Bernoulli 17(4), 2011, 1327-1343
DOI: 10.3150/10-BEJ314

Sharp maximal inequalities for the moments
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In the paper we study sharp maximal inequalities for martingales and non-negative submartingales: if f, g
are martingales satisfying

ldgn| < 1dfal, n=0,1,2,...,
almost surely, then

sup [gnll| =< plfllp, r=2,

n>0 p

and the inequality is sharp. Furthermore, if & € [0, 1], f is a non-negative submartingale and g satisfies
ldgn| <ldful and [E(dgpy11Fn)| < oE(dfri11Fn), n=0,12,...,

almost surely, then

[swplgal] = @+vplfl, P22,
n>0 p

and the inequality is sharp. As an application, we establish related estimates for stochastic integrals and Itd
processes. The inequalities strengthen the earlier classical results of Burkholder and Choi.
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1. Introduction

The purpose of the paper is to provide the best constants in some maximal inequalities for martin-
gales and non-negative submartingales. Let us start with introducing the necessary notation. Let
(€2, F,P) be a non-atomic probability space, equipped with a filtration (F,),>0, that is, a non-
decreasing family of sub-o-fields of F. Let f = (f,,) and g = (g,,) be adapted, real-valued inte-
grable processes. The difference sequences d f = (df;) and dg = (dg,) of f and g are defined
by the equations

n n
fr=Y dfe.  ga=) dgr. n=0,1.2,...
k=0 k=0
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We are particularly interested in those pairs (f, g) for which a certain domination relation is
satisfied. Following Burkholder [6], we say that g is differentially subordinate to f if, for any
n >0, we have

P(ldgal < Idful) =1.

As an example, let g be a transform of f by a predictable sequence v = (v,) bounded in absolute
value by 1; that is, we have P(|v,| < 1) =1 and d f;, = v, dg,, n > 0. Here, by predictability, we
mean that vg is Fog-measurable and v, is F;,,—1-measurable for n > 1. In the particular case when
each v, is deterministic and takes values in {—1, 1}, we will say that g is a =1 transform of f.

Another domination we will consider is the so-called «-strong subordination, where « is a
fixed non-negative number. This notion was introduced by Burkholder in [10] in the special case
o = 1 and extended to a general case by Choi [12]: The process g is «-strongly subordinate to f
if it is differentially subordinate to f and, for any n > 0,

IE(dgn+11Fn)| < alE(d frt1|Fn)l

almost surely.

There is a vast literature concerning the comparison of the sizes of f and g under the as-
sumption of one of the dominations above and the further condition that f is a martingale or
non-negative submartingale; we refer the interested reader to the papers [6,9,10,12,15,16,18—
21] and the references therein. In addition, these inequalities have found their applications in
many areas of mathematics: Banach space theory [4,5]; harmonic analysis [8,13,14]; functional
analysis [6,7,20]; analysis [1,2]; stochastic integration [6,11,17,20,21]; and more. To present our
motivation, we state here only two theorems. Let us start with a fundamental result of Burkholder
[6]. We use the notation || f |, = sup, || fullp, p € [1, o<].

Theorem 1.1 (Burkholder). Assume that f, g are martingales and g is differentially subordi-
nate to f. Then, for any 1 < p < 00,

Iglly < (™ = DIfIp, (1.1)

where p* = max{p, p/(p — 1)}. The constant p* — 1 is the best possible; it is already the best
possible if g is assumed to be a £1 transform of f.

Here, by the optimality of the constant, we mean that for any r < p* — 1 there exists a martin-
gale f and its &1 transform g, for which [|gll, > 7|l f |l p-
The submartingale version of the estimate above is the following result of Choi [12].

Theorem 1.2 (Choi). Assume that f is a non-negative submartingale and g is a-differentially
subordinate to f, a € [0, 1]. Then for any 1 < p < o0,

Igllp < (pg = DIfp, (1.2)

where p} = max{(a + 1)p, p/(p — 1)}. The constant is the best possible.
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In the paper we deal with a considerably harder problem and determine the optimal constants
in the related moment estimates involving the maximal functions of f and g. For n > 0, let
J = supg<g<, | ficl and f* = sup;q | fk|. Here is our first main result.

Theorem 1.3. Let f, g be martingales with g being differentially subordinate to f. Then for any
pP=2,

Ig*lp < pIfllp (1.3)

and the constant p is the best possible. It is already the best possible in the following weaker
inequality: If f is a martingale and g is its 1 transform, then

lg*llp < PILf*Ilp- (1.4)

Note that the validity of the estimates (1.3) and (1.4) is an immediate consequence of (1.1)
and Doob’s bound || f*||, < %Hﬂlp, p > 1. The non-trivial (and quite surprising) part is the
optimality of the constant p.

Now let us state the submartingale version of the theorem above.

Theorem 1.4. Fix o € [0, 1]. Let f be a non-negative submartingale and g be real valued and
a-strongly subordinate to f. Then for any p > 2,

lg*llp < @+ Dplfllp (1.5

and the constant (a + 1)p is the best possible. It is already the best possible in the weaker
estimate

lg*llp < @+ Dplf*lp. (1.6)

There is a natural question: What is the best constant in the inequalities above in the case
1 < p < 2?7 Unfortunately, we have been unable to answer it; our reasoning works only for the
case p > 2.

The proof of (1.5) is based on a technique invented by Burkholder in [11]. It enables us to
translate the problem of proving a maximal inequality for martingales to that of finding a certain
special function, an upper solution to a corresponding nonlinear problem. The method can be
easily extended to the submartingale setting (see [17]) and we construct the function in Section 3.
For the sake of construction, we need a solution to a differential equation that is analyzed in
Section 2. The next two sections are devoted to the proofs of the announced results: Section 4
contains the proof of the estimate (1.5) and the final part concerns the optimality of the constants
appearing in (1.4) and (1.6). In the final section, we present some applications: sharp estimates
for stochastic integrals and Itd processes.
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2. A differential equation

Forafixeda € (0,1]and p >2,let C=Cjp o =[(a + 1)p]?(p — 1). A central role in the paper
is played by a certain solution to the differential equation

—14+C1 —y@)y a2
1+C1—y(x))xr-!

Y (x) = 2.1)

Lemma 2.1. There is a solution y : [((« + l)p)*1 ,00) = R of (2.1), satisfying the initial con-
dition

1 1 -1
V<(a_|_1)p>—l [(@+Dp]. (2.2)

The solution is non-decreasing, concave and bounded from above by 1.

Proof. Let y be a solution to (2.1), satisfying (2.2) and extended to a maximal subinterval I of
[((x+1) p)_l, o0). It is convenient to split the proof into a few steps.

Step 1: I = [((« + 1)p)~!, 00). In view of the Picard—Lindel6f theorem, this will be estab-
lished if we show that y < 1 on I. To this end, suppose that the set {x € I : y(x) = 1} is non-
empty and let y denote its smallest element. Then, by (2.1), we have y'(y) = —1, which, by
minimality of y, implies y (((o« 4+ 1)p)~") > 1 and contradicts (2.2).

Step 2: Concavity of y. Suppose that the set {x € I :y"(x) > 0} is non-empty and let z denote
its infimum. Consider the functions F, G : (((@ + l)p)_l, o0) — R given by

F(x) =y(x) —xy'(x),
G(x) = (1 - y(x))xp_z.

Observe that
G>0 on/ and F>0 on (((a+l)p)71,z+€) (2.3)

for some ¢ > 0. The statement about G is clear, while the positivity of F follows from

Fly=—xy" ()20,  xe(((a+1Dp) " 2]
and
F((@+Dp) '+) = % >0,
Now multiply (2.1) throughout by 1 4+ C(1 — y (x))x? ~1 and differentiate both sides. We obtain
an equality that is equivalent to

1

V"0 +Cx6W) =CFOG' @, x>,

2.4)
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As a first consequence, we have z > ((« + 1)p)~!. To see this, tend with x down to (e +1)p)~!
and observe that F' and G have strictly positive limits; furthermore,

G’ =x"[(p=2(1 =y () —xy' @] =:xP T (x) 2.5)

with J(((@ + Dp)~H = —‘()‘Offg)l; < 0. Combining (2.3) and (2.4) we see that, for some ¢ > 0,
G' <0on(z—¢,z) and G’ > 0 on (z, z + ¢). Consequently, by (2.5), J <0 on (z — ¢, z) and
J > 0on (z,z+ ¢&). This implies J'(z) > 0 and since J'(z) = —(p — 1)y’ (z), we get y'(z) < 0.
However, this contradicts G’(z) = 0, in view of (2.5) and y (z) < 1. Let us stress that here, in the
last passage, we use the inequality p > 2.

Step 3: y is non-decreasing. It follows from (2.4), the concavity of y and positivity of F and
G, that G’ <0, or, by (2.5),

(r=2(1-y®)—xy'(x) <0. (2.6)

The claim follows. O

Let us extend y to the whole half-line [0, co) by

1 1
V(x)=[(p—1)(cx+1)—1]x+;’ xe[O, m)

It can be verified readily that y is of class Clon (0, 00). For the sake of reader’s convenience,
the graph of y, corresponding to p =3 and « = 1, is presented on Figure 1.

Let H:[(( + 1)p)~!, 00) = [1, 00) be given by H(x) = x + y(x) and let / be the inverse
to H. Clearly, we have

x—1<h(x)<x, x>1. 2.7

7

Figure 1. The graph of y (the bold line) in the case p =3, « = 1. Note that y is linear on [0, 1/6] and
solves (2.1) on (1/6, 00).
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We conclude this section by providing a formula for 7’ to be used later. As

1

— = R x>1, (2.8)
H'(h(x)) 1+y'(h(x))

h'(x)

it can be derived that, in view of (2.1),

1+ (@ + Dp)?(p— D(h(x) —x + Dh(x)P~!
(a+ Dp)P(p — D(h(x) —x + Dh(x)P~2x

h'(x) = (2.9)

3. The special function

Throughout this section, & € (0, 1] and p > 2 are fixed. Let S denote the strip [0, 00) x [—1, 1].
Consider the following subsets of S.

Do = {(x,y) € S:|y| =y (x)},
Dy ={(x,y) e S:|yl>y@),x+ |yl <1},
Dy ={(x,y) € S:|yl>y(x),x+ |yl > 1}.

Introduce the function u: § — R by

1 —[(x+ 1DplPxP on Dy,

—1\7!
u(x,y) = 1—(%) [p(p@+1)—1)x — ply|+1] on Dy,
1—[(@+ DplPh(x +yDP~[px — (p — Dh(x + |y])] on D,.

Let U : [0, 0c0) x R x (0, 00) — R be given by

Uuym=wwm%(x Y )
. lylvz' lylvz

As we will see below, the function U is the key to the inequality (1.5). Let us study the
properties of this function.

Lemma 3.1. The function U is of class C'. Furthermore, there exists an absolute constant K
such that, for all x > 0,y € R, z > 0, we have

Ux,v,2) <KX+ |y|+2)? (3.1)

and

Uc(x, 9, 2) <K@+ |y + 2P, U, y,2) <K@+ |yl +2)P 7L (3.2)

Proof. The continuity of the partial derivatives can be verified readily. The inequality (3.1) is
evident for those (x, y, z), for which (W, W) € Dy U Dy; for the remaining (x, y, z), it
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suffices to use (2.7). Finally, the inequality (3.2) is clear if (IyIL\/z’ I}’L) € Dy U Dj. For the

vz
remaining points one applies (2.7) and (2.8), the latter inequality implying 4" < 1. (]

Now let us deal with the following majorization property.

Lemma 3.2. Forany (x,y,z) €[0,00) x R x (0, 00), we have
Ux,y,2) = (Iyl V)P = [+ DplPxP. (3.3)

Proof. The inequality is equivalent to u(x,y) > 1 — [(« 4+ 1) p]?x? and we need to establish
it only on D and D;. On Dj, the substitutions X = px and Y = p|y| — 1 (note that Y > 0)
transform it into

p—1
(@+1)PXP > (%) [(pl@a+D—1)X -]

This inequality is valid for all non-negative X, Y. To see this, observe that by homogeneity we
may assume X + Y = 1, and then the estimate reads

FX):=(a+DPX? —(p— D) P p@+1DX—-11>0, Xel0,1].

Now it suffices to note that F is convex on [0, 1] and satisfies

F<%> - F(%> —o.
(P D@+ 1) (P D@+ 1)

It remains to show the majorization on D5. It is dealt with in a similar manner: Setting s =
x + |y| > 1, we see that (3.3) is equivalent to

Gx):=x" —h(s)’ ' [px — (p — Dh(s)] > 0, s—1<x <h(s).

It is easily verified that G is convex and satisfies G (h(s)) = G’(h(s)) = 0. This completes the
proof of (3.3). ([

The main property of the function U is the concavity along the lines of slope belonging to
[—1,1].

Lemma 3.3. For fixed y, z satisfying z > 0, |y| < z, and any a € [—1, 1], the function ® =
Dy ;.4:10,00) = R given by
d()=U(t,y+at,z)

is concave.

Before we turn to the proof, let us first establish some useful consequences.
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Corollary 3.4. (i) The function U has the following property: For any x,y, z, kx, ky such that
X, x+ke>0,2>0,|y| <zand |ky| < |ky|, we have

U(-x +kx’ y +ky7 Z) S U(-xv yv Z) + U)C(-xa ya Z)kx + Uy(-xa ys Z)ky (34)

(for x =0, we replace U, (0, y, z) by right-sided derivative U, (0+, y, 2)).
(ii) For any x > 1, we have

Ux,1,1)<0. (3.5)

Proof. (i) This follows immediately.

(ii) We have @, | —1(0) =U(0,0,1) =1 and ®y; —1((@ + Dp)"H) =U(((@ + Dp)~",
x @+ 1Dp)~t 1)=0,since (@ + Dp)~',x L@+ Dp)~', 1) e Dy. Since x > 1 > (o +
1)p)~!, the lemma above gives U(x,1,1) = &y ¢ ,—1(x) <0. O

Proof of Lemma 3.3. By homogeneity, we may assume z = 1. As ® is of class C', it suffices to
verify that ®”(¢) < 0 for those ¢, for which (¢, y + at) lies in the interior of Dy, D1, D; or outside
the strip S. Since U (x, y,z) = U(x, —Yy, z), we may restrict ourselves to the case y + at > 0. If
(t,y + at) belongs to D, the interior of Do, then ®"(¢) = —[(e + 1)p1” - p(p — DiP~2 <0,
while for (¢, y 4+ at) € D{ we have

Pt +ply+an =P (1 +a)
(p—1r=2

o"(1) = (11 + 1),

where
L=pt[(p-2DA+a)(pl@+1D)—1)+2(p@+1) —1-a)] =0,
L= (p(y+at)—1)Qa+1—-a)>0.
The remaining two cases are a bit more complicated. If (¢, y 4+ at) € Dg , then

*"®) =h+h+J
Cp(l+a 17702707
where
Ji=h(t+y+at)? 20 ¢+ y +an)lh(t + y +at) — 1],
J=h(t+y+a)’h't +y+a)Pl(p— Dh(t +y+at) — (p — )],
2 -2/
Ji=———h@+y+at)’ “h'(t + y + ar).
a-+1

Now if we change y and ¢, keeping s =t + y + at fixed, then J; 4+ J» + J3 is a linear function of
t € [s — 1, h(s)]. Therefore, to prove it is non-positive, it suffices to verify this for r = h(s) and
t =5 — 1. Fort = h(s), we have

-2/ / 2
Ih+Dh+I=hs)P"h )| () — ——]| <0,
a+1
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since 0 < h/(s) <1 (see (2.8)). If t =5 — 1, rewrite (2.9) in the form
Cs(h(s) + 1 —5)h(s)? 2 (s) = 1+ C(h(s) + 1 — s)h(s)? "

and differentiate both sides; as a result, we obtain

| o)
Cs| i+ L+ B+h()P ()| —— -1
a+1
= Ch(s)P2[(H (s) = 1)h(s) + (p = 2)(h(s) + 1 — 5)h'()].

As i’ >0 and 2/(a + 1) > 1, we will be done if we show the right-hand side is non-positive.
This is equivalent to

B ($)[h(s) + (p —2)(h(s) + 1 —s)] < h(s).
Now use (2.8) and substitute i (s) = r, noting that h(s) +1 —s =1 — y(r), to obtain
r+(p=2(1—ym)=r(l+y'(),
orry'(r) > (p —2)(1 — y(r)), which is (2.6).
Finally, suppose that y +at > 1. For such ¢ we have ®(¢) = (v +at)Pu(t/(y +at), 1), hence,
setting X =r/(y +1), Y = y + at, we easily check that ®”(¢) equals
YP2[p(p = Dau(X, 1) +2a(p — (1 = aX)u (X, 1) + (1 —aX) ug (X, D].

First let us derive the expressions for the partial derivatives. Using (2.9), we have

P _17 Cph(X+1r~!
X, D)=———1+Cch(X+ D) -X)h(X+ 1P 1] — — ~
ux(X, 1) = 7 [T+ C(h(X + D = X)hX + D] P
pip—1) .
X, D=2 1+ Cc(h(X+1D) = X)h(X + 1P
Cph(X + DHP™'  Cph(X + DP 2R (X + 1)
X+1 X+1 '
Now it can be checked that
"(1)Y* P /p=Ki+ Ky + K3,
where
a-+1 2 i
Ki=(p—-D|——) [1+C(h(X+ 1D —=X)h(X+DP],
X+1
Ch(X + 1)P~!

)= (1+2a—a2X),

X+1
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oo _(LmaX\? 1+ ChX + 1) = XOhX + )P
ST \x+1 ) X +1)—X

l—aX2
< - .Ch(X +1DP~L.
(LY encren

We may write

Ch(X +1)r~!
K>+ K3 < —ﬁ[(1+2a—a2X)(X+1)+(1—GX)2]
_ Ch(X+DPNa+ 1) a+1\° -

where, in the last passage, we used a < 1. On the other hand, as % is non-decreasing, we have

_ Ch()? _ Ch(X +1)P""h(1)
Cop—1 T p—1 ’

1

Moreover, since x + h(x + 1) — x is non-increasing (see (2.8)), we have 7(X + 1) — X < h(1).
Combining these two facts, we obtain

a+1\? 1
Ki=(p-1 X1 [1+ Ch(Dh(X + DP]

< (“+1 2Ch(X+1)”_1[h(1)+(p—l)h(l)]
=\x+1

a-+1 2
< Ch(X +1)P7!,
(&Y encr e

as ph(1) = (a + ~! < 1. This implies K1 + K7 + K3 <0 and completes the proof. O

The final property we will need is the following.

Lemma 3.5. Forany x, y, z such that x >0, z > 0 and |y| < z, we have
Ur(x,y,2) = —a|Uy(x, y, 2)] (3.6)

(if x =0, then Uy is replaced by a right-sided derivative).

Proof. It suffices to show that for fixed y,z, |y| <z, and a € [—«, «], the function & =
D, .4:10,00) = R given by ®(¢) = U(t, y + at, z) is non-increasing. Since o < 1, we know
from the previous lemma that @ is concave. Hence all we need is ®'(0+) < 0. By symmetry, we
may assume y > 0. If y < 1/p, then the derivative equals O; in the remaining case, we have

pr(py — P!

O'(0+) =— (o= DyrT

(¢ —a)<0O. 0



Maximal inequalities 1337
4. The proof of (1.5)

First let us observe that it suffices to show (1.5) for strictly positive «. This is an immediate
consequence of the fact that a-strong subordination implies o’-strong subordination for a < «’.

Suppose f, g are as in Theorem 1.4. We may restrict ourselves to the case || f|, < co. Hence,
by Choi’s inequality (1.2), we have ||g||, < co. It suffices to show that forany n =0, 1,2, ... we
have

E[(g¥)? — (@ + DHPpP fP1<0.

Clearly, we may assume that P(go > 0) = 1, simply replacing f, g by f + ¢, g + ¢ if nec-
essary (here ¢ is a small positive number). In particular, this implies fo > 0 almost surely. In
view of the majorization (3.3), we will be done if we show that the expectation EU (5, gn. &)
is non-positive for any n. As a matter of fact, we will show more; namely, that the process
(U(fn> &n» &1)n=0) is a supermartingale and EU ( fo, go, gak) <0.

To this end, fix n > 1 and observe that g < |go|+[g1|+ - -+ |gnl, s0 g belongs to L”. Thus,
by Lemma 3.1 and Holder’s inequality, the variables U (fy, &, &n)» Ux (fu—1,8n—1,8,_;) dfn
and Uy(fn-1, &n—1, g;';_l) dg, are integrable. Moreover, by definition of U and the inequality
(3.9),

E(U (fus &ns gIFn—1) =EWUn(fur gn» &y )1 Fn—1)
=E(U(fu-1 4+ dfn. g1 +dgn. gD Fn-1)
<SEWU(fu-1-8n-1.85—1) + Ux(fu-1.8n-1. &) d fu
+ Uy (fu—1, 8n—1, &n_1) dgnl Fn—1]
SU(fu-1,8n-1,8p_1)-

The latter inequality is the consequence of the following. By (3.6) and the submartingale property

of f,
E(Ux(fn—lv 8n—1, ngl) dfn |~7:n—1) = Ux(fn—lv 8n—1, ngl)E(dfn |»7:n—l)
< —a|Uy(fu—1,8n—1, &_DIE( fu| Fr—1)
=< —Uy(fnfl » 8n—1, g;_l)]E(dgn']:nfl)
= _E(Uy(fnfla 8n—1, g:_l) dgn|Fn-1),

where the second inequality is due to ¢-domination.
To complete the proof, it suffices to show that EU ( fo, go, g;) < 0. However, U ( fo, g0, &;) =
U (fo, g0, &0) = gg U(fo/g0, 1, 1) almost surely and the estimate follows from Corollary 3.4(ii).

5. Sharpness

We start with inequality (1.4) and restrict ourselves to the case when g is a 1 transform of f.
Suppose the best constant in this estimate equals 8 > 0. This implies the existence of a function
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W:R x R x [0, 00) x [0, 00) — R, which satisfies the following properties:

wa,1,1,1) <0, (5.1
Wx,y,z,w) =W(x,y, x| Vz |yl vVw), ifx,yeR,w,z>0, (5.2)
(ylvw)? = BP (x| v <W(x,y,z,w), ifx,yeR, w,z>0 (5.3)

and, furthermore,

aWx+n,y+et,z,w)+ (1 —a)Wx +1n,y+ e, z,w) < WX, y,z, w)
5.4)
forany |x| <z,|y|<w,ee{—-1,1},a € (0,1) and t1, 1 with at; + (1 —a)t, =0.

Indeed, one puts
W(x,y,z, w) =sup{E(g, v w)? — BPE(f," v 2)7}, (5.5)

where the supremum is taken over all integers n and all martingales f, g satisfying P((fo, go) =
(x,y))=1landdfy ==+dgy,k=1,2,...(see[11] for details). This formula allows us to assume
that W is homogeneous: W (tx,ty,tz,tw) =tW(x,y,z,w) forall x,y e R, z, w>0and ¢ > 0.

Now the idea is to exploit the above properties of W to get 8 > p. To this end, let § be a small
number belonging to (0, 1/p). By (5.4) appliedtox =0, y=w=1,z=4/(1+25),e =1 and
t) =48, =—1/p, we obtain

b 1 5
0,1, 1) > W .1
w( mg) (p )
(5.6)
(3, +68, —— 1+5)
Now, by (5.2) and (5.3),
1 1§ 1 11 B\’
wl-——1-—=—, —— 1)=W[-—=,1—=,—,1)>1-(=]) . 5.7
p p 1+25 p PP p

Furthermore, by (5.2),

5
W(8, 148, —— 14+8)=W©, 14,8, 1+6),
( +6 25 +) o, 1+ +39)

which, by (5.4) (withx =z=8, y=w=1+68,e=—landt;j =6, = % + 5(% — 1)), can
be bounded from below by

5 (146 1 | 146 — ps
p—w(i 1— =+ 5(2——),5,1+6)+MW(0,1+25,5,1+5).
146 p p P 1+36
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Using (5.3), we get
146 1 1 B\’
Wl——1—==+68(2—=).81+8)=0+OP|1-| = .
p p p p
Furthermore, by (5.2) and the homogeneity of W,
)
W(O0,1+25,6,1+8)=W(0,14+264514+25=(1 +26)1’W(0, 1, 1125 1).

Now plug all the above estimates into (5.6) to get

W(O, 9 1>[1 ~ (1~|—5—p8)(1+28)p:|

1428 (1481 + pd)

pd B\’ 1
21—|—p8|:1_(;> ](1+(1+8)” ).

Now it follows from the definition (5.5) of W that

(5.8)

8
W(0,1, ——.1) <W(0,1,0,1).
( 1+26 >— ( )

Furthermore, one easily checks that the function

F(S)zl_(1+s—ps)(l+2s)l” s>—l,
(I+s5)(1+ ps) p

satisfies F(0) = F’(0) = 0. Hence

- <E>P _W@O.1,0,1)- F@)-(1+pd)
P ps(1+ (1+8)P~1)

and letting 6 — 0 yields 1 — (g)” <0,or 8> p.

The reasoning for the inequality (1.6) is essentially the same: suppose the best constant in the
estimate equals y > 0. Introduce the function V : [0, co) x R x [0, c0) x [0, c0) — R by

V(x,y,z,w) =sup{E(g; v w)” —yPE(f, Vv 2)},

where the supremum is taken over all integers n, all non-negative submartingales f and all
integrable sequences g satisfying P((fo, go) = (x,y))=1and, fork=1,2,...,

|d fk| = |dgkl, aE(d fi | Fr-1) = [E(dgr| Fr—1)I

with probability 1. We see that V is homogeneous and satisfies the properties analogous to (5.1)—
(5.4) (with obvious changes: in (5.2) and (5.3) one must assume x > 0; in (5.3) the number S
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is replaced by y; and, in (5.4), we impose x, x + t1, x + > > 0). In addition, there is an extra
property of V, which corresponds to the fact that we deal with the inequality for submartingales:

Vix+d,y+ad,z,w) <V(x,y, z,w), ifx>0,yeR,w,z>0,d >0. 5.9

Now fix é € (0, 1/p) and apply this property withx =0, y=w=1,z=§/(1+(¢+1)p),d =48
and then use (5.2) to obtain

) )
V10,1, ————, 1| =>V{§,1+af, ————, 1
I+ (x+1)8 I+ (ax+1)8

(5.10)
=V@,1+ad,d,1+ad).
Using (5.2), (5.3) and (5.4) as above, we have
S(a+1)p y Y
Vs, 1 §,8,1 8> ———(1 HPIT - ———
@ 1+a tod) z =y (e [ ((a+1)p
l4+aé—6(@+1p » )
1 ns)"v(o, 1, ——, 1},
1 +ab (1+ @+ 1)9) I+ @+ 1)s

which, combined with (5.10), gives

b _l+as—8(@+Dp p
V(O’l’71+(a+1)5’1)[1 s (14 (o + 1)8) }

p—1 14 P

Now it suffices to use

1)
v{io,l, ———,1)<V(0,1,0,1)
I+ (@+1s

and the fact that the function

1 — 1
Gisy=1— LEOZSCHDP ) s> —1/a,
1+as
satisfies G(0) = G'(0) =0, to obtain
1 < 14 >p< V(0,1,0,1)G(5)
(@+Dp) ~ 8@+ Dpd+ad)r—1’

Letting § — 0 gives 1 — (m)p <0,or y > (o + 1)p. This completes the proof.

6. Inequalities for stochastic integrals and It6 processes

In this section we present applications of the results above. Theorem 1.4 in the special case o = 1
yields an interesting inequality for the stochastic integrals. Suppose (€2, F,P) is a complete
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probability space, filtered by a non-decreasing right-continuous family (F;);>¢ of sub-o-fields
of F. In addition, let Fo contain all the events of probability 0. Suppose X = (X;);>0 is an
adapted non-negative right-continuous submartingale with left limits and let Y be the It6 integral
of H with respect to X,

Y, = HyXo + H,dX;, t>0.

Here H is a predictable process with values in [—1, 1]. Denote || X||, = sup,>¢ | X[, and X* =
sup,>q | X;|. We will establish the following extension of Theorem 1.4.

Theorem 6.1. Under the above conditions, we have, for any p > 2,
1Y*1, <2plXIlp, (6.1)

and the constant 2p is the best possible. It is already the best possible in the weaker estimate

Y p <2pI X7 |-

Proof. The constant 2p is optimal even in the discrete-time setting, so all we need is to show
(6.1). This is a consequence of the approximation results of Bichteler [3]. We proceed as follows:
Consider the family Y of all processes Y of the form

n

Y, = HoXo+ Y hilXenr = Xop_ynil. (6.2)
k=1

where n is a positive integer, s belongs to [—1, 1] and the stopping times t; take only a finite
number of finite values, withO =19 <1 <--- < 1,. Let

f=(X‘[()aX‘L']’"'7X‘[,17XTna"')

and let g be the transform of f by (Hy, h1,h2, ..., h,,0,0,...). In virtue of Doob’s optional
sampling theorem, f is a submartingale. Therefore, by Theorem 1.4, if 7, <t almost surely,
then for Y as in (6.2),

1Yy = lignlly < 2P0 fallp < 211 X1l p.

Now we have that X and H satisfy the conditions of Proposition 4.1 of Bichteler [3]. Thus by
(2) of that proposition, if ¥ is as in the statement of the theorem above, then there is a sequence
(Y/) of elements of Y such that lim;_, o, (Y/ — Y)* = 0 almost surely. Hence, by Fatou’s lemma,

1Y 1y < 2P0 Xl p-
Now take r — oo to complete the proof. (]

The result above can be further strengthened. Assume that X is a non-negative submartingale
and X = Xo + M + A stands for its Doob—Meyer decomposition, uniquely determined by the
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condition that A is predictable. Let « € [0, 1] be fixed and suppose ¢, ¥ are predictable processes
satisfying |¢s| < 1 and || < « for all 5. Consider the 1t6 process Y such that |Yy| < X and

t t
Yt=Y0+/ ¢des+/ 1/fsdAs
0+ 0+
for all + > 0. We have the following sharp bound.

Theorem 6.2. For X, Y as above, we have
1Y*llp < (@ + DplIXIl,
and the inequality is sharp. So is the weaker estimate
1Y*lp < (e + Dpl X*|lp.

This result can be established using essentially the same approximation arguments as above;
we omit the details. We would only like to mention here that there is an alternative way of proving
Theorems 6.1 and 6.2, based on Itd’s formula applied to the function u (as the function is not
of class C2, one needs some additional “smoothing” arguments to overcome this difficulty). See
[19] or [20] for similar reasoning.
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