 lging e for any compact
K cR%:

TY (Bry(x))

TN o—
)\'@n ()= bg anfn
—noN

For a more detailed discussion on ’)\\gn (x) and related open problems, we refer to [26], Section 6.

4. Mean surface density and spherical contact distribution

Let us now consider a random closed set © in R¥, with H4(®) > 0. A problem of interest is then
the existence (and which is its value) of the limit

. Px€BOg \O)
op(x) :=lim ——=.
rl0 r

The quantity og (x) is usually called the specific area of ® at point x, and it has been introduced
in [22], page 50. The name specific area comes from the fact that, under suitable regularity
assumptions on the boundary of ® (e.g., when ® has Lipschitz boundary, or it is union of convex
sets, etc.), op(x) might coincide with the mean density Ay (x) of 0O, that is the density of
the measure E[uye] on R4, Moreover, it is clearly related to the existence of the right partial
derivative at r = 0 of the so-called local spherical contact distribution function He of ©, the
function from Ry x R to [0, 1] so defined

Ho(r,x) :=P(x € Og,|x ¢ ©). 24)

We refer to [26] and [27] (and reference therein) for a more detailed discussion on og; we point
out that only results for Boolean models with position-independent grains has been given there,
whereas in [19] general germ-grains models are considered assuming that the grains are convex,
so that results and techniques from convex and integral geometry can be applied. In this last
mentioned paper, some formulae for contact distributions and mean densities of inhomogeneous
germ-grain models are to be taken in weak form (e.g., [19], Theorem 4.1), unless to add further
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suitable integrability assumptions (e.g., in [19], Remark 4.4, the existence of a dominating in-
tegrable function is assumed). Nevertheless, the assumption of convexity of the grains in [19]
seems to be too restrictive in possible real applications, and it hides the fact that g may be differ
from the mean boundary density Aye of ®, as discussed in [26]. Indeed, we remind that the value
of 0@ is strictly related to the value of the so-called mean outer Minkowski content of ® (and so
of its grains), which depends on the ¢~ !-measure of the set of the boundary points of ® where
the d-dimensional density of ® is O or 1 or 1/2 (e.g., see [25,26] for more details on this subject).
In order to extend some results provided in [26] to general random closed sets, we briefly recall
basics on the outer Minkowski content notion.

4.1. d-dimensional densities and outer Minkowski content

Let A € Bga; the quantity SM(A) defined as (see [2])

d

SM(A) :=1lim w,
rl0 r

provided that the limit exists finite, is called outer Minkowski content of A. Note that if A is
lower dimensional, then SM(A) = 2M?~1(A), whereas if A is a d-dimensional set, closure of
its interior, then Ag, \ A coincides with the outer Minkowski enlargement of 9 A at distance r.

In [25] two general classes of subsets of R4 which admit outer Minkowski content has been
introduced; in particular we remind the definition of the so-called class O and a related result.

Definition 15 (The class O). Let O be the class of Borel sets A of R? with countably H?~!-
rectifiable and bounded topological boundary, such that

n(B,(x)) = yri™"  VxedA, Vre(0,1)

holds for some y > 0 and some probability measure 1 in R¢ absolutely continuous with respect
to HOL.

The d-dimensional density (briefly, density) of A at a point x € R is defined by [3]

HA(AN B (x))
H4(B, (x))

Sq(A,x) = lrlf(} ,
provided that the limit exists. It is clear that 64;(A, x) equals 1 for all x in the interior of A, and O
for all x into the interior of the complement set of A, whereas different values can be attained at
its boundary points. It is well known (e.g., see [3], Theorem 3.61) that if HI"1(HA) < oo, then
A has density either 0 or 1 or 1/2 at ¢ ~!-almost every point of its boundary. For every ¢ € [0, 1]
and every H%-measurable set A C R? let

A= {x eR%: §4(A,x) =1},
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The set of points 3*A := R \ (A° U A!) where the density of A is neither 0 nor 1 is called
essential boundary of A. It is proved (e.g., see [3]) that all the sets A’ are Borel sets, and that
H1(3*AN B) =HI"1 (A2 N B) for all B € Bga. It follows that for any A with H?~1(A) <
00, it holds

HITHA) = HTH(AY?) + HETH (A N aA) + 1T (AT N dA). (25)

As Theorem 1 gives general sufficient conditions on the existence of the Minkowski content of
a lower dimensional set, as the following theorem gives similar general sufficient conditions for
the existence of the outer Minkowski content.

Theorem 16 ([25]). The class O is stable under finite unions and any A € O admits outer
Minkowski content, given by

SM(A) =R (AY?) 4 2H T (0A N A%) = HI1 (8% A) + 2H T (8A N A0).

Note that SM(A) = H4~1(A) if H?~1(3O N (®° U ®1)) = 0. A local version of the outer
Minkowski content is given in [25], Proposition 4.13.

We also remind that Theorem 2 is a generalization of Theorem 1; similarly, the next theorem
might be seen as a generalization of Theorem 16.

Theorem 17 ([26]). Let u be a positive measure in R4 absolutely continuous with respect to H4
with locally bounded density f, and let A belong to O. If H?~!(disc f) =0, then
M(Aear \ A)

lim
rl0

/ FyHT (dx) +2 / FHIT (dx). (26)
dANAY

4.2. Specific area and mean surface density

Let us consider a random closed set ® in R? with H%(®) > 0, such that it might be represented
as an “one-grain” random set by giving its random shape Z and its random location y, that is by
giving a marked point process ® = (y, s) with P(®(R? x K) > 1) =0, so that

O=y+Z(s)

as discussed in Remark 10. For sake of simplicity, let Z be compact (the case in which Z is
locally compact might be handled by introducing a suitable compact window containing the
point x considered). Of course d® = x + dZ, and so the regularity properties of ® coincide
with the regularity properties of dZ. Let ® have intensity measure A (d(x, s)) = A(x, s) dx Q(ds)
such that

(A1") forany (y,s) € R x K, y +9Z(s) is a countably ¢~ !-rectifiable and compact subset
of R?, such that there exists a closed set Z(s) 2 9 Z(s) such that fK HA=1(E(5))Q(ds) < oo and

HITHE() N B (x)) = yr?™" Vx€dZ(s), Vre (0, 1)

for some y > 0 independent on y and s;
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(A2') for any s € K, H9~!(disc(A(-, 5))) = 0 and A(-, 5) is locally bounded such that for any
compact K C R?

sup A(x,s) <Ex(s)
X€Kg diam(Z(s))

for some &g (s) with [ H™'(E(s))Ex () Q(ds) < oo.

Note that assumption (A1’) guarantees that Z, and so ®, belongs to the class O; in particular it
is easy to see that © satisfies the hypotheses of Lemma 3.10 in [26], which implies that ® admits
local mean outer Minkowski content, that is:

. E[HI(Og \®)NA
EH(0e \O) N AT _

li

m ; [H N (9*@ N A)] +2E[HH (@ noenA)] @]

for any Borel set A with E[H4~1(3® N 9A)] = 0 (and so for any A with H?(dA) = 0, being

Elpsol < HY).
The assumption (A2") allows us to apply Theorem 17 to prove that

oo (x) =Agre(X) + 2Agomge(x),  HY-ae x eRY,

having denoted by Aj+e and Agonye the density of the measure E[HY~!(3*® N -)] and
E[H?~1(®° N 36 N )], respectively; namely, we prove the following theorem.

Theorem 18. Let © = y + Z be a random closed set as above, satisfying assumption (Al")
and (A2); then

P(x € Ogr \ ©) _
r

oo (x) = 1% = Aor0 (x) + 2hg0nye (X), He-ae.xeRY.  (28)
r

In particular, if
[ e zo) 0w = [ 1 02) 0ws), @9
K K

then

op(x) =Xrje(x) = / / A, YH N (dy) Q(ds), H e x e RY.
KJx—0Z(s)

Proof. By applying the same arguments used in the proof of Proposition 3.8 in [26], it follows
that E[H?~1(d© N )] is absolutely continuous with respect to H¢ (and so E[H?~!(3*® N-)] and
E[H 1 (©@°NoO N )] as well, being 3*® and ©° N3O disjoint subsets of dO); the equation (27)
is equivalent to write

lim

rl0 r

/A w — /A()\,a*@(x) + 2)\4@003@)()()) d}C (30)

We want to apply the dominated convergence theorem in order to exchange limit and integral in
the equation above.
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Let us first prove that there exist the limit of P(x € ®g, \ ®)/r forr | 0:

mIP’(x € Ogr \ O) _ mlP’(@{(y,S): xe€(y+Z()ar \ v+ Z(s)} >0)

li li

rl0 r rl0 r
_y A((y,s): y € (x —Z(s))er \ (x — Z(s))})
- rlf(} r

1
= lim—/ / Ay, s)dyQ(ds).
07 JKJ a=Z()er\(x=Z(5)
By applying now Theorem 17, we get

1
lim — A(y,s)dy
O T J(x=Z(s))gr\(x—Z(5))

@ [ Ay, sYH™ (dy) Q(ds) +2 f / (v, sYH™ (dy),
X—9*Z(s) K J(x—8Z(s)N(x—20(s))

besides we observe that

1 1
—/ Ay,s)dy =< —/ Ay, s)dy
T J(x=Z(s))@r\(x—Z(s)) T J(x=3Z(s)gr
HIN(Z
< B e
r YE(x—IZ(s)ar
a7),(A2) . 23d=1p,
< H I(E(S)) EB,(x) (5) Vr < 2.

Therefore, assumption (A2’) and the dominated convergence theorem imply

Px € Og \©) . 1
lim L& € O2r \ ©) =hm—// A(y, $)dyQ(ds)
10 r O JKJ (x—Z(s)er\(x—Z(5))
:/ (/ A(y,s)'Hd_l(dy)Q(ds) 31
K x—090*Z(s)

+2 / / A(y,sm”’-l(dy))Q(ds).
K J(x—0Z(s)N(x—Z%Gs))

Analogously, for any fixed bounded Borel set A and for any r < 2,

d—1/m - /
HreOer\O) / M EO) ya-1p e 0as) e e,
K

r 14

where K is a compact subset of R? containing Ag».



Mean densities of random sets 23

Thus we may change limit and integral in (30), and we get

lim/ w:/ a@(x)dx=/(Aa*@(x)+2k®on3®(x))dx (32)
r10Ja r A A

for any A with H4(dA) =0, and so equation (28) holds.

Assumption (29) ensures that the 7?~!-measure of the boundary of Z equals the H¢~!-
measure of its essential boundary, and so E[H-1(3*O N I = E[H?~10©N4)]; in particular it
follows that Ay+g(x) = Agz(x) and Aygngo(x) =0 for H-ae. x € R, and that

/ Ay, )H T (dy) 42 / Ay, s)H ' (dy)
x—0*Z(s) (x—0Z(s)N(x—Z0(s))

- / Ay, sy (dy).
x—0Z(s)
Thus, by (31) and (32) we get
0@(x)=13@(x)=f/ A(y, sYH ™1 (dy) 0 (ds), H%-ae. x € R, .
KJx—0Z(s)

Remark 19. The above theorem answers also to the open problem posed by Matheron in [22],
page 50, about the equality between the specific area og and the mean boundary density Ag for
a general random set ®. Again, such an equality strongly depends on the geometric regularities
of d®; of course the cases in which g # Aje are, in a certain sense, “pathological,” because
condition (29) is usually fulfilled in applications.

Of course the specific area g may be evaluated for germ-grain processes whose grains have
integer dimension n < d (n = 0 is trivial), but it is clear that og(x) =0ifn <d — 1.

In the case d — 1, thatis Z(s) = dZ(s) for any s € K, assumptions (A1) and (A2) given in the
previous section coincide with (A1) and (A2") above; by noticing that 9 Z (s) = Z0%s) N aZ(s),
and that P(x € ®) =0 a.s., the results (21) and (18) proved in Theorem 7 and Proposition 5,
respectively, are in accordance with Theorem 18:

P(x € ®
00 = lim 98 o5 )
rl0 r

_» / f (v, YR (dy) 0 (ds).
KJx—Z(s)

We point out that it seems to be hard to find out explicit expressions for cg when ® is a general
germ-grain model (i.e., non-Boolean) with H?(®) > 0, in terms of its grains as we did for Ag,
in Proposition 5 in the n-dimensional case. Indeed, due to the fact that the interior of the grains is
in general not empty, we cannot follow the same lines of the proof of the mentioned proposition,
because E[H* =1 (00 N )1 £E[Y . oo H ™ (i +0Z(s)) N )],
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Instead, when ® is a Boolean model, and so thanks to the independence property of its
grains and to the knowledge of the associated capacity functional, it is possible to prove an
explicit expression for its specific area, as proved in [26], Proposition 3.7, in the case of position-
independent grains. By similar arguments of the previous sections, it is easy to extend it to the
case of a general Boolean model ® whose grains satisfy the above assumption (A1’) and (A2"),
obtaining that

oe(x) =P(x ¢ ©) [/ / Ay, s)H? " (dy) Q(ds)
K Jx—0*Z(s)

42 / / A, S)Hd‘l(dy)Q(dS)]-
K J(x—3Z(s)N(x—Z0(s))

We may notice that the above expression for og applies only to Boolean models, thanks to
independence properties of the underlying point process @, and that it cannot be true for different
germ-grain models: it is sufficient to consider the case when ® is an “one-grain” random set as
in Theorem 18, and observe that its specific area given in (31) differs from (33), being P(x ¢
®) # 1, in general.

(33)

4.3. The spherical contact distribution function

We are now able to give a general expression for the derivative in r = 0 of the spherical contact
distribution function Hg, defined in (24), under the same general assumptions on the random set
® given in the previous section.

By noticing that P(x ¢ ®)He (1, x) =P(x € Og, \ ®) and Hp (0, x) = 0, the following corol-
lary of Theorem 18 is easily proved.

Corollary 20. Let © be a random closed set as in Theorem 18; then
oo (x)
P(x ¢ ©)

_ Ay (x) + 2)»@003@)()6)
- P(x ¢ ©)

d
—Hg(r,x)|p=0 =
or

, H g.e. x eRY,

where the above derivative has to be intended the right derivative in 0.
If in particular (29) is satisfied, then

Ayo(x)

d d
—_— R¢.
P(x¢©) H%-a.e.x €

0
_H b r=0=
o o, X)r=0

Remark 21 (Boolean model and “one-grain’ random set). By the corollary above and by (33)
and (31), we get the following explicit formulas in the case ® is a Boolean model (reobtain-
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ing [26], equation (4.1), as particular case), or ® is an “one-grain” random set:

0
—Heo(r, x))r=0
ar

Boolean model

/ f (v, sYH1(dy) 0 (ds)
K Jx—0*Z(s)

| 42 / / A0, sYHE 1 (dy) 0 (ds),
= K J(x—92(s)Nx—2%s))

“one-grain” random set
Skl —pe 206 20 OHTHAY) +2 [ s 200ne— 206 2 HTHAY)1Q(ds)
Jotrx (1= L=z (92, $) dy Q(ds) '

In [26], Theorem 4.1, has been proved a result about the differentiability of Hg with respect
to r for a quite general class of Boolean models with typical grain having positive reach. Such a
result can be easily extended for Boolean models with position dependent grains by considering
an intensity measure A(d(y, s)) of the type A(y, s) dyQ(ds), instead of the type f(y)dyQ(ds),
and by modifying the assumption of the cited theorem accordingly. Here we reformulate such a
result also for “one-grain” random sets. In order to do this, we briefly recall some basic definitions
from geometric measure theory.

For any closed subset A of R, let Unp(A) :={x € R?:3la € A such that dist(x, A) = |a —
x|}. The definition of Unp(A) implies the existence of a projection mapping £4: Unp(A) — A
which assigns to x € Unp(A) the unique point £4 (x) € A such that dist(x, A) = [x —&4(x)]; then
for all x € Unp(A) with dist(x, A) > 0 we may define u4(a) := (x — &4 (x))/dist(x, A). The set
of all x € R? \ A for which £4(x) is not defined it is called exoskeleton of A, and it is denoted
by exo(A). The normal bundle of A is the measurable subset of dA x S?~! defined by N(A) :=
{(Ea(x),ua(x)): x ¢ AUexo(A)}. Forany x € 97 A :={x € dA: (x,u) € N(A) for some u €
S?=1}, we define

N(A, x):={ueS"™" (x,u) e N(A)}
and
3'A:={xedTA: card N(A, x) = 1}.

Note that for any x € 9 LA, the unique element of N (A, x) is the outer normal of A at x, denoted
here by n,. The reach of a compact set A is defined by (see [14])

reach(A) := inf\ sup{r > 0: B.(a) C Unp(A)};
ae

for any set A C R4 with positive reach, the curvature measures ®;(A; -) on RY fori=1,...,d—
1, introduced in [14], are well defined.

Then, by following the same lines of Section 4 in [26], it is not difficult to prove the following
proposition for an “one-grain” random set.
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Proposition 22. Let © be a random closed set as in Theorem 18, with reach(Z(s)) > R for some
R > 0 and such that HO(N(Z(s), x)) = 1 for H¢ V-a.e. x € dZ(s), for all s € K. Moreover, we
assume that

/ |®;1(Z(s))Q(ds) <oco  Vi=1,...,d—1,
K

where |®;|(Z)(s) is the total variation of the measure ®;(Z(s); -), and that the intensity A(-, s)
is bounded, Lipschitz with Lipschitz constant Lip f (-, s) such that fK Lip f(-, s)Q(ds) < o0, and
the set where A(-, s) is not differentiable is H?™'-negligible. Then, for all x € RY,

‘ Ay, s)H d
iH@(r,x)z fox—dZ(s)@r Wy, s) (dy)Q(ds) vr € [0, R).
or Jeaoc( = Lz DA (. ) dy O(ds)
82
mH(’%X)\r:O

K27 Jpa My, $)Pa—a(x = Z():dY) + [ g1 7y D, Ay )R ()] Q(ds)
B Jrtrx (1= Loz )Xy, 5) dy O (ds)

’

where Dy A(, s) is the directional derivative of A(-, s) along ny € Sé-1.
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