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A set of independence statements may define the independence structure of interest in a family of joint
probability distributions. This structure is often captured by a graph that consists of nodes representing
the random variables and of edges that couple node pairs. One important class contains regression graphs.
Regression graphs are a type of so-called chain graph and describe stepwise processes, in which at each
step single or joint responses are generated given the relevant explanatory variables in their past. For joint
densities that result after possible marginalising or conditioning, we introduce summary graphs. These
graphs reflect the independence structure implied by the generating process for the reduced set of variables
and they preserve the implied independences after additional marginalising and conditioning. They can
identify generating dependences that remain unchanged and alert to possibly severe distortions due to direct
and indirect confounding. Operators for matrix representations of graphs are used to derive these properties
of summary graphs and to translate them into special types of paths in graphs.

Keywords: concentration graph; directed acyclic graph; endogenous variables; graphical Markov model;
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1. Motivation, some previous and some of the new results

1.1. Motivation

Graphical Markov models are probability distributions defined for a dy x 1 random vector vari-
able Yy whose component variables may be discrete, continuous or of both types and whose
joint density fy satisfies the independence statements specified directly by an associated graph
as well as those implied by the graph. The set of all such statements is the independence structure
captured by the graph.

One such type of graph was introduced for sequences of regression by Cox and Wermuth
(1993, 1996) for which special results have been derived by Drton (2009), Kang and Tian (2009),
Marchetti and Lupparelli (2011), Wermuth and Cox (2004), Wermuth, Wiedenbeck and Cox
(2006), Wermuth, Marchetti and Cox (2009), Wermuth and Sadeghi (2011).

A regression graph consists of nodes, say in set V, that represent random variables, and of
edges that couple node pairs such that a recursive order of the joint responses is reflected in
the graph. Associated discrete distributions have some desirable properties derived by Drton
(2009). Each defining independence constraint respects the given recursive ordering of the joint
responses; see Marchetti and Lupparelli (2011). This feature distinguishes regression graphs
from all other currently known types of chain graphs and permits one to model data from both
interventional and observational studies.
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Because of this property, regression graphs are particularly well suited to the study of effects
of hypothesized causes on sequences of joint responses; see Cox and Wermuth (2004). More
generally, they can model developmental processes, such as in panel studies. These provide data
on a group of individuals, termed the ‘panel’, collected repeatedly, say over years or decades.
Often one wants to compare corresponding analyses with results in other studies that have core
sets of variables in common, but that have omitted some of the variables or that were carried out
for subpopulations.

It is an outstanding feature of regression graph models that their implications can be derived
after marginalising over some variables, say in set M, or after conditioning on others, say in
set C. In particular, graphs can be obtained for node set N = V \ {C, M} that capture precisely
the independence structure implied by a generating graph in node set V for the distribution of
Y N given Y C-

Such graphs are called independence-preserving, when they can be used to derive the indepen-
dence structure that would have resulted from the generating graph by conditioning on a larger
node set {C, ¢} or by marginalising over a larger node set {M, m}. Two types of such classes are
known. One is the subclass of the much larger class of MC graphs of Koster (2002), which can
be generated by a regression graph in a larger node set. Another class contains the MAG’s (max-
imal ancestral graphs) of Richardson and Spirtes (2002). We speak of two corresponding graphs
if they result from a given generating graph relative to the same conditioning and marginalising
sets.

A third class of this type is the summary graph of Wermuth, Cox and Pearl (1994). This class
is presented in the current paper in simplified form together with proofs based on operators
for binary matrix representations of the graphs. In contrast to a MAG, a corresponding summary
graph can be used to identify those dependences of a given generating process for Yy with V > N
that remain undistorted in the corresponding MAG model for Y given Y¢ and those that may be
severely distorted. This is especially helpful at the planning stage of studies when alternative sets
M and C are considered given a hypothesized generating graphin V > N. Annotated, undirected
graphs of Paz (2007), for C empty, serve a similar purpose.

The warning signals for distortions provided by summary graphs are essential for understand-
ing consequences of a given data generating process with respect to dependences in addition to
independences. For this, some special properties of the types of generating graph will be intro-
duced as well as specific requirements on the types of generating process. These lead to families
of distributions that are said to be generated over parent graphs.

1.2. Some notation and concepts

Some definitions for graphs are almost self-explanatory. If pair i # k of V is coupled by a directed
edge such that an arrow starts at node k and points to node i, then k is named a parent of i and
i the offspring of k. For two disjoint subsets « and 8 of V, an ik-arrow, i <—k, is said to point
from B to « if the arrow starts at a node k in 8 and points to a node i in «. Nodes other than the
endpoint nodes are the inner nodes of a path; only the inner nodes have to be distinct. For three
or more nodes, an ik-path connects the path endpoint nodes i and k by a sequence of edges that
couple its inner nodes. An ik-path with i = k is a cycle.
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An edge is regarded as a path without inner nodes. Both a graph and a path are called directed
if all its edges are arrows. If all arrows of a directed i k-path point towards node i, then node k is
named an ancestor of i and i a descendant of k. Such a path is also called a descendant—ancestor
path.

Directed acyclic graphs form an important subclass of regression graphs. They arise from
stepwise generating processes of exclusively univariate response variables; see Section 2 below.
These graphs have no directed cycles.

As we shall show, two different types of undirected graph are subclasses of regression graphs,
named covariance graphs and concentration graphs. For joint Gaussian distributions, they give
models for zero constraints on covariances or on concentrations, respectively; see Wermuth and
Cox (1998) and (2.5) and (2.16) below. To distinguish between them in figures, edges in concen-
tration graphs are shown as full lines, i —k, and in covariance graphs by dashed lines, i- - -k.

Separation criteria provide what is called the global Markov property of a graph since it gives
all independence statements that belong to the graph’s independence structure.

Definition 1. A graph, consisting of a node set and of one or more edge sets, is an independence
graph if node pairs are coupled by at most one edge and each missing edge corresponds to at
least one independence statement.

Regression graphs and MAGs are independence graphs but, in general, summary graphs, an-
cestral graphs and MC graphs are not, even with at most one edge for each node pair; see the
discussion of Figure 3(b) below.

The same graph theoretic notion of separation applies to both types of undirected graph. Let
o and B be two non-empty, disjoint subsets of their node set V and let {«, 8, m, c} partition
V, then we write Y, is conditionally independent of Yz given Y. compactly as « 1L B|c. In a
concentration graph, « is separated by ¢ from g if every path from « to 8 has a node in c,
while in the covariance graph, « is separated by m from g if every path from « to § has a
node in m. Given separation of @ and B by set ¢, a concentration graph implies « 1L S]c; see
Lauritzen (1996). Given separation of « and § by set m, a covariance graph implies o 1L B|c;
see Kauermann (1996), who expresses the result in a different but equivalent way.

When a graph is directed or contains different types of edge then its separation criterion is
more complex than the one for undirected graphs. For directed acyclic graphs, there are several
different separation criteria that permit us to obtain all independence statements implied by the
graph; see Marchetti and Wermuth (2009) for proofs of equivalence.

The criterion due to Geiger, Verma and Pearl (1990), has been extended in almost unchanged
form by Koster (2002) to the much larger class of MC graphs. A path-based proof, due to Sadeghi
(2009), is for the subclass of MC graphs that is of interest here, the MC graphs that can be derived
from a larger directed acyclic graph. For summary graphs, see Lemma 1 below.

A list of independence statements associated with the missing edges of an independence graph
gives a graph’s pairwise Markov property. Whenever it defines the graph’s independence struc-
ture, then the pairwise Markov property is said to be equivalent to the global Markov property.

For all disjoint subsets a, b, ¢, d of node set V, the following general definitions are relevant,
respectively, for combining pairwise independences in covariance graph and in concentration
graph models.
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Definition 2. The composition property is
all bldanda 1l c|d imply a 1L bc|d.

Definition 3. The intersection property is

a 1l bled and a 1L c|bd imply a 1L bc|d.

Given these properties, the independence structure of interest in a covariance or concentration
graph model can be specified in terms of independence constraints on a set of variable pairs. For
general searching discussions, see Dawid (1979), Pearl (1988), Lauritzen (1996) and Studeny
(2005).

Necessary and sufficient conditions under which discrete and Gaussian distributions satisfy
the intersection property have been derived by San Martin, Mochart and Rolin (2005). They
show in particular that of the commonly specified sufficient conditions, some may be much too
strong — for instance, requiring exclusively positive probabilities for discrete distributions. For
joint Gaussian distributions, a positive definite joint covariance matrix is sufficient. In both cases,
no component of the involved random variables is degenerate.

Definition 4. A family of joint distributions is said to vary fully if its random variables contain
no degenerate components and it satisfies the intersection property.

Definition 5. In families of joint distributions with the composition property, pairwise indepen-
dent variables are also mutually independent.

For families of joint distributions with the composition property, in which a regression graph
with a complete concentration graph captures the independences of interest, the global and the
pairwise Markov property are equivalent; see also Kang and Tian (2009).

For a long time, only the family of Gaussian distributions was known to satisfy both the com-
position and the intersection property provided it varies fully. Under the same type of constraint,
this is now known to hold for the special family of distributions in symmetric binary variables
introduced by Wermuth, Marchetti and Cox (2009). More important, as we shall see, it holds for
families generated over so-called parent graphs.

The notion of completeness has been introduced and studied in quite different contexts [see
Lehmann and Scheffé (1955); Brown (1986), Theorem 2.12; and Mandelbaum and Riischendorf
(1987)]. It means that the joint family of distribution of vector variable Y is such that a zero
expectation of any function g(y) implies that the function itself is zero with probability one, that
is, almost surely (a.s.).

Definition 6. Let f(y) denote the density of a member of a complete family of distributions and
g(y) be some function of Y. Then it holds that

/g(y)f(y)dyzo = g(y)=0 a.s.
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For any trivariate family of distributions with precisely two associated variable pairs, say
(Y1, Y2) and (Y7, Y3), but 2 1L 3, completeness of the joint distribution is sufficient to conclude
that Y5 is conditionally dependent on Y3 given Y;. This follows from Corollary 3 of Wermuth
and Cox (2004) and properties of completeness. In this situation, the generating graph

2—=1<—3

is inducing a 2, 3-edge in the summary graph obtained by conditioning on node 1 and a non-
vanishing conditional association for Y>, Y3 given Y.

In Section 2, we define parent graphs as directed acyclic graphs with special properties and
corresponding types of stepwise generating processes such that edge-inducing paths are also
association-inducing. The families of distributions generated over parent graphs and the members
of the families satisfy the intersection and the composition property in addition to the general
laws of probability that govern independences in any joint family of distribution; for a discussion
of the latter see Studeny (2005).

1.3. Definition and construction of summary graphs

In contrast to MC graphs and MAGs, regression graphs are not closed under marginalising and
conditioning, that is, one can get from a given regression graph outside the class of regression
graphs after marginalising and conditioning as illustrated with Figure 3 below. But the graph
resulting in this way from any regression graph is always within the class of summary graphs.
This explains partly why we study the larger class of summary graphs.

Definition 7. A summary graph, Gé\{]m, has node set N, which consists of disjoint subsets u, v,
ordered as (u, v). Within u, the graph has a mixture of a directed acyclic graph and of a covari-
ance graph and, within v, it has a concentration graph. Between u and v, only arrows point from
vtou.

The notions of parents, offsprings, ancestors and descendants remain unchanged in a summary
graph compared to a directed acyclic graph. As will be shown, every summary graph in node
set N can be generated from a directed acyclic graph in node set V = {O} by conditioning on
C = {@} and marginalising over M = {#} so that N = V \ {C, M}. This graph is denoted by
G¥¥C’M1, an associated density by fn|c that results from fy, the given density of the generating
graph, which factorizes according to this graph; see (1.3) below.

The density fy|c may concern discrete, continuous or mixed variables, as implied by fy. It

has a factorization according to (u, v) that is written compactly in terms of node sets as

fnie = fupe fuic- (1.1

In the larger generating graph in node set V, every node in v and no node in « is an ancestor of
the conditioning set C. Thus, each component of Y, has been generated before Y, ; see Figure 2
for an example.
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Table 1. Types of induced edge when each of m or ¢ contains a single node in Gé\(lm

Types of induced edge when marginalising over the common neighbor node ¢

t—=0O t—O t<—O t---0
O<—t O---0 O0<—O O0<—O O---0
O—1t . OoO—0O O—0O 0—0

and types of induced edge when conditioning on the common neighbor node s or on
one of the descendants of s

s<—0O s-—--0
O—s>ys oO—0O 0O—0
O---s . O---0

where the - notation indicates a symmetric entry.

Figures 1-3 illustrate how summary graphs may be generated. For this, the stepwise construc-
tion of a summary graph by marginalising over m = {t} or conditioning on ¢ = {s} in GY.  is
given in Table 1.

If anode ¢ is coupled with both of the nodes i and &, then ¢ is said to be their common neighbor.
In two-edge paths, the inner node is named a collision node for

0—>0<—0, 0—>0---0, 0---0---0,
3
3 7 9 LR T 9
10, ;/04—0 1O‘f—:70<—0
S opS -
20 R 20 l T
. e} . (@]
57 10 6T>Z?24/10
60 a) O b)
/03 7 9 <O 7 g
'/o<—o 10«——0—0
8T 8(|)
-0 —
Zﬁ\l ™~ 2?<\\o
10 10
60”7 4 o) 60 d)

Figure 1. (a) A summary graph with node 4 to be marginalised over and node 5 to be conditioned on,

(b) the graph of (a) including edges induced for conditioning on node 5, (c) the graph of (a) including edges

induced for marginalising over node 4, (d) GQ{,},ESA].
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g 4 6 2 4 (l)s 7l
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Figure 2. (a) A directed acyclic graph generating (b) a summary graph without semi-directed cycles;
u=1{1,2,3,4}and v={5,6,7, 8}.

and a transmitting node, otherwise. A path for which all inner nodes are collision nodes is a
collision path and a path for which all inner nodes are transmitting nodes is a transmitting path.

Table 1 is taken from Wermuth, Cox and Pearl (1994). In the Appendix here, we show that
the types of edge are self-consistent when they are induced using Table 1. The table implies in
particular that a collision node is edge-inducing by conditioning on it while a transmitting node
is edge-inducing by marginalising over it.

Let a summary graph, Gsum, be given and nodes s # t of N be selected. Suppose one intends
to marginalise over node ¢ and to condition on node s and d; denotes the ancestors of s within u
of GI,.. Then, a new summary graph in node set N’ = N \ {s, ¢} results by using the procedure
given in the following Proposition 1. The graph GSum has its concentration graph in v’ = v\ {s, 1}
whenever both nodes are in v, in v = v \ {s} for only s in v, in v = {v \ {t}, d,} for only 7 in v
and in v/ = {v, d,} for both nodes in u.

Proposition 1 (Generating a summary graph from G _ by operating on at most two

sum
nodes). From Gsum, the independence-preserving summary graph Gsum s generated, with
t the marginalising node and s the conditioning node, by inducing edges as prescribed in Ta-

ble 1:

(1) first for the neighbors of t, second for the neighbors of s and of all of its ancestors, ignor-
ing in the second step edges involving t,

(2) changing each edge present within v' into a full line and each edge present between u’
and v’ into an arrow pointing from v’ to u’,

(3) keeping for each node pair of several edges that are of the same kind just one and deleting
all nodes and edges involving s or t.

Section 3 contains proofs in terms of operators for matrix representations of graphs. The proofs

imply for any node subset {m, c} of N that Gﬁl}ﬁ@””] may be derived before conditioning on set
1444
O‘_O/ \ 1o----o‘L—QE) o8
2T b #le l7 of st V7
O«—0O O€*——0

Figure 3. (a) A directed acyclic graph generating (b) a summary graph with v as the empty set and several
semi-directed cycles; the 4, 4-path with inner nodes 1,2, 3, the 6, 6-path via inner node 5 and the double
edge for (6, 7).
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c,orG éYH\TEC’Q] before marginalising over set m and that within sets ¢ or m any order of the nodes
can be chosen. In particular, in step (1) one may first work on the neighbors of s and of all of its
ancestors and second on the neighbors of ¢, ignoring edges involving s in this second step.

The matrix formulations lead more directly to GQYAEC””], but Proposition 1 gives an algorithm
for operating on one node at a time. It is also helpful for small graphs, as illustrated with Fig-
ures 1-3. Proposition 1 implies that no coupled pair ever gets uncoupled and that the two types

of path that may occur when constructing a summary graph are replaced in GQQH .

0—>0—0 by O0—0—0O,

0---0—0 by O<—0—oO.

The starting summary graph of Figure 1 is in 1(a). For j =5 and ¢t = 4, Figure 1(b) shows
the edges induced by operating first on j, Figure 1(c) those induced by operating first on ¢ and
. . N\[5,4]
Figure 1(d) displays Ggum -
By construction, a summary graph contains no directed cycle, but possibly semi-directed cy-
cles. These are direction-preserving cycles containing at least one undirected edge; see, for in-

stance, nodes 1, 2, 3, 4 of Figure 3(b).

Corollary 1 (Regression graphs and summary graphs). A regression graph is a summary
graph without semi-directed cycles.

In contrast to a summary graph, a regression graph is an independence graph that has at most
one edge coupling any node pair; compare Figures 2(b) and 3(b). Figure 2(b) shows a regression
graph generated from a directed acyclic graph and Figure 3(b) a summary graph with semi-
directed cycles.

By replacing each dashed ik-edge by an ik-path i <— ¢/ —k, every summary graph has
a virtual generating directed acyclic graph for the nodes within u even though a dashed line
might actually have been generated by over-conditioning, that is, by including an offspring in the
conditioning set of two of its parents; see, for example, #— 0 <— # as the inner nodes of
the 6, 7 path in Figure 3(a).

Similarly, cycles in four or more nodes within v may be generated from a larger directed
acyclic graph by including additional nodes, @, in appropriate ways; see Cox and Wermuth
(2000). The summary graph in node set N is uniquely defined if generated from a directed acyclic
graph in node set V for given sets M, C, but typically many different directed acyclic graphs, in
node sets larger than N, may lead to the same summary graph.

1.4. Independence interpretation of summary graphs

A criterion to decide whether a given summary graph, Ggfl},[lC’M], implies o L B|cC is given
next. For this, the node set N is partitioned as N = {«, 8, ¢, m}, where only subsets ¢ or m may
be empty.
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Figure 4. Important special cases of summary graphs. The two pairs X, Y and Z, U are constrained given
Yc; with X 1L Y|ZU in (a)—(c), with X L Y|U in (d), (e) and with X 1L Y in (f); with Z L U in (c), (e),
(), with Z Ll U[Y in (b), (d) and with Z Il U|XY in (a).

Lemma 1 (Path criterion for the global Markov property [Koster (2002), Sadeghi (2009)]).
The graph GXIEEC’M] implies o 11 B|cC if and only if it has no ik-path between o and B such
that every inner collision node is in ¢ or has a descendant in ¢ and every other inner node is
outside c.

In addition to the directly described path, Lemma 1 specifies many special types of forbidden
path. We name a path of n > 2 nodes an a-line path if all inner nodes are within set a. The

marginalising set for & 1L B|cC in G&}I[]C’M] is implicitly defined by m = N \ {«, B, c¢}. Then, in
:f]}r[lC’MJ, there should be for node i in @ and node k in 8 no ik-edge, no m-line transmitting

ik-path, no c-line collision i k-path and no ik-path with all inner transmitting nodes in m and all
inner collision nodes in c.

Corollary 2 (Active i k-paths). An ik-path in Gﬁm is active relative to [c, m] if and only if it is
an ik-edge or every inner transmitting node is in m and every inner collision node is in c or has
a descendant in c.

If an active ik-path relative to [c, m] has uncoupled endpoints, the path is closed by an ik-

edge in GQ’,I\TEC”"]. If an active ik-path has coupled endpoints, the path is edge-inducing in the

construction process of Gam™!. Thus, we sometimes replace ‘active’ by the more concrete
term ‘edge-inducing’.

Figure 2(b) represents a regression graph, hence each missing edge corresponds to at least one
independence statement. This contrasts with Figure 3(b), which has semi-directed cycles and no
independence statement is implied for pairs (1, 5), (5, 7), (5, 8), (6, 8). For pair (1, 5), we give
more detailed arguments.

In the graph of Figure 2(b), node 3 has no descendants and is an inner collision node in every
path connecting 1 and 5. Hence, when node 3 is marginalised over, 1 L 5|C is implied. In the
graph of Figure 3(b), pair (1, 5), is connected by a descendant—ancestor path with inner nodes in
{2, 3, 4}. Therefore, a 1, 5-edge is induced by marginalising over nodes 2, 3, 4 and hence 1 1L 5|C
is not implied. A 1, 5-edge is induced by conditioning on node 4 or on any of its descendants in
{1,2,3} sothat 1 1L 5|cC is not implied, ¢ # <.

Figure 4 shows special cases of summary graphs, noting that C and one of #, v may be empty
sets. Figure 4 shows that summary graphs cover all six possible combinations of independence
constraints on two non-overlapping pairs of four variables X, Z, U, Y. Substantive research ex-
amples with well-fitting data to linear models of Figure 4 have been given by Cox and Wermuth
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(1993) to the concentration graph in Figure 4(a), the directed acyclic graph in Figure 4(b), the
graph of seemingly unrelated regression graph in Figure 4(d) and the covariance graph in Fig-
ure 4(f).

1.5. Markov equivalence

The notion of Markov equivalence is important, because for any given set of data one cannot
distinguish between two Markov equivalent graph models on the basis of goodness-of-fit tests.

Definition 8. Two different graphs in node set N are Markov equivalent if they capture the same
independence structure.

Since a different set of two independence statements is associated with each of the graphs in
Figure 4, none of the six graphs are Markov equivalent.

Known conditions, under which a concentration graph or a covariance graph is Markov equiv-
alent to a directed acyclic graph, may be proven by orienting the graphs, that is, by changing each
edge present into an arrow. The same type of argument can be extended to other independence
graphs such as to regression graphs; see also Proposition 2 below. For this, we need a few more
definitions for graphs.

For a C N, the subgraph induced by a is obtained by keeping all nodes in a and all edges
coupling nodes within a. A subgraph induced by three nodes that has two edges is named a V-
configuration or simply a V. A path is said to be chordless if each inner node forms a V with its
two neighbors.

For V’s of a regression graph that are collision paths with endpoints i and k, the inner node
is excluded from the conditioning set of every independence statement for Y;, Y implied by the
graph. In contrast, for V’s of a regression graph that are transmitting paths, the inner node is
included in the conditioning set of every independence statement for Y;, Y; implied by the graph.
Thus, the independence structure of the graph would be changed whenever any collision V were
exchanged by a transmitting V.

A concentration graph with a chordless 4-cycle, as in Figure 4(a), or with any larger chordless
cycle, is not Markov equivalent to a directed acyclic graph; see Dirac (1961) and Lauritzen
(1996). The reason is that it is impossible to orient the graph, that is, to replace each edge by an
arrow, without obtaining either a directed cycle or at least one collision V.

Similarly, a covariance graph is not Markov equivalent to a directed acyclic graph if it contains
a chordless collision path in four nodes; see Pearl and Wermuth (1994). The reason is that it
is impossible to orient each edge without obtaining at least one transmitting V. There are the
following three types of chordless collision paths in four nodes in a regression graph:

O0—>0---0<—0, 0---0---0=<—0, 0---0---0---0.

The next result in Proposition 2 explains why, in general, three types of edge are needed after
marginalising and conditioning in a directed acyclic graph.
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Proposition 2 (Lack of Markov equivalence). If a regression graph contains a chordless colli-
sion path in four distinct nodes or a chordless cycle in n > 4 nodes within v, then it is not Markov
equivalent to any directed acyclic graph in the same node set.

Proof. It is impossible to orient the graph with any one of the above chordless collision paths
in four nodes into edges of a directed acyclic graph without switching between the two types
of inner nodes in at least one V, that is, between a collision and a transmitting node. And,
for the chordless cycle in n > 4 nodes, the above result for concentration graphs due to Dirac
applies. (]

Currently, one knows how to generate three types of independence-preserving graphs from
a given directed acyclic graph in node set V for the same disjoint subsets M and C of V. In
an MC graph, four types of edge may occur in combination, i <—k, i —>k, i---k and i —k.
A summary graph may have only one type of double edge, i === k and three types of single edges,
i<—k, i---k and i —k, while the maximal ancestral graph is an independence graph with up
to three types of single edges, i <—k, i-— -k and i —k, where, traditionally, the edge i- - -k is
drawn as a double-headed arrow. For proofs of Markov equivalence of the three corresponding
types of graphs, see Sadeghi (2009). In Section 3.6 below, the unique MAG corresponding to a
given summary graph is constructed.

1.6. Families of distribution generated over parent graphs

A distribution and its joint density fy is said to be generated over a directed acyclic graph when-
ever fy factorizes recursively into univariate conditional densities that satisfy the independence
constraints specified with the graph. Any full ordering of V is compatible with a given directed
acyclic graph if, for each node i, all ancestors of i are in {i 4+ 1, ..., dy}. The set of parent nodes
of i is denoted by par;.

For V = (1,...,dy) specifying a compatible ordering of node set V, a defining list of con-
straints for a directed acyclic graph is

fili+1,...dy = fijpar, <= i1L{i+1,...,dy}\ par|par (1.2)

and the factorization of the density generated over the graph is

dy
fvzl_[fi\par,-o (1.3)

i=1
To generate fy recursively, one can take any compatible ordering of V.
Definition 9. For a recursive generating process of fy, one starts with the marginal density fg,

of Yq, , proceeds with the conditional density of Yq, 1 given Yy, , continues to fiiy1,....a, and
ends with the conditional density of Y1 given Y2, ..., Yy, .
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To let a directed acyclic graph represent one of such recursive generating processes, the graph
is to capture both independences and dependences.

Definition 10. A directed acyclic graph, with a given compatible ordering of V , is edge-minimal
for fy generated over it if

filpar, # filpar; v foreachl € par; .

Under this condition of edge-minimality of the generating graph for fy, all relevant explana-
tory variables are included for each Y; and no edge can be removed from the graph without
changing the independence statements satisfied by ¥; given its past, pst; = {i + 1,...,dy}.

An edge-minimal graph may represent a research hypothesis in a given substantive context. For
such a hypothesis, those dependences are considered that are strong enough to be of substantive
interest while others are translated into independence statements; see Wermuth and Lauritzen
(1990).

Definition 11. A recursive generating process of fy inthe order V.= (1,...,dy) is said to con-
sist of freely chosen components Y; if each Y; can be discrete or continuous and the parameters
of filpsy, are variation independent of those of fps,. The form of the family of distribution of Y;
given Ypst, may be of any type.

For exponential families of distributions, variation-independent factorizations of f; pst, =
Jilpst; fpst; coincide with the notion of a cut given by Barndorff-Nielsen (1978), page 50. These
types of factorization imply that the overall likelihood function can be maximized by maximizing
each factor fi|ps;, separately.

In families of distribution with fy consisting of freely chosen components that satisfy the
defining independences (1.2) of the given graph, some further constraints on each fi|par, are
possible such as no-higher-order interactions or such as requiring Y; to have dependences of
equal strength on several of its explanatory variables, that is, on several components of Yy, .
Excluded are, for instance, constraints across conditional distributions, such as dependences of Y;
on some of Ypqy; to be equal to those of ¥y on some of Yy, .

Freely chosen components Y; are in general incompatible with distributions that are to be faith-
ful to a generating directed acyclic graph. The notion was introduced by Spirtes, Glymour and
Scheines (1993). It means that the independence structure of fy coincides with the independence
structure captured by the graph and it leads in general to complex constraints on the parameter
space for distributions generated over parent graphs; see Figure 1 of Wermuth, Marchetti and
Cox (2009) for a simple example with three binary variables. In contrast, variation independence
permits special constellations of parameter values that may lead to independences in fy that are
additional to those implied by the graph.

For research hypotheses, defined in terms of recursive constraints on the independence struc-
ture and on dependences of fy, appropriate specifications and resulting properties can now be
given. For this, only connected graphs are considered, those with each node pair connected by at
least one path.
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Definition 12. A connected, directed, acyclic graph is named a parent graph, GI‘)/ar when one
ordering of its node set V = (1, ..., dy) is given for the recursive generating process of fy and
it is edge-minimal for fy.

Definition 13. A family of distributions is said to be generated over a given parent graph if it
varies fully and each component of fv is freely chosen in the recursive generating process of fv.

Proposition 3 (General properties of families of distribution generated over Gl‘,/ar). A family
14

par and each of its members satisfies the intersection and the

composition property. Every ik-path present in Gl‘;ar

conditioning is also association-inducing for Y;, Yy.

of distributions generated over G
that induces an ik-edge by marginalising or

Proof. The intersection property holds by the definition of fully varying distributions. The com-
position property holds by the definition of a parent graph since pairwise independences without
mutual independence cannot result for edge-minimal, connected graphs that are directed and
acyclic. More precisely, let i < k, and c, d be disjoint subsets of pst; \k, then both of i 1l c¢|d and
k 1l c|d can be in the defining list of independences only if the statement i Ll c|kd is also satis-
fied. In this case, fikcja = filka fkja = fikja S0 that ik 1L c|d is implied. Finally, edge-minimality
of a connected GI‘)/ar and freely chosen densities f;|pst, assure that each edge-inducing path is also
association-inducing. O

Excluded are incomplete families of distributions in which the independence statement asso-

ciated with each V is not unique. For instance, for an uncoupled node pair i, k with transition V,
i<—j<—=k and y C pst,, it is impossible that

/ﬁjlyfjkly/fjly dy;j = fily fy,  or equivalently /(fiw — fily) fjlky dyj =0.

1.7. Using summary graphs to detect distortions of generating dependences

In a MAG, the dependence corresponding to an i k-arrow may differ, without any warning, qual-
itatively from the generating dependence of Y; on Yj in fy. In particular, it may change the

2 2
a A 3 = A 3 a+0 A 3
1 v 1, =7 1
© = o
3
a) 4 b) o)

Figure 5. (a) Generating graph for Gaussian relations in standardized variables, leading for vari-
able Y4 unobserved to (b) the summary graph and (c) the maximal ancestral graph for the ob-
served variables; with the generating dependences attached to the arrows in (a), simple correlations
pr2=a+yd, piz=akr, pp3=randd =y3/(1 — 22) are implied.
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sign but stay a strong dependence. If this remained undetected, one would come to qualitatively
wrong conclusions when interpreting the parameters measuring the conditional dependence of
Y;on Y in fuuc.

The summary graph corresponding to a MAG detects, whether and for which of the generating
dependences, i <—k, having both of i, k within u, such distortions can occur due to direct or in-
direct confounding; see Wermuth and Cox (2008) and Corollary 4, Lemma 1 below. We illustrate
here direct confounding with Figure 5 and indirect confounding with Figure 6.

For a joint Gaussian distribution, the distortions are compactly described in terms of regression
coefficients for variables Y; standardized to have mean zero and variance one. For Figure 5(a),
the generating equations are

Yi=aYs+ Y4+ €1, Yo=AY3+yYa+ e, Y; =¢3, Yy=¢4. (1.4)

With residuals having zero means and being uncorrelated, the equations of the summary graph
model that result from (1.4) for Y4 unobserved have one pair of correlated residuals

Yi=aYs+ny, Y, =AY3 4+, Y3 =3,
m =208Yy+eyq, m=yYs+e, n = €3, cov(ni, n2) =y4.

The equation parameters of the standardized Gaussian associated with the MAG of Figure 5(c)
are instead defined via

E(X1|Y2 = y2,Y3=y3), E(Y2|Y3 =y3),

with all residuals in the recursive equations being uncorrelated. The generating dependence « is
retained in the summary graph model.

The parameter for the dependence of Y| on Y3 in the MAG model, expressed in terms of the
generating parameters of Figure 5(a), is a 4 y8/(1 — A%). The summary graph in Figure 5(b) is a
graphic representation of the simplest type of an instrumental variable model, used in economet-
rics [see Sargan (1958)] to separate a direct confounding effect, here y§, from the dependence of
interest, here «.

In general, possible distortions due to direct confounding in parameters of dependence in MAG
models are recognized in the corresponding summary graph by a double edge i==—k. In the
following example of Gaussian standardized variables, there is no direct confounding of the
generating dependence o but there is indirect confounding of « while A remains undistorted.

To simplify the figures, the coefficient attached to 2<—3 is not displayed in any of the three
graphs of Figure 6. The generating graph in Figure 6(a) is directed and acyclic so that the corre-
sponding linear equations in standardized Gaussian variables, defined implicitly by Figure 6(a),
have uncorrelated residuals. The example is adapted from Robins and Wasserman (1997). The
summary graph in Figure 6(b) shows with a dashed line the induced association for pair Y1, ¥3
that results by marginalising fy over Ys.

The equations of the summary graph model, obtained for Y5 unobserved, have precisely one
pair of correlated residuals, cov(ny, n3) = ¥4 and

Yi =AY +als+n1, Y2 =p3Y3+m, Y3=1Y4+n3, Y4 =n4.
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Figure 6. (a) Generating graph for linear relations in standardized variables, leading for variable Y5 unob-
served to (b) the summary graph and (c) the maximal ancestral graph for the observed variables; with the
generating dependences attached to the arrows in (a) implied are: 6 = y§/(1 — 2); generating dependence
A undistorted in both models to the graphs (b), (c); generating dependence « preserved with (b), distorted
with (c).

The summary graph model preserves both A and « as equation parameters.

In the corresponding MAG model, represented by the graph in Figure 6(c), the equation param-
eters associated with arrows present in the graph are unconstrained linear least-squares regression
coefficients. These coefficients, expressed in terms of the generating parameters of Figure 6(a),
are shown next to the arrows in Figure 6(c). Thus, the generating coefficient A is preserved, while
o is changed into & — 76, with 0 = y8/(1 — 72).

Direct confounding of a generating dependence of ¥; on Y} is avoided in intervention studies,
such as experiments and controlled clinical trials, by randomized allocation of individuals to
the levels of Y, but severe indirect confounding may occur nevertheless; see Wermuth and Cox
(2008).

Then, the set of ancestors of node i in G

.. VNIC,M] ... . . .. ..
node i in Gsu>,[, 1 within u is ¢; = u Nanc; since no additional ancestor of i is ever generated

within u. Then, by conditioning Y; on Y, and Y,,, one marginalises implicitly over the nodes in
set m; = {{1,...,i}, {u Npst; \c;}} and indirect confounding may result.

1%

par D€ denoted by anc;. Then, the set of ancestors of

Corollary 3 (Lack of confounding in measures of conditional dependence). A generating

dependence i <—k present in G;‘)/ar is undistorted in the MAG model in nodes V \ {C, M}: (1) by

direct confounding if in G;/ar
confounding if in Ggﬁ}r[lc’ Vthere is no active ik-path relative to {c;, m;}.

there is no active ik-path relative to {C, M} and (2) by indirect

In distributions generated over G?)/ar, every active path is association-inducing, hence a gener-
ating dependence will be confounded unless the distortion is cancelled by other edge-inducing
paths. When a distortion is judged to be severe depends on the subject matter context. To detect
indirect confounding, we name k a forefather of i if it is an ancestor but not a parent of i and
three dots indicate more edges and nodes of the same type.

Lemma 2 (A graphical criterion [Wermuth and Cox (2008)]). For i<—k of Gl‘)/ indirect

ar’
confounding in the absence of direct confounding is generated in the MAG model by marginalis-
ingover M ={l > k,l+1,...,dy}ifand only if in the corresponding summary graph GSQI[F’M],
which is without double edges, associations for Y;, Yy do not cancel that result by conditioning

on all ancestors of node i, that is, from the following types of collision ik-paths that have as
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inner nodes only forefathers of node i:

i--—-@---@---0---k, i--—-@---0---0<—k. (1.5)

An example of such a path of indirect confounding is given with Figure 6(b) above, where for
1<—4, itis the path 1---3<—4.

In the following two sections, we give further preliminary results and those proofs of new
results for which we use more technical arguments.

2. Further preliminary results

The edge matrix A of a parent graph is a dy x dy unit upper-triangular matrix, that is, a matrix
with ones along the diagonal and zeros in the lower triangular part, such that for i < k, element
Ajx of A satisfies

Aix =1 ifandonlyif i<—kin GY 2.1)

par*

Because of the triangular form of the edge matrix .4 of G[‘,/ar, adensity fy generated over a given

parent graph has also been called a triangular system of densities.

2.1. Linear triangular systems

A linear triangular system is given by a set of recursive linear equations for a mean-centered
random vector variable Y of dimension dy x 1 having cov(Y) = X, that is, by

AY =¢, (2.2)
where A is a real-valued dy x dy unit upper-triangular matrix, given by
Ein(YilYit1 = Yi+1,---» Yay = Yay) = —Ai par, Ypar, »

and Ejin(-) denotes a linear predictor. The random vector ¢ of residuals has zero mean and
cov(e) = A, a diagonal matrix. A Gaussian triangular system of densities is generated if the
distribution of each residual ¢; is Gaussian and the corresponding joint Gaussian family varies
fully if A;; > O for all i.

The covariance and concentration matrix of ¥ are, respectively, using (A~1)T = A~T

»=A"1A4"T, s =4ATA 4. (2.3)

Linear independences that constrain the equation (2.2) are defined by zeros in the triangular
decomposition, (A, A~!), of the concentration matrix. For joint Gaussian distributions

Aix=0 <<= i llLk|par; fork € pst; \ par; .
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The edge matrix 4 of GI‘)/ar coincides for Gaussian triangular systems generated over G}‘;ar with
the indicator matrix of zeros in A, that is, A = In[A], where In[-] changes every non-zero entry
of a matrix into a one. Furthermore, since the parent graph in node set V is edge-minimal for fy,

we have
Air=0 << A;=0.

Edge matrices expressed in terms of components of a set of given generating edge matrices
are called induced. Simple examples of edge matrices induced by A of (2.1) are the overall
covariance and the overall concentration graph; see Wermuth and Cox (2004). These two types
of graphs have as induced edge matrices, respectively,

Syv=In[A"A"T] and S"V =In[ATA4], (2.4)

where A~ has all ones of A and an additional one in position (7, k) if and only if & is a forefather
of node 7 in Gl‘;ar. In the graph with edge matrix .A~, every forefather k of i is turned into a
parent, that is, i <—k is inserted.

By writing the two matrix products in (2.4) explicitly, one sees that for an uncoupled node pair
i, k in the parent graph, there is an additional edge in the induced concentration graph of Yy if
and only if the pair has a common offspring in Ggar. With a zero in position i, k of A~, there
is an additional ik-edge in the induced covariance graph if and only if an uncoupled pair has a
common parent in the directed graph with edge matrix A~.

Both of these induced matrices are symmetric. The covariance and the concentration matrix,
implied by a linear triangular system and given in (2.3), contain all zeros present in the corre-
sponding induced edge matrices, but possibly more. This happens for (i, k) whenever the asso-
ciations that are induced for Y;, Y; by several edge-inducing i k-paths cancel precisely. For such
particular parametric constellations in Gaussian distributions generated over parent graphs, see
Wermuth and Cox (1998). In data analyses, near cancellations are encountered frequently.

By contrast, the induced edge matrices capture consequences of the generating independence
structure. They contain structural zeros. These are zeros that occur for all permissible parametri-
sations, or, expressed differently, that occur for each member of a family fy generated over a
given G;‘)/ar

For distributions generated over parent graphs, a zero in position (i, k) of Syy and of SVV
means, respectively, that

ik, i ALkV\{i, k) 2.5)

is implied by G[‘)/ar' Thus, in contrast to the global Markov property, the induced graphs answer

all queries concerning sets of these two types of independence statements at once.

More complex induced edge matrices arise, for instance, in regression graphs and in summary
graphs derived from .A. For transformations of linear systems, we use the operator called partial
inversion, which is introduced next; for proofs and discussions see Wermuth, Wiedenbeck and
Cox (2006), Marchetti and Wermuth (2009), Wiedenbeck and Wermuth (2010).
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2.2. Partial inversion

Let F be a square matrix of dimension dy with principal submatrices that are all invertible. This
holds for every A of (2.2) and for every covariance matrix of a Gaussian distribution that varies
fully, so that Y has no degenerate component.

For any subset a of V and b = V \ a, by applying partial inversion to the linear equations
FY =, say, these are modified into

inv, F <;b> - <§b> . 2.6)

By applying partial inversion to b of V in equation (2.6), one obtains ¥ = F~!. Thus, full
inversion is decomposed into two steps of partial inversion.

Partial inversion extends the sweep operator for symmetric, invertible matrices to non-
symmetric matrices F

. _( F7' —F'Fu . o o
invg F = (Fba Fol Fopa with Fppo = Fpp — Fpa F oy Fab. 2.7

Lemma 3 (Some properties of partial inversion [Wermuth, Wiedenbeck and Cox (2006)]).
Partial inversion is commutative, can be undone and is exchangeable with selecting a submatrix.
For V partitioned as V ={a, b, c,d}:

(1) inv, invy F = invyinv, F,
(2) invgp invy. F =invg, F,
(3) linvy Flj, ;5 =inv, Fyj for J ={a, b}.

In contrast, the sweep operator cannot be undone; see Dempster (1972). Example 1 shows how
the triangular equations in (2.2) are modified by partial inversion on a, where a consists of the
first d, components of Y. Instead of the full recursive order V = (1, ..., dy) with uncorrelated
residuals, a block-recursive order V = (a, b) results, where residuals within a are correlated, but
uncorrelated with the unchanged residuals within b.

Example 1 (Partial inversion applied to a linear triangular system (2.2) with an order-

respecting splitof V). Fora={1,...,d,},b=1{d,+1,...,dy}

-1 _y-1
inv, A= (Aga Agt;f”) gives with Y, = —A;a] A Yp + A;al Eas
the implied form of linear least-squares regression of Y, on Y}, where

Etin(YalYp = yb) = Uappyp, Yap =Yo — g Yp, cov(Yap) = Zaap

and

-1 -1 -T
Hu\b = _Aaa Aabv 2:aa\b = Aua AauA(m .



Summary graphs 863

Example 2 shows how the triangular equations contained in (2.2) are modified by partial in-
version on b, where V = (a, b, c¢) so that b consists of intermediate components of Y. To use the
matrix formulation in (2.7) directly, one sets b := (a, ¢), a := b and leaves components within a
and b unchanged to obtain A, which is not block-triangular in (a, b). After partial inversion of A
on a, the original order is restored for the results presented in Example 2.

Example 2 (Partial inversion applied to a linear triangular system (2.2) for an order-respecting
partitioning V = (a, b, c)). Witha={1,...,d,},b={d,+1,...,(d; +dp)} and c = {(d, +
dp)+1,....dv},

Aua AabA;hl Auch
inv,A=[ o Ayl —AG Ay gives Y, = —A Aue Ve + 14
0 0 Ace

the implied form of the linear least-squares regression of Y, on Y., with
Na = Aa_alga + Ha|b.cA1:b18b7 1-Ialbc = (Halb.m Halc.b) = _Aa_al (Aap, Aac)-

For Iy, a special form of Cochran’s recursive definition of regression coefficients results, see
also Wermuth and Cox (2004),

—1 —1 —1
Halc = 1_[alc.b + 1_[alb.cl_lblc = _Aaa (Aac - AabAh}, Abc) = _Aaa Aac.b-
For cov(Y,¢), Anderson’s recursive definition of covariance matrices results:
Saale = A A AT + Tape (A AppA DT, =% TSl %
aalc = Agg Raalgg + a\b.c( bb Bbb Ay ) alb.c = #aalbc + ab|c bb|c balc-

For b, c, the result in Example 2 is as in Example 1. For Y,, the original recursive regres-
sions given Y, Y, are modified into recursive regressions given only Y. The residuals between
Yy, Y are correlated since cov(Yy)e, Yp|c) = Zap|c but remain uncorrelated from those in ¢. In the
modified equations, Y, can be removed without affecting any of the other remaining relations.

For a more detailed discussion of the three different types of recursion relations of linear
association measures due to Cochran, Anderson and Dempster, see Wiedenbeck and Wermuth
(2010).

For Example 3, one starts with equation (2.2) premultiplied by ATA~! and obtains linear
equations in which the equation parameter matrix, ¥ !, coincides with the covariance matrix of
the residuals, that is, one starts with

s ly=ATA e (2.8)

Example 3 (Partial inversion with any split of V applied to ¥~1). The covariance matrix ¥ and
the concentration matrix £~! of ¥ are written, partitioned according to (a, b) for a any subset

of V, as
_ Eua Eab -1 _ Y aa Eah
= ( R A GSUL
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where the - notation indicates symmetric entries. Partial inversion of £~! on a leads to three dis-
tinct components, I, , the population coefficient matrix of Y in linear least-squares regression
of Y, on Y; the covariance matrix X445 of Yyp; and the marginal concentration matrix whba of
Y,

. _ ) I1
inv, 1=< aalb Eb“é?;), 2.9)

where the ~ notation denotes entries that are symmetric except for the sign.
Since (2.6) and (2.7) give inv, > =inv, = directly, several well-known dual expressions for
the three submatrices in (2.9) result:

<(2M)—1 —(xaay-lxab ) <Eaa ~ 22y, Tha  TabZy, )
~ bb _ sba s aay—1sab | = N —1 ,
»bhb _ yba(gaay-ly, 5,
where the explicit form of EZ;JI = %b-¢ js Dempster’s recursive definition of concentration ma-
trices.

A more complex key result is that, for any block-triangular system of linear equations for Y,
with equation parameter matrix H and with possibly correlated residuals obtained from W =
cov(HY), the implied form of inv, ! can be expressed in terms of partially inverted matrices
Hand W.

Linear equations in a mean-centered vector variable Y are block-triangular in two ordered
blocks (a, b) with a positive-definite ' = HTW ! H if

HY =7, with Hp, =0, E(n) =0, cov(n) = W positive-definite. (2.10)

For K =inv, H and Q =inv, W, direct computations give

. _ KaaQaaKyy  Kab + Kaa QabKpp
inv, (HTW™'H =( aataaaa  Bab T Baaka : 2.11
a ) ~ Hyy, Qvi Hyp @10

A simple special case is the triangular linear system (2.2). Example 4 shows how regressions in
blocks (a, b) result from it.

Example 4. For (2.10) with H = A of (2.2), W = A diagonalanda =1, ..., d,,

2:aa\b Halb) . <KaaAaaKga Kap )

inva(HTA_lH)z( W= .4
~ pp ~ AppApp Avb

Other special cases of linear block-triangular systems (2.10) are Gaussian summary graph
models; see Section 3.

2.3. Partial closure

Let F be a binary edge matrix for node set V = {1, ...,dy} associated with F. The operator
called partial closure transforms F into zer, F so that in the corresponding graph a-line paths
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of a special type become closed. For instance, applied to A, every a-line ancestor of node i is
turned into a parent of i and, applied to the edge matrix of an undirected graph, such as SV,
every a-line path is closed. Zeros in the new binary matrix zer, F are the structural zeros that
remain of inv, F.

In matrix form, withn — 1 =d,; and 7, a d, x d, identity matrix,

. Fia FoaFab . . _
zer, F = Inl:<~7:ba-7:¢;1 Fona with Fpp o = In[Fpp + FpaF 1y Fanls (2.12)

Fra =In[(0Zaa — Faa)~'1. 2.13)

The inverse in (2.13) assures non-negative entries in J,, and is a type of regularization; see
Tikhonov (1963). It generalizes limits of scalar geometric series; see Neumann (1884), page 29.

Lemma 4 (Some properties of partial closure [Wermuth, Wiedenbeck and Cox (2006)]).
Partial closure is commutative, cannot be undone and is exchangeable with selecting a submatrix.
For V partitioned as V ={a, b, c, d}:

(1) zer,zerp F = zerpzer, F,
(2) zeryp zerpe F = zergp F,
(3) [zery Flj,j =zer, Fyj for J ={a, b}.

Given Gaussian parameter matrix components after partial inversion, such as in equa-
tion (2.11), the corresponding induced edge matrices are obtained using Lemma 5, provided
each component matrix belongs to the model of the starting graph and the expressions are mini-
mal, that is, condensed in such a way that they do not contain any parameter matrices that cancel,
as, for instance, A, A,.! would.

Lemma 5 (Edges induced by a starting graph obtained with minimal matrix expressions
of Gaussian parameter matrices [Marchetti and Wermuth (2009)]). Edge matrices replace
corresponding parameter matrices after:

(1) changing each negative sign to a positive sign,
(2) replacing in the resulting expressions each diagonal matrix by an identity matrix or delet-
ing it if it arises within a matrix product, and then applying the indicator function.

For instance, the matrix formulation of partial inversion in (2.12) can be viewed as arising
from (2.7) by use of Lemma 5.

Example 1 (Continued). Let Ky, = A, and Ky, = A, Agp. After partial closure in GVar ona,
there are two induced edge matrix components. For directed edges, it is zer, A, and for undirected
dashed line edges, it iS Suq|p

Zerq A=TIn ICaa ICab , Palb = IIl[K:ab], Saulb = In[Kaa’CT 1.
0 Abb aa



866 N. Wermuth
The induced graph of two components is a regression graph.

Example 2 (Continued). By marginalising over the intermediate node set b of V = (a, b, ¢) in
Gr‘,/ar, a directed acyclic graph results. The induced Gaussian parameter and edge matrices are,

for N =V \ b, respectively,

. Ada  Aac. a -
linvy Aly = < ‘ Accb) ’ [zer, Aly, N = In|:<-'40 .»ilccb>],

Example 3 (Continued). A concentration graph has for joint Gaussian distributions ¥ ~! as the
parameter matrix and SV as the edge matrix. By partial closure on a of SVV given any split
V = {a, b}, every a-line path is closed. Three edge matrix parts result: Syqp, Pyp and Shb-a,
They give the structural zeros in the corresponding parameter matrices Xqqp, [14)5 and shba 1
general, the edge matrix S?”¢ is for the marginal concentration graph of Y},.

4
par’

contains ancestors of C outside C. In Example 4, the three components of inv,
expressed in terms of the triangular decomposition (A, A™1).

then a concentration graph is induced for the node set that
b)) vv

When the generating graph is G
are directly

Example 4 (Continued). For the order-respecting split, V = (a, b), and Ky = A, and Kyp =
A Aap, a parent graph G;‘)/a: induces a regression graph for f,; and f;, with the following three
edge matrix components

Saa\b Palb _ Icaa’C;ra Icab

The result combines the one in (2.4) in slightly modified form with the above continuation of
Example 1 by considering the consequences of a given parent graph for the distributions of Y,
given Y}, and of Y.

For the more complex generating graphs connected with block-triangular linear systems (2.10)
and given edge matrices H, VV, the three edge matrix components in the induced regression graph
of just two components are with

K =zer, H, Q=zerp, W,

Saalb Palb _ ’Caa Qaa Kga ’Cab + ’Caa Qab’cbb

From (2.15) for a = {«, 5§}, the edge matrices induced by GI‘D/aI for fup are
80(0(|b = [Saa\b]a,a» Palb = [Pa\b]a,b7

and with a split of b as {f, y}, the edge matrix induced for fg, and for the dependence of Y,
given Yg),, are

S'Bﬁa = [Sbb'a]ﬁ,/g and Pa“f}.y = [Pa|b]ot,ﬁ~
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In general, the induced graphs of (2.14) or (2.15) with dashed lines for Sqqp, arrows for Py
and full lines for S??¢ will not be independence-preserving graphs. In both graphs, the global
Markov property of Lemma 1 implies the meaning of a missing ik-edge as

i 1L k|b in Suqip, i 1L k|b\ k in Pypp, i AL k|b\ {i, k} in PP, (2.16)

Whenever every edge-inducing path is association-inducing, conditional dependences corre-
spond to edges present in the graph in the resulting families of densities of Yy, ¥}, and also in
a given member of the family unless associations cancel that are due to several edge-inducing
paths.

3. Summary graphs and associated models

3.1. Gaussian summary graph models

Starting from a Gaussian triangular system (2.2) generated over a parent graph in node set V,
marginalising over M and conditioning on C gives a linear system of equations for Yy|c for
N = (u,v) =V \ {C, M} of the following form, where for the equations in the ancestors v of C
that are outside of C, the equation parameter matrix and the covariance matrix coincide with a
concentration matrix, as in (2.8).

Definition 14 (Gaussian summary graph model). A Gaussian summary graph model is a system
of equations HY y|c = n that is block-triangular and orthogonal in (u, v) with

Huu Huv Yu\C N Nu '\ _ Wuu 0
( 0 svv.uM leC - e ’ cov e - 3 wovuM | (3.1
where H,, is unit upper-triangular, W,,, and Z;Jllc = XW4M gre symmetric and each of 1,

and &y have freely varying joint Gaussian distributions. The independence structure is given by
a summary graph in node set N; see Definition 6 and Section 3.2 below.

For Yy|c, equation (3.1) specifies a Gaussian concentration graph model. These models had
been studied under the name of covariance selection by Dempster (1972); see also Speed and
Kiiveri (1986). For each member of the this family of models, the likelihood function has a
unique maximum.

With W, =0, the residuals of Y, |c and Yyc are uncorrelated, therefore the system of equa-
tion (3.1) is said to be orthogonal in (u, v). Because of this orthogonality, IT,|,.c = —H;ul H,,
is the population least-squares regression coefficient matrix in linear regression of Y, c on Yy c;
see Example 1 above. In econometrics, the equation in Y, ¢ resulting by premultiplication with
HM_M1 from the first equation of (3.1) is called the reduced form.

The equation in Y, c of (3.1) can equivalently be written as a recursive system in endogenous
variables Y, jyc = Yyjc — Hyp.c Yuc:

Hyy Yuva =Nu with cov(n,) = Wy, (3.2)



868 N. Wermuth

where the equation parameter matrix H,, is, as in the linear triangular system (2.2), of unit
upper-triangular form, but some of the residuals 7, are correlated. For estimation, one speaks in
econometrics of the endogeneity problem; see Drton, Eichler and Richardson (2009) for a recent
discussion.

Identification is an issue for estimating the equation parameters H,,, in (3.2). No necessary and
sufficient condition is known yet; see Kang and Tian (2009). One general sufficient condition is
the absence of any double edge in the summary graph; see Brito and Pearl (2002). This says that
for any pair 7, k within u, either H;; =0, or W;; =0, or both hold.

However, some models with double edges in the G = correspond to identified instrumental
variable models; see the above example to Figure 5(b). For the identifiability of latent variable
models, which arise here via larger hypothesized generating processes, the notion of complete-
ness is again relevant; see San Martin and Mochart (2007).

3.2. Generating GS‘:,},EC’M] from Gl‘;ar

The summary graph G;ﬁ}r[lc’M] has four edge matrix components. With S*V* a concentration
graph results in node set v, with H,,, a directed acyclic graph within u, with WW,,, a covariance
graph of the residuals 1, and with H,,, a bipartite graph for dependence of Y, c on Yyc.
Starting from a Gaussian triangular system in (2.2) with parent graph G[‘)/ar’ the choice of any
conditioning set C leads to an ordered split V = (O, R), where we think of R = {C, F} as the
nodes to the right of O; see equation (3.3). Every node in F is an ancestor of a node in C outside
C, so that we call F the set of foster nodes of C. No node in O has a descendant in R so that O
is said to contain the outsiders of R. Equations, orthogonal and block-triangular in (O, R), are

in unchanged order
Aoo Aor Yo\ _ (¢o
("6 ) (5)=(50) 6

After conditioning on Y¢ and marginalising over Y, the resulting system preserves block-
triangularity and orthogonality with u C O, v C F.

Proposition 4 (Linear equations obtained from AY = ¢ after conditioning on Y¢ and
marginalising over Yys). Given a Gaussian triangular system (2.2) generated over G;‘)/ar’ con-
ditioning set C, marginalising set M = (p, q) with

p=0\u, g=F\v,

and partially inverted parameter matrices arranged in the appropriate order,

. 7 . &FF.o _ [ Zgqe  Tgp.c
D =inv, A, inv, X _( - $00.0 ) »

the induced linear equation (3.1) in Yy|c have equation parameters

Hyy = Dy, Hyy = Dyy + Duq th}.Cv EUU'“M (34)
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and covariance matrices
W uu ( uu up S pp up) ( uq “qqlvC uq)’ . ( . )

Proof. Equation (3.3) in Y are first modified into equations for Yo |c and Yr|c. As for Example 3
above, one takes (g = AgR AE}QPJ r. After noting that

E;}7|C _ [ZRR.O]F’F _ nFF.0
and by the orthogonality in (O, R), these equations can be written as
AooYoic +AorYFric =¢0, EFF'OYF|C=CF-

Partial inversion on M = (p, q) gives, after appropriate ordering,

_ _ €p Ypic
. A A Y, €
va< 0° EF%) 2= | (3:6)
q
Yv|C é"l/)

where, after deleting the equations in Y c, the uncorrelated residuals are

Nu = (&y — Dupgp) - Duq quvaé‘q’ Ly = é‘l/; + ng,cé};-

Thus, the equation parameter matrices of (3.4) and the covariance matrices of (3.5) result, where
-1 _ sww.qO0 _ syvvuM

Toc=Z 9 =3 . O
It is instructive to check the relations of the parameter matrices in (3.4) and (3.5) to regression

coefficients and to conditional covariance matrices. With IT, g = —Du_u1 (Dyv, Dug, Dyc), one

may write

_Duunuh}.C =Dyy + Duq 1_[q|v.C’ Duu(YMIC - Hulv.CleC) = Dyy Yu\vC,
and for W,,;, defined in (3.2) and specialized in (3.5)
D,;ul WuuD,;uT = Zuu\vo + Hulq.vCquva HZlq.vC = Zuu\va

so that the required covariance matrix of Y, ,c is obtained.

The summary graph in node set N, induced by the generating parent graph in node set V,
results now directly with Lemma 5 applied to equations (3.4) and (3.5), as is stated in Corollary 4.
C . . V\IC,M] .

orollary 4 (Generating the edge matrix of Gy, from the edge matrix of a parent
graph). With the partially closed edge matrices corresponding to Proposition 4 and arranged
in the appropriate order

. . S P
D =zerp A, zer, STF-0 = < q‘{"’c S;fll_”q‘% ,
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the induced edge matrix components of the summary graph G S‘;}T[IC’M] are
Huuw = Dyu, Hyy = In[Duv + Dquq\v.C]a SUU'MM» 3.7
W = In[(Zuu + DupDyy,) + (DugSqqvc D)) (3.8)

3.3. Non-Gaussian models associated with summary graphs

As noted before, the density fy|c of Yy given Y¢ is well defined since it is obtained from a
density of Yy generated over a parent graph by marginalising over Yj; and conditioning on Y.
As we have seen, this leads to the factorization of fy|c into f,y,c and fy|c. The independence
structure of Y, given Y is captured by a concentration graph.

Corresponding models for discrete and continuous random variables have been studied by
Lauritzen and Wermuth (1989), extending the Gaussian covariance selection models and the
graphical, log-linear interaction models for discrete variables. Maximum likelihood estimation
is considerably simplified for variation-independent parameters; see Frydenberg and Lauritzen
(1989).

For a joint Gaussian density fy, the induced density f,,c is again Gaussian, but in general, the
form and parametrization of the density f,|yc induced by fy may be complex. Nevertheless, we
conjecture that the parameters associated with G¥1>I[1C’M] may often be obtained via the notional
stepwise generating process described in Section 1.3, that is, by introducing latent variables that
are mutually independent and independent of Y,,, Y.

If the additional latent variables are taken to be discrete and to have a large number of levels,
then it should be possible to generate, or at least to approximate closely enough, any association
corresponding to i- - -k that does not depend systematically on third variables. For discrete vari-
ables, this follows with Theorem 1 of Holland and Rosenbaum (1989) and otherwise presumably
by using Proposition 5.8 of Studeny (2005), but a proof is pending.

3.4. Generating a summary graph from a larger summary graph

Let a summary graph in node set N’ be given, where the corresponding model, actually or only
notionally, arises from a parent graph model by conditioning on Y, and by marginalising over
variables Y.

Then, the starting linear parent graph model is the triangular system of equation (2.2) in a
mean-centered Gaussian variable ¥ where

AY =¢, cov(e) = A diagonal, A unit upper-triangular.

With Proposition 4, one obtains for V' \ {c,m} = (u, v) the following equations in Y., Yy,
which coincide in form with equation (3.1) with H ‘: N By

B B Y. ! ! w/ 0
(e ) (2)-(5) ()-(% t) oo
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With added conditioning on a set ¢,, € v, no additional ancestors of ¢, are defined, since every
node in v is already an ancestor of c. But, with added conditioning on ¢, € u, the set u \ ¢, is
split into foster nodes f, of ¢, and into outsiders o of {r, v}, where r = {c,, fu}.

The equations for Y, are always block-triangular in (o, r). But, by contrast to the split of V
into (O, R) in equation (3.3), these equations are not orthogonal in (o, r) so that conditioning on
¢;, in the summary graph is more complex than conditioning directly on a set in the parent graph.

Proposition 5 (Linear equations obtained from (3.9) after conditioning on Yc,“ Y., and

marginalising over Y, Y;). Given (3.9) to GuN“™ where o contains all outsiders of

{cu» fu, v}, equations for Y, are block-triangular in

uw=(,r), where r = {cy, fu).

The additional conditioning set {c,,c,}, and additional marginalising sets h C o and | C
{fu,v\cv) give C={c,cy,cv) and M = {m, h,l}. With y = (r,v), the new equations are
block-triangular and orthogonal in (u, v), where

MZO\h, ¢=W\{Cuacv}y U:¢\l

With orthogonalised residuals &, = 17;, — QorM)., orders = (h,u,r), ¢ = (I, v) and

. : B C
Quu =1nv, W/;,Lu.s Cow = Bow - QorBH//v K =invy, ( (()w i(btzqi)m) s

the linear summary graph model to G:{];[lC,M] is

K K Yuic
< (I)m EUUL.{;:M) (YI:)lC) = (Z:) s Nu =& — Kunkn — Kulzl”UC;ls (3.10)

and coincides with the linear model obtained from the triangular system (2.2) by directly condi-
tioning on Yc and marginalising over Yy .

Proof. The conditioning set c,, splits the set of nodes u into (o,r), where o is without any
descendant in r = {cy,, f,,} and every node in f,, has a descendant in c. This implies a block-
triangular form of By, in (o, r) in the equations of Y,|,., however, with correlated residuals 1),
and 7,..

For » = (r, v), block-orthogonality with respect to (o, ¥) in the equations in Y, and Yy . is
achieved by subtracting from 1, the value predicted by linear least-squares regression of 7, on
n,. and ¢,. This reduces, because of the orthogonality of the equations in (i, v), to subtracting
Qor ;. from 1.

The matrix of equation parameters of Yy coincides with the concentration matrix of Yy ¢
given by

_ BY 0,.B BT 0, B
gybon _ g =< T s BT ons,) G311
vyle Sole + BN O Bry

vv|c
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By the block-triangularity and orthogonality in (o, ¥), the equations in Y, can be replaced
by equations in Y,|c. For the equations in Yy|c, the matrix of equation parameters is Z;d:I c=

[21;11//‘0]¢,¢ = 299" The resulting equations give the Gaussian linear model to the summary
graph in node set V \ {C,m} = (o, ¢).

In the linear model to GY\€-"] marginalising over Y, c, where i C o, and over ¥} c, where
I C ¢, is achieved by partial inversion on £, [ of the block-triangular matrix of equation parame-
ters and by keeping only the equations in Y, c and Yy,c.

In the resulting equation (3.10), one knows by the commutativity and exchangeability of partial
inversion for m = (g, k), p ={g, h}, g = {k, 1} that

K, = [invy iIlVg A]u,u = [invp A]u,us

so that K, = D,,, where D is defined for Proposition 4. Furthermore, by the properties of
reduced form equations

—Kyuu I—[ulv.C = Kyy = Dyy + Duq Hq\v.C’

so that the parameter matrices of Y, |c and Yy c given in (3.10) coincide with those in (3.4) and
(3.5) of Proposition 4 — that is, they give the Gaussian linear model to the summary graph in node
set V\{C, N} = (u,v). ([l

Since partial closure has the same exchangeability property as partial inversion and both opera-
tors are commutative, the same type of proof holds for the edge matrix expression corresponding
to (3.10).

C . . VA\IC,M] .

orollary 5 (Generating the edge matrix of Ggyy, from the edge matrix of a summary
graph). For ¢ C C and m C M, edge matrix components of the summary graph GY\E-M1 pe.
sult from the edge matrix components B, By, Wl’m and S"VH™ of GVNEM by ysing the
transformed edge matrices

u

A Bou Co
Quu =zety W'y, Coy =In[Byy + QorBry 1, K = zery; ( 0 S“f"iﬁ”" )

to obtain Ky, Kyy directly, S***M as the edge matrix to (3.11), and

Wi = [ Qs + Kun Qun KX, + Kt St K5 1. (3.12)

3.5. Path results derived from edge matrix transformations

If one starts with the summary graph G:J},[f’m] and conditions by using Corollary 5, edges are

induced by r-line collision paths, where we let r = {c,,, f,} ={@}:

(a) 0,---0, results with O,---@---@---0,,
(b) Oy — Oy results with Oy —>[@---@ ---0---0<—0Oy,
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(c) 0,~<—0Oy results with O, ---@ ---@---@<—Oy.

The corresponding relevant edge matrix expressions are, respectively, Q,, = zer, W,
In[BrTw QrBry] and In[Q,, B,y ]. For each pair, one keeps one edge of several of the same

kind. The subgraph induced by nodes (o, ¢) is GV €1,
By marginalising next over m’ = (h,1) = (#,,, #,) in the graph Gl three types of edges
are induced when closing m’-line transmitting paths:

(d) 05—0y results with Oy— &, --- #f,— Oy,

(e) 0,<—0O, results with Og<—}§7h"'/¢h<_00’

(f) 0,<—0y results with Op<~— g, - Jf, <~—f#,—#,--- #,— 0y,
(g) 0,---0, results with Ou<—ﬁh———}¢h_>ou’

(h) 0,---0, results with Ou<—/§y1_/§yl_>0”'

The corresponding edge matrix expressions are, respectively, Kggp, Koo, Kog, In[Kyupn thlCEh]
and In[lCulvachgl]. After keeping just one edge of several of the same kind, the subgraph
induced by nodes (u, v) is GV\IC.M]

Notice that the effect of the indicator function is to reduce several edges of the same kind to
just one. The closed form expressions of the edge matrix results imply that some of the paths are
to be closed in the given order.

The edge matrices In[Q,, B,y ] and Koy correspond in a Gaussian summary graph model to
orthogonalising, that is, to removing some residual correlations. By the associated steps, (c) or
(f), ik-arrows may be generated for which node k is not an ancestor of i in the generating graph.

In contrast, for the outsiders of the conditioning set, such as set o in the summary graph in
nodes (o, ¢), there is an ik-arrow if and only if & is a parent or a forefather of node i in the larger
generating parent graph because the only arrow-inducing paths for the subset o are those in (e).

Since a summary graph results after conditioning with steps (a)—(c) and also after marginal-
ising with steps (d)-(h), summary graphs are said to be closed under marginalising and condi-
tioning and one may reverse the order of conditioning and marginalising. The following example
illustrates such reversed stepwise constructions.

. V\IC,M]
Example 5 (Path constructions of Ggym Jor M = q and p = &). The node set of the parent
graph is V = (1, ..., 8). The conditioning set is C = {2,4} and the marginalising set is M =
{6, 7}. The foster nodes of C, arein F ={3,5,6,7,8} andu = O = {1}, v ={3, 5, 8}.

1 s 1 6
o 3 /\08 o 3 5&;
2 5
a) ?;5@(7 b)\o\ 7
4
<1> 3 x 8 10 3 5 8
0) ;212”' 5 d) N

Figure 7. (a) The generating graph Gy, (0) Gaus "1, (©) Gaumn M), (@) Gl
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In this example with graphs in Figure 7, the summary graph model is equivalent to a triangular
systemin N = (1, 3, 5, 8) even though G;{l}%g’M] is not Markov equivalent to any directed acyclic
graph since it contains the chordless collision path 3—2---5<—8. It is typical that further
marginalising or conditioning may again lead to simpler graphs and models.

With just one node in the marginalising set, the paths (d)—(h) have just two edges. In addition,
by the properties of partial inversion and partial closure, the paths (a)—(c) can be closed by re-
peatedly closing paths of just two edges. This leads to operating on one node at a time in any
order; see also the Appendix, Table 1 and Proposition 1.

3.6. The MAG corresponding to G_Xl}r[,c’M] and local Markov properties

The keys to deriving the MAG corresponding to G S‘;}T[IC’M] are the definition of the variables in
the Gaussian MAG model and the result (2.15). For Y, the summary graph and the MAG specify
the same concentration graph, and dependences to arrows pointing from v to u also coincide.

A full order of the nodes in u of G;{,}IEC’M] may sometimes be given by the arrows, such as
in Figure 3(b). Sometimes there is none, as in Figure 2(b). More often there is a partial order,
such as in Figure 1(d) or 7(c). Then one may take any compatible full ordering of the nodes in

u in which the ancestors within u# of each node i in GK,}TEC’M] are in the past of i, that is, in

{i+1,...,d,}.

For each node i, we let ¢; C {i +1,...,d,} denote the ancestors of i in G;ﬁ}r[,c’M] and ¢; =
{i+1,...,d,}\ci. Next, we derive for each node pair i, k with k in ¢; and each node pair i, [ with
! in ¢;, the edges in the MAG corresponding to GXJ}I[IC’M] by applying (2.15) to equation (3.2).

Fora=(1,...,i,¢;) and b = ¢;, the vector P;, = In[K;, + Q;5/Cpp] gives zeros and ones for
the dependence of ¥; on Y, given Y, Y¢ and

in the MAG, i <—k for In[P;jx.p\k] =1, i, k uncoupled, otherwise. (3.13)

Similarly, for i,/ welete;; =c;Uciande;; ={i +1,...,dy} \ e, takea=(1,...,i,1,e;)

and b = ¢;;. With Syqpp = In[Kyq QuaKaa] of (2.15), K =0 and W, the edge matrix of the

covariance graph of G M1

in the MAG, i- - -1 for In[W;; ] =1, i, ] uncoupled, otherwise. (3.14)
. . . . . V\IC,M] .
The corresponding MAG results after inserting or replacing edges in Gy according to

(3.13) and (3.14) and keeping just one of several same edges.

Proposition 6 (Local Markov properties of summary graphs). Let the edge matrix compo-
nents, Hyn, Wy, and SVv4M ofGXMC’M} be given from Corollary 5. Let node | and sets c;, e;; be
defined as above, but their subscripts dropped. Let further B denote subsets of nodes uncoupled

to node i, then:

(1) i 1 BICv\{i, B} = SP*M =0 fori cvand B Cv.



Summary graphs 875

(2) i L BICv\B <= Higc=0foricuandp Cv.
(3) i ILl|Cve <= Wii =0and W, W, We; =0) fori €u,andl € c.
4 i 1L B|Cvc\ B << (Hig=0and W;cW. . Heg =0) fori euand B C c.

Notice that pairwise independences result if 8’s contain single elements.

Proof of Proposition 6. The independences in (1) within v are those of a concentration graph;
see also (2.16) in Example 4. The independences in (2) are those obtained when regressing Y;|c
on Yyc; see also Example 2. The independences in (3) and (4) are reformulations of (3.14) and
(3.13), respectively. a

4. Discussion

The common attractive feature of a maximal ancestral graph and of the corresponding summary
graph is that they elucidate consequences of a possibly much larger generating graph regarding
independences. The smaller graphs capture the independence structure implied by the generating
graph and they can be used to understand additional consequences of the generating graph for
independences that result after additional marginalising and conditioning.

An advantage of the MAG is that each edge corresponds to a conditional association, each
missing edge to a conditional independence. A disadvantage of a MAG is that a dependence,
say to i <—k, may be severely distorted compared to the dependence to i <—k in the generat-
ing process. With the corresponding summary graph, one can identify which of the conditional
dependences in the MAG remain undistorted and which do not.

Given the summary graph, the corresponding MAG is derived in a few steps. But in general,
one cannot obtain from a given MAG the corresponding summary graph or the information about
distortions. Both types of graph may contain semi-directed cycles. These are typically of interest
only in connection with a larger generating process.

In contrast, their common subclass of regression graphs gives a substantial and much needed
enlargement of the types of research hypotheses that can be formulated with directed acyclic
graphs. They model stepwise generating processes not only in univariate but also in joint re-
sponses. This leads to a corresponding recursive factorization of the joint density in these vector
variables.

In addition, every independence constraint for a component of a joint response is conditional
on variables in the past of the joint response. This is an important distinction from all other types
of currently known chain graphs and is in line with research in many substantive fields where the
study of dependences on past variables is judged to be more fruitful than those of associations
and of independences among variables arising at the same time.

For Gaussian regression graph models, properties of estimators and test statistics have been
quite well understood for a considerable time. For discrete random variables, all regression graph
models are smooth; see Drton (2009). Such smooth models are curved exponential families (see
Cox (2006), Section 6.8) so that they have desirable properties regarding estimation and asymp-
totic properties of tests.
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Much less is known for joint responses of discrete and continuous random components. Thus,
though we now can derive important consequences of any type of regression graph model, more
results on equivalence, identification, estimation and goodness-of-fit criteria are needed.

However, if the regression graph model can be generated, as discussed, via special types of
hidden variables in a larger parent graph model, then its independence structure is defined by
a list of independence statements for variable pairs. This permits local fitting with univariate
generalized linear models, with checks for linearity, interaction and conditional independence
based on observed associations of variable pairs and triples.

This requires no knowledge about the form of the joint distribution and it permits us to formu-
late research hypotheses that are compatible with a given set of data and that are to be investigated
in further empirical studies.

Appendix: Two-edge paths of summary graphs

The following arguments show that the types of induced edges of Table 1 are self-consistent:
A node to be marginalised over is again denoted by # and a node to be conditioned on by @ .

The three types of edge-inducing, two-edge paths (1)—(3) in a parent graph that have as an inner
node a transition, a source or a sink node, respectively, are defined to generate the following three
different types of edges:

(1) o~— g <~—0=—0<—0,

2) O~—f—>0—0---0,

3) O—P<~—0=—0—0.
The arrow has one, the dashed line two and the full line no edge endpoints that define a collision
node when the edge is mirrored at the same node. Dashed lines denote edges in covariance graphs
and full lines in concentration graphs. Closing paths in such graphs are defined to preserve the
type of edge:

4) 0O---@---0= 0---0,

(5) o—f—0=—0—0.

The next two paths, (6) and (7), and both induce an arrow:

(6) O---f<=—0—=— 0<—0,
(7) o~—f—0=— 0<—0.

Paths (4)—(7) arise from active alternating paths in a parent graph for which inner source nodes
in { #} alternate with inner sink nodes in {@ }:

QO O o O QO Q
‘g/)‘wf S \z{)\o W)%
a c

Figure 8. Active alternating paths that generate two-edge paths (a) of type (4) inducing O---0, (b) of
type (5) inducing O — O, (c) of type (6) or (7) inducing O<—O.
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The two-edge paths (4)—(7) result from Figure 8 as follows: path (4) from (a) by only marginal-
ising, path (5) from (b) by only conditioning, path (6) from (c) by only marginalising and path
(7) from (c) by only conditioning. The paths (a)—(c) of Figure 8 generalize paths (2), (3) and (1),
respectively.

The three remaining edge-inducing paths of two edges in G;{l}I[lC’M] are

8) o<—f-—-0= 0---0,
9 0o—fFg<—0=—0—0,
(10) o---f—o0 = 0<—0.

The three active paths of Figure 9 result by substituting the undirected edges in (8)—(10) by the
appropriate generating components (2) or (3).

A A AN
AR

Figure 9. Active paths that generate two-edge paths (a) of type (8) inducing O---0, (b) of type (9)
inducing © — O, and (c) of type (10) inducing O<—O.

By marginalising over the transition node in Figure 9(a)-(c), one generates, respectively,
path (2), path (3) and the path in Figure 8(c).

The construction of the summary graph simplifies considerably for special types of parent
graphs — for instance, for the graphs to the lattice conditional independence models studied by
Andersson et al. (1997), and for the graphs corresponding to labeled trees, studied by Castelo
and Siebes (2003).
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