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Abstract

In this paper, we investigate the initial value problem (IVP henceforth) associated

with the generalized damped Boussinesq equation with double rotational inertia

utt þ gD2utt � aDutt � 2bDut � aD3uþ bD2u� Du ¼ Df ðuÞ; x A Rn; t > 0;

uðx; 0Þ ¼ u0ðxÞ; utðx; 0Þ ¼ u1ðxÞ; x A Rn:

(

Based on decay estimates of solutions to the corresponding linear equation, we establish

the decay estimates and the pointwise estimates by using Fourier transform. Under

small condition on the initial data, we obtain the existence and asymptotic behavior of

global solutions in the corresponding Sobolev spaces by time weighted norms technique

and the contraction mapping principle.

1. Introduction

We study the Cauchy problem of the generalized damped Boussinesq equa-
tion with double rotational inertia in n space dimensions

utt þ gD2utt � aDutt � 2bDut � aD3uð1:1Þ

þ bD2u� Du ¼ Df ðuÞ; x A Rn; t > 0;

uðx; 0Þ ¼ u0ðxÞ; utðx; 0Þ ¼ u1ðxÞ; x A Rn:ð1:2Þ
Here u ¼ uðx; tÞ is the unknown function of x ¼ ðx1; . . . ; xnÞ A Rn and t > 0, g, a,
b, a, b, are positive constants. f ðuÞ is the given nonlinear function, D2utt and
Dutt are the rotational inertia.

The first initial boundary value problem for

utt � aDutt � 2bDut � aD3uþ bD2u� Du ¼ gDðu2Þð1:3Þ
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in a unit circle was investigated in [28], where a, b, a, b are positive constants
and g is a constant. The existence and the uniqueness of strong solution was
established and the solutions were constructed in the form of series in the small
parameter present in the initial conditions. The long-time asymptotic was also
obtained in the explicit form. In [7], the authors investigated the IVP for
Eq. (1.3) in the unit ball B � R3, similar results were established. It is well-
known that the equation Eq. (1.3) is closely contacted with many wave equations.
For example, the equation (which we call the Bq equation)

utt � uxx þ uxxxx ¼ ðu2Þxx;
which was derived by Boussinesq in 1872 [1] to describe the propagation of long
waves with small amplitude on the surface of shallow water. The improved Bq
equation (which we call IBq equation) is

utt � uxx � uxxtt ¼ ðu2Þxx:
A modification of the IBq equation analogous of the MKdV equation yields

utt � uxx � uxxtt ¼ ðu3Þxx;
which we call the IMBq equation (see [8]). In 1-D space, the Cauchy problem
for the generalized Boussinesq-type equation has been extensively studied from
di¤erent views. Lai and Wu [6] studied the generalized Boussinesq-type equation

utt � uxx � auxxtt � 2butxx þ cuxxx þ pu2 ¼ ðu3Þxx; x A R1; t > 0:

They established the global well-posedness in a Sobolov space with a small initial
data by means of Fourier transform and the perturbation theory. Wang, Mu
and Wu [21] employed the scattering theory to study the long-time behavior of
small solutions for the generalized Boussinesq-type equation

utt � uxx þ uxxxx � uxxtt þ auxxxxtt ¼ ð f ðuÞÞxx; x A R1; t > 0:

Polat and Ertaş [9], Polat and Pişkin [10] studied the local and global existence,
asymptotic behavior and blow up of solutions for

utt � Duþ D2u� Dutt � kDut ¼ Df ðuÞ; x A Rn; t > 0:

Recently, Shen et al. [12] considered the Cauchy problem for the following 1-D
nonlinear wave equation of sixth order

utt þ uxxxx þ uxxxxtt � auxx ¼ f ðuxÞx; x A R; t > 0;

uðx; 0Þ ¼ u0ðxÞ; utðx; 0Þ ¼ u1ðxÞ; x A R:

�
They investigated the Cauchy problem of solutions for a class of sixth order 1-D
nonlinear wave equations at high initial energy level. By introducing a new
stable set They obtained the result that certain solutions with arbitrarily positive
initial energy exist globally. Wang and Xue [19] studied the following Cauchy
problem for the generalized Boussinesq equation (1-D case):

utt þ auxxxx � uxxtt þ uxxxxtt � uxx ¼ f ðuÞxx; x A R; t > 0;

uðx; 0Þ ¼ u0ðxÞ; utðx; 0Þ ¼ u1ðxÞ; x A R;

�
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where f ðuÞ ¼ up ðp > 1Þ: They established the existence and uniqueness of the
solution and proved the global existence and finite time blowup of the solution
to the problem by the potential well method. Quite recently, Chen and Han [4]
studied the Cauchy problem for a non-linear wave equation

utt � auxxtt � uxx ¼ gðuÞ � agðuÞxx; x A R; t > 0;

uðx; 0Þ ¼ u0ðxÞ; utðx; 0Þ ¼ u1ðxÞ; x A R;

�

and they proved that the Cauchy problem has a unique global generalized
solutions in C2ð½0;yÞ;HsðRÞ (s > 1

2 is a real number) and a unique global

classical solution in C2ð½0;yÞ;HsðRÞ
�
s > 5

2

�
. They also proved that the Cauchy

problem admits a unique global generalized solution in C2ð½0;yÞ;Wm;pðRÞ \
LyðRÞ (mb 0 is an integer, 1a pay) and a unique global classical solution in

C2ð½0;yÞ;Wm;pðRÞ \ LyðRÞ
�
m > 2þ 1

p

�
.

As for coupled IMBq equations, Wang and Li [20] considered the Cauchy
problem for the following two coupled IMBq equations

utt � a2uxxtt ¼ f ðu; vÞxx; x A R; t > 0;

vtt � a2vxxtt ¼ gðu; vÞxx; x A R; t > 0;

uðx; 0Þ ¼ u0ðxÞ; utðx; 0Þ ¼ u1ðxÞ; x A R;

vðx; 0Þ ¼ v0ðxÞ; vtðx; 0Þ ¼ v1ðxÞ; x A R;

8>>><
>>>:

and they proved that, under the assumptions for non-linear terms and initial data,
the existence and uniqueness of the global solution and esablished su‰cient
conditions of blow-up of the solution in finite time by convex methods. This
supplements and improves some results by Dé Godefroy [5].

For the space demension n ¼ 1; 2; 3 it is worth mentioning that Varlamov
[13–17] investigated the local well-posedness and the long-time decay of the
Cauchy problem of the generalized Boussinesq-type equation

utt � 2bDut þ aD2u� Du ¼ bDðu2Þ; x A Rn ðn ¼ 1; 2; 3Þ; t > 0:

We observe that Eq. (1.1) is a higher order wave equation. In higher dimen-
sional space case, Wang and Chen [18] [23] considered the existence, both locally
and globally in time, and nonexistence of solutions, and the global existence of
small amplitude solutions, and scattering result for the Cauchy problem of the
multidimensional generalized IMBq equation

utt � Dutt � Du ¼ Df ðuÞ; x A Rn; tb 0:

Posteriorly, by employing Besov spaces, some results of [23] were improved by
Cho and Ozawa in [2–3]. Recently, Wang and Xu [24] studied the Cauchy
problem for the generalized IBq equation with hydrodynamical damped term

utt � Dutt � Du� nDut ¼ Df ðuÞ; x A Rn; t > 0:

They established the optimal decay estimates of solutions under the additional
regularity assumption on the initial data. Under smallness condition on the
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initial data, we proved the global existence and decay of the small amplitude
solution in the Sobolev space. Later on, Wang and Da [25] improved some
results of [2–3] [18] [23–24]. More precisely, they investigated the IVP associated
with the generalized damped Boussinesq equation with double dispersion

utt � Dutt � bDut þ D2u� aDu ¼ Df ðuÞ; x A Rn; t > 0:

Based on decay estimates of solutions to the corresponding linear equation, they
established the decay estimates and the pointwise estimates by using Fourier
transform and multiplier method. Under small condition on the initial data,
they obtained the existence and asymptotic behavior of global solutions in the
corresponding Sobolev spaces by time weighted norms technique and the con-
traction mapping principle. Recently, in the case of g ¼ 1, a ¼ 1, b ¼ 0, a ¼ 0
and b ¼ 1 in (1.1), Xia and Yuan [26] considered the following Cauchy problem
of a Boussinesq type equation of sixth order

utt þ D2utt � Dutt þ bD2u� Du ¼ Df ðuÞ; x A Rn; t > 0:ð1:4Þ
They investigated the existence and uniqueness of the global small solution to
(1.4) and (1.2) as well as the small data scattering result to the Cauchy problem
for a Boussinesq type equation of (1.4) and (1.2) with the nonlinear term f ðuÞ
behaving as up ( p > 1) as u ! 0 in Rn (nb 1). The main method and
techniques used in their paper are the Littlewood-Paley dyadic decomposition,
the stationary phase estimate and some properties of Bessel function. Quite
recently, Pişkin and Polat [11] considered the Cauchy problem of the generalized
multidimensional Boussinesq-type equation with a damping term

utt þ D2utt � Dutt � kDut þ D2u� Du ¼ Df ðuÞ; x A Rn; t > 0;

uðx; 0Þ ¼ u0ðxÞ; utðx; 0Þ ¼ u1ðxÞ; x A Rn;
ð1:5Þ

and obtained the existence, both locally and globally in time, the global non-
existence, and the asymptotic behavior of solutions for (1.5).

The main purpose of this paper is to establish global existence and asy-
mptotic behavior of solutions to (1.1) and (1.2) by using the contraction mapp-
ing principle. Firstly, we consider the decay property of the following linear
equation

utt � gD2utt � aDutt � 2bDut � aD3uþ bD2u� Du ¼ 0:ð1:6Þ
Then we obtain the following decay estimate of solutions to (1.5) associated with
initial condition (1.2),

kqk
x uðtÞkL2 aCð1þ tÞ�n=4�k=2�1=2ðku0k _HH�1

1
þ ku1k _HH�2

1
þ ku0kH sþ2 þ ku1kH sÞ;ð1:7Þ

ðka sþ 2Þ;

kqh
xutðtÞkL2 aCð1þ tÞ�n=4�h=2�1ðku0k _HH�1

1
þ ku1k _HH�2

1
þ ku0kH sþ2 þ ku1kH sÞ;ð1:8Þ

ðha sÞ:
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Based on the estimates (1.7) and (1.8), we establish global existence and decay
estimates of solutions to (1.1) and (1.2) by using time weighted norm technique
and the contraction mapping principle. This result improves earlier ones in the
literature, such as [9] [19] [25].

To facilitate further on our analysis, we present some notations which will be
used throughout in our contribution. Let F½u� denote the Fourier transform of
u defined by

ûuðxÞ ¼ F½u� ¼
ð
Rn

e�ix�xuðxÞ dx;

and we denote its inverse transform by F�1.
For 1a pay, Lp ¼ LpðRnÞ denotes the usual Lebesgue space with the

norm k � kL p . Recall that Js ¼ ðI � DÞs=2 and Is ¼ ð�DÞs=2 are said to be the
Bessel and the Riesz potentials, respectively. Assume that 1 < p < y, �y <
s < y. The usual Sobolev space of s is defined by Hs

p ¼ ðI � DÞ�s=2
Lp (Bessel

potential spaces) with the norm k f kH s
p
¼ kðI � DÞs=2f kL p ; the homogeneous

Sobolev space of s is defined by _HHs
p ¼ ð�DÞ�s=2

Lp (Riesz potential spaces) with
the norm k f kH s

p
¼ kð�DÞs=2f kL p ; especially Hs ¼ Hs

2 ,
_HHs ¼ _HHs

2 . Moreover, we

know that Hs
p ¼ Lp \ _HHs

p for sb 0. More details are present in the Wang’s et al.
book [22].

We use A@B using the statement that AaC1B and BaC1A for some

constant C1 > 0, use AfB to denote the statement that Aa
1

C2
B for some

large enough constant C2 > 0: We denote every positive constant by the same
symbol C or c without confusion. ½�� is the Gauss symbol.

The rest of the paper is organized as follows. In section 2, we establish the
pointwise estimates of the solutions. Then, in Section 3, we discuss the linear
problem and show the decay estimates. Finally, we prove global existence
and asymptotic behavior of solutions for the Cauchy problem (1.1) and (1.2) in
Section 5.

2. Pointwise estimates of the solutions

The aim of this section is to establish the pointwise estimates of the
solutions. Before proceeding to our analysis, we obtain the solution formula
for the Cauchy problem (1.1) and (1.2).

We first investigate the linear equation (1.4). Taking the Fourier transform,
we have

ð1þ ajxj2 þ gjxj4Þûutt þ 2bjxj2ûut þ ðajxj6 þ bjxj4 þ jxj2Þûu ¼ 0:ð2:1Þ

The corresponding initial value are

t ¼ 0: ûu ¼ ûu0ðxÞ; ûut ¼ ûu1ðxÞ:ð2:2Þ
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The characteristic equation of (2.1) is

ð1þ ajxj2 þ gjxj4Þl2 þ 2bjxj2lþ ajxj6 þ bjxj4 þ jxj2 ¼ 0:ð2:3Þ

Let l ¼ lGðxÞ be the corresponding eigenvalues of (2.3), we obtain

ð2:4Þ
lGðxÞ

¼
�bjxj2 G jxj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1� ðaþ b � b2Þjxj2 � ðaþ ab þ gÞjxj4 � ðaaþ bgÞjxj6 � agjxj8

q
1þ ajxj2 þ gjxj4

:

The solution to the problem (2.1) and (2.2) is given in the form

ûuðx; tÞ ¼ ĜGðx; tÞûu1ðxÞ þ ĤHðx; tÞûu0ðxÞ;ð2:5Þ
where

ĜGðx; tÞ ¼ 1

lþðxÞ � l�ðxÞ
ðelþðxÞt � el�ðxÞtÞð2:6Þ

and

ĤHðx; tÞ ¼ 1

lþðxÞ � l�ðxÞ
ðlþðxÞel�ðxÞt � l�ðxÞelþðxÞtÞ:ð2:7Þ

By the Duhamel principle and (2.5), we obtain the solution formula to (2.1) and
(2.2),

uðtÞ ¼ GðtÞ � u1 þHðtÞ � u0 þ
ð t
0

Gðt� tÞ � ðI � aDþ gD2Þ�1Df ðuÞðtÞ dt:ð2:8Þ

where

Gðx; tÞ ¼ F�1½ĜGðx; tÞ�ðxÞ; Hðx; tÞ ¼ F�1½ĤHðx; tÞ�ðxÞ:

Next, we shall establish the pointwise estimates of the solutions.

Lemma 2.1. The solution of problem (2.1) and (2.2) satisfies

jxj2ð1þ jxj2 þ jxj4Þjûuðx; tÞj2 þ jûutðx; tÞj2ð2:9Þ

aCe�crðxÞt½jxj2ð1þ jxj2 þ jxj4Þjûu0ðxÞj2 þ jûu1ðxÞj2�;

for x A Rn and t > 0, where rðxÞ ¼ jxj2

1þ jxj2 þ jxj4
.

Proof. Multiplying (2.1) by ûut and taking the real part yields

1

2

d

dt
fð1þ ajxj2 þ gjxj4Þjûutj2 þ ðajxj6 þ bjxj4 þ jxj2Þjûuj2g þ 2bjxj2jûutj2 ¼ 0:ð2:10Þ
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Multiplying (2.1) by ûu and taking the real part, we obtain

1

2

d

dt
fbjxj2jûuj2 þ 2ð1þ ajxj2 þ gjxj4Þ ReðûutûuÞgð2:11Þ

þ ðajxj6 þ bjxj4 þ jxj2Þjûuj2 � ð1þ ajxj2 þ gjxj4Þjûutj2 ¼ 0:

Multiplying both sides of (2.10) and (2.11) by ð1þ ajxj2 þ gjxj4Þ and bjxj2
respectively, summing up the products yields

d

dt
E þ F ¼ 0;ð2:12Þ

where

E ¼ 1

2
ð1þ ajxj2 þ gjxj4Þjûutj2 þ ð1þ ajxj2 þ gjxj4Þðajxj6 þ bjxj4 þ jxj2Þjûuj2

þ b2jxj4jûuj2 þ bjxj2ð1þ ajxj2 þ gjxj4Þ ReðûutûuÞ

and

F ¼ bjxj2ðajxj6 þ bjxj4 þ jxj2Þjûuj2 þ bjxj2ð1þ ajxj2 þ gjxj4Þjûutj2:

A simple computation implies that

E@ ð1þ ajxj2 þ gjxj4ÞE0;ð2:13Þ
where

E0 ¼ jxj2ð1þ jxj2 þ jxj4Þjûuj2 þ jûutj2:

Note that F l cjxj2E0. It follows from (2.13) that

F l rðxÞE;ð2:14Þ
where

rðxÞ ¼ jxj2

1þ jxj2 þ jxj4
:

By (2.12) and (2.14), we get

d

dt
E þ crðxÞEa 0:

Thus Eðx; tÞa e�crðxÞtEðx; 0Þ, which together with (2.13) proves the desired esti-
mates (2.9). Then the proof is complete.

Lemma 2.2. Let ĜGðx; tÞ and ĤHðx; tÞ be the fundamental solution of (2.5) in
the Fourier space, which are given in (2.6) and (2.7), respectively. Then we have
the estimates

jxj2ð1þ jxj2 þ jxj4ÞjĜGðx; tÞj2 þ jĜGtðx; tÞj2 aCe�crðxÞtð2:15Þ
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and

jxj2ð1þ jxj2 þ jxj4ÞjĤHðx; tÞj2 þ jĤHtðx; tÞj2 aCjxj2ð1þ jxj2 þ jxj4Þe�crðxÞtð2:16Þ

for x A Rn and tb 0, where rðxÞ ¼ jxj2

1þ jxj2 þ jxj4
.

Proof. If ûu0ðxÞ ¼ 0, from (2.5), we have

ûuðx; tÞ ¼ ĜGðx; tÞûu1ðxÞ; ûutðx; tÞ ¼ ĜGtðx; tÞûu1ðxÞ:

Substituting the equalities into (2.9) with ûu0ðxÞ ¼ 0, we obtain (2.15). In what
follows, we consider ûu1ðxÞ ¼ 0, it follows from (2.5) that

ûuðx; tÞ ¼ ĤHðx; tÞûu0ðxÞ; ûutðx; tÞ ¼ ĤHtðx; tÞûu0ðxÞ:

Substituting the equalities into (2.9) with ûu1ðxÞ ¼ 0, we obtain the desired esti-
mate (2.16). The Lemma is proved.

Lemma 2.3. Let kb 0 and 1a pa 2. Then we have

kqk
xGðtÞ � fkL2 aCð1þ tÞ�ðn=2ð1=p�1=2Þþk=2þl=2�1=2Þkfk _HH�l

p
ð2:17Þ

þ Ce�ctkqðk�2Þþ
x fkL2 ;

kqk
xHðtÞ � fkL2 aCð1þ tÞ�ðn=2ð1=p�1=2Þþk=2þl=2Þkfk _HH�l

p
ð2:18Þ

þ Ce�ctkqk
xfkL2

kqk
xGtðtÞ � fkL2 aCð1þ tÞ�ðn=2ð1=p�1=2Þþk=2þl=2Þkfk _HH�l

p
ð2:19Þ

þ Ce�ctkqk
xfkL2 ;

kqk
xHtðtÞ � fkL2 aCð1þ tÞ�ðn=2ð1=p�1=2Þþk=2þl=2þ1=2Þkfk _HH�l

p
ð2:20Þ

þ Ce�ctkqkþ2
x fkL2

kqk
xGðtÞ � ðI � aDþ gD2Þ�1DgkL2 aCð1þ tÞ�ðn=4þk=2þ1=2ÞkgkL1ð2:21Þ

þ Ce�ctkqk
x gkL2 ;

kqk
xGtðtÞ � ðI � aDÞ�1DgkL2 aCð1þ tÞ�ðn=4þk=2þ1ÞkgkL1ð2:22Þ

þ Ce�ctkqk
x gkL2 ;

where ðk � 2Þþ ¼ maxf0; k � 2g.

Proof. Firstly, we prove (2.17). We divide the integral into two parts
corresponding to the low frequency region jxjk 1 and the high frequency region
jxjl 1: Using Plancherel’s identity [22] and (2.15), we obtain
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kqk
xGðtÞ � fk

2
L2ð2:23Þ

¼
ð
jxjk1

jxj2kjĜGðx; tÞj2jf̂fðxÞj2 dxþ
ð
jxjl1

jxj2kjĜGðx; tÞj2jf̂fðxÞj2 dx

aC

ð
jxjk1

jxj2k�2
e�cjxj2tjf̂fðxÞj2 dx

þ Ce�ct

ð
jxjl1

jxj2kðjxj2ð1þ jxj2 þ jxj4ÞÞ�1jf̂fðxÞj2 dx

aCk jxj�l f̂fðxÞk2Lp 0

ð
jxjk1

jxjð2k�2þ2lÞq
e�cqjxj2t dx

 !1=q

þ Ce�ctkqðk�2Þþ
x fk2L2 ;

where
1

p
þ 1

p 0 ¼ 1,
2

p 0 þ
1

q
¼ 1. It follows from Hausdor¤-Young inequality [2]

that

k jxj�l f̂fðxÞkLp 0 aCkð�DÞ�l=2fkL p :ð2:24Þ

By the inequality ð
jxjad

jxjke�cjxj2t dxk ð1þ tÞ�ðkþnÞ=2; Etb 0;

sup
0ajxjad

jxjke�cjxj2t dxk ð1þ tÞ�k=2; Etb 0;

in [18, pp. 1184], we obtain

ð
jxjk1

jxjð2k�2þ2lÞq
e�cqjxj2t dx

 !1=q
aCð1þ tÞ�ðn=2qþk�1þlÞð2:25Þ

aCð1þ tÞ�ðnð1=p�1=2Þþk�1þlÞ:

Combining (2.23), (2.24) and (2.25) yields (2.17).
Similarly, using (2.15) and (2.16), respectively, we can prove (2.18)–(2.20).
Next, we prove (2.21). By the Plancherel theorem, (2.15) and Hausdor¤-

Young inequality, we have

kqk
xGðtÞ � ðI � aDþ gD2Þ�1Dgk2L2

¼
ð
jxjk1

jxj2kjĜGðx; tÞj2jxj4ð1þ jxj2 þ jxj4Þ�2jĝgðxÞj2 dx

þ
ð
jxjl1

jxj2kjĜGðx; tÞj2jxj4ð1þ jxj2 þ jxj4Þ�2jĝgðxÞj2 dx
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aC

ð
jxjk1

jxj2kþ2
e�cjxj2tjĝgðxÞj2 dxþ Ce�ct

ð
jxjl1

jxj2kjĝgðxÞj2 dx

aCkĝgðxÞk2Ly

ð
jxjk1

jxj2kþ2
e�cjxj2t dxþ Ce�ctkqk

x gk
2
L2

aCð1þ tÞ�ðn=2þkþ1Þkgk2L1 þ Ce�ctkqk
x gk

2
L2 :

Thus (2.21) follows. Similarly, we can prove (2.22). Thus we have completed
the proof of Lemma 2.3.

3. Decay estimates for solutions to the linear equation

Theorem 3.1. Assume that u0 A Hsþ2ðRnÞ \ _HH�1
1 ðRnÞ, u1 A HsðRnÞ \

_HH�2
1 ðRnÞ sb

n

2

� �
þ 5

� �
. Then the classical solution uðx; tÞ to (1.4) associated

with initial data (1.2), satisfies the decay estimates

kqk
xuðtÞkL2 k ð1þ tÞ�n=4�k=2�1=2ðku0k _HH�1

1
þ ku1k _HH�2

1
þ ku0kH sþ2 þ ku1kH sÞð3:1Þ

for ka sþ 2,

kqh
xutðtÞkL2 k ð1þ tÞ�n=4�h=2�1ðku0k _HH�1

1
þ ku1k _HH�2

1
þ ku0kH sþ2 þ ku1kH sÞð3:2Þ

for ha s,

kqm
x uðtÞkLy k ð1þ tÞ�n=2�m=2�1=2ðku0k _HH�1

1
þ ku1k _HH�2

1
þ ku0kH sþ2 þ ku1kH sÞð3:3Þ

for ma sþ 1� n

2

� �
.

Proof. Firstly, we prove (3.1). It follows from (2.17) and (2.18) that

kqk
x uðtÞkL2 k kqk

xGðtÞ � u1kL2 þ kqh
xHðtÞ � u0kL2

k ð1þ tÞ�n=4�k=2�1=2ðku0k _HH�1
1

þ ku1k _HH�2
1
Þ þ e�ctðku0kH sþ2 þ ku1kH sÞ

k ð1þ tÞ�n=4�k=2�1=2ðku0k _HH�1
1

þ ku1k _HH�2
1

þ ku0kH sþ2 þ ku1kH sÞ:

Similar to the proof of (3.1), using (2.19) and (2.20), we obtain (3.2). Next,
we prove (3.3). Using (3.1) and Gagliardo-Nirenberg inequality [22], it is not
di‰cult to get (3.3). Hence, we omit the procedure here. The Lemma is
complete.

4. Existence of global solution and asymptotic behavior

In this section, we prove the existence and asymptotic behavior of global
solutions to the Cauchy problem (1.1) and (1.2). Before going to our main
result, we need the following technical Lemma.
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Lemma 4.1 [27]. Let s and y be positive integers, d > 0, p; q; r A ½1;y� satisfy
1

r
¼ 1

p
þ 1

r
, and let k A f0; 1; 2; . . . ; sg. Assume that F ðvÞ is a class of C s and

satisfies

jq l
vF ðvÞjaCl; djvjyþ1�l ; jvja d; 0a la s; l < yþ 1

and

jq l
vFðvÞjaCl; d; jvja d; la s; yþ 1a l:

If v A Lp \Wk;q \ Ly and kvkLy a d, then

kFðvÞkW k; r aCk; dkvkW k; qkvkL pkvky�1
Ly ;

kqa
xF ðvÞkLr aCk; dkqa

xvkLqkvkL pkvky�1
Ly ; jaja k:

Lemma 4.2 [27]. Let s and y be positive integers, d > 0, p; q; r A ½1;y� satisfy
1

r
¼ 1

p
þ 1

r
, and let k A f0; 1; 2; . . . ; sg. Let F ðvÞ be a function that satisfies the

assumptions of Lemma 4.1. Moreover, assume that

jqs
vF ðv1Þ � qs

vFðv2ÞjaCdðjv1j þ jv2jÞmaxfy�s;ygjv1 � v2j; jv1ja d; jv2ja d:

If v1; v2 A Lp \Wk;q \ Ly and kv1kLy a d, kv2kLy a d, then for jaja k, we have

kqa
xðF ðv1Þ � Fðv2ÞÞkLr

aCk; dfðkqa
xv1kLq þ kqa

xv2kLqÞkv1 � v2kL p

þ ðkv1kL p þ kv2kL pÞkqa
xðv1 � v2ÞkLqgðkv1kLy þ kv2kLyÞy�1:

Based on the estimates (3.1)–(3.3) of solutions to (1.4) with respect to initial
data (1.2), we define the following Banach space

X ¼ fu A Cð½0;yÞ;Hsþ2ðRnÞÞ \ C 1ð½0;yÞ;HsðRnÞÞ : kukX < yg;

where the time weighted norm

kukX ¼ sup
tb0

X
kasþ2

ð1þ tÞn=4þk=2þ1=2kqk
x uðtÞkL2 þ

X
has

ð1þ tÞn=4þh=2þ1kqh
xutðtÞkL2

( )
;

For R > 0, we define XR ¼ fu A X : kukX aRg. For ma sþ 1� n

2

� �
, using

Gagliardo-Nirenberg inequality, we get

kqm
x uðtÞkLy aCð1þ tÞ�ðn=2þm=2þ1=2ÞkukX :ð4:1Þ

We now are position to state the main results.
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Theorem 4.3. Assume that u0 A Hsþ2ðRnÞ \ _HH�1
1 ðRnÞ, u1 A HsðRnÞ \

_HH�2
1 ðRnÞ sb

n

2

� �
þ 5

� �
and integer yb 2. Let f ðuÞ be a function of class C sþ2

and satisfy Lemmas 4.1 and 4.2. Let

E0 ¼ ku0k _HH�1
1

þ ku1k _HH�2
1

þ ku0kH sþ2 þ ku1kH s :

If E0 is suitably small, the Cauchy problem (1.1) and (1.2) has a unique global
classical solution uðx; tÞ satisfying u A Cð½0;yÞ;Hsþ2ðRnÞÞ, ut A Cð½0;yÞ;HsðRnÞÞ,
utt A Lyð½0;yÞ;Hs�2ðRnÞÞ. Moreover, the solution satisfies the decay estimate

kqk
xuðtÞkL2 kE0ð1þ tÞ�n=4�k=2�1=2;ð4:2Þ

kqh
xutðtÞkL2 kE0ð1þ tÞ�n=4�h=2�1ð4:3Þ

for ka sþ 2 and ha s.

Proof. Let us define the nonlinear mapping

FðuÞ ¼ GðtÞ � u1 þHðtÞ � u0 þ
ð t
0

Gðt� tÞ � ðI � aDþ gD2Þ�1Df ðuðtÞÞ dt:ð4:4Þ

From (2.17), (2.18), (2.21), Lemma 4.1 and (4.1), for ka sþ 2, we conclude

kqk
xFðuÞkL2

aCkqk
xGðtÞ � u1kL2 þ Ckqk

xHðtÞ � u0kL2

þ C

ð t
0

kqk
xGðt� tÞ � ðI � aDþ gD2Þ�1Df ðuðtÞÞkL2 dt

aCð1þ tÞ�n=4�k=2�1=2ðku0k _HH�1
1

þ ku1k _HH�2
1
Þ þ Ce�ctðku0kH sþ2 þ ku1kH sÞ

þ C

ð t=2
0

ð1þ t� tÞ�n=4�k=2�1=2k f ðuÞkL1 dt

þ C

ð t
t=2

ð1þ t� tÞ�n=4�1=2kqk
x f ðuÞkL1 dt

þ C

ð t
0

e�cðt�tÞkqk
x f ðuÞkL2 dt

aCð1þ tÞ�n=4�k=2�1=2ðku0k _HH�1
1

þ ku1k _HH�2
1
Þ þ Ce�ctðku0kH sþ2 þ ku1kH sÞ

þ C

ð t=2
0

ð1þ t� tÞ�n=4�k=2�1=2kuk2L2kuky�1
Ly dt

þ C

ð t
t=2

ð1þ t� tÞ�n=4�1=2kqk
x uk

2
L2kuky�1

Ly dtþ C

ð t
0

e�cðt�tÞkqk
x ukL2kuky

Ly dt
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aCð1þ tÞ�n=4�k=2�1=2ðku0k _HH�1
1

þ ku1k _HH�2
1
Þ þ Ce�ctðku0kH sþ2 þ ku1kH sÞ

þ CRyþ1

ð t=2
0

ð1þ t� tÞ�n=4�k=2�1=2ð1þ tÞ�ðn=2þ1Þð1þ tÞ�ðn=2þ1=2Þðy�1Þ
dt

þ CRyþ1

ð t
t=2

ð1þ t� tÞ�n=4�1=2ð1þ tÞ�n=2�k�1ð1þ tÞ�ðn=2þ1=2Þðy�1Þ
dt

þ CRyþ1

ð t
0

e�cðt�tÞð1þ tÞ�n=4�k=2�1=2ð1þ tÞ�ðn=2þ1=2Þy
dt

aCð1þ tÞ�n=4�k=2�1=2fðku0k _HH�1
1

þ ku1k _HH�2
1

þ ku0kH sþ2 þ ku1kH sÞ þ Ryþ1g:

Thus

ð1þ tÞn=4þk=2þ1=2kqk
xFðuÞkL2 aCE0 þ CRyþ1:ð4:5Þ

It follows from (4.4) that

FðuÞt ¼ GtðtÞ � u1 þHtðtÞ � u0ð4:6Þ

þ
ð t
0

Gtðt� tÞ � ðI � aDþ gD2Þ�1Df ðuðtÞÞ dt:

Using (2.18)–(2.20), (2.22), Lemma 4.1 and (4.1), for ha s, we arrive at

kqh
xFðuÞtkL2

aCkqh
xGtðtÞ � u1kL2 þ Ckqh

xHtðtÞ � u0kL2

þ C

ð t
0

kqh
xGtðt� tÞ � ðI � aDþ gD2Þ�1Df ðuðtÞÞkL2 dt

aCð1þ tÞ�n=4�h=2�1ðku0k _HH�1
1

þ ku1k _HH�2
1
Þ þ Ce�ctðku0kH sþ2 þ ku1kH sÞ

þ C

ð t=2
0

ð1þ t� tÞ�n=4�h=2�1k f ðuÞkL1 dt

þ C

ð t
t=2

ð1þ t� tÞ�n=4�1kqh
x f ðuÞkL1 dtþ C

ð t
0

e�cðt�tÞkqh
x f ðuÞkL2 dt

aCð1þ tÞ�n=4�h=2�1ðku0k _HH�1
1

þ ku1k _HH�2
1
Þ þ Ce�ctðku0kH sþ2 þ ku1kH sÞ

þ C

ð t=2
0

ð1þ t� tÞ�n=4�h=2�1kuk2L2kuky�1
Ly dt

þ C

ð t
t=2

ð1þ t� tÞ�n=4�1kqh
xuk

2
L2kuky�1

Ly dtþ C

ð t
0

e�cðt�tÞkqh
xukL2kuky

Ly dt
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aCð1þ tÞ�n=4�h=2�1ðku0k _HH�1
1

þ ku1k _HH�2
1
Þ þ Ce�ctðku0kH sþ2 þ ku1kH sÞ

þ CRyþ1

ð t=2
0

ð1þ t� tÞ�n=4�h=2�1ð1þ tÞ�ðn=2þ1Þð1þ tÞ�ðn=2þ1=2Þðy�1Þ
dt

þ CRyþ1

ð t
t=2

ð1þ t� tÞ�n=4�1ð1þ tÞ�n=2�h�1ð1þ tÞ�ðn=2þ1=2Þðy�1Þ
dt

þ CRyþ1

ð t
0

e�cðt�tÞð1þ tÞ�n=4�h=2�1ð1þ tÞ�ðn=2þ1=2Þy
dt

aCð1þ tÞ�n=4�h=2�1fðku0k _HH�1
1

þ ku1k _HH�2
1

þ ku0kH sþ2 þ ku1kH sÞ þ Ryþ1g:

Thus

ð1þ tÞn=4þh=2þ1kqh
xFðuÞtkL2 aCE0 þ CRyþ1:ð4:7Þ

Taking E0 and R suitably small and combining (4.5) and (4.7), we get

kFðuÞkX aR:ð4:8Þ

For u; v A XR, by using (4.4), we obtain

FðuÞ �FðvÞ ¼
ð t
0

Gðt� tÞ � ðI � aDþ gD2Þ�1D½ f ðuÞ � f ðvÞ� dt:ð4:9Þ

Using (4.9), (2.21) and Lemma 4.2 and (4.1), for ka sþ 2, we obtain

kqk
xFðuÞ �FðvÞÞkL2

a

ð t
0

kqk
xGðt� tÞ � ðI � aDþ gD2Þ�1D½ f ðuÞ � f ðvÞ�kL2 dt

aC

ð t=2
0

ð1þ t� tÞ�n=4�k=2�1=2k½ f ðuÞ � f ðvÞ�kL1 dt

þ C

ð t
t=2

ð1þ t� tÞ�n=4�1=2kqk
x ½ f ðuÞ � f ðvÞ�kL1 dt

þ C

ð t
0

e�cðt�tÞkqk
x ½ f ðuÞ � f ðvÞ�kL2 dt

aC

ð t=2
0

ð1þ t� tÞ�n=4�k=2�1=2ðk~uukL2 þ kukL2Þku� vkL2

� ðkukLy þ kvkLyÞy�1
dt

þ C

ð t
t=2

ð1þ t� tÞ�n=4�1=2fðkqk
xukL2 þ kqk

x ukL2Þku� vkL2

þ ðkukL2 þ kvkL2Þkqk
x ðu� vÞkL2gðkukLy þ kvkLyÞy�1

dt
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þ C

ð t
0

e�cðt�tÞfðkqk
x ukL2 þ kqk

x ukL2Þku� vkLy

þ ðkukLy þ kvkLyÞkqk
x ðu� vÞkL2gðkukLy þ kvkLyÞy�1

dt

aCRyku� vkX
ð t=2
0

ð1þ t� tÞ�n=4�k=2�1=2ð1þ tÞ�ðn=2þ1=2Þy
dt

þ CRyku� vkX
ð t
t=2

ð1þ t� tÞ�n=4�1=2ð1þ tÞ�ððy=2Þðnþ1Þþðkþ1Þ=2Þ
dt

þ CCRyk~uu� ukX
ð t
0

e�cðt�tÞð1þ tÞ�ðn=4þðn=2Þyþk=2þ1=2Þ
dt

aCRyð1þ tÞ�n=4�k=2�1=2k~uu� ukX ;

which implies

ð1þ tÞn=4þk=2þ1=2kqk
x ðFðuÞ �FðvÞÞkL2 aCRyku� vkX :ð4:10Þ

Similarly for ha s, from (4.6), (2.22) and (4.1), we have

kqh
xðFðuÞ �FðvÞÞtkL2 a

ð t
0

kqh
xGtðt� tÞ � ðI � aDþ gD2Þ�1D½ f ðuÞ � f ðvÞ�kL2 dt

aC

ð t=2
0

ð1þ t� tÞ�n=4�h=2�1kð f ðuÞ � f ðvÞÞkL1 dt

þ C

ð t
t=2

ð1þ t� tÞ�n=4�1kqh
xð f ðuÞ � f ðvÞÞkL1 dt

þ C

ð t
0

e�cðt�tÞkqh
xð f ðuÞ � f ðvÞÞkL2 dt

aCRyð1þ tÞ�n=4�h=2�1ku� vkX ;

which implies

ð1þ tÞn=4þh=2þ1kqh
xðFðuÞ �CðvÞÞtkL2 aCRyku� vkX :ð4:11Þ

Taking R suitably small and using (4.10), (4.11), we obtain

kFðuÞ �FðvÞkX a
1

2
ku� vkX :ð4:12Þ

It follows (4.8) and (4.12) that F is strictly contracting mapping. Consequently,
we conclude that there exists a fixed point u A XR of the mapping F, which is a
classical solution to IVP (1.1) and (1.2). This completes the proof.
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[ 9 ] N. Polat and A. Ertaş, Existence and blow-up of solution of Cauchy problem for the

generalized damped multidimensional Boussinesq equation, J. Math. Anal. Appl. 349 (2009),

10–20.
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