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RELATIVE PURITY IN LOG ETALE COHOMOLOGY
Kazumi HiGAsHIYAMA AND TakasHl Kamiva

Abstract

We study log étale cohomology. The goal is to prove relative purity in log étale
cohomology.

1. Main results

In the present paper, we prove relative purity in log étale cohomology, i.e.,

THEOREM 1.1. Let S be an fs log scheme; N an fs monoid such that the
natural morphism f : x4 S[N] — S is a log smooth morphism; j : vy S[NEP]
— X the open immersion; n € Z~o which is inve;(’itl;ble on S; Fy a sheaf of Z/nZ-

C]

modules on the Kummer log étale site of S; F = f*Fy. Then
- F o (g=0)
RY, j*F =
/ {0 (¢ >0).

The Theorem was conjectured by L. Illusie in [3]. It is known that [5],
Lemma 7.6.5 proved the case of Theorem where S = Spec k& with log. str. by N
(r" eN) with k being a separably closed field; X = S[N'] (reN); F =Z/nZ.

We outline the proof. First, we prove the case N = N. By replacing the
category of log étale sheaves with the category of étale sheaves on which
the Galois group acts, we calculate the higher direct images using the group
cohomology.

Next, by induction, we prove the case of N =N" (re N).

Finally, by log-blow-up, the general case reduces to the case in which
N=N"

2. The case N =N

Let xe X and x(log) be a log geometric point of x on X. Tt suffices
to prove that (R7/.j*F),joe =0 (¢ >0) and (jij'F),(og = Fx(og). Since the
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problem is local, we may assume that S is a quasi-compact and quasi-separated
fs log scheme.

First, we prove the case N = N. It suffices to show it at a pomt x € X such
that My /0Oy ; is isomorphic to pY (MS i/Us ;) ®N, where s jf(x).

Strict étale locally on X, fix a chart X — Spec Z[P] around x. Let me L
be invertible at x. For each m, X, oy X spec Z[P] Spec ZP/M; X = Spec Ox %

— X X, ' X Spec Z[P] SPec Z[P'/™); v¥yu xy X; U, o U><XXm Let

7y - Uy — U be the projection morphism.

LemMA 2.1. It holds that

(R J"F) (108 = hm HY(U,,n,j*F),

where m € L~ runs over the set of integers invertible at x.

Proof. It follows immediately from the definitions that

(RYj"F) y1og) = lim HY(U xx V, (U xx V — U)"j"F),
v

where V' — X is a két (ie., log étale and of Kummer type) neighborhood at
x(log). Then

=lim lim HY(U xx V,(U xx V — U)"j*F),
o v
where Q is a sharp P-fs monoid such that Q% O P#P and such that there exists an
integer m being invertible at x and satisfying ma = 0 for any a € Q*°/P*®P, and
V' — X Xspec zip) Spec Z[Q] is a strict étale neighborhood at the lift of x(log).
Since there exists an m € Z-o such that m is invertible at x and the natural
homomorphism P — P'/" factors through Q, we have

=lim lim HY(U xx V,(U xx V — U)"j*F),
m V

where V' — X, is a strict étale neighborhood at the lift of x(log). Thus,
= lin Hq(U Xx Spec @Xm‘fc» (U Xx Spec @X,,,,,)E — U)*]*F)

m

Since U xy Spec Oy, ; ~ U,
= 1@ Hq((?m,ﬂ;;j*F), I:‘

m

DerINITION 2.2. For a log scheme Y, Y denotes the log scheme (the
underlying scheme of Y, the trivial log structure). The natural morphism
e:Y — Y% is called the forgetting-log morphism.
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~cl def . ~ - ~ .
o Let Ud = lim,,, U,,i{ and p,, : U — U, For any m,ne Z-,, which are
invertible at x, we consider the diagram

r gl Cl /)/7"7 r 7 Cl
Umn Umn Uoc

Emn
Tmn
Pm

v~ 0, — UL
Em

We consider

. * Kk
lim p, R7&p.m,, jF.
m

LEmMMA 2.3. It holds that

lim p, R’y j"F =0 (p>0).

m

Proof. By proper base change theorem (cf. [5], Theorem 5.1), we reduce to
the case in which S is the spectrum of a separably closed field k. Let
1, ¥ lim Hom((P'/™)® Ker(v: k* — k).
v:prime to ch(k)
By [5], Proposition 4.6, let G, € I,-Z/nZ-Mod ; - (cf. [5], Notation 4.5) which
corresponds to z’ j*F eygz /nz (cf. [5], Notation 2.3), then H”({,,G,) corre-

m

sponds to p;R’e,.m j*F. " Since lian H”’(L,,G,) =0 (p>0), it holds that
lim,, p,R7epu.m, j*F =0 (p>0). O

LemMA 2.4. It holds that

lim HY(Uy, 7, j"F) = lim HY(US ey, j*F).

m m

Proof. We consider the spectral sequence

Ey' =lim H'(UY R'eym;, j*F) = lim H™ (U, ), j*F).

m m

E>-terms are

m m

lim HY(Ug, Repen,, jF) = H“'(Uﬁ,l@ p;Rtem*n;;j*F>.
By Lemma 2.3,

lim p, R'e.m, j*F =0 (t>0).

m
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Thus, Ey' =0 (> 0) and
lim HY(UY ¢, j*F) = lim H* (U, j*F). O

m
m m

LEmMMA 2.5. It holds that
lim HY(UY

m?

emT, j F) =0 (q>0),
m
lim H(Uy, émerty, j*F) = Fifiog)-

m

Proof. We consider the spectral sequence

EP? =1lim H?(XS RY, &y, j*F) = lim HPY(US, &y, j°F).

m
m m

Since X & lim X is strictly henselian, it holds that El'*=0 (p>0). In
particular, m

lim HY(U, epen, j*F) = lim [(XS RY,epn’ j*F).

l‘ﬂ m

Let zZ4= ' \U and give Z% the reduced induced subscheme structure;

i:Z% XCl the closed immersion; S, = S Xgpec Z[M; /0] ] | Spec Z[(Ms 5/ s ;) l/'”].

m

By proper base change theorem (cf. [5], Theorem 5.1),

7 rrel
v, — Un(;

|

cl
proper

it holds that

m?

lim T(X¢ RY,j* (X3 — S5 — S9)"es.Fo) = lim T(X, RYememy, j°F).
m

I‘Fl

By relative purity (cf. [2], XVI 3.7),
lim T(X R, j* (X3 — S9) es.Fo) =0 (g > 1),

m
lim (X5, joj* (X5 — S9) "e5.F0) = Fiftog)-

m
Ifg=1,
lim [(X¢ RYj* (X — S9)"es.Fy) = lim H*(Z,

m m?
m m

(Z8 — §9)"es, Fy).
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Since the transition map
H*(Z3), (Zg — %) es. ko) — B (Zy,, (Z5,, — ) "és.Fo)
is 0 map, it holds that
lim H*(Z), (Z3 — S)"es.Fy) = 0. O

m
m

This completes the proof of Theorem 1.1 in the case where N = N.

3. General case
Next, in the case of N =N" (reZs;), we consider the decomposition
U =Sz =SZ)[z"""] L S[Z)N"] = SIN[Z] 2 SIN"Y]IN] = S[N] = X.
By Theorem 1.1 in the case where N =N and by induction,
Rj.j'F ~ RjpRjiji i F ~ R jiF = F.
Finally, in the general case, we consider a log-blow-up
n: X' — S[N],

where X’ is covered by S|N°@® Z'| with various s and ¢. Thus, we obtain a
commutative diagram

S[ng} XS[N] X' e— X’
|

By the previous case,
*F L Rj j*7*F.
Then it holds that
Rr.w'F £ Re.Rj j* 2 F £ Rj.Ra'n"j"F.
By [1], (2.7) (cf. [4], §6),
Rz/z™* =id, Rrm.z* =id.
Therefore,
FLRjjF.
We complete the proof of Theorem 1.1.
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