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FUNCTIONAL CENTRAL LIMIT THEOREM FOR TAGGED

PARTICLE DYNAMICS IN STOCHASTIC RANKING PROCESS
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Abstract

In this paper we consider ‘‘parabolically’’ scaled centered tagged particle dynamics

for a stochastic ranking process (regarded as a particle system), which is driven

according to an algorithm for self-organizing linear list of a finite number of items. We

let the number of items to infinity and show that the scaled tagged particle weakly

converges to a ‘‘di¤usion’’ processes with occasional jumps, in which the particle jumps

to 0 when its own Poisson clock rings and behaves as a ‘‘di¤usion’’ process otherwise.

The ‘‘di¤usion’’ is decomposed into a sum of independent continuous Markov Gaussian

processes with a random covariance. Intuitively, each component process is constructed

by infinitely many particles having the same intensity behind the tagged particle. This

random covariance depends only on its own last Poisson time. In multi-tagged particle

system, ‘‘hyperbolically’’ scaled tagged particles decompose ½0; 1� interval into Lþ 1

layers, where L is a number of tagged particles. Intuitively, infinitely many particles

in each layer construct a ‘‘di¤usion’’ processes, which is interpreted as a shrunk version

of that in the single tagged particle case. Each ‘‘parabolically’’ scaled centered tagged

particle holds in common these ‘‘di¤usion’’ processes if the corresponding layer is behind

the corresponding ‘‘hyperbolically’’ scaled tagged particle.

1. Introduction

We consider a stochastic ranking process (or Poisson embedding of the
move-to-front rules), which is driven according to an algorithm for a self-
organizing linear list of a finite number of items. The list is updated in the
following way. Each item has an independent Poisson clock, whose rate depends
on type of the item. If the Poisson clock of the i-th item rings, then it is
transferred to the top of the list and each of the items located in front of the i-th
item accordingly descend simultaneously by one rank; those behind do not move
at all. In this paper, we treat this process as an ‘‘interacting particle sys-
tem’’. We fasten a tag to a ‘‘particle’’ (or tags to ‘‘particles’’) and observe the
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motion of the ‘‘tagged particle’’ (or ‘‘tagged particles’’). In the previous paper
[23], we obtained a scaling limit of tagged particle dynamics and multi-tagged
particle dynamics as the number of the particles tends to infinity under a
‘‘hyperbolic’’ scaling. In this scaling limit the limit process of the scaled tagged
particle jumps to the top of the list when its own Poisson clock rings and moves
deterministically along a curve otherwise. The tagged particles in the multi-
tagged particle system are independent. These results may be regarded as a law
of large numbers.

In this paper we consider ‘‘parabolically’’ scaled centered tagged particle
dynamics. In the limit under this scaling we obtain a sum of di¤usion processes
with occasional jump in which the particle jumps to 0 when its own Poisson clock
rings and behaves as a sum of continuous Markov Gaussian processes with a
random covariance otherwise. We can interpret that each of these Gaussian
processes is constructed by infinitely many particles having the same intensity
behind the tagged particle. This random covariance depends only on its own
last Poisson time (Theorem 2.2). In multi-tagged particle system, ‘‘hyperboli-
cally’’ scaled tagged particles decompose the unit interval ½0; 1� into Lþ 1 layers,
where L is a number of tagged particles. Intuitively, infinitely many particles in
each layer construct a sum of continuous Markov Gaussian processes, which is
interpreted as a shrunk version of that in the single tagged particle case. Each
‘‘parabolically’’ scaled centered tagged particle holds in common these Gaussian
processes if the corresponding layer is behind the corresponding ‘‘hyperbolically’’
scaled tagged particle (Theorem 2.5).

The move-to-front rule is introduced by Tsetlin [27] and studied in many
papers [5, 16, 20, 21, 22]. It is also studied as least-recently-used cashing [1, 3, 4,
6, 7, 8, 9, 10, 17, 18, 25, 26]. Recently it is reintroduced and studied as a
mathematical model of the ranking in the web page of online bookstores or in the
posting web pages [11, 12, 13, 14, 15, 23].

This paper is organized as follows: In section 2, we define our model and
state main results. In section 3, we prove Theorem 2.2. In section 4, we prove
Lemma 2.4. In section 5, we prove Theorem 2.5.

2. Model and results

Let fni; i A Ng be independent Poisson random measures on ½0;yÞ with
intensity wiðsÞ ds. We suppose that the set of intensities is finite, i.e., there
exists K such that fwi; i A Ng ¼ f~ww1; ~ww2; . . . ; ~wwKg. Let ðxN

1 ; xN
2 ; . . . ; xN

N Þ be a

permutation of 1; 2; . . . ;N. We define a stochastic ranking process XN ¼
ðX N

1 ;XN
2 ; . . . ;XN

N Þ as a unique solution of the system of stochastic integral
equation

XN
i ðtÞ ¼ xN

i þ
XN
j¼1

ð t
0

1ðXjðs�Þ > Xiðs�ÞÞnjðdsÞ þ
ð t
0

ð1� Xiðs�ÞÞniðdsÞð1Þ
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where 1ðAÞ is the indicator function of A. We regard XN
i ðtÞ and xN

i as positions
of the i-th particle at time t and at time 0 respectively. The i-th particle has the
Poisson clock ni with intensity wi and at each time when the clock ni rings, then
i-th particle jumps to the top. If a Poisson clock of a particle located behind the
i-th particle rings, then the i-th particle jumps backward by one step.

We define the normalized position of X N by

Y N
i ðtÞ ¼ 1

N
ðXN

i ðtÞ � 1Þ:

We set yN
i :¼ ðxN

i � 1Þ=N for 1a iaN. Let us consider the Cauchy problem
for a system of quasi linear PDE

q

qt
ulðx; tÞ ¼ �ulðx; sÞ~wwlðsÞ �

XK
m¼1

umðx; sÞ~wwmðsÞ
q

qx
ulðx; sÞ;

ulð0; tÞ ¼ flð0Þ;
ulð1; tÞ ¼ 0;

ulðx; 0Þ ¼ flðxÞ;

ð2Þ

for l ¼ 1; 2; . . . ;K where the initial functions fl , 1a laK are smooth and
decreasing, and satisfy that fl b 0 and

PK
l¼1 flð0Þ ¼ 1. In [13] it is proved that

this system of PDE has a unique global classical solution. From now on, we
denote by uðx; tÞ ¼ ðu1ðx; tÞ; . . . ; uKðx; tÞÞ the unique global solution of (2).

We refer following results [23].

Proposition 2.1 ([23, Theorem 1.2]). Assume that

yN
1 ! y1; ðN ! yÞ; almost surely;

1

N

XN
j¼1

1ðwj ¼ ~wwlÞ1ðyN
j b xÞ ! flðxÞ;

ðN ! yÞ; uniformly in x A ½0; 1� almost surely:

Then the scaled tagged particle motion Y N
1 ðtÞ converges to Y1ðtÞ uniformly in

t A ½0;T � almost surely for all T b 0, where Y1 is the solution of

Y1ðtÞ ¼ y1 þ
XK
l¼1

ð t
0

ulðY1ðs�Þ; sÞ~wwlðsÞ ds�
ð t
0

Y1ðs�Þn1ðdsÞ:

Furthermore, assume that for some L,
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ðyN
1 ; yN

2 ; . . . ; y
N
L Þ ! ðy1; y2; . . . ; yLÞ; ðN ! yÞ; almost surely;

1

N

XN
j¼1

1ðwj ¼ ~wwlÞ1ðyN
j b xÞ ! flðxÞ;

ðN ! yÞ; uniformly in x A ½0; 1� almost surely:

Then the scaled tagged particle system ðYN
1 ðtÞ;Y N

2 ðtÞ; . . . ;YN
L ðtÞÞ converges to

ðY1ðtÞ;Y2ðtÞ; . . .YLðtÞÞ uniformly in t A ½0;T � almost surely for all T b 0, where
Yi, i ¼ 1; 2; . . . ;L are the solutions of

YiðtÞ ¼ yi þ
XK
l¼1

ð t
0

ulðYiðs�Þ; sÞ~wwlðsÞ ds�
ð t
0

Yiðs�ÞniðdsÞ:

Proposition 2.1 expresses a scaled particle moves deterministically obeying the
same ODE as for the corresponding characteristic curve of the system of PDE
(2) except for its successive Poisson epochs at each of which it jumps to the
top independently of the motion of the other tagged particles. We recall that
Proposition 2.1 can be regarded as a law of large numbers.

The process Y N may be considered as a ‘‘hyperbolic’’ scaling of XN , and we
are going to consider a ‘‘parabolic’’ scaling. Here is given a reason why we use
the words ‘‘hyperbolic’’ and ‘‘parabolic’’ in spite of no scale change of time in
both cases. First we consider

WNðtÞ :¼
XN
j¼1

ð t
0

njðdsÞ:

It is obvious that this is a (time inhomogeneous) continuous time random
walk. To simplify our notation, we assume that K ¼ 1 and ~ww1 ¼ 1, so that
WN is a time homogeneous random walk with mean waiting time 1=N. It is

standard to see that
1

N
WNðtÞ converges to t and

1ffiffiffiffiffi
N

p ðWNðtÞ �NtÞ converges

to a standard Brownian motion as a law of large numbers and an invariance
principle respectively. In this case, we have scaled the process in space, not in
time. Nevertheless we have a law of large numbers and an invariance principle,
since adding independent Poisson measures plays a speed up (time scaling) role.
The situation for Y N and ZN (defined below) is the same, so the expressions
‘‘hyperbolic’’ and ‘‘parabolic’’ scaling according as the space scaling factors 1=N
and 1=

ffiffiffiffiffi
N

p
respectively. (In the ‘‘parabolic’’ scaling case, we may also need

some centering.)
Let ft1ngnb1 be successive Poisson epochs of n1 with t1n < t1nþ1 for all nb 1.

To simplify our notation, we set t10 ¼ 0. We define F1 by s-algebra generated
by Poisson epochs ft1n ; nb 0g. By the direct computation, we have the following
formula for Y1ðtÞ;
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Y1ðtÞ ¼
y1 þ

XK
l¼1

flðy1Þ 1� exp �
ð t
0

~wwlðsÞ ds
� �� �

if 0a t < t11 ;

XK
l¼1

flð0Þ 1� exp �
ð t
t1n

~wwlðsÞ ds
 !( )

if t1n a t < t1nþ1; nb 1:

8>>>><
>>>>:

ð3Þ

We define ‘‘parabolically’’ scaled centered tagged particle dynamics ZN
1 by

ZN
1 ðtÞ ¼

ffiffiffiffiffi
N

p
ðY N

1 ðtÞ � Y1ðtÞÞ:

Set pl , ql for 1a laK by

plðs; tÞ ¼ exp �
ð t
s

~wwlðuÞ du
� �

; qlðs; tÞ ¼ 1� plðs; tÞ

for sa t. We also set t1ðtÞ :¼ maxft1n a t; nb 0g. Furthermore, we set a1ðtÞ ¼
ða1;1ðtÞ; a1;2ðtÞ; . . . ; a1;KðtÞÞ, r1ðtÞ ¼ ðr1;1ðtÞ; r1;2ðtÞ; . . . ; r1;KðtÞÞ by

a1;kðtÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
fkðy1Þ

p
pkð0; tÞ if t1ðtÞ ¼ 0;ffiffiffiffiffiffiffiffiffiffi

fkð0Þ
p

pkðt1ðtÞ; tÞ if t1ðtÞ > 0;

(

r1;kðtÞ :¼
qkðt1ðtÞ; tÞ
pkðt1ðtÞ; tÞ

;

for 1a kaK . Note that a1, r1 are F1 measurable random functions. Fur-
thermore both of them depend only on the last Poisson time, i.e., if t1n a t < t1nþ1,
then they depend only on t1n . We also note that r1ðt1nÞ ¼ 0 for all nb 0. Fur-
thermore, each component of a1, r1 is a smooth function except ft1n ; nb 0g and
each component of r1 is a strictly increasing function for each interval ½t1n ; t1nþ1Þ
for nb 0.

Let fBj; 1a jaKg be independent Brownian motions, which are indepen-
dent of the Poisson random measures. We denote by r 0

1;k the derivative of the

absolutely continuous part of r1;k. We set a jump di¤usion process Y1ðtÞ ¼
ðY1;1ðtÞ;Y1;2ðtÞ; . . . ;Y1;KðtÞÞ by

Y1;kðtÞ :¼
ð t
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 0
1;kðsÞ

q
dBkðsÞ �

ð t
0

Y1;kðsÞn1ðdsÞ;

for 1a kaK . Note that Y1;kðtÞ has the expression

Y1;kðtÞ ¼
ð t
t1ðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 0
1;kðsÞ

q
dBkðsÞ:

We define a jump di¤usion process C1ðtÞ ¼ ðC1;1ðtÞ;C1;2ðtÞ; . . . ;C1;KðtÞÞ by

C1;kðtÞ :¼ a1;kðtÞY1;kðtÞ:ð4Þ
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By applying Ito formula to f ða1;kðtÞ;Y1;kðtÞÞ with f ðx; yÞ ¼ xy, we have

C1;kðtÞ ¼
ð t
0

a 0
1;kðsÞY1;kðsÞ dsþ

ð t
0

a1;kðsÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 0
1;kðsÞ

q
dBkðsÞ �

ð t
0

C1;kðsÞn1ðdsÞ

¼
ð t
0

a 0
1;kðsÞ

a1;kðsÞ
C1;kðsÞ dsþ

ð t
0

a1;kðsÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 0
1;kðsÞ

q
dBkðsÞ �

ð t
0

C1;kðsÞn1ðdsÞ;

for 1a kaK . Then we define Z1 by

Z1ðtÞ ¼
XK
k¼1

C1;kðtÞ:ð5Þ

These processes jump to 0 at each Poisson time t1n for nb 1. By the definition
of Y, the law of C1;k in the time interval ½t1n ; t1nþ1Þ coincides with that of
a1;kðtÞ ~BBk;nðr1;kðtÞÞ, where ~BBk;n is another standard Brownian motion. This is a
typical continuous Markov Gaussian process (see Propositions 3.3, 3.4 below).
By the definition, the components of C1 are independent. Therefore Z1ðtÞ in
the time interval ½t1n ; t1nþ1Þ is a Gaussian process with covariance Gðs; tÞ ¼PK

k¼1 a1;kðsÞa1;kðtÞr1;kðsÞ for t1n ; sa t < t1nþ1. If Kb 2, then Z1ðtÞ is not a
Markov process in general.

Theorem 2.2. Assume that the following relations hold true with probability
one:

yN
1 � y1 ¼ o

1ffiffiffiffiffi
N

p
� �

; ðN ! yÞ;

1

N

XN
j¼1

1ðwj ¼ ~wwkÞ1ðyN
j b yN

1 Þ � fkðy1Þ ¼ o
1ffiffiffiffiffi
N

p
� �

; ðN ! yÞ; for 1a kaK ;

1

N

XN
j¼1

1ðwj ¼ ~wwkÞ � fkð0Þ ¼ o
1ffiffiffiffiffi
N

p
� �

; ðN ! yÞ; for 1a kaK :

Then ZN
1 conditioned on F1 converges weakly in the Skorohod topology to Z1

conditioned on F1.

We interpret Z1, C1 as follows: For each Poisson time ft1n : nb 1g, the
processes are reset to 0. In each time interval ½t1n ; t1nþ1Þ, n ¼ 0; 1; 2; . . . , the
process Z1 is a centered continuous Gaussian process with covariance Gðs; tÞ ¼PK

k¼1 a1;kðsÞa1;kðtÞr1;kðsÞ for sa t, which is decomposed into a sum of indepen-
dent centered continuous Markov Gaussian processes. We note that a1;kðtÞ
corresponds to the expected number of particles behind the tagged particle
with the same intensity ~wwk. Hence each centered continuous Markov Gaussian
process is constructed by particles behind the tagged particle with the same
intensity.

414 yukio nagahata



Remark 2.3. We suppose that the set of intensities is infinite. If we add
some extra assumptions on intensities and initial configurations, then our proof
below is applicable and ZN converges to some centered Gaussian process, which
is continuous except for the Poisson time ft1n ; nb 1g.

We also consider a ‘‘parabolically’’ scaled centered multi-tagged particle
system. We define ZN ¼ ZN;L ¼ ðZN

1 ;ZN
2 ; . . . ;ZN

L Þ by

ZN
l ðtÞ ¼

ffiffiffiffiffi
N

p
ðY N

l ðtÞ � YlðtÞÞ;

for 1a laL. Let ft lngnb1 be successive Poisson epochs with respect to nl with
t ln < t lnþ1 for all nb 1 for 1a laL. For 1a laL set t l0 ¼ 0,

t lðtÞ ¼ maxft ln a t; nb 0g
and

tLðtÞ ¼ maxft lðtÞ; 1a laLg:
We also set

rkðs; tÞ ¼
qkðs; tÞ
pkðs; tÞ

; r 0
kðs; tÞ ¼

q

qt
rkðs; tÞ:

Let fBi; j; 1a iaL; 1a jaKg be independent Brownian motions, which are
independent of the Poisson random measures. Then we define a jump di¤usion
process XðtÞ ¼ ðXi; jðtÞÞ1aiaL;1ajaK by

Xi; jðtÞ :¼
ð t
tLðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 0
j ðtLðtÞ; sÞ

q
dBi; jðsÞ:

We set RðtÞ :¼ ðR1ðtÞ;R2ðtÞ; . . . ;RLðtÞÞ a permutation of ð1; 2; . . . ;LÞ such
that

YR1ðtÞðtÞbYR2ðtÞðtÞb � � �bYRLðtÞðtÞ;

where if YRiðtÞðtÞ ¼ YRiþ1ðtÞðtÞ, then we set RiðtÞ < Riþ1ðtÞ. Namely, by means
of RðtÞ, we arrange YðtÞ ¼ ðY1ðtÞ;Y2ðtÞ; . . . ;YLðtÞÞ in descending order. We set
SðtÞ ¼ ðS1ðtÞ;S2ðtÞ; . . . ;SLðtÞÞ a permutation of ð1; 2; . . . ;LÞ such that RSlðtÞ ¼ l
for 1a laL.

We set

al;0ðtLðtÞÞ ¼ 0;

al;kðtLðtÞÞ ¼ fkðylÞpkð0; tLðtÞÞ if tRlðtÞðtÞ ¼ 0; and 1a laL;

fkð0ÞpkðtRlðtÞðtÞ; tLðtÞÞ if tRlðtÞðtÞ0 0; and 1a laL;

�

for 1a kaK . We define CðtÞ ¼ ðCl;kðtÞÞ1alaL;1akaK by
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Cl;kðtÞ ¼ Cl;kðtLðtÞÞpkðtLðtÞ; tÞ þ
XSlðtÞ

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a j;kðtLðtÞÞ � a j�1;kðtLðtÞÞ

q

�
(
�
ð t
tLðtÞ

~wwkðsÞpkðtLðtÞ; sÞXj;kðsÞ ds

þ
ð t
tLðtÞ

pkðtLðtÞ; sÞ dXj;kðsÞ
)
;

Cl;kðtLðtÞÞ ¼ Cl;kðtLðtÞ�Þ if tLðtÞ0 t lðtÞ;
0 otherwise.

�

ð6Þ

Then we define ZðtÞ ¼ ðZ1ðtÞ;Z2ðtÞ; . . . ;ZLðtÞÞ by

ZlðtÞ ¼
XK
k¼1

Cl;kðtÞ:ð7Þ

Lemma 2.4. The law of C1;kðtÞ defined by (4) coincides with that by (6) for
1a kaK. Therefore the law of Z1ðtÞ defined by (5) coincides with that by (7).

We set FL :¼ sðft1n ; nb 0gU ft2n ; nb 0gU � � �U ftLn ; nb 0gÞ.

Theorem 2.5. Assume that

yN
l � yl ¼ o

1ffiffiffiffiffi
N

p
� �

; ðN ! yÞ; almost surely for 1a laL;

1

N

XN
j¼1

1ðwj ¼ ~wwkÞ1ðyN
j b yN

l Þ � fkðylÞ ¼ o
1ffiffiffiffiffi
N

p
� �

;

ðN ! yÞ almost surely 1a laL; 1a kaK ;

1

N

XN
j¼1

1ðwj ¼ ~wwkÞ � fkð0Þ ¼ o
1ffiffiffiffiffi
N

p
� �

; ðN ! yÞ almost surely for 1a kaK:

Then ZN ¼ ðZN
1 ;ZN

2 ; . . . ;ZN
L Þ conditioned on FL converges weakly in the

Skorohod topology to Z ¼ ðZ1;Z2; . . . ;ZLÞ conditioned on FL.

We interpret this process as follows: The jump times of each component
coincide with its Poisson times. Each component of the process is given by
a sum of independent centered Markov Gaussian processes. The ‘‘hyperboli-
cally’’ scaled tagged particles Y divide ½0; 1Þ interval into Lþ 1 layers. For each
Poisson time ftLn ; nb 1g, the layers are reset. The height of the layer is
interpreted as expected normalized number of particles in the layer. In each
layer, the height is divided into expected normalized number of particles with the
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same intensity in the layer. We interpret that each centered Markov Gaussian
process is constructed by particles with the same intensity in corresponding
layer. We also interpret these centered Markov Gaussian processes as shrunk
version of that in the single tagged particle case. Each centered Markov
Gaussian process is held in common by Zl if the corresponding layer is behind
YlðtLðtÞÞ.

3. Proof of Theorem 2.2

To prove the main theorem, we have only to show the tightness and the
convergence of finite dimensional distribution. Namely, if we prove following
two lemmas, then we conclude the proof of Theorem 2.2:

Lemma 3.1. The sequence fZN
1 ;Nb 1g conditioned on F1 is tight.

Lemma 3.2. The finite dimensional characteristic function of ZN
1 conditioned

on F1 converges to that of Z1 conditioned on F1. r

First we give fundamental results on Gaussian process.

Proposition 3.3 [19, Proposition 13.7], [24, Chap. III Sec. 1, Exercise 1.13].
Let X be a Gaussian process with covariance G. Then X is a Markov process if
and only if Gðs; uÞGðt; tÞ ¼ Gðs; tÞGðt; uÞ for s < t < u.

Proposition 3.4 [24, Chap. III Sec. 1, Exercise 1.13]. Suppose that a is
continuous and does not vanish and r is a continuous strictly positive and non
decreasing function. If we set Y ðtÞ ¼ aðtÞBðrðtÞÞ, where B is a Brownian motion,
then Y is a centered Gaussian process with covariance Gðs; tÞ ¼ aðsÞaðtÞrðsÞ for
s < t.

Second we give the following formula for YN
1 ðtÞ (cf [11, Y

ðNÞ
C ]), which plays

an important role in the proof, and compute several quantities.
In the time interval ½t1n ; t1nþ1Þ, for each j0 1, the order of the values YN

1 and
YN

j changes at most once at t, the first Poisson time with respect to nj in the time
interval ½t1n ; t1nþ1Þ. By the definition of Y N

1 , we have

Y N
1 ðtÞ ¼

yN
1 þ 1

N

XN
j¼1

1ðY N
j ð0Þ > YN

1 ð0ÞÞ1ðnjðð0; t�Þb 1Þ if t1ðtÞ ¼ 0;

1

N

XN
j¼1

1ðnjððt1ðtÞ; t�Þb 1Þ if t1ðtÞ > 0:

8>>>>><
>>>>>:

ð8Þ

By simple computation, we have
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E½YN
1 ðtÞ jF1�

¼

yN
1 þ 1

N

XN
j¼2

1ðYN
j ð0Þ > Y N

1 ð0ÞÞ 1� exp �
ð t
0

wjðsÞ ds
� �� �

if t1ðtÞ ¼ 0;

1

N

XN
j¼2

1� exp �
ð t
t1ðtÞ

wjðsÞ ds
 !( )

if t1ðtÞ > 0:

8>>>>><
>>>>>:

By the assumption of the Theorem 2.2, we have

Y1ðtÞ � E½YN
1 ðtÞ jF1� ¼ o

1ffiffiffiffiffi
N

p
� �

; ðN ! yÞ uniformly in t:ð9Þ

Hence we have

E½ZN
1 ðtÞ jF1� ¼ oð1Þ; ðN ! yÞ uniformly in t:

Set p j, q j for jb 2 by

p jðtÞ ¼
XK
k¼1

1ðwj ¼ ~wwkÞpkðt1ðtÞ; tÞ; q jðtÞ ¼
XK
k¼1

1ðwj ¼ ~wwkÞqkðt1ðtÞ; tÞ:

Then it is easy to see that p jðtÞ ¼ Pðnjððt1ðtÞ; t�Þ ¼ 0Þ and q jðtÞ ¼ Pðnjððt1ðtÞ; t�Þ
b 1Þ. We define Wj for jb 2 by

WjðtÞ ¼ ~WWjðtÞ � E½ ~WWjðtÞ jF1�;
~WWjðtÞ ¼ 1ðnjððt1ðtÞ; t�Þb 1Þ:

Then we have

E½WjðtÞ jF1� ¼ 0; for all t;

E½WjðsÞWjðtÞ jF1� ¼ q jðsÞp jðtÞ; if sa t and t1ðsÞ ¼ t1ðtÞ;

E½WjðsÞWjðtÞ jF1� ¼ 0; if t1ðsÞ < t1ðtÞ:

ð10Þ

Furthermore we have

Y N
1 ðtÞ � E½YN

1 ðtÞ jF1� ¼

1

N

XN
j¼2

1ðYN
j ð0Þ > YN

1 ð0ÞÞWjðtÞ if t1ðtÞ ¼ 0;

1

N

XN
j¼2

WjðtÞ if t1ðtÞ > 0:

8>>>>><
>>>>>:

ð11Þ

We define a s-algebra G by G ¼ sðF1 U sðtÞU sðWjðtÞÞÞ for some stopping time
t. Then by the definition of Wj, we have

E½ðWjðtþ sÞ �WjðtÞÞ2 jG�a 2fE½1ðnjð½t; tþ sÞÞb 1Þ jG� þ Csga 4Csð12Þ
for C ¼ supj sups wjðsÞ, if t1ðtÞ ¼ t1ðtþ sÞ.
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It is easy to compute the finite dimensional characteristic function of Wj

conditioned on F1 as follows: Set t ¼ ðt01 ; t02 ; . . . ; t0m0 ; t
1
1 ; t

1
2 ; . . . ; t

1
m1 ; . . . ; t

n
1 ; t

n
2 ; . . . ;

tnmnÞ which satisfies 0a t11 a t02 a � � �a t0
m0 < t11 a t11 a t12 a � � �a t1

m1 < t12 a � � �
< t1n a tn1 a tn2 a � � �a tnmn < t1nþ1 and x ¼ ðx0

1 ; x
0
2 ; . . . ; x

0
m0 ; x

1
1 ; x

1
2 ; . . . ; x

1
m1 ; . . . ; x

n
1 ;

xn
2 ; . . . ; x

n
mnÞ A RM where M ¼

Pn
k¼0 m

k. Then we have

j
j
t ðxÞ :¼ E exp

ffiffiffiffiffiffiffi
�1

p Xn
k¼0

Xmk

i¼1

Wjðtki Þxk
i

 !�����F1

" #
ð13Þ

¼ 1� 1

2

Xn
k¼0

Xmk

i¼1

q jðtki Þp jðtki Þðxk
i Þ

2

�
Xn
k¼0

Xmk�1

i¼1

Xmk

l¼iþ1

q jðtki Þp jðtkl Þxk
i x

k
l þOðjxj3Þ;

where jxj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

k¼0

Pmk

i¼1ðxk
i Þ

2
q

.
Since fnj; jb 1g is independent Poisson random measure, by the definition of

ZN
1 and by using (9), (11), and (13), we conclude that FN

t the finite dimensional
characteristic function of ZN

1 conditioned on F1 is given by

FN
t ðxÞ :¼ E exp

ffiffiffiffiffiffiffi
�1

p Xn
k¼0

Xmk

i¼1

ZN
1 ðtki Þxk

i

 !�����F1

" #
ð14Þ

¼ E

"
exp

( ffiffiffiffiffiffiffi
�1

p
"Xm0

i¼1

(
1ffiffiffiffiffi
N

p
XN
j¼2

1ðY N
j ð0Þ > Y N

1 ð0ÞÞWjðt0j Þ

�
ffiffiffiffiffi
N

p
ðY1ðt0i Þ � E½Y N

1 ðt0i Þ jF1�Þ
)
x0
i þ

Xn
k¼1

Xmk

i¼1

(
1ffiffiffiffiffi
N

p
XN
j¼2

Wjðtkj Þ

�
ffiffiffiffiffi
N

p
ðY1ðtki Þ � E½YN

1 ðtki Þ jF1�Þ
)
xk
i

#) �����F1

#

¼ exp

(
� 1

2

1

N

XN
j¼2

1ðyN
j b yN

1 Þ

�
 Xm0

i¼1

q jðt0i Þp jðt0i Þðx0
i Þ

2 �
Xm0�1

i¼1

Xm0

l¼iþ1

q jðt0i Þp jðt0l Þx0
i x

0
l

!

� 1

N

XN
j¼2

 
1

2

Xn
k¼1

Xmk

i¼1

q jðtki Þp jðtki Þðxk
i Þ

2

�
Xn
k¼1

Xmk�1

i¼1

Xmk

l¼iþ1

q jðtki Þp jðtkl Þxk
i x

k
l

!
þ oð1Þ

)
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¼ exp

(XK
l¼1

 
� 1

2

1

N

XN
j¼2

1ðwj ¼ ~wwlÞ1ðyN
j b yN

1 Þ

�
 Xm0

i¼1

qlðt0i Þplðt0i Þðx0
i Þ

2 �
Xm0�1

i¼1

Xm0

l¼iþ1

qlðt0i Þplðt0l Þx0
i x

0
l

!

� 1

N

XN
j¼2

1ðwj ¼ ~wwlÞ
 
1

2

Xn
k¼1

Xmk

i¼1

qlðtki Þplðtki Þðxk
i Þ

2

�
Xn
k¼1

Xmk�1

i¼1

Xmk

l¼iþ1

qlðtki Þplðtkl Þxk
i x

k
l

!!
þ oð1Þ

)
:

Proof of Lemma 3.1. Since ZN
1 ðtnÞ ¼ 0 for all Nb 1, nb 0, thanks to

Aldous’s tightness criterion and Chebyshev’s inequality, it is enough to prove
that

E½fZN
1 ðtÞg2 j t1n a t < t1nþ1�aC;

E½fZN
1 ððtþ d 0Þ�Þ � ZN

1 ðtÞg2 j t1n a t < t1nþ1�aCd;

for some constant C for all stopping time t < T and d > 0 (see [2]). Here tþ d 0

designates minftþ d 0; t1nþ1g. Since fWj; jb 2g is independent, by (9), (10) and
(11), we conclude that

E½fZN
1 ðtÞg2 j t1n a t < t1nþ1�

a 2fE½ðY N
1 ðtÞ � E½Y N

1 ðtÞ jF1�Þ2 j t1n a t < t1nþ1� þ oð1Þg

a 2
1

N

XN
j¼2

E½WjðtÞ2 j t1n a t < t1nþ1� þ oð1Þ
( )

a 2ð1þ oð1ÞÞ;

for all stopping time t.
By (12), we have

E½ðWjððtþ d 0Þ�Þ �WjðtÞÞ2 j t1n a t < t1nþ1�

¼ E½E½ðWjððtþ d 0Þ�Þ �WjðtÞÞ2 jG� j t1n a t < t1nþ1�a 4Cd:

since we have tþ d 0 ¼ minftþ d 0; t1nþ1g. r

Proof of Lemma 3.2. By the assumption of the Theorem 2.2, the definition
of a, r, and (14), we conclude that FN converges to
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YK
j¼1

exp

(
� 1

2

Xn
k¼0

Xmk

i¼1

r1; jðtki Þða1; jðtki ÞÞ
2ðxk

i Þ
2ð15Þ

�
Xn
k¼0

Xmk�1

i¼0

Xmk

l¼iþ1

r1; jðtki Þa1; jðtki Þa1; jðtkl Þxk
i x

k
l

)
;

which is the product of characteristic functions of a Gaussian process with
covariance Gðs; tÞ ¼ a1; jðsÞa1; jðtÞr1; jðsÞ for sa t. By Proposition 3.3, Proposition
3.4, each term of (15) coincides with the finite dimensional characteristic function
of C1; j conditioned on F1. Hence we conclude that (15) coincides with the
finite dimensional characteristic function of Z conditioned on F1. r

4. Proof of Lemma 2.4

In this section following identity plays a key role: By the definition of pk,
we have

pkðs; tÞ ¼ pkðs; uÞpkðu; tÞð16Þ

for sa ua t, 1a kaK . We recall that C1;kðtÞ defined by (4) has an expression

C1;kðtÞ ¼
ð t
0

a 0
1;kðsÞY1;kðsÞ dsþ

ð t
0

a1;kðsÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 0
1;kðsÞ

q
dBkðsÞ �

ð t
0

C1;KðsÞn1ðdsÞ

¼
ð t
t1ðtÞ

a 0
1;kðsÞY1;kðsÞ dsþ

ð t
t1ðtÞ

a1;kðsÞ dY1;kðsÞ:

Let u be a stopping time such that t1ðtÞa ua t. Then we have

C1;kðtÞ ¼ C1;kðuÞ þ
ð t
u

a 0
1;kðsÞY1;kðsÞ dsþ

ð t
u

a1;kðsÞ dY1;kðsÞ:

By the definition of a1;k, r1;k and pk, we haveð t
u

a 0
1;kðsÞY1;kðsÞ ds

¼ �
ð t
u

~wwkðsÞa1;kðsÞY1;kðuÞ ds�
ð t
u

~wwkðsÞa1;kðsÞ
ð t
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~wwkðvÞ

pkðt1ðtÞ; vÞ

s
dBkðvÞ

 !
ds:

By (16), we have a1;kðsÞ ¼ a1;kðuÞpkðu; sÞ. We also have
q

qs
pkðu; sÞ ¼

�~wwkðsÞpkðu; sÞ and pkðu; uÞ ¼ 1. Hence we haveð t
u

~wwkðsÞa1;kðsÞY1;kðuÞ ds ¼ C1;kðuÞ
ð t
u

~wwkðsÞpkðu; sÞ ds ¼ C1;kðuÞðpkðu; tÞ � 1Þ:
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We set gkðt1ðtÞÞ by

gkðt1ðtÞÞ ¼
fkðy1Þ if t1ðtÞ ¼ 0;

fkð0Þ otherwise.

�

Then by using (16) and the definition of r 0
kðs; tÞ, we have

ð t
u

~wwkðsÞa1;kðsÞ
ð t
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~wwkðvÞ

pkðt1ðtÞ; vÞ

s
dBkðvÞ

 !
ds

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gkðt1ðtÞÞpkðt1ðtÞ; uÞ

q ð t
u

~wwkðsÞpkðu; sÞ
ð t
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~wwkðvÞ

pkðu; vÞ

s
dBkðvÞ

 !
ds

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gkðt1ðtÞÞpkðt1ðtÞ; uÞ

q ð t
u

~wwkðsÞpkðu; sÞ
ð t
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 0
kðu; vÞ

q
dBkðvÞ

� �
ds:

Similarly we have

ð t
u

a1;kðsÞ dY1;kðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gkðt1ðtÞÞ

q ð t
u

pkðt1ðtÞ; sÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~wwkðsÞ

pkðt1ðtÞÞ; sÞ

s
dBkðsÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gkðt1ðtÞÞpkðt1ðtÞ; uÞ

q ð t
u

pkðu; sÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 0
kðu; sÞ

q
dBkðsÞ:

Summarizing these identities, we have

C1;kðtÞ ¼ C1;kðuÞpkðu; tÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gkðt1ðtÞÞpkðt1ðtÞ; uÞ

q

�
�
�
ð t
u

~wwkðsÞpkðu; sÞ
ð t
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 0
kðu; vÞ

q
dBkðvÞ

� �
ds

þ
ð t
u

pkðu; sÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 0
kðu; sÞ

q
dBkðsÞ

�
:

Substituting tLðtÞ for u and comparing this and (6), we have only to prove
following identity:

XSl ðtÞ

j¼1

a j;kðtLðtÞÞ � a j�1;kðtLðtÞÞ ¼ gkðt1ðtÞÞpkðt1ðtÞ; uÞ:

It is trivial since

XS1ðtÞ

j¼1

a j;kðtLðtÞÞ � a j;kðtLðtÞÞ ¼ a1;kðtLðtÞÞ ¼ gkðt1ðtÞÞpkðt1ðtÞ; uÞ: r
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5. Proof of Theorem 2.5

Outline of the proof of Theorem 2.5 is the same as that of Theorem
2.2. Namely, we have only to show the tightness and the convergence of the
finite dimensional characteristic function.

Since the proof of the tightness is the same as that in Lemma 3.1, we omit
the proof.

In order to see the characteristic function, we define W i
j for 1a iaL, jb 1

with i0 j by

W i
j ðtÞ ¼ ~WW i

j ðtÞ � E½ ~WW i
j ðtÞ jFL�; ~WW i

j ðtÞ ¼ 1ðnjðt iðtÞ; t�b 1Þ:

Since jW i
j ja 1, we have

ZN
i ¼

1ffiffiffiffiffi
N

p
XN
j¼Lþ1

1ðY N
j ð0Þ > Y N

i ð0ÞÞW i
j ðtÞ þ oð1Þ if t iðtÞ ¼ 0;

1ffiffiffiffiffi
N

p
XN
j¼Lþ1

W i
j ðtÞ þ oð1Þ if t iðtÞ > 0;

8>>>>><
>>>>>:

for 1a iaL (cf. (11)). Since nj are independent Poisson measures, fWj;
jbLþ 1g with Wj ¼ ðW 1

j ;W
2
j ; . . . ;W

L
j Þ are independent random vectors.

Hence finite dimensional distribution of ZN converges to some Gaussian random
variables. Therefore we only observe the limit of the covariance.

By the definition of W i
j ðtÞ, for 1a i; kaL, j; lbLþ 1, sa t, we have

E½W i
j ðtÞ jFL� ¼ 0

E½W i
j ðtÞWk

l ðsÞ jFL� ¼
q jðtkðsÞ; sÞp jðt iðtÞ; tÞ if j ¼ l; and t iðtÞa tkðsÞ;
q jðt iðtÞ; sÞp jðtkðsÞ; tÞ if j ¼ l; and tkðsÞa t iðtÞ < s;

0 if j0 l; or sa t iðtÞ:

8<
:

Since p jða; cÞ ¼ p jða; bÞp jðb; cÞ for aa ba c, we have

E½W i
j ðtÞWk

l ðsÞ jFL�

¼
q jðtkðsÞ; sÞp jðt iðtÞ; tkðsÞÞp jðtkðsÞ; tÞ if j ¼ l; and t iðtÞa tkðsÞ;
q jðt iðtÞ; sÞp jðtkðsÞ; t iðtÞÞp jðt iðtÞ; tÞ if j ¼ l; and tkðsÞa t iðtÞ < s;

0 if j0 l; or sa t iðtÞ:

8<
:

We set gkðt iðtÞÞ by

gkðt iðtÞÞ ¼
fkðyiÞ if t iðtÞ ¼ 0;

fkð0Þ otherwise.

�

Then for 1a i; kaL, sa t, we have
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E½ZN
i ðtÞZN

k ðsÞ jFL� ¼ 1

N

XN
j¼Lþ1

XN
l¼Lþ1

E½W i
j ðtÞWk

l ðsÞ jFL�

!

XK
k¼1

gkðt iðtÞÞpkðt iðtÞ; tkðsÞÞqkðtkðsÞ; sÞpkðtkðsÞ; tÞ

if t iðtÞa tkðsÞ and gkðt iðtÞÞa gkðtkðsÞÞ;XK
k¼1

gkðtkðsÞÞpkðtkðsÞ; t iðtÞÞqkðt iðtÞ; sÞpkðt iðtÞ; tÞ

if tkðsÞa t iðtÞ < s and gkðtkðsÞÞa gkðt iðtÞÞ;
0; if sa t iðtÞ;

8>>>>>>>>>>>><
>>>>>>>>>>>>:

as N ! y. Note that the condition gkðt iðtÞÞa gkðtkðsÞÞ (and gkðtkðsÞÞa
gkðt iðtÞÞ) makes sense i¤ t iðtÞ ¼ tkðsÞ ¼ 0, since if t iðtÞ < tkðsÞ, then we have
gkðt iðtÞÞa gkðtkðsÞÞ (if tkðsÞ < t iðtÞ, then we have gkðtkðsÞÞa gkðt iðtÞÞ).

We set 1j;kðtÞ for 1a jaL, 1a kaK by

1j;kðtÞ ¼ �
ð t
tLðtÞ

~wwkðsÞpkðtLðtÞ; sÞXj;kðsÞ dsþ
ð t
tLðtÞ

pkðtLðtÞ; sÞ dXj;kðsÞ:

Then by the definition of X, we have

E½1j;kðtÞ jFL� ¼ 0;ð17Þ

E½1j;kðtÞ1l;mðsÞ jFL�

¼ pkðtLðtÞ; tÞqkðtLðsÞ; sÞ if j ¼ l; k ¼ m; and tLðsÞ ¼ tLðtÞ;
0 otherwise;

�
for sa t.

We define ftLn ; nb 0g by ftLn ; nb 0g ¼ 6L

l¼1
ft ln; nb 0g with tLn < tLnþ1 for

nb 0. Suppose that t lðtÞ ¼ tLn and tLðtÞ ¼ tLnþm for some nb 0, mb 1. By the
definition of Cl;kðtÞ, we have

Cl;kðtÞ ¼ Cl;kðtLnþmÞpkðtLnþm; tÞ þ
XSlðtÞ

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a j;kðtLnþmÞ � a j�1;kðtLnþmÞ

q
1j;kðtÞ

¼
(
Cl;kðtLnþm�1ÞpkðtLnþm�1; t

L
nþm�Þ

þ
XSlðtLnþm�Þ

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a j;kðtLnþm�1Þ � a j�1;kðtLnþm�1Þ

q
1j;kðtLnþm�Þ

)
pkðtLnþm; tÞ

þ
XSlðtÞ

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a j;kðtLnþmÞ � a j�1;kðtLnþmÞ

q
1j;kðtÞ
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¼ Cl;kðtLnþm�1ÞpkðtLnþm�1; tÞ

þ
XSlðtLnþm�Þ

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a j;kðtLnþm�1Þ � a j�1;kðtLnþm�1Þ

q
1j;kðtLnþm�ÞpkðtLnþm; tÞ

þ
XSlðtLnþmþ1

�Þ

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a j;kðtLnþmÞ � a j�1;kðtLnþmÞ

q
1j;kðtÞ:

Inductively, we have

Cl;kðtÞ ¼ Cl;kðtLn ÞpkðtLn ; tÞð18Þ

þ
Xm
u¼0

XSlðtLnþm�uþ1
�Þ

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a j;kðtLnþm�uÞ � a j�1;kðtLnþm�uÞ

q

� 1j;kðtLnþm�uþ1�ÞpkðtLnþm�uþ1; tÞ

þ
XSl ðtLnþmþ1

�Þ

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a j;kðtLnþmÞ � a j�1;kðtLnþmÞ

q
1j;kðtÞ;

¼
Xm
u¼0

XSl ðtLnþm�uþ1
�Þ

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a j;kðtLnþm�uÞ � a j�1;kðtLnþm�uÞ

q

� 1j;kðtLnþm�uþ1�ÞpkðtLnþm�uþ1; tÞ

þ
XSl ðtLnþmþ1

�Þ

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a j;kðtLnþmÞ � a j�1;kðtLnþmÞ

q
1j;kðtÞ;

since Cl;kðtLn Þ ¼ 0, by our assumption.
By the definition of qk, we have qkðs; uÞpkðu; tÞ þ qkðu; tÞ ¼ qkðs; tÞ for sa

ua t. Suppose that s < t, t jðtÞ ¼ tLn , t lðsÞ ¼ tLnþm, tLðsÞ ¼ tLnþmþv and tLðtÞ ¼
tLnþmþvþz for some n; zb 0, m; vb 1. In this situation, we have SjðtLnþmþv�uþ1�Þ
< SlðtLnþmþv�uþ1�Þ, for 0a ua v. By using these results, (17) and (18), we
have

E½Cj;kðtÞCl;kðsÞ jFL�

¼
Xv
u¼0

XSjðtLnþmþv�uþ1
�Þ

w¼1

faw;kðtLnþmþv�uÞ � aw�1;kðtLnþm�uÞgpkðtLnþmþv�u; t
L
nþmþv�uþ1Þ

� qkðtLnþmþv�u; t
L
nþmþv�uþ1ÞpkðtLnþmþv�uþ1; tÞpkðtLnþmþv�uþ1; sÞ
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¼ gkðt jðtÞÞpkðtkðtÞ; t lðsÞÞ
(Xv�1

u¼0

pkðt lðsÞ; tLnþmþv�uÞpkðtLnþmþv�u; t
L
nþmþv�uþ1Þ

� qkðtLnþmþv�u; t
L
nþmþv�uþ1ÞpkðtLnþmþv�uþ1; tÞpkðtLnþmþv�uþ1; sÞ

þ pkðt lðsÞ; tLnþmþvÞpkðtLnþmþv; t
L
nþmþvþ1ÞqkðtLnþmþv; sÞpkðtLnþmþv�uþ1; tÞ

)

¼ gkðt jðtÞÞpkðt jðtÞ; t lðsÞÞpkðt lðsÞ; tÞqkðt lðsÞ; sÞ:

Similarly, we suppose that sa t and t lðsÞa t jðtÞa s, then we have

E½Cj;kðtÞCl;kðsÞ jFL� ¼

gkðt jðtÞÞpkðt lðsÞ; t jðtÞÞpkðt jðtÞ; tÞqkðt jðtÞ; sÞ
if t lðsÞ ¼ t jðtÞ ¼ 0 and gkðt jðtÞÞ < gkðt lðsÞÞ;

gkðt lðsÞÞpkðt lðsÞ; t jðtÞÞpkðt jðtÞ; tÞqkðt jðtÞ; sÞ
otherwise:

8>>><
>>>:

Hence we have done. r
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