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THE REAL HYPERSURFACE OF TYPE (B) WITH TWO DISTINCT
PRINCIPAL CURVATURES IN A COMPLEX HYPERBOLIC SPACE

KATSUFUMI YAMASHITA AND SADAHIRO MAEDA

Abstract

Real hypersurfaces M>"~! of type (B) in CH"(c), n =2 are known as interesting
examples of Hopf hypersurfaces with constant principal curvatures. They are homo-
geneous in this ambient space. Moreover, the numbers of distinct principal curvatures
of all real hypersurfaces of type (B) with radius r # (1/+/]c|) log,(2 + V/3) are 3. When
r=(1/ \/m) log,(2 + v/3), the real hypersurface of type (B) has two distinct principal
curvatures. The purpose of this paper is to characterize this Hopf hypersurface having
two distinct constant principal curvatures.

1. Introduction

J. Berndt and H. Tamaru ([4]) classified all homogeneous real hypersurfaces
M?=! in a complex n(= 2)-dimensional complex hyperbolic space CH"(c) of
constant holomorphic sectional curvature ¢(< 0), namely these real hypersurfaces
are orbits of some subgroups of the full isometry group I(CH"(c)) of the ambient
space CH"(c). Note that they are not necessarily Hopf hypersurfaces (for the
definition and fundamental properties of Hopf hypersurfaces, see section 2).
There exist many homogeneous non-Hopf hypersurfaces as well as many homo-
geneous Hopf hypersurfaces in this space. On the contrary every homogeneous
real hypersurface in a complex n(= 2)-dimensional complex projective space
CP"(c) of constant holomorphic sectional curvature ¢(> 0) is a Hopf hypersur-
face (cf. [11]).

It is well-known that there exist no totally umbilic real hypersurfaces of
CH"(c) (n=2). In this context, we recall that in CH"(¢) (n = 3), a connected
real hypersurface M has at most two distinct principal curvatures at each point
of M if and only if M is locally congruent to either a geodesic sphere G(r) of
radius r (0 <r < o) in CH"(c), a tube of radius r (0 < r < o0) over a complex
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hyperplane CH"~!(c), a horosphere or the real hypersurface of type (B) with two
distinct principal curvatures (see [8]). Here, all of these real hypersurfaces are
homogeneous in CH"(c).

A tube of radius r (0 < r < o0) around a totally real totally geodesic RH"(c/4)
of constant sectional curvature c¢/4 is called a real hypersuface of type (B) in
CH"(c). When r # (1/+/]c]) log,(2+V/3), every real hypersurface M of typ
(B) has three distinct constant principal curvatures 1 = (1/[c[/2) coth(+/]c| r/2

= (1/]el/2) tanh(y/]c[r/2) and § = \/|c| tanh(y/|c[r) with A& =&, where A4
and ¢ are the shape operator and the characteristic vector of M, respectively
(see section 2). The real hypersurface of type (B) with radius r=
(1/4/]¢]) log,(2 + V/3) has two distinct constant principal curvatures A =3 =
V3lel/2 and 7 = /|c[/(2V3) (cf. [3)).

The purpose of this paper is to characterize the real hypersurface M of type
(B) with two distinct principal curvatures in CH"(c) in terms of the derivative of
its shape operator A, the exterior differentiation dz of its contact form # and the
extrinsic shape of some geodesics of M (see Theorem). Our motivation is based
on the following three facts on real hypersurfaces M of CH"(c):

(1) There exist no real hypersurfaces M with parallel shape operator 4 (see

(7, 90);
(2) There exist no real hypersurfaces M with closed contact form #, namely
dn #0 on M (see [1]);
(3) There exist no real hypersurfaces M all of whose geodesics are mapped
to circles in the ambient space CH"(c) (see [10]).
We remark that a characterization of real hypersurfaces M of type (B) having
two distinct principal curvatures in CH"(¢) was already given by Conditions (1),
(2) in Lemma C and Condition 3.) in our Theorem, which are different from the
above properties (1) and (2) (see [6]).

In this paper, we characterize the real hypersurface M of type (B) with two
distinct principal curvatures in CH”(c) from the above properties (1), (2) and (3).

The authors would like to express their hearty thanks to the referee for
improving this paper.

2. Preliminaries

Let M>"~! be a real hypersurface of CH"(c), n =2 and 4" a unit local
normal vector field on M. The Riemannian connections V of CH"(c¢) and V of
M are related by the following formulas of Gauss and Weingarten:

(2.1) VyY =VyY +g(4X,Y).N,
(2.2) Vi A = —AX

for any vector fields X and Y on M, where ¢ is the Riemannian metric of M
induced from the standard metric G of the ambient space CH”(c) and A4 is the
shape operator of M in CH"(¢). An eigenvector X of the shape operator A4 is
called a principal curvature vector and an eigenvalue A of A is called a principal
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curvature. We call V; :={X € TM | AX = 21X} a principal distribution associated
with principal curvature /.

It is known that M has an almost contact metric structure induced from the
Kaéhler structure J of CH"(c), namely we have a quartet (¢,&,%,g) defined by

9BX,Y) = GUX,Y), &=—JN and 5(X)=g(&X) = GUX,.N)
which satisfy

(2:3) FX =X +n(X)E g(& o) =1, ¢c=0.
It follows from (2.1), (2.2) and VJ =0 that

(24) (Vxd)Y =n(Y)AX — g(AX, Y)C,

(2.5) Vxé = gAX.

In this paper, we call V) :={X e TM|AX =X,X L&} a restricted principal
distribution associated with principal curvature .
For later use we prepare the following Codazzi equation of M in CH"(c):

(2:6) (V)Y = (VyA)X = (c/H){n(X)¢Y —n(Y)pX —29(¢X, Y)<}.

A real hypersurface M of CH"(c) is a Hopf hypersurface if the characteristic
vector ¢ is a principal curvature vector at its each point. In the following, for
a Hopf hypersurface M we set A =06 on M. It is known that a tube of
sufficiently small constant radius around every Kédhler submanifold of CH"(c) is
a Hopf hypersurface. We review the following lemma which is a useful tool in
the theory of Hopf hypersurfaces in CH"(¢), n =2 (cf. [7, 9]).

LeMMA A. For a Hopf hypersurface M*'~' (n = 2) with principal curvature &
corresponding to the characteristic vector field & in CH"(c), we have the following.
(1) 0 is constant locally on M.
(2) If X is a tangent vector of M perpendicular to & with AX = X, then
(24 —0)ApX = (0A+ (¢/2))pX.

Remark 1. A horosphere of CH"(c) shows that we must consider the case
of 24 —0 =04+ (¢/2) =0 in the case of ¢ <0.

We next recall the following property of the holomorphic distribution
T'M ={X eTM|X L&} of a Hopf hypersurface M in CH"(c) (see [3]).

LemMA B.  The holomorphic distribution T°M = {X e TM | X L &} of every
Hopf hypersurace M in CH"(c), n =2 is not integrable.

In this context, it is natural to consider a problem that does there exist a
Hopf hypersurface M in M,(c) satisfying that T°M is decomposed as the direct
sum of integrable distributions? The following lemma gives a characterization of
all real hypersurfaces of type (B) from this viewpoint ([5, 6]).
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LemMma C. A connected real hypersurface M*'~' (with Riemannian connec-
tion V) of CH"(c), n = 2 is of type (B) if and only if M satisfies the following two
conditions:
(1) The holomorphic distribution T°M of M is decomposed as the direct sum
of restricted principal distributions V) = {X € T'M | AX = ), X};

(2) Every V/0 in Condition (1) is lntegrable and each of its leaves is a
totally geodesic submanifold of M, namely VyY € VO for all vectors X
and 'Y of any V/O

We here recall the following classification theorem of Hopf hypersurfaces
with constant principal curvatures in CH"(c), which is due to Berndt ([3]).

THEOREM A. Let M*' be a connected Hopf hypersurface all of whose
principal curvatures are constant in CH"(¢), n 2 2. Then M is locally congruent
to one of the following:

(Ag) A horosphere in CH"(c);
(A10) A geodesic sphere G(r) of radius v (0 <r < 0);
(A11) A tube of radius r (0 <r < c0) around a totally geodesic CH"~'(c);
(Ay) A tube of radius r (0 <r < c0) around a totally geodesic CH’(c)
(1=/=n-2);
(B) A tube of radius r (0 < r < o) around a totally real totally geodesic
RH"(c/4).

These real hypersurfaces are said to be of types (Ao), (A1), (A1), (Az) and (B).
Here, type (A;) means either type (Aj ) or type (A;1). Unifying real hyper-
surfaces of type (Ag), (A1) and (A,), we call them real hypersurfaces of type (A).
Except the real hypersurface of type (B) with radius r = (1/+/]c|) log,(2 + v/3),
the numbers of distinct principal curvatures of these real hypersurfaces are
2,2,2,3,3, respectively (for details, see [3]).

At the end of this section we review the definition of circles in Riemannian
geometry. A real smooth curve y = y(s) parameterized by its arclength s in a
Riemannian manifold M with Riemannian connection V is called a circle of
curvature k if it satisfies the ordinary differential equations V;p = kY, V, Y, =
—ky with a field Y; of unit vectors along y. Here k( = 0) is constant and Y; is
called the unit principal normal vector of y. A circle of null curvature is nothing
but a geodesic. The definition of a circle is equivalent to saying that it is a curve
y=1y(s) on M with Riemannian metric ¢ satisfying the ordinary differential
equation

(2.7) Vi(Vi7) + 9(V9, V39)p = 0.
3. Statements of results

TureOREM. Let M?'~' be a connected real hypersurface of CH"(c), n = 2.
Then the following conditions (1), (2) and (3) are mutually equivalent.
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(1) M is locally congruent to the real hypersurface of type (B) with two
distinct principal curvatures in CH"(c).
(2) M satisfies the following two conditions 2,) and 25).
2,) The exterior differentiation dn of the contact form n on M which
is given by dn(X,Y) = (1/2{X(q(Y)) - Y(1(X)) - n(X. Y])}
holds either dn(X,Y) = (\/|c|/3)g(X,¢Y) for all X, Y eTM or
dn(X,Y) = (=/lc|/3)9(X,9Y) for all X,Y € TM.
2y) There exist two geodesics y; = y;(s) (i=1,2) on M through a point
x = y1(0) = y,(0) with initial vectors ;(0) orthogonal to &,y which
are mapped to circles of different positive curvatures.
(3) M satisfies the following three conditions 3,), 3,) and 3.).
3.) The holomorphic distribution T°M of M is decomposed as the direct
sum of restricted principal distributions V0 ={XeT'M|AX = 1, X}.
3p) The derivative of the shape operator A of M satisfies (VxA)Y =0
for all vectors X, Y of each V0 in 3,).
3.) There exist two geodeszcs Y= y,( ) (i=1,2) on M through a point
x = y1(0) = ,(0) with initial vectors };(0) orthogonal to &, ) which
are mapped to circles of positive curvatures 3k and k, respectively.

Proof. We first prove that Condition (1) implies both Conditions (2) and

(3). Let M be the real hypersurface of type (B) with two distinct principal
curvatures. Then our real hypersurface M satisfies (see Lemma A(2))

Aé=i¢, T'M=V)@V) and ¢V) =V,

where 4; := +/3|c[/2 and 1, = +/|c|/(2v/3). Hence we easily see that
(3.1) (pA+ AP)X = (A1 + Z2)¢pX for all X e TM.

It follows from (2.5) and (3.1) that

1
dn(X, Y) =2 (9(Y,Vx¢) = (X, Vy<))
1 Vel
59((¢ $)X,Y) 73 g(¢X,Y)
/e
Needless to say, when we take a unit normal vector 4" with A& = —1,&, we get

dn(X,Y) = (\/|c]/V3)g(X,¢Y) for all X,Y e TM.

We next take two geodes1cs vy =7(s) and y, = p,(s) on M through an
arbitrary fixed point x =y,(0) =y,(0) with initial vectors 7,(0) € VO and
7,(0) € Vi , respectively. Then by virtue of Lemma C we find that these curves
7, and p, can be considered as geodesics on some leaves L; and L, of the
restricted principal distributions Vfl and V}g, respectively. We here explain these
leaves L), and L;, in detail. Due to (2.1) we see that the leaves L; and L,
are totally umbilic hypersurfaces of an n-dimensional totally real totally geodesic
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real hyperbolic space RH"(¢/4) of constant sectional curvature ¢/4 in CH"(c).
Hence these leaves are locally congruent to real space forms M"~!(d;) of con-
stant sectional curvatures d; (i = 1,2), respectively. So we have the equations
—(c/4) = 27. Thus we know that L; and L;, are locally congruent to real
space forms M"~!(|c|/2) of constant sectional curvature |c[/2 and M"~'(c/6) of
constant sectional curvature ¢/6, respectively. This, together with Equation (2.1),
shows that these geodesics y; and y, are mapped to circles of different positive
curvatures A; and A, in CH"(c), respectively. Thus we obtain Condition (2).
The above discussion yields that Conditions 3,) and 3,) are immediate
consequences of Condition (1). So we here verify Condition 3;). Thanks to
Lemma C our real hypersurface M satisfies VyY € V0 for all X, Y of the
restrlcted principal foliation VO (i=1,2). For all X 'Ye V0 (i=1,2) with

=+/3|c|/2 and Ay = +/|c /2\[ we have
(VyA)Y = Vy(AY) — AVy Y
=A4VxY —A4VxY =0,

so that we get Condition 3;). Therefore we can see that Condition (1) implies
both Conditions (2) and (3).

Conversely, we suppose Condition (2). Then, from Condition 2,) and the
above discussion we can take a unit normal vector ./~ on M satisfying (3.1).
Setting X = ¢ in (3.1), we get ¢A& =0, so that our real hypersurface M is a
Hopf hypersurface. Next we take a principal curvature vector field X (L &) with
principal curvature 1 in (3.1). Suppose that 24 —J # 0 at some point x € M.
Hence, from the continuity of the function 24 — J there exists a sufficiently small
neighborhood %, of the point x satisfying that (24 —J)(y) # 0 for each y e %,.
This, combined with Lemma A(2) and (3.1), yields the following equation on the
neighborhood %,:

5i+2 2\/_

e T A
Thus, from the constancy of 6 and this equation we find that A is constant on %.

We finally consider the case of 24 —d = 0 at some point of M. We shall
verify that 24 — ¢ vanishes identically on M. Assume that 24 —¢ # 0 at some
point xp € M, and set yy = (24 —9J)(xp). Let N be the subset of those points
x € M such that (24 —0)(x) = yp. Clearly N is a non-empty closed subset of M.
It is also open, since the discussion in the case of 24 —J # 0 means that the
function 24 — ¢ is constantly equal to yy # 0 on some neighborhood of each point
xe N. Since M is connected, we find that N = M, which is a contradiction.
So we find that 1=45/2 on M.

Thus we can see that our real hypersurface is a Hopf hypersurface with
constant principal curvatures. In consideration of Theorem A we see that M
is of type either (Ayg), (A1), (Az) or (B). We shall check 2,) for these real
hypersurfaces one by one. For the principal curvatures of real hypersurfaces of
type (A) and their properties, see [9].
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Let M be of type (Ag). Then AX = (\/|c[/2)X for all X e T°M and
A¢ = \/ﬂé which implies (¢4 + A@)X \/_¢X for all X e TM. So we have
dn(X,Y) = (=/]c[/2)g(X,¢Y) for all X,Y e TM, which is a contradiction.
Thus we can see that thlS real hypersurface does not satisfy 2,).

Let M be of type (Ajo). Then AX = (y/|c[/2) coth(y/|c|r/2)X for all
X eT°M and Aé \/|? coth(y/]e[r)¢é. Hence, by the same computation as
above dn(X,Y) = (—+/|c|/2) coth(/|c|[r/2)g(X,#Y). Thus we obtain the

equation +/|c| coth( \/ c[r/2) = 2+/]c|/v/3. Solving this equation, we know that
the radius r of real hypersurfaces of type (Ajo) is expressed as

r=(2/y/]c|) log,(2+V/3). Then this real hypersurface satisfies 2,).

Let M be of type (A11). Then AX = (y/|c|/2) tanh \/|7r/2 X for all
X e T°M and A¢ = \/|c| coth(y/]e[r)é. Hence we get dn(X,Y) = (—/]c[/2)-
tanh(v/|c[r/2)g(X,#Y), so that /|c| tanh(;/|c[r/2) = 2ﬂ/f, Wthh is a con-
tradiction. Thus this real hypersurface does not satisfy Condition 2,).

Let M be of type (A;). Then the holomorphic distribution 7°M of M is
decomposed as T°M = V0 &) V;0 =V, ®V; with 4 = (y/]c]) coth \/7r/2

(\/F tanh(y/|c[r/2) and A& = /|e] coth(y/|c[r)é. Note that PV =
and ¢V; = V0 These equalities imply that Equation (3.1) does not hold
Hence thls real hypersurface does not hold 2,).

Let M be of type (B). Then it follows from (3.1) that

Pl ) () 25

5 5 RVAC 7

2

Solving this equation, we get r = (1/1/|c|) log,(2 +/3), so that M has two
distinct principal curvatures ; = J = /3c[/2 and /4, = /|c|/(2V/3), which yields
that this real hypersurface satisfies 2,). Hence our discussion asserts that a
real hypersurface of CH"(c) satisfies 2,) if and only if M is locally congruent
to either the geodesic sphere G(r) of radius r= (2/y/|c|) log,(2+V3) (ie.,
(\/Iel/2) coth(y/]e[r/2) = \/Ie|/V/3) or the real hypersurface of type (B) with
two distinct principal curvatures. However the former case does not satisfy 2;).
Indeed, every geodesic y = y(s) on G( ) of radius r = (2/4/]c]) log,(2 + V/3) with
initial vector y( ) orthogonal to &, is mapped to a circle of the same curvature
Vel/v/3 (cf. [5]).  Therefore we can see that Condition (2) implies Condition (1).

We ﬁnally suppose Condition (3). We shall study on the open dense subset
% of M, which is given by Remark 3. Condition 3,) implies that our real
hypersurface M is a Hopf hypersurface. Next, for each vector X, Y of any
restricted principal distribution Vg, from Condition 3;) we get

0= (VxyA)Y = Vy(AY) — AVyx Y
= VX(/L,Y) - AVXY
= (X2)Y + (I — A)Vy Y,
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so that
(3.2) (X4)Y + (AL —A)VyY =0.

We here take an arbitrary vector Z e VO with 4; # 4;.

Note that there exists such a vector Z. To do show that, we assume that
there does not exist such Z. Then there exists an open set ¥~ of M such that
T°7" =V}, which means that 4v= Ao for any ve T°7’ ie., our real hyper-
surface 7 is totally n-umbilic in the ambient space CH"(c). Hence this real
hypersurface 7~ is of type (A). So the shape operator 4 of 7~ satisfies the
following differential equation:

(VxA)Y = (=¢/4)(g(pX, Y)S +n(Y)$X)

for all X, Y e T7" (see [9]). Then for any unit vector X orthogonal to &, from
the above equation we have (VyA)¢X = (—c/4)¢ #0, which contradicts to
Condition 3j).

Then, taking the inner product of (3.2) and the vector Z e V0 with 4; # 4;,
we obtaln

0=g((LI —A)VxY,Z) = (4 — 4)9(Vx Y, Z),
so that g(VxY,Z) =0, which shows that
(3.3) VxYe V/?,- ® {&}g for each X,Y € V/?,-'
We shall verify that g(VyY,&) =0. It follows from (2.5) that
(3.4) g(Vx Y, &) = —g(Y,Vx&) = —g(Y,$AX) = —4ig(Y,¢X).

On the other hand, from (2.6) and Condition 3;) we find that g(¢X,Y) =0 for
each X, Y e V/1 This, together with (3.3) and (3.4), yields that VyY e V/?,- for
every vector X, Y of any restricted principal distribution V/1 Hence our real
hypersurface M is of type (B) on the open dense subset % (see Lemma C), which
implies that M is globally of type (B).

The rest of the proof is to determine real hypersurfaces of type (B) satisfying
Condition 3.).

To do this, we review the following fact. We take a geodesic y = y(s) on a
hypersurface M" isometrically immersed into an (n + 1)-dimensional Riemannian
manifold A" (with Riemannian metric g). Suppose that the geodesic y is
mapped to a circle of positive curvature k in the ambient space M m+1 " Then the
shape operator 4 of M" in M"! satisfies

(3.5) Ajp(s) = kj(s) for each s or Ayp(s) = —ky(s) for each s.

In fact, it follows from (2.1), (2.2) and (2.7) that g(4y,7)Ay = k*) holds on the
curve y. This, combined with k # 0, yields (3.5).
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In view of the above fact and Condition 3,) we have only to consider the
following equation

\/zmcoth \/FV :3@ tanh @ .

Solving this equation, we see that r = (1/y/|c|) log,(2+ +/3). Thus we obtain
Condition (1). O

Remark 2. As an immediate consequence of the discussion in the proof of
our Theorem we have the following:

COROLLARY. A connected real hypersurface M of CH"(c), n =2 is of type
(B) if and only if M satisfies the following two conditions:
(1) The holomorphic distribution T°M of M is decomposed as the direct sum
of restricted principal distributions V) = {X e T"M | AX = };X};
(2) The derivative of the shape operator A of M satisfies (VxA)Y =0 for all
vectors X, Y of each V) in (1).

Remark 3. As a matter of fact, if a real hypersurface M of CH"(c) satisfies
Condition (1) in the above Corollary, then M is a Hopf hypersurface. Note that
the converse does not hold in general. However every Hopf hypersurface M2~}
of CH"(c) satisfies locally Condition (1) on an open dense subset

_ 2n—1
K {xe M CH"(c) is constant on some neighborhood ¥ (<= %) of x

the multiplicity of every principal curvature of M>*~! in }

of M1,

Remark 4. If we remove Condition 2;), our Theorem is not true. In fact,
the geodesic sphere G(r) with radius r = (2/+/]c|) log,(2 + v/3) in CH"(c) satisfies
Condition 2,).
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