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KODAI MATH. J.
38 (2015), 642–657

EQUINORMALIZABILITY AND TOPOLOGICALLY TRIVIALITY

OF DEFORMATIONS OF ISOLATED CURVE SINGULARITIES

OVER SMOOTH BASE SPACES

Công-Trình Lê

Dedicated to Professor Gert-Martin Greuel on the occasion of his 70th birthday

Abstract

We give a d-constant criterion for equinormalizability of deformations of isolated

(not necessarily reduced) curve singularities over smooth base spaces of dimensionb 1.

For one-parametric families of isolated curve singularities, we show that their topo-

logically triviality is equivalent to the admission of weak simultaneous resolutions.

1. Introduction

The theory of equinormalizable deformations has been initiated by B. Teissier
([14]) in the late 1970’s for deformations of reduced curve singularities over ðC; 0Þ.
It is generalized to higher dimensional base spaces by M. Raynaud and Teissier
himself ([15]; some insight into the background of Raynaud’s argument might
be gleaned from the introduction to [10]). Recently, it is developed by Chiang-
Hsieh and Lipman ([5], 2006) for projective deformations of reduced complex
spaces over normal base spaces, and it is studied by Kollár ([11], 2011) for
projective deformations of generically reduced algebraic schemes over semi-normal
base spaces.

Each reduced curve singularity is associated with a d number (see Definition
3.3), which is a finite number and it is a topological invariant of reduced curve
singularities. Teissier-Raynaud-Chiang-Hsieh-Lipman ([14], [15], [5]) showed that
a deformation of a reduced curve singularity over a normal base space is equi-
normalizable (see Definition 3.1) if and only if it is d-constant, that is the d
number of all of its fibers are the same. This is so-called the d-constant criterion
for equinormalizability of deformations of reduced curve singularities.

For isolated curve singularities with embedded components, Brücker and
Greuel ([3], 1990) gave a similar d-constant criterion (with a new definition of the
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d number, see Definition 3.3) for equinormalizability of deformations of isolated
(not necessarily reduced) curve singularities over ðC; 0Þ. The author considered
in [12] (2012) deformations of plane curve singularities with embedded compo-
nents over smooth base spaces of dimensionb 1, and gave a similar d-constant
criterion for equinormalizability of these deformations, using special techniques
(e.g. a corollary of Hilbert-Burch theorem), which are e¤ective only for plane
curve singularities.

The first purpose of this paper is to generalize the d-constant criterion given
in [3] and [12] to deformations of isolated (not necessarily reduced) curve singu-
larities over normal or smooth base spaces of dimensionb 1. In Proposition 3.4
we show that equinormalizability of deformations of isolated curve singularities
over normal base spaces implies the constancy of the d number of fibers of these
deformations. Moreover, in Theorem 3.6 we show that if the normalization of
the total space of a deformation of an isolated curve singularity over ðCk; 0Þ,
kb 1, is Cohen-Macaulay then the converse holds. The assumption on Cohen-
Macaulayness of the normalization of the total space ensures for flatness of the
composition map. Moreover, Cohen-Macaulayness of the normalization of the
total space is always satified for deformations over ðC; 0Þ, because in this case,
the total space is a normal surface singularity, which is Cohen-Macaulay.

In all of known results for the d-constant criterion for equinormalizability
of deformations of isolated curve singularities, the total spaces of these defor-
mations are always assumed to be reduced and pure dimensional. It is necessary
to weaken the hypothesis on reducedness or purity of the dimension of total
spaces. In section 2 we study the relationship between reducedness of the total
space and that of the generic fibers of a flat morphism, and show in Theorem 2.5
that if the generic fibers of a flat morphism over a reduced Cohen-Macaulay
space are reduced then the total space is reduced. In particular, if there exists a
representative of a deformation of an isolated singularity over a reduced Cohen-
Macaulay base space such that the total space is generically reduced over the
base space then the total space is reduced (see Corollary 2.6). This gives a way
to check reducedness of the total space of a deformation, and to weaken the
hypothesis on reducedness of the total space of a deformation.

For families of isolated curve singularities, one of the most important
things is the admission of weak simultaneous resolutions ([15]) of these families.
Buchweitz and Greuel ([2], 1980) gave a list of criteria for the admission of weak
simultaneous resolutions of one-parametric families of reduced curve singularities,
namely, the constancy of the Milnor number, the constancy of the d number as
well as the number of branches of all fibers, and the topologically triviality of
these families (see Theorem 4.3). In the last section, we use a very new result
of Bobadilla, Snoussi and Spivakovsky (2014) to show that these criteria are
also true for one-parametric families of isolated (not necessarily reduced) curve
singularities (see Theorem 4.5).

Notation: Let f : ðX ; xÞ ! ðS; 0Þ be a morphism of complex germs. De-
note by ðX red ; xÞ the reduction of ðX ; xÞ and i : ðX red ; xÞ ,! ðX ; xÞ the inclusion.
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Let n red : ðX ; xÞ ! ðX red ; xÞ be the normalization of ðX red ; xÞ, where x :¼
ðn redÞ�1ðxÞ. Then the composition n : ðX ; xÞ �!n

red

ðX red ; xÞ ,!i ðX ; xÞ is called the
normalization of ðX ; xÞ. Denote f :¼ f � n : ðX ; xÞ ! ðS; 0Þ: For each s A S, we
denote

Xs :¼ f �1ðsÞ; Xs :¼ f �1ðsÞ:

2. Generic reducedness

Let f : ðX ; xÞ ! ðS; 0Þ be a flat morphism of complex germs. In this section
we study the relationship between reducedness of the total space ðX ; xÞ and that
of the generic fibers of f . This gives a way to check reducedness of the total
space of a flat morphism.

Definition 2.1. Let f : X ! S be a morphism of complex spaces. Denote
by RedðXÞ the set of all reduced points of X and

Redð f Þ ¼ fx A X j f is flat at x and f �1ð f ðxÞÞ is reduced at xg
the reduced locus of f . We say

(1) X is generically reduced if RedðX Þ is open and dense in X ;
(2) X is generically reduced over S if there is an analytically open dense set

V in S such that f �1ðVÞ is contained in RedðX Þ;
(3) the generic fibers of f are reduced if there is an analytically open dense

set V in S such that Xs :¼ f �1ðsÞ is reduced for all s in V .

We show in the following that under properness of the restriction of a flat
morphism f : ðX ; xÞ ! ðS; 0Þ to its non-reduced locus, the generically reducedness
of X over S implies reducedness of the generic fibers of f .

Proposition 2.2. Let f : ðX ; xÞ ! ðS; 0Þ be flat with ðS; 0Þ reduced. As-
sume that there is a representative f : X ! S such that its restriction on the
non-reduced locus NRedð f Þ :¼ XnRedð f Þ is proper and X is generically reduced
over S. Then the generic fibers of f are reduced.

Proof. NRedð f Þ is analytically closed in X (cf. [8, Corollary I.1.116]).
Moreover, since X is generically reduced over S, there exists an analytically open
dense set U in S such that f �1ðUÞJRedðX Þ. Then, by properness of the
restriction NRedð f Þ ! S, f ðNRedð f ÞÞ is analytically closed and nowhere dense
in S by [1, Theorem 2.1(3), p. 56]. This implies that V :¼ Sn f ðNRedð f ÞÞ is
analytically open dense in S, and for all s A V , Xs :¼ f �1ðsÞ is reduced. There-
fore the generic fibers of f are reduced. r

Corollary 2.3. Let f : ðX ; xÞ ! ðS; 0Þ be flat with ðS; 0Þ reduced. Assume
that X0nfxg is reduced and there exists a representative f : X ! S such that X is
generically reduced over S. Then the generic fibers of f are reduced.
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In particular, if X0nfxg and ðX ; xÞ are reduced, then the generic fibers of f
are reduced.

Proof. Since f is flat, we have

NRedð f ÞVX0 ¼ NRedðX0ÞJ fxg;
where NRedðX0Þ denotes the set of non-reduced points of X0. This implies that
the restriction f : NRedð f Þ ! S is finite, hence proper. Then the first assertion
follows from Proposition 2.2. Moreover, if ðX ; xÞ is reduced then there exists a
representative X of ðX ; xÞ which is reduced. Then X is obviously generically
reduced over some representative S of ðS; sÞ. Hence we have the latter assertion.

r

Remark 2.4. The assumption on reducedness of X0nfxg in Corollary 2.3 is
necessary for reducedness of generic fibers, even for the case S ¼ C. In fact, let
ðX0; 0ÞJ ðC3; 0Þ be defined by the ideal

I0 ¼ hx2; yiVhy2; ziVhz2; xiJCfx; y; zg
and ðX ; 0ÞJ ðC4; 0Þ defined by the ideal

I ¼ hx2 � t2; yiVhy2 � t2; ziVhz2; xiJCfx; y; z; tg:
Let f : ðX ; 0Þ ! ðC; 0Þ be the restriction on ðX ; 0Þ of the projection on the fourth

component p : ðC4; 0Þ ! ðC; 0Þ, ðx; y; z; tÞ 7! t. Then f is flat, XnX0 is reduced,
hence X is generically reduced over some representative T of ðC; 0Þ. However
the fiber ðXt; 0Þ is not reduced for any t0 0. Note that in this case X0nf0g is
not reduced.

As we have seen from Corollary 2.3, if the total space of a flat morphism
over a reduced base space is reduced, then the generic fibers of that morphism are
reduced. In the following we shows that over a reduced Cohen-Macaulay base
space, the converse is also true. This generalizes [3, Proposition 3.1.1 (3)] to
deformations over higher dimensional base spaces.

Theorem 2.5. Let f : ðX ; xÞ ! ðS; 0Þ be flat with ðS; 0Þ reduced Cohen-
Macaulay of dimension kb 1. If there exists a representative f : X ! S whose
generic fibers are reduced, then ðX ; xÞ is reduced.

Proof. We divide the proof of this part into two steps.

Step 1: S ¼ Ck. Then f ¼ ð f1; . . . ; fkÞ : ðX ; xÞ ! ðCk; 0Þ is flat.
For k ¼ 1, assume that there exists a representative f : X ! T such that

Xt :¼ f �1ðtÞ is reduced for every t0 0. Then for any y A XnX0 we have
ðXf ðyÞ; yÞ is reduced. It follows that ðX ; yÞ is reduced (cf. [8, Theorem I.
1.101]). Thus XnX0 is reduced. To show that ðX ; xÞ is reduced, let g be a
nilpotent element of OX ;x. Then we have

suppðgÞ ¼ VðAnnðgÞÞJX0 ¼ Vð f Þ:
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It follows from Hilbert-Rückert’s Nullstellensatz (cf. [8, Theorem I.1.72]) that
f n A AnnðgÞ for some n A Zþ. Hence f ng ¼ 0 in OX ;x. Since f is flat, it is a
non-zerodivisor in OX ;x. Then f n is also a non-zerodivizor in OX ;x. It follows
that g ¼ 0. Thus ðX ; xÞ is reduced, and the statement is true for k ¼ 1.

For kb 2, suppose there is a representative f : X ! S and an analytically
open dense set V in S such that Xs is reduced for all s A V . Let us denote by
H the line

H :¼ fðt1; . . . ; tkÞ A Ck j t1 ¼ � � � ¼ tk�1 ¼ 0g:

Denote by A the complement of V in S. Then A is analytically closed and
nowhere dense in S. We can choose coordinates t1; . . . ; tk and a representa-
tive of ðCk; 0Þ such that AVH ¼ f0g.

Denote f 0 :¼ ð f1; . . . ; fk�1Þ. Since f is flat, f1; . . . ; fk�1 is an OX ;x-regular
sequence, hence f 0 : ðX ; xÞ ! ðCk�1; 0Þ is flat with the special fiber ðX 0; xÞ
:¼ ð f 0�1ð0Þ; xÞ ¼ ð f �1ðHÞ; xÞ. Since f is flat, fk is a non-zerodivisor in
OX ;x= f

0OX ;x ¼ OX 0;x, hence the morphism fk : ðX 0; xÞ ! ðC; 0Þ is flat. For any
t A Cnf0g close to 0, we have ð0; . . . ; 0; tÞ B A, hence f �1

k ðtÞ ¼ f �1ð0; . . . ; 0; tÞ is
reduced. It follows from the case k ¼ 1 that the total space ðX 0; xÞ of fk is
reduced. Since f 0 : ðX ; xÞ ! ðCk�1; 0Þ is flat whose special fiber is reduced, ðX ; xÞ
is reduced (cf. [8, Theorem I.1.101]), and we have the proof for this step.

Step 2: ðS; 0Þ is Cohen-Macaulay of dimension kb 1. Since ðS; 0Þ is
Cohen-Macaulay, there exists an OS;0-regular sequence g1; . . . ; gk, where gi A OS;0

for every i ¼ 1; . . . ; k. Then the morphism

g ¼ ðg1; . . . ; gkÞ : ðS; 0Þ ! ðCk; 0Þ; t 7! ðg1ðtÞ; . . . ; gkðtÞÞ

is flat. We have

dimðg�1ð0Þ; 0Þ ¼ dim OS;0=ðg1; . . . ; gkÞOS;0 ¼ 0

(cf. [8, Prop. I.1.85]). This implies that g is finite. Let g : S ! T be a represen-
tative which is flat and finite, where T is an open neighborhood of 0 A Ck.
Then the composition h ¼ g � f : X ! T (for some representative) is flat. To
apply Step 1 for h, we need to show the existence of an analytically open dense
set U in T such that all fibers over U are reduced. In fact, since S is reduced,
its singular locus SingðSÞ is closed and nowhere dense in S (cf. [8, Corollary
I.1.111]). It follows that AU SingðSÞ; A as in Step 1, is closed and nowhere
dense in S. Then the set U :¼ TngðAU SingðSÞÞ is open and dense in T by
the finiteness of g. Furthermore, for any t A U , g�1ðtÞ ¼ ft1; . . . ; trg, ti A V V
ðSnSingðSÞÞ. It follows that h�1ðtÞ ¼ f �1ðt1ÞU � � �U f �1ðtrÞ is reduced.

Now applying Step 1 for the flat map h : X ! T , we have reducedness of
ðX ; xÞ. The proof is complete. r

The following result is a direct consequence of Corollary 2.3 and Theorem
2.5.
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Corollary 2.6. Let f : ðX ; xÞ ! ðS; 0Þ be flat with ðS; 0Þ reduced Cohen-
Macaulay of dimension kb 1. Suppose X0nfxg is reduced and there exists a
representative f : X ! S such that X is generically reduced over S. Then ðX ; xÞ
is reduced.

Since normal surface singularities are reduced and Cohen-Macaulay, we have

Corollary 2.7. Let f : ðX ; xÞ ! ðS; 0Þ be flat with ðS; 0Þ a normal surface
singularity. If there exists a representative f : X ! S whose generic fibers are
reduced, then ðX ; xÞ is reduced.

3. Equinormalizable deformations of isolated curve singularities
over smooth base spaces

In this section we focus on equinormalizability of deformations of iso-
lated (not necessarily reduced) curve singularities over smooth base spaces of
dimensionb 1. Because of isolatedness of singularities in the special fibers of
these deformations, by Corollary 2.6, instead of assuming reducedness of the total
spaces, we need only assume the generically reducedness of the total spaces over
the base spaces.

First we recall a definition of equinormalizable deformations which follows
Chiang-Hsieh-Lipman ([5]) and Kollár ([11]).

Definition 3.1. Let f : X ! S be a morphism of complex spaces. A
simultaneous normalization of f is a morphism n : ~XX ! X such that

(1) n is finite,
(2) ~ff :¼ f � n : ~XX ! S is normal, i.e., for each z A ~XX , ~ff is flat at z and the

fiber ~XX ~ff ðzÞ :¼ ~ff �1ð ~ff ðzÞÞ is normal,

(3) the induced map ns : ~XXs :¼ ~ff �1ðsÞ ! Xs is bimeromorphic for each
s A f ðX Þ.

The morphism f is called equinormalizable if the normalization n : X ! X is a
simultaneous normalization of f . It is called equinormalizable at x A X if the
restriction of f to some neighborhood of x is equinormalizable.

If f : ðX ; xÞ ! ðS; sÞ is a morphism of germs, then a simultaneous nor-
malization of f is a morphism n from a multi-germ ð ~XX ; n�1ðxÞÞ to ðX ; xÞ such
that some representative of n is a simultaneous normalization of a representa-
tive of f . The germ f is equinormalizable if some representative of f is
equinormalizable.

The following lemma allows us to do base change, reducing deformations
over higher dimensional base spaces to those over smooth 1-dimensional base
spaces with similar properties.

Lemma 3.2. Let f : ðX ; xÞ ! ðS; 0Þ be a deformation of an isolated singu-
larity ðX0; xÞ with ðS; 0Þ normal. Suppose that there exists some representative
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f : X ! S such that X is generically reduced over S. Then there exists an open
and dense set U in S such that Xs :¼ f �1ðsÞ is reduced, Xs :¼ f �1ðsÞ is normal
for all s A U. Moreover, for each s A U , the induced morphism on the fibers
ns : Xs ! Xs is the normalization of Xs.

Here we recall that n : ðX ; xÞ ! ðX ; xÞ is the normalization of ðX ; xÞ and
f :¼ f � n : ðX ; xÞ ! ðS; 0Þ.

Proof. Since X0nfxg is reduced, it follows from the proof of Corollary
2.3 that the set f ðNRedð f ÞÞ is closed and nowhere dense in S. Denote by
NNorð f Þ (resp. NNorð f Þ) the non-normal locus of f (resp. f ), the set of points
z in X (resp. X ) at which either f (resp. f ) is not flat or Xf ðzÞ (resp. X

f ðzÞ) is

not normal. Since f is flat and S is normal, we have nðNNorð f ÞVX 0Þ
JNNorð f ÞVX0 ¼ NNorðX0Þ. Equivalently, NNorð f ÞVX 0 J n�1ðNNorðX0ÞÞ
which is finite since n is finite and X0 has an isolated singularity at x. It
follows that the restriction of f on NNorð f Þ is finite. Then f ðNNorð f ÞÞ is
closed and nowhere dense in S by [1, Theorem 2.1(3), p. 56]. The set U :¼
Snð f ðNRedð f ÞÞU f ðNNorð f ÞÞÞ satisfies all the required properties. r

For deformations of isolated curve singularities we have the following
necessary condition for their equinormalizability, in terms of the constancy of
the d-invariant of fibers. For the reader’s convenience we recall the definition
of the d-invariant of isolated (not necessarily reduced) curve singularities, which
is defined by Brücker and Greuel in [3].

Definition 3.3. Let X be a complex curve and x A X an isolated singular
point. Denote by X red its reduction and let nred : X ! X red be the normaliza-
tion of the reduced curve X red . The number

dðX red ; xÞ :¼ dimCðnred� OX Þx=OX red ;x

is called the delta-invariant of X red at x,

eðX ; xÞ :¼ dimC H 0
fxgðOX Þ

is called the epsilon-invariant of X at x, where H 0
fxgðOX Þ denotes local cohomology,

and

dðX ; xÞ :¼ dðX red ; xÞ � eðX ; xÞ

is called the delta-invariant of X at x.
If X has only finitely many singular points then the number

dðXÞ :¼
X

x A SingðX Þ
dðX ; xÞ

is called the delta-invariant of X .
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It is easy to see that dðX red ; xÞb 0, and dðX red ; xÞ ¼ 0 if and only if x is
an isolated point of X or the germ ðX red ; xÞ is smooth. Hence, if x A X is
an isolated point of X then dðX ; xÞ ¼ �dimC OX ;x ¼ �eðX ; xÞ. In particular,
dðX ; xÞ ¼ �1 for x an isolated and reduced (hence normal) point of X .

Proposition 3.4. Let f : ðX ; xÞ ! ðS; 0Þ be a deformation of an isolated
curve singularity ðX0; xÞ with ðX ; xÞ pure dimensional, ðS; 0Þ normal. Suppose that
there exists some representative f : X ! S such that X is generically reduced over
S. If f is equinormalizable, then it is d-constant, that is, dðXsÞ ¼ dðX0Þ for every
s A S close to 0.

Proof (Compare to the proof of [12, Theorem 4.1 (2)]). It follows from
Lemma 3.2 that there exists an open and dense set U in S such that Xs is reduced
and Xs is normal for all s A U .

We first show that f is d-constant on U , i.e. dðXsÞ ¼ dðX0Þ for any s A U .
In fact, for any s A U , s0 0, there exist an irreducible reduced curve singularity
CJS passing through 0 and s. Let a : T ! CJS be the normalization of
this curve singularity such that aðTnf0gÞJU , where T JC is a small disc with
center at 0. Denote

XT :¼ X �S T ; XT :¼ X �S T :

Then we have the following Cartesian diagram:

XT ! X

nT# j #n
XT ! X

fT# j # f

T ! S

fT f

For any t A T , s ¼ aðtÞ A S, we have

OðXT Þt :¼ Of �1
T

ðtÞ GOXs
; OðXT Þt

:¼ O
f
�1

T ðtÞ
GOXs

:ð3:1Þ

Since f is flat by hypothesis and f is flat by equinormalizability, it follows
from the preservation of flatness under base change (cf. [8, Prop. I.1.87]) that
the induced morphisms fT and fT are flat over T . Hence, it follows from
equinormalizability of f and (3.1) that fT : XT ! T is equinormalizable.

For any t A Tnf0g, s ¼ aðtÞ A U , hence ðXT Þt GXs is reduced by the exis-
tence of U . It follows from Theorem 2.5 that XT is reduced. On the other
hand, since X and S are pure dimensional, all fibers of f , hence of fT , are pure
dimensional by the dimension formula ([7, Lemma, p. 156]). Then XT is also
pure dimensional because T is pure 1-dimensional. Therefore it follows from
[3, Korollar 2.3.5] that fT : XT ! T is d-constant, hence f : X ! S is d-constant
on U .
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Let us now take s0 A SnU . Since U is dense in S, s0 A S, there exists always
a point s1 A U which is close to s0. It follows from the semi-continuity of the
d-function (cf. [12, Lemma 4.2]) that

dðX0Þb dðXs0Þb dðXs1Þ:

Moreover, dðX0Þ ¼ dðXs1Þ as shown above. It implies that dðXs0Þ ¼ dðX0Þ.
Hence f : X ! S is d-constant. r

Remark 3.5. The complex spaces XT and XT appearing in the proof of
Proposition 3.4 have the following properties:

(1) XT is reduced; XT is reduced if fT is flat;

(2) they have the same normalization fXTXT ;

(3) fibers of the compositions fXTXT !mT XT !fT T and fXTXT !yT XT !fT T coincide.
In fact, as we have seen in the proof of Proposition 3.4, XT is reduced.
Moreover, if fT is flat, since its generic fibers are reduced (actually normal), XT is
reduced by Theorem 2.5. Therefore we have (1).

Now we show (2). Since finiteness and surjectivity are preserved under base

change, nT is finite and surjective. Let us denote by mT : fXTXT ! XT the normali-
zation of XT . Then the composition yT :¼ mT � nT is finite and surjective.

Denote A :¼ NNorð fT Þ. Since XT is reduced, A is nowhere dense in XT .
Moreover, since nT is finite and surjective, it follows from Ritt’s lemma (cf.
[9, Chapter 5, §3, p. 102]) that the preimage A 0 :¼ n�1

T ðAÞ is nowhere dense in
XT . Furthermore, for any z B A 0, y ¼ nTðzÞ B A, hence the fiber ðXTÞt resp. Xs

is normal at y resp. aT ðyÞ, where t ¼ fT ðyÞ, s ¼ aðtÞ. Thus ðX ; aTðyÞÞG
ðX ; aTðzÞÞ. It follows that ðXT ; yÞG ðXT ; zÞ. Therefore XTnA 0 GXTnA.
Then ðmT � nT Þ�1ðAÞ is nowhere dense in fXTXT and we have the isomorphism

fXTXTnðmT � nTÞ�1ðAÞ ¼ fXTXTnm�1
T ðA 0ÞGXTnA 0 GXTnA:

Therefore yT is bimeromorphic, whence it is the normalization of XT . (3) is
obvious.

The following theorem is the main result of this section, which asserts
that under certain conditions, the d-criterion is su‰cient for equinormalizability
of deformations of isolated curve singularities over smooth base spaces of
dimensionb 1. This gives a generalization of [3, Korollar 2.3.5].

Theorem 3.6. Let f : ðX ; xÞ ! ðCk; 0Þ, kb 1, be a deformation of an
isolated curve singularity ðX0; xÞ with ðX ; xÞ pure dimensional. Suppose that
there exists a representative f : X ! S such that X is generically reduced over
S. If the normalization X of X is Cohen-Macaulay1 and f is d-constant, then f is
equinormalizable.

1This holds always for k ¼ 1, since normal surfaces are Cohen-Macaulay.
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Proof. First we show that Cohen-Macaulayness of X implies flatness of the
composition f . Since X is Cohen-Macaulay and S is smooth, it is su‰cient to
check that the dimension formula holds for f (cf. [7, Proposition, p. 158]). But
it is always the case, since for any z A n�1ðxÞ, we have

dimðX ; zÞ ¼ dimðX ; xÞ ¼ dimðX0; xÞ þ k by flatness of f

¼ dimðX 0; zÞ þ k:

The latter equality follows from finiteness and surjectivity of n0 : ðX 0; zÞ ! ðX0; xÞ.
Let U JS be the open dense set with properties described as in Lemma 3.2.

For any s A U , let CJS be an irreducible reduced curve singularity passing
through s and 0 such that C V ðSnUÞ ¼ f0g. Let a : T ! CJS be the nor-
malization of this curve singularity such that aðTnf0gÞJU , where T JC is a
small disc with center at 0. Denote XT and XT as in the proof of Proposition
3.4. Then, since f is flat, it follows from Remark 3.5 that XT and XT are
reduced and they have the same normalization ~XXT . Consider the following
Cartesian diagram:

fXTXT

#mT

XT !aT X

#nT j n#

XT !aT X

# fT j f#
T !

a
S

~ffT

yT

fT f

Since fibers of f and fT are isomorphic, fT is d-constant and XT is pure dimen-
sional. Then it follows from [3, Korollar 2.3.5] that fT is equinormalizable.

Therefore, by definition, for each t A T , ð ~XXÞt :¼ ð ~ffTÞ
�1ðtÞ is normal, and it is the

normalization of ðXT Þt.
Let us consider the flat map fT : XT ! T and consider the normalization

mT : fXTXT ! XT of XT . It follows from [3, Proposition 1.2.2] that the composition

fT � mT : fXTXT ! T is flat. Moreover, by the same argument as given in Remark
3.5, we can show that ðXT Þt and ðXT Þt have the same normalization for each
t A T . Hence the restriction on the fibers ð ~XXÞt ! ðXTÞt is the normalization.
Thus by definition, fT is equinormalizable. Then fT is d-constant by Proposition
3.4 (or by [3, Korollar 2.3.5]). This implies that for any t A Tnf0g, we have

dðX 0Þ ¼ dððXT Þ0Þ ¼ dððXTÞtÞ ¼ 0 ðsince ðXTÞt is normalÞ:

Now we show that X 0 is reduced. First we show that nðNNorðX 0ÞÞJ
NNorðX0Þ. In fact, if y B NNorðX0Þ then X0 is normal at y. Since f is flat
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and S is normal at 0, X is normal at y (cf. [8, Theorem I.1.101]). Therefore
we have the isomorphism ðX ; zÞ !G ðX ; yÞ for every z A n�1ðyÞ. It induces an
isomorphism on the fibers ðX 0; zÞ !G ðX0; yÞ, hence X 0 is normal at every point
z A n�1ðyÞ. It follows that y B nðNNorðX 0ÞÞ.

Then, for any z A NNorðX 0Þ, since NNorðX0Þ is nowhere dense in X0, by
Ritt’s lemma (cf. [9, Chapter 5, §3, 2, p. 103]) and by the dimension formula
(when f is flat) we have

dimðnðNNorðX 0ÞÞ; nðzÞÞa dimðNNorðX0Þ; nðzÞÞ < dimðX0; nðzÞÞ
¼ dimðX ; nðzÞÞ � dimðS; 0Þ

¼ dimðX ; zÞ � dimðS; 0Þa dimðX 0; zÞ:
Furthermore, the restriction n0 : X 0 ! X0 is finite. Hence

dimðnðNNorðX 0ÞÞ; nðzÞÞ ¼ dimðNNorðX 0Þ; zÞ ðcf : ½7; Corollary; p: 141�Þ:
It follows that for any z A NNorðX 0Þ we have dimðNNorðX 0Þ; zÞ < dimðX 0; zÞ,
i.e., NNorðX 0Þ is nowhere dense in X 0 by Ritt’s lemma. This implies that X 0 is
generically normal, whence generically reduced.

Moreover, for each z A n�1ðxÞ, since f is flat and dimðX ; zÞ ¼ dimðX ; xÞ ¼
k þ 1, we have

depthðOX 0; z
Þ ¼ depthðOX ; zÞ � kb ðk þ 1Þ � k ¼ 1:

On the other hand, we have

dimðX 0; zÞ ¼ dimðX ; zÞ � k ¼ 1:

Hence depthðOX 0; z
Þb 1 ¼ minf1; dimðX 0; zÞg, i.e. X 0 satisfies ðS1Þ at every point

z A n�1ðxÞ. This implies that X 0 is reduced at every point of n�1ðxÞ. Then X 0

is normal, and it is the normalization of X0. It follows that f is equinorma-
lizable. The proof is complete. r

The following example illustrates our main theorem.

Example 3.7 ([13], cf. [12, Example 4.2]). Let us consider the curve sin-
gularity ðX0; 0ÞJ ðC4; 0Þ defined by the ideal

I0 :¼ hx2 � y3; z;wiVhx; y;wiVhx; y; z;w2iJCfx; y; z;wg:
The curve singularity ðX0; 0Þ is a union of a cusp C in the plane z ¼ w ¼ 0; a
straight line L ¼ fx ¼ y ¼ w ¼ 0g and an embedded non-reduced point O ¼
ð0; 0; 0; 0Þ. Now we consider the restriction f : ðX ; 0Þ ! ðC2; 0Þ of the projection

p : ðC6; 0Þ ! ðC2; 0Þ, ðx; y; z;w; u; vÞ 7! ðu; vÞ; to the complex germ ðX ; 0Þ defined
by the ideal

I ¼ hx2 � y3 þ uy2; z;wiVhx; y;w� viJCfx; y; z;w; u; vg:
It is easy to check that f is flat, f �1ð0; 0Þ ¼ ðX0; 0Þ, the total space ðX ; 0Þ is
reduced and pure 3-dimensional, with two 3-dimensional irreducible components.
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We have dððX0ÞredÞ ¼ 2, eðX0Þ ¼ 1, hence dðX0Þ ¼ 1. Moreover, for each
u; v A Cnf0g, we have

dðXðu; vÞÞ ¼ dððXðu; vÞÞredÞ � eðXðu; vÞÞ ¼ 1� 0 ¼ 1;

dðXðu;0ÞÞ ¼ 2� 1 ¼ 1; dðXð0; vÞÞ ¼ 1� 0 ¼ 1:

Hence f is d-constant.
Moreover, the normalizations of the first component ðX1; 0Þ and the second

component ðX2; 0Þ of ðX ; 0Þ are given respectively by

n1 : ðC3; 0Þ ! ðX1; 0Þ; ðT1;T2;T3Þ 7! ð0; 0;T1;T3;T2;T3Þ
and

n2 : ðC3; 0Þ ! ðX2; 0Þ; ðT1;T2;T3Þ 7! ðT 3
3 þ T1T3;T

2
3 þ T1; 0; 0;T1;T2Þ:

Hence the composition maps are given respectively by

f1 : ðC3; 0Þ ! ðC; 0Þ; ðT1;T2;T3Þ 7! ðT2;T3Þ
and

f2 : ðC3; 0Þ ! ðC; 0Þ; ðT1;T2;T3Þ 7! ðT1;T2Þ:

On both components, f is flat with normal fibers, hence f is equinormalizable.
Note that, in this example, the normalization of ðX ; 0Þ is smooth. All the
computation given above can be easily done by SINGULAR ([6]).

4. Topologically triviality of one-parametric families
of isolated curve singularities

In this section we consider one-parametric families of isolated (not neces-
sarily reduced) curve singularities and show that the topologically triviality of
these families is equivalent to the admission of weak simultaneous resolutions
([15]).

Let f : ðX ; xÞ ! ðC; 0Þ be a deformation of an isolated curve singularity
ðX0; xÞ with ðX ; xÞ pure dimensional. Let f : X ! T be a good representative (in
the sense of [2, §2.1, p. 248]) such that X is generically reduced over T . Then X
is reduced by Corollary 2.6. Let n : X ! X be the normalization of X . Denote
f :¼ f � n : X ! T .

Definition 4.1 (cf. [3]). (1) f is said to be topologically trivial if there
is a homeomorphism h : X !A X0 � T such that f ¼ p � h, where
p : X0 � T ! T is the projection.

(2) Assume that f admits a section s : T ! X such that XtnsðtÞ is smooth
for all t A T . Then f admits a weak simultaneous resolution if f is
equinormalizable and

ðn�1ðsðTÞÞÞ red G ðn�1ðsð0ÞÞÞ red � T ðover TÞ:
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Remark 4.2 (cf. [15]). f admits a weak simultaneous resolution if and only
if f is equinormalizable and the number of branches rðXt; sðtÞÞ of ðXt; sðtÞÞ is
constant for all t A T .

Buchweitz and Greuel (1980) proved the following result for families of
reduced curve singularities.

Theorem 4.3 ([2, Theorem 5.2.2]). Let f : X ! T be a good representative
of a flat family of reduced curves with section s : T ! X such that XtnsðtÞ is
smooth for each t A T. Then the following conditions are equivalent:

(1) f admits a weak simultaneous resolution;
(2) the delta number dðXt; sðtÞÞ and the number of branches rðXt; sðtÞÞ are

constant for t A T ;
(3) the Milnor number mðXt; sðtÞÞ is constant for t A T ;
(4) f is topologically trivial.

We shall show that this result is also true for families of isolated (not
necessarily reduced) curve singularities. Due to Brücker and Greuel ([3]), we
give a new definition for the Milnor number of a curve singulariy C at an isolated
singular point c A C, namely,

mðC; cÞ :¼ 2dðC; cÞ � rðC; cÞ þ 1:

The Milnor number of C is defined to be

mðCÞ :¼
X

c A SingðCÞ
mðC; cÞ:

To state and prove a similar result to Theorem 4.3 we need the following result
of Bobadilla, Snoussi and Spivakovsky (2014).

Lemma 4.4 ([4, Theorem 4.4]). Let f : ðX ; xÞ ! ðC; 0Þ be a deformation of
an isolated curve singularity ðX0; xÞ with ðX ; xÞ reduced. Assume that the singular
locus SingðX ; xÞ of ðX ; xÞ is smooth of dimension 1. If f is topologically trivial,
then for any z A n�1ðxÞ, f : ðX ; zÞ ! ðC; 0Þ is topologically trivial, and the nor-
malization ðX ; n�1ðxÞÞ of ðX ; xÞ is smooth.

The following theorem is the main result of this section.

Theorem 4.5. Let f : ðX ; xÞ ! ðC; 0Þ be a deformation of an isolated curve
singularity ðX0; xÞ with ðX ; xÞ pure dimensional. Let f : X ! T be a good repre-
sentative with section s : T ! X such that XtnsðtÞ is smooth for each t A T and X
is generically reduced over T. Assume that SingðX ; xÞ is smooth of dimension
1. Then the following conditions are equivalent:
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(1) f admits a weak simultaneous resolution;
(2) the delta number dðXt; sðtÞÞ and the number of branches rðXt; sðtÞÞ are

constant for t A T ;
(3) the Milnor number mðXt; sðtÞÞ is constant for t A T ;
(4) f is topologically trivial.

Proof. The equivalence of (1) and (2) follows from Theorem 3.6 (for k ¼ 1)
and Remark 4.2. ð2Þ , ð3Þ because of the definition of the Milnor number.
The implication ð1Þ ) ð4Þ is proved by the same way for families of reduced
curve singularities as given in the proof of the implication ð4Þ ) ð6Þ of [2,
Theorem 5.2.2]. Now we prove that ð4Þ ) ð1Þ.

For convenience, let us assume that n�1ðxÞ ¼ fz1; . . . ; zrg. Note that X 0 :¼
f �1ð0Þ is reduced, Xt :¼ f �1ðtÞ is smooth for every t0 0 by [3, Lemma 2.1.1].
Therefore for every i ¼ 1; . . . ; r, f : ðX ; ziÞ ! ðC; 0Þ is a family of reduced curve
singularities with smooth general fibers, and there exist sections s1; . . . ; sr : T !
X such that sið0Þ ¼ zi, n

�1ðsðtÞÞ ¼ fs1ðtÞ; . . . ; srðtÞg, and XtnsiðtÞ is smooth for
every t A T and for every i ¼ 1; . . . ; r.

Assume that f is topologically trivial. Then it follows from Lemma 4.4
that the deformation f : ðX ; ziÞ ! ðC; 0Þ of ðX 0; ziÞ is also topologically trivial
for every i ¼ 1; . . . ; r. Hence it follows from Theorem 4.3, applying for the flat
family of reduced curve singularities f : ðX ; ziÞ ! ðC; 0Þ with section si : ðC; 0Þ !
ðX ; ziÞ, that the delta number dðXt; siðtÞÞ and the number of branches rðXt; siðtÞÞ
are constant for t A T . Then for t0 0 we have

dðX 0Þ ¼ dðXtÞ ¼ 0:

Hence X 0 is normal. It follows that f is equinormalizable. On the other hand,
the equinormalizability of f over the smooth base space ðC; 0Þ implies that
for every t A T and for each i ¼ 1; . . . ; r, the induced map of n on the fibers
nt : ðXt; siðtÞÞ ! ðXt; sðtÞÞ is the normalization of the corresponding irreducible
component of ðXt; sðtÞÞ. It follows that the number of irreducible components
of ðXt; sðtÞÞ is equal to the cardinality of n�1ðsðtÞÞ, which is equal to r for every
t A T . Hence rðXt; sðtÞÞ is constant for every t A T . It follows that f admits a
weak simultaneous resolution, and we have (1). r

Example 4.6. Let us consider again the curve singularity ðX0; 0ÞJ ðC4; 0Þ
considered in Example 3.7 which is defined by the ideal

I0 :¼ hx2 � y3; z;wiVhx; y;wiVhx; y; z;w2iJCfx; y; z;wg:

Now we consider the restriction f : ðX ; 0Þ ! ðC; 0Þ of the projection p : ðC5; 0Þ !
ðC; 0Þ, ðx; y; z;w; tÞ 7! t; to the complex germ ðX ; 0Þ defined by the ideal

I ¼ hx2 � y3 þ ty2; z;wiVhx; y;w� tiJCfx; y; z;w; tg:

We can check the following (all of them can be checked easily by SINGULAR):
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(1) f is flat;
(2) ðX ; 0Þ is reduced and pure 2-dimensional, with two 2-dimensional irre-

ducible components;
(3) f is d-constant with dðXtÞ ¼ 1 for all t A C close to 0;
(4) rðXtÞ ¼ 2 for all t A C close to 0;
(5) f is equinormalizable;
(6) the normalization of each component of ðX ; 0Þ is ðC2; 0Þ, which is

smooth.
By Theorem 4.5, f is topologically trivial.
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