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LOWER BOUND OF ADMISSIBLE FUNCTIONS

ON THE GRASSMANNIAN Gm;nmðCÞ

Adnène Ben Abdesselem and Ines Adouani

Abstract

We prove the existence of an ‘‘extremal’’ function lower bounding all admissible

functions (ie plurisubharmonic functions modulo a metric) with supremum equal to zero

on the complex Grassmann manifold Gm; nmðCÞ. The functions considered are invariant

under a suitable automorphisms group. This gives a conceptually simple method to

compute Tian’s invariant in the case of a non toric manifold.

Résumé

On prouve l’existence d’une fonction ‘‘extrémale’’ minorant toutes les fonctions

admissibles (ie plurisousharmoniques à la métrique initiale près) à sup nul sur la

grassmannienne complexe Gm; nmðCÞ. Les fonctions considérées sont invariantes par un

groupe d’automorphismes convenablement choisi. Cette minoration permet de calculer

l’invariant de Tian sur un exemple de variétés non toriques.

1. Introduction

This article takes its origin in the problem of the existence of Kähler-Einstein
metrics on a compact Kähler manifold X . This problem is one of the most
fundamental problems in complex di¤erential geometry. Let us recall that a
metric g is said to be Kähler-Einstein if its Kähler form o satisfies the following
equation:

R ¼ lwð1:1Þ
for a real number l. R is the Ricci curvature form relative to the Kähler
form o.

In local coordinates ðz1; . . . ; znÞ of X , if w ¼ ig
ab

dza5dzb, then the Ricci

tensor’s components are given by R
ab

¼ �q
ab

logðdetðgabÞÞ (where q
ab

¼ q2

qzaqzb
).
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Since the cohomology class of the Ricci curvature is the first Chern class
C1ðX Þ, a nessecary condition for the existence of a Kähler-Einstein metric is that
C1ðX Þ has a prescibed sign.

The problem is to find a real smooth and g-admissible function j
(ie g

ab
þ q

ab
j is positive definite) such that:

g 0
ab

¼ g
ab
þ q

ab
jð1:2Þ

is Kähler-Einstein. This leads, after a suitable normalisation, to the complex
Monge-Ampère equation:

log detðg 0g�1Þ ¼ �ejþ f ;ð1:3Þ

where f is a geometric data and where e ¼ �1 (respectively e ¼ 0, e ¼ þ1) when
C1ðX Þ is negative (respectively null, positive).

The cases C1ðXÞ < 0 and C1ðX Þ ¼ 0 (linked with Calabi conjecture) were
solved independently by Aubin [A], [A1] and Yau [Y] (see also [T1]). In both
cases one get a positive answer.

In the positive case, unlike the two previous ones, there exist obstructions
to the existence of Kähler-Einstein metrics, given by Matsushima [M], Lichnner-
owicz [L] and Futaki [F]. However, it is interesting to find conditions under
which these manifolds admit or do not admit Kähler-Einstein metrics. The
linearized operator of the equations cited above is no longer invertible in the
positive case (since e ¼ þ1 is positive). To overcome this di‰culty, Thierry
Aubin introduced another family of equations:

ð�Þt : log detðg 0g�1Þ ¼ �tjþ f ; j is Cyg-admissible;ð1:4Þ
and reduces the problem to the C0-estimate of the solutions jt of ð�Þt. To this
end, T. Aubin in [A2] introduced an holomorphic invariant xðX Þ giving a
su‰cient condition to the existence of a Kähler-Einstein metric on X .

A few years later, taking into account a Hörmander inequality [H] and
functionals introduced by Aubin in [A2] (see also [A3]), G. Tian [T] introduced
a new holomorphic invariant aGðX Þ for Cy g-admissible functions, invariant
under a group of automorphisms G, easier to compute than Aubin’s one. Under
a condition on this invariant, equation (1.1) can be solved:

Theorem 1.1 (Tian [T]). Let ðX ; gÞ be a compact Kähler manifold of
complex dimension n with C1ðXÞ > 0. Define:

AG ¼ fj A CyðXÞ j j is G-invariant on X ; g-admissible; sup j ¼ 0g
and

aGðXÞ ¼ sup a j bC > 0 such that

ð
X

e�aj dvaC for all j A AG

� �
:

Then X admits a Kähler-Einstein metric whenever aGðXÞ > n

nþ 1
.
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Furthermore, the first author was interested in proving the existence of a
Kähler-Einstein metric on some Fano manifolds and he gaves a ‘‘tool’’ to
compute Tian’s invariant. In fact, this method uses the underlying algebraic
aspects of the manifolds under study to highlight an ‘‘extremal’’ function c lower
bounding all Cy g-admissible functions j with supremum equal to zero, and
invariant under a suitable group of automorphisms. This fact allows to compute
Tian’s invariant by estimating the integral of the exponential of a single function.
In [B1], the method has been initiated in the simplest case, namely the sphere
S2 ¼ P1ðCÞ. A similar lower bound has been proven on the complex projective
space [B2], as well as on manifolds built from the projective space by blow-up
([B] [B-D] [B-C]).

In a recent paper [B-J], this method was applied in the case of a non toric
manifold: the Grassmannian G2;4ðCÞ. Moreover, Tian’s invariant for complex
Grassmannian Gp;qðCÞ (the space of p-planes in Cpþq) has already been computed
by J. Grivaux in [G] using a very clever and completely di¤erent method. In this
article, our aim is to generalize the result given on G2;4ðCÞ.

2. Preliminary material

Let Gm;nmðCÞ be the complex Grassmannian manifold of m-planes in Cnm.
It is a compact complex manifold of dimension m2ðn� 1Þ. Let Mnm;mðCÞ be the
space of nm�m complex matrices (i-e nm rows and m columns) and let Lnm;mðCÞ
be the subset of matrices of rank m. A point of Gm;nmðCÞ is identified by a
matrix M A Lnm;mðCÞ:

M ¼
Z0

..

.

Zn�1

0
BB@

1
CCAð2:1Þ

where Zj ¼

ljmþ1

..

.

lð jþ1Þm

0
BB@

1
CCA (for 0a ja n� 1) is a m�m complex matrix, and where

ðljmþkÞ1akam are the rows of Zj.
Setting I ¼ fi1; . . . ; img, where 1a i1 < � � � < im a nm, ZI denotes the m�m

complex matrix given by:

ZI ¼
li1

..

.

lim

0
BB@

1
CCA:ð2:2Þ

Considering the above description, the domains of usual charts of Gm;nmðCÞ
are given by:

UI ¼ fM A Gm;nmðCÞ such that det ZI 0 0g:ð2:3Þ
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For example, every point M ¼

Z0

Z1

..

.

Zn�1

0
BBBB@

1
CCCCA in UI0 , where I0 ¼ f1; 2; . . . ;mg, can

be written M ¼

Id0

Z 0
1

..

.

Z 0
n�1

0
BBBB@

1
CCCCA where Id0 is the identity matrix of order m and, for

j A f1; . . . ; n� 1g, Z 0
j ¼ ZjZ

�1
0 .

We endow Gm;nmðCÞ by the metric g obtained from the Fubini-Study on

Pr�1C where r ¼ nm

m

� �
. Let ðzaÞ1aaam2ðn�1Þ be a local coordinate system in

UI0 , then g is given by:

g ¼ anqab ln 1þ
X

IHf1;...;nmgnI0
jdet ZI j2

0
@

1
A dza n dzb;ð2:4Þ

where an ¼ nm and q
ab

¼ q2

qzaqzb
. The integer an is chosen such that the metric

g is in the first Chern class C1ðGm;nmðCÞÞ of Gm;nmðCÞ. g is a Kähler metric on
Gm;nmðCÞ with fundamental form:

o ¼ ianqab ln 1þ
X

IHf1;...;nmgnI0
jdet ZI j2

0
@

1
A dza5dzb:ð2:5Þ

Definition 2.1. A function j A CyðGm;nmðCÞÞ is called g-admissible if
ðgþ q

ab
jÞ is positive definite.

The function ~cc on Lnm;mðCÞ of nm2 variables given by:

~ccðMÞ ¼ ln

Q j¼n�1
j¼0 jdet Zjj2m

ð
P

IHf1;...;nmg jdet ZI j2Þan

 !
ð2:6Þ

induces a well defined function ~cc on Gm;nmðCÞ outside the boundaries of the
charts UI . In fact, the right multiplication of a point M in Lnm;mðCÞ by a

matrix A A GLmðCÞ is equal to M 0 ¼
Z0A

..

.

Zn�1A

0
B@

1
CA and, recalling that an ¼ nm, we

have:

~ccðM 0Þ ¼ ln
jdet Aj2nm

Q j¼n�1
j¼0 jdet Zj j2m

jdet Aj2nmð
P

IHf1;...;nmg jdet ZI j2Þan

 !
ð2:7Þ

¼ ~ccðMÞ:ð2:8Þ
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The expression of ~cc in the chart UI0 is given by:

~ccðMÞ ¼ ln

Q j¼n�1
j¼1 jdet Zj j2m

ð1þ
P

IHf1;...;nmgnI0 jdet ZI j2Þan

 !
:ð2:9Þ

Let c ¼ ~cc� sup ~cc ¼ ~ccþ anm lnðnÞ. This new function reaches a supremum

equal to zero on the point

Id0

..

.

Idn�1

0
BB@

1
CCA A Gm;nmðCÞ and tends to infinity in the

boundaries of the charts UI . This will be proved into Proposition 4.3.

3. An appropriate isometry group

The unitary group UnmðCÞ acts transitively by left multiplication on
Gm;nmðCÞ and induces an isometry group of Gm;nmðCÞ with respect to the Fubini
Study metric g. Consequently, given two points M and N of Gm;nmðCÞ, there
always exist an isometry that transforms M in N.

Let us consider an isometry i : Gm;nmðCÞ ! Gm;nmðCÞ satisfying

iðMÞ ¼ Dð3:1Þ

where D ¼

Id0

D1

..

.

Dn�1

0
BBBB@

1
CCCCA is the matrix obtained from M by the following description.

Set

M ¼

Id0

Z1

..

.

Zn�1

0
BBBB@

1
CCCCA A 7

I

det ZI 0 0f g:ð3:2Þ

Since the matrices Zj (for 1a ja n� 1) are invertibles and according to the
polar decomposition theorem, there exists a unique pair ðUj ;HjÞ A UmðCÞ �
Hþ

m ðCÞ such that Zj ¼ UjHj . However, Hj is a hermitian positive definite
matrix. It follows that Hj is diagonalizable and its eigenvalues are strictly
positive real numbers. In other words we have: Hj ¼ P�1

j DjPj where

Pj A UmðCÞ and Dj ¼

l1j 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 lm
j

0
BBBBB@

1
CCCCCA is the m�m diagonal matrix whose

diagonal entries are the eigenvalues of Hj.
The existence of such an automorphism is provided by the transitive action

of the unitary group UnmðCÞ on Gm;nmðCÞ. In particular, among these automor-
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phisms we also consider the maps Pij (for i; j A f0; . . . ; n� 1g) and FU defined as
follows:

Pij : Gm;nmðCÞ ! Gm;nmðCÞ
Z0

Z1

..

.

Zi

..

.

Zj

..

.

Zn�1

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

7!

Z0

Z1

..

.

Zj

..

.

Zi

..

.

Zn�1

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

and

fU : Gm;nmðCÞ ! Gm;nmðCÞ
Z0

Z1

..

.

Zn�1

0
BBBB@

1
CCCCA 7!

UZ0

Z1

..

.

Zn�1

0
BBBB@

1
CCCCA

The map Pij exchanges the matrices Zj (for 0a ja n� 1) between them.
Therefore fU corresponds to the left multiplication of matrices Zj (for 0a ja
n� 1) by a unitary matrix U A UmðCÞ. Both FU and Pij are well defined. In
what follows, G stands for the group generated by the isometries i. The metric g
is, by definition, invariant under the action of G.

4. Main results

Here and subsequently, all calculations will be made in the chart UI0 defined
by

UI0 ¼ fM A Gm;nmðCÞ such that det ZI0 0 0g:ð4:1Þ
Locally, in the chart UI0 , to say a map j defined on Gm;nmðCÞ is G-invariant
implies that it satisfies:

j

Id0

Z1

Z2

..

.

Zn�1

0
BBBBBB@

1
CCCCCCA

¼ j

Z1

Id0

Z2

..

.

Zn�1

0
BBBBBB@

1
CCCCCCA

¼ j

UZ1

Id0

Z2

..

.

Zn�1

0
BBBBBB@

1
CCCCCCA

¼ j

Id0

UZ1

Z2

..

.

Zn�1

0
BBBBBB@

1
CCCCCCA

ð4:2Þ
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and, in the intersection of charts ð7
I
fdet ZI 0 0gÞ, we have

j

Id0

Z1

Z2

..

.

Zn�1

0
BBBBBB@

1
CCCCCCA

¼ j

Z1

Id0

Z2

..

.

Zn�1

0
BBBBBB@

1
CCCCCCA

¼ j

Id0

Z�1
1

Z2Z
�1
1

..

.

Zn�1Z
�1
1

0
BBBBBB@

1
CCCCCCA

ð4:3Þ

Theorem 4.1. Let j A CyðGm;nmðCÞÞ be a g-admissible and G-invariant

function such that supGm; nmðCÞ j ¼ j

Id0

..

.

Idn�1

0
BB@

1
CCA¼ 0. Then: jbc.

This theorem asserts that all admissible and G-invariant function j A
CyðGm;nmðCÞÞ with supremum equal zero are lower bounded by the function
c defined above. The important corollary of Theorem 4.1 is established by our
next theorem.

Theorem 4.2. Ea <
1

m
, we have the following inequality of the type Tian-

Hormander (See [H], [T]): ð
Gm; nmðCÞ

e�aj dvcCð4:4Þ

for every g-admissible and G-invariant function j A CyðGm;nmðCÞÞ, satisfying
sup j ¼ 0 on Gm;nmðCÞ.

This theorem induces aGðGm;nmðCÞÞb
1

m
. The remainder of this section

will be devoted to the proof of these Theorems.

4.1. Proof of Theorem 4.1. The proof of Theorem 4.1 will be divided
into a sequence of lemmas but let us first outline some properties of the func-
tion c.

Proposition 4.3. c is G-invariant and it reaches a supremum on Gm;nmðCÞ
equal to zero at any point in the unitry group UmðCÞ. c and ~cc satisfy:

qlmc ¼ qlm ~cc ¼ �gð4:5Þ

Proof. The proof falls into three steps.
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Step 1. The functions c and ~cc are G-invariant. Indeed, by the description
Zj ¼ UjHj ¼ UjP

�1
j DjPj (for 1a ja n� 1Þ we get: det Zj ¼ det Dj. On the

other hand, the logarithmic potential of the metric g, easily seen in the dominator
of the function c, is invariant by the action of isometry i. It follows that ~cc is
G-invariant as well as the function c.

Step 2. It is easy to check that qlmc ¼ qlm ~cc ¼ �g since
q2

qzqz
ðlnðj f ðzÞj2ÞÞ

¼ 0 if f is a holomorphic function.

Step 3. Under the properties of G-invariance satisfied by the function c, we

are reduced to the case when M is equal to

Id0

D1

..

.

Dn�1

0
BBBB@

1
CCCCA. Thus, c satisfy:

cðMÞ ¼ ln

Qn�1
j¼1 jdet Djj2m

ð1þ
P

InI0 jDI j2Þan

 !
ð4:6Þ

¼ ln
jðl11 � � � l

m
1 Þ � � � ðl

1
n�1 � � � l

m
n�1Þj

2m

ð1þ
P

InI0 jDI j2Þan

 !
ð4:7Þ

Let us show that for every point M ¼

Id0

D1

..

.

Dn�1

0
BBBB@

1
CCCCA A Gm;mnðCÞ, we have:

cðMÞ < c

Id0

Id1

..

.

Idn�1

0
BBBB@

1
CCCCA:ð4:8Þ

Let f be a function defined at every point M ¼

Id0

D1

..

.

Dn�1

0
BBBB@

1
CCCCA on the chart UI0 of

Gm;mnðCÞ by:

f ðMÞ ¼
Qn�1

j¼1 jdet Djj2m

ð1þ
P

InI0 jDI j2Þan
:ð4:9Þ
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Observe that the function K : ðRn
þÞ

� ! R�
þ defined by

Kðx0; . . . ; xn�1Þ ¼
ðx0 � � � xn�1Þ1=n

x0 þ � � � þ xn�1
ð4:10Þ

reaches its supremum at the point ð1; . . . ; 1Þ. Hence, for all M ¼

Id0

D1

..

.

Dn�1

0
BBBB@

1
CCCCA A

Gm;mnðCÞ we have:

f ðMÞa
Qn�1

j¼1 jdet Djj2m

ð1þ
Pn�1

j¼1 jdet Djj2Þan
ð4:11Þ

The last function is nothing but the function Knm (with x0 ¼ 1 and xj ¼ jdet Dj j2
for 1a ja n� 1). From this, we conclude that f reaches a supremum if

det Dj ¼ 1 (for 1a ja n� 1). Neverthless the point

Id0

Id1

..

.

Idn�1

0
BBBB@

1
CCCCA satisfy this con-

dition, hence the function f reaches a supremum at this point. This completes
the proof.

Lemma 4.4. Let j A CyðGm;mnðCÞÞ be a g-admissible and G-invariant func-
tion. We get:

ðj� cÞ

Id0

D1

..

.

Dn�1

0
BBBB@

1
CCCCAd ðj� cÞ

Id0

ðD1 � � �Dn�1Þ1=ðn�1Þ

..

.

ðD1 � � �Dn�1Þ1=ðn�1Þ

0
BBBB@

1
CCCCAð4:12Þ

Proof. The proof is by induction on p. Assume that the inequality

ðj� cÞ

Id0

D1

..

.

Dn�1

0
BBBB@

1
CCCCAd ðj� cÞ

Id0

ðD1 � � �DpÞ1=p

..

.

ðD1 � � �DpÞ1=p

Dpþ1

..

.

Dn�1

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

ð4:13Þ

holds for p ð1c p < n� 1Þ, we will prove it for ðpþ 1Þ, ie:
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ðj� cÞ

Id0

D1

..

.

Dn�1

0
BBBB@

1
CCCCAd ðj� cÞ

Id0

ðD1 � � �Dpþ1Þ1=ðpþ1Þ

..

.

ðD1 � � �Dpþ1Þ1=ðpþ1Þ

Dpþ2

..

.

Dn�1

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

ð4:14Þ

Suppose that the above inequality is not satisfied for degree ðpþ 1Þ, then there
exists a point

M0 ¼

Id0

D0
1

..

.

D0
n�1

0
BBBB@

1
CCCCA A Gm;nmðCÞð4:15Þ

such that

ðj� cÞ

Id0

D0
1

..

.

D0
n�1

0
BBBB@

1
CCCCA< ðj� cÞ

Id0

ðD0
1 � � �D0

pþ1Þ
1=ðpþ1Þ

..

.

ðD0
1 � � �D0

pþ1Þ
1=ðpþ1Þ

D0
pþ2

..

.

D0
n�1

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

ð4:16Þ

By G-invariance of j, we can assume that ðl1j Þ1c jcpþ1 (relative to D0
1 ; . . . ;D

0
pþ1)

satisfy l11 c � � �c l1pþ1. Furthermore, by induction hypothesis and again by
G-invariance of j, we obtain:

ðj� cÞ

Id0

D0
1

..

.

D0
p�1

D0
p

D0
pþ1

..

.

D0
n�1

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA

b ðj� cÞ

Id0

ðD0
1 � � �D0

p�1D
0
pÞ

1=p

..

.

ðD0
1 � � �D0

p�1D
0
pÞ

1=p

D0
pþ1

..

.

D0
n�1

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

ð4:17Þ
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and

ðj� cÞ

Id0

D0
1

..

.

D0
p�1

D0
pþ1

D0
p

..

.

D0
n�1

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA

b ðj� cÞ

Id0

ðD0
1 � � �D0

p�1D
0
pþ1Þ

1=p

..

.

ðD0
1 � � �D0

p�1D
0
pþ1Þ

1=p

D0
p

..

.

D0
n�1

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

ð4:18Þ

For t A ½ðl1pÞ
1=p; ðl1pþ1Þ

1=p�, consider the curve cðtÞ defined by:

CðtÞ ¼

z1½1�ðtÞ 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 zm½1�ðtÞ

0
BBBBBB@

1
CCCCCCA

..

.

..

.

z1½ p�ðtÞ 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 zm½ p�ðtÞ

0
BBBBBB@

1
CCCCCCA

z1½ pþ1�ðtÞ 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 zm½ pþ1�ðtÞ

0
BBBBBB@

1
CCCCCCA

Dpþ2

..

.

Dn�1

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

where
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ðz1½ j�ðtÞÞ1cjcp ¼ ðl11 � � � l
1
p�1Þ

1=p
t

ðz i½ j�ðtÞÞ1cjcp ¼ ðl i
1 � � � l

i
pÞ

1=p t

ðl1pÞ
1=p

 !flnððl i
pþ1Þ

1=p=ðl i
pÞ

1=pÞ=lnððl1
pþ1Þ

1=p=ðl1p Þ
1=pÞg

;

E2c icm

8>>>>>><
>>>>>>:

and

z1½ pþ1�ðtÞ ¼
l1pl

1
pþ1

tp

z i½ pþ1�ðtÞ ¼ l i
pþ1

tp

l1p

 !flnððl i
pÞ

1=p=ðl i
pþ1Þ

1=pÞ=lnððl1pþ1Þ
1=p=ðl1

p Þ
1=pÞg

; E2c icm

8>>>>><
>>>>>:

By the inequality (4.16), the matrices D0
j (for 1c jc pþ 1) can not be all

equal. Since we have chosen l i
j to satisfy l11 c � � �c l1pþ1, it follows that the

curve cðtÞ passes at t ¼ ðl1pÞ
1=p through the point

P1 ¼

Id0

ðD0
1 � � �D0

p�1D
0
pÞ

1=p

..

.

ðD0
1 � � �D0

p�1D
0
pÞ

1=p

D0
pþ1

..

.

D0
n�1

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

;ð4:19Þ

and at t ¼ ðl1pþ1Þ
1=p through the point

P2 ¼

Id0

ðD0
1 � � �D0

p�1D
0
pþ1Þ

1=ðpþ1Þ

..

.

ðD0
1 � � �D0

p�1D
0
pþ1Þ

1=ðpþ1Þ

D0
p

..

.

D0
n�1

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

:ð4:20Þ
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It is easy to check that at t0 ¼ ððl1pl
1
pþ1Þ=ðl

1
1 � � � l

1
p�1Þ

1=pÞ A ½ðl1pÞ
1=p; ðl1pþ1Þ

1=p�,
the curve cðtÞ passes through the point

P3 ¼

Id0

ðD0
1 � � �D0

pþ1Þ
1=ðpþ1Þ

..

.

ðD0
1 � � �D0

pþ1Þ
1=ðpþ1Þ

D0
pþ2

..

.

D0
n�1

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
:ð4:21Þ

Consequently, from the inequalities (4.16), (4.17) and (4.18), we conclude
that:

ðj� cÞðP3Þ > ðj� cÞðP1Þ and ðj� cÞðP3Þ > ðj� cÞðP2Þ:

This shows that the function ðj� cÞ has a local maximum on the curve cðtÞ.
Applying the G-invariance argument of ðj� cÞ again, we get:

ðj� cÞðcðtÞÞ ¼ ðj� cÞ

z1½1�ðtÞ 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 zm½1�ðtÞ

0
BBBBBB@

1
CCCCCCA

..

.

..

.

z1½ p�ðtÞ 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 zm½ p�ðtÞ

0
BBBBBB@

1
CCCCCCA

z1½ pþ1�ðtÞ 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 zm½ pþ1�ðtÞ

0
BBBBBB@

1
CCCCCCA

Dpþ2

..

.

Dn�1

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
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¼ ðj� cÞ

z1½1�ðte iyÞ 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 zm½1�ðte iyÞ

0
BBBBB@

1
CCCCCA

..

.

..

.

z1½ p�ðte iyÞ 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 zm½ p�ðte iyÞ

0
BBBBB@

1
CCCCCA

z1½ pþ1�ðte iyÞ 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 zm½ pþ1�ðte iyÞ

0
BBBBB@

1
CCCCCA

Dpþ2

..

.

Dn�1

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

¼ ðj� cÞ

z1½1�ðzÞ 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 zm½1�ðzÞ

0
BBBBBB@

1
CCCCCCA

..

.

..

.

z1½ p�ðzÞ 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 zm½ p�ðzÞ

0
BBBBBB@

1
CCCCCCA

z1½ pþ1�ðzÞ 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 zm½ pþ1�ðzÞ

0
BBBBBB@

1
CCCCCCA

Dpþ2

..

.

Dn�1

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

¼ ðj� cÞðcðzÞÞ

where cðzÞ is the curve defined on the annulus fðl1pÞ
1=p

c jzjc ðl1pþ1Þ
1=pg.
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Thus, the function ðj� cÞ has a local maximum inside the annulus, it
follows that its Hessian is negative in this points. Consequently,

q2½ðj� cÞðcðzÞÞ�
qzqz

ðz0Þ ¼
q2ðj� cÞ
qziqz j

ðcðz0ÞÞ _cciðz0Þ _cc jðz0Þ < 0:ð4:22Þ

This contradicts the admissibility of j.

Lemma 4.5. Let j A CyðGm;nmÞ be a g-admissible and G-invariant function.
Then:

ðj� cÞ

Id0

ðD1 � � �Dn�1Þ1=ðn�1Þ

..

.

ðD1 � � �Dn�1Þ1=ðn�1Þ

0
BBBB@

1
CCCCAd ðj� cÞ

Id0

Id1

..

.

Idn�1

0
BBBB@

1
CCCCAð4:23Þ

Proof. Set

A ¼ ðD1 � � �Dn�1Þ1=ðn�1Þð4:24Þ

¼

ðl11 � � � l
1
n�1Þ

1=ðn�1Þ 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 ðlm
1 � � � lm

n�1Þ
1=ðn�1Þ

0
BBBBB@

1
CCCCCA

By G-invariance of the function ðj� cÞ, we can write:

ðj� cÞ

Id0

A

A

..

.

A

0
BBBBBB@

1
CCCCCCA

¼ ðj� cÞ

A�1

Id1

..

.

Idn�1

0
BBBB@

1
CCCCA¼ ðj� cÞ

Id0

A�1

Id2

..

.

Idn�1

0
BBBBBB@

1
CCCCCCA

ð4:25Þ

By Lemma 4.4, we obtain:

ðj� cÞ

Id0

A�1

Id2

..

.

Idn�1

0
BBBBBB@

1
CCCCCCA

b ðj� cÞ

Id0

ðA�1Id2 � � � Idn�1Þ1=ðn�1Þ

..

.

ðA�1Id2 � � � Idn�1Þ1=ðn�1Þ

0
BBBB@

1
CCCCAð4:26Þ

b ðj� cÞ

Id0

ðA�1Þ1=ðn�1Þ

..

.

ðA�1Þ1=ðn�1Þ

0
BBBB@

1
CCCCAð4:27Þ
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Repeating the previous process q more times ðq A N�Þ, we deduce that:

ðj� cÞ

Id0

A

..

.

A

0
BBBB@

1
CCCCAd ðj� cÞ

Id0

Að�1Þq=ðn�1Þ q

..

.

Að�1Þq=ðn�1Þ q

0
BBBB@

1
CCCCAð4:28Þ

¼ ðj� cÞ

Id0

ðD1 � � �Dn�1Þð�1Þq=ðn�1Þ qþ1

..

.

ðD1 � � �Dn�1Þð�1Þq=ðn�1Þ qþ1

0
BBBBB@

1
CCCCCAð4:29Þ

where

ðD1 � � �Dn�1Þð�1Þ q=ðn�1Þqþ1

ð4:30Þ

¼

ðl11 � � � l
1
n�1Þ

ð�1Þq=ðn�1Þqþ1

0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 ðlm
1 � � � lm

n�1Þ
ð�1Þ q=ðn�1Þ qþ1

0
BBBBB@

1
CCCCCA

Set x1 ¼ ðl11 � � � l
1
n�1Þ

ð�1Þ q=ðn�1Þ qþ1

; . . . ; xm ¼ ðlm
1 � � � lm

n�1Þ
ð�1Þq=ðn�1Þqþ1

. These
sequences ðxiÞ1aiam go to 1 when q goes to infinity. This proves the lemma.

4.2. Proof of Theorem 4.1. Let j be a function satisfying assumptions of
Theorem 4.1. In the chart

UI0 ¼ fM A Gm;nmðCÞ such that det ZI0 0 0gð4:31Þ

and at the point M ¼

Id0

Z1

..

.

Zn�1

0
BBBB@

1
CCCCA satisfying det Zj 0 0, for 1c jc n� 1, Lemma

4.4 gives

ðj� cÞ

Id0

Z1

..

.

Zn�1

0
BBBB@

1
CCCCAd ðj� cÞ

Id0

ðD1 � � �Dn�1Þ1=ðn�1Þ

..

.

ðD1 � � �Dn�1Þ1=ðn�1Þ

0
BBBB@

1
CCCCAð4:32Þ
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where Dj is the diagonal matrix constituted by the eigenvalues of the Hermitian
matrix Hj given by the polar decomposition of the matrix Zj (for 1a jc n� 1).
Applying Lemma 4.5, it follows that:

ðj� cÞ

Id0

Z1

..

.

Zn�1

0
BBBB@

1
CCCCAd ðj� cÞ

Id0

Id1

..

.

Idn�1

0
BBBB@

1
CCCCAð4:33Þ

Consequently, jbc at every point M in the chart UI0 satisfying det Zj 0 0 (for

1c jc n� 1). Concerning the point M ¼

Id0

Z1

..

.

Zn�1

0
BBBB@

1
CCCCA with at least one matrix Zj

such that det Zj ¼ 0, we get jdc since c ¼ �y. This proves the Theorem 4.1.

4.3. Proof of Theorem 4.2: Tian’s Invariant of the Grassmann Gm;nmðCÞ.
Let j A CyðGm;nmðCÞÞ be a g-admissible and G-invariant function satisfying
sup j ¼ 0 on Gm;nmðCÞ. Theorem 4.1 yields jdc at every point M A Gm;mnðCÞ.
Thus, for all ad 0 it follows that:ð

Gm; nmðCÞ
e�aj dvc

ð
Gm; nmðCÞ

e�ac dvð4:34Þ

Let us evaluate the last integral in the map UI0 defined by UI0 ¼ fdet Z0 0 0g.
In this map, the volume element related to the metric g defined on Gm;nmðCÞ is
given by (See [G]):

dv ¼ bn 1þ
X

IHf1;...;nmgnI0
jdet ZI j2

0
@

1
A
�an

dzJ5dzJð4:35Þ

where an ¼ nm, bn ¼
i

2

� �m2ðn�1Þ
and J ¼ f1; . . . ; ðn� 1Þm2g. Hence, we obtain:

ð
Gm; nmðCÞ

e�ac dvð4:36Þ

¼ bn

ð
Cðn�1Þm2

Q j¼n�1
j¼1 jdet Zjj2m

ð1þ
P

IHf1;...;nmgnI0 jdet ZI j2Þan

 !�a

ð4:37Þ

� 1þ
X

IHf1;...;nmgnI0
jdet ZI j2

0
@

1
A
�an

dzJ5dzJ
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¼ bn

ð
Cðn�1Þm2

Q j¼n�1
j¼1 jdet Zjj�2ma

ð1þ
P

IHf1;...;nmgnI0 jdet ZI j2Þanð1�aÞ dzJ5dzJð4:38Þ

¼ bn

ðþy

0

� � �
ðþy

0

ð1þ
P

IHf1;...;nmgnI0 det D 0
I Þ

anða�1ÞQ j¼n�1
j¼1 ðdet D 0

j Þ
ma

ð4:39Þ

� ðdu11 � � � dum
1 Þ � � � ðdu1n�1 � � � dum

n�1Þ

where ðD 0
j Þ1ajan�1 ¼

u1j 0 � � � 0

0 . .
. . .

. ..
.

..

. . .
. . .

.
0

0 � � � 0 um
j

0
BBBBB@

1
CCCCCA and ðui

j Þ1aiam ¼ ððl i
j Þ

2Þ1aiam.

This integral converges for a <
1

m
, and the proof is complete.
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