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Abstract

We show that M?"~! is a real hypersurface all of whose geodesics orthogonal to the
characteristic vector ¢ are mapped to circles of the same curvature 1 in an n-dimensional
nonflat complex space form M, (c)(= CP"(c) or CH"(c)) if and only if M is a Sasakian
manifold with respect to the almost contact metric structure from the ambient space
M, (c). Moreover, this Sasakian manifold M is a Sasakian space form of constant
¢-sectional curvature ¢+ 1 for each c¢(#0).

1. Introduction

We denote by M,(c), n =2 a complex n-dimensional complete and simply
connected Kihler manifold of constant holomorphic sectional curvature c(# 0).
That is, M,(c) is holomorphically isometric to either an n-dimensional complex
projective space CP"(c) of constant holomorphic sectional curvature ¢ or an n-
dimensional complex hyperbolic space CH"(c) of constant holomorphic sectional
curvature ¢ according as c is positive or negative. As is well-known, every real
hypersurface M?"~! of M,(c) admits an almost contact metric structure (¢, &,7,g)
induced from this ambient space. Making use of such a structure, many
geometers have studied actively real hypersurfaces in nonflat complex space
forms (c.f. [9]).

On the other hand, the theory of contact geometry has been developed also
by many geometers (for details, see [5]). Sasakian manifolds and Sasakian space
forms are analogues to Kédhler manifolds and complex space forms, respectively.
J. Berndt ([4]) showed that a Sasakian space form of constant ¢-sectional curva-
ture d(# 1) is realized as a Hopf hypersurface with two distinct constant principal
curvatures in a nonflat complex space form (see Lemma 2). In this context we
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study Sasakian space forms from submanifold theoretical point of view. It is
well-known that a (2n — 1)-dimensional Sasakian space form of constant ¢-
sectional curvature 1 is a unit sphere S**~'(1). This sphere is totally umbilic in
C" and is the only real hypersurface all of whose geodesics are mapped to circles
of the same curvature 1 in the ambient space C". It is hence natural to come to
consider real hypersurfaces all of whose geodesics are mapped to circles of the
same positive curvature in a complex n-dimensional nonflat complex space form
M, (c). However, unfortunately there exist no such real hypersurfaces in this
space M,(c) because this space admits no totally umbilic real hypersurfaces.

Motivated by this fact, we are interested in investigating real hypersurfaces
all of whose geodesics orthogonal to the characteristic vector ¢ are mapped to
circles of the same positive curvature in a nonflat complex space form. The
main purpose of this paper is to characterize Sasakian space forms by such a
condition among real hypersurfaces in a nonflat complex space form M,(c)
(Theorem 1 and Remark 2). This, together with results in [3], gives us many
nice geometric properties of geodesics on Sasakian space forms (Proposition 2).
For example, when ¢ > 8, the Sasakian space form of constant ¢-sectional curva-
ture ¢+ 1 is a Berger sphere.

In the last section, we show directly that in the case of ¢ > 0 the metric of
our realization of a Sasakian space form of constant ¢-sectional curvature ¢ + 1
coincides with the metric of the standard example of a Sasakian space form given
in [5].

2. Preliminaries

We first review fundamental notion in contact geometry (see [5]). Let
M?*=! (n=2) be a differentiable manifold endowed with an almost contact
metric structure (¢,&,7n,¢g). That is, this structure satisfies the following iden-
tities:

PX =—-X+n(X)E =0, n&) =1, g¢X,¢Y)=g(X,Y)—n(X)n(Y)

for all vectors X, Y on M. We say M to be a Sasakian manifold if the structure
tensor ¢ satisfies the differential equation

(2.1) (Vx)Y =g(X, Y)E—n(Y)X

for all tangent vectors X, Y € TM, where V denotes the Riemannian connection
of the metric ¢ of M. A Sasakian manifold is called a Sasakian space form
of constant ¢-sectional curvature ¢ if the sectional curvature K(u,gu):=
g(R(u, pu)pu,u) satisfies K(u,¢u) = ¢ for each unit vector u orthogonal to
¢. The following is a Sasakian analogue of Schur’s Theorem.
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THEOREM A. If the ¢-sectional curvature at each point of a Sasakian mani-
fold M of dimension = 5 does not depend on the choice of ¢-section at that point,
then it is constant on M. The curvature tensor is given by

RX,Y)z=¢ : 3 (9(Y,2)X —g(X,2)Y}

+< ; 1 MXn(2)Y —n(Yn(2)X +g(X, Z)n(Y)E —g(Y, Z)n(X)<¢

+9(Z,9Y)pX —9g(Z,9X)9Y +29(X, ¢Y)pZ},

where ¢ is the constant ¢-sectional curvature of M.

In this paper, we denote by M?"~!(¢) a (2n — 1)-dimensional Sasakian space
form of constant ¢-sectional curvature c¢. For the standard construction of
Sasakian space forms, see pp. 114-115 in [5]. The following is the unique
existence theorem of Sasakian space forms.

THEOREM B. For any two simply connected complete Sasakian manifolds of
constant ¢-sectional curvature c, there exists an isomorphism between them which
preserves their almost contact metric structures.

We next review the fundamental theory of real hypersurfaces. Let M?"~! be
a real hypersurface with a unit normal local vector field /" of an n-dimensional
Kihler manifold (M,g,J) with Riemannian metric g and Kébhler structure J.
The Riemannian connections V of M and V of M are related by the following
formulas of Gauss and Weingarten:

(2.2) VxY =VyY +g(AX,Y).N,
(2.3) Vi N = —AX

for arbitrary vector fields X and Y on M, where g is the Riemannian metric of
M induced from the ambient space M and 4 is the shape operator of M in
M. An eigenvector X of the shape operator A is called a principal curvature
vector of M in M and an eigenvalue 4 of A4 is called a principal curvature of M in
M. We denote by V), the eigenspace associated to the principal curvature 4/,
namely we set V, = {ve TM | Av = iv}.

It is well-known that M has an almost contact metric structure induced
from the Kihler structure of the ambient space M. That is, we have a quartet

(¢,¢,m,g) defined by
99X, Y) =g(JX,Y), {=-JA and p(X)=g(¢X)=yg(JX, N).
It follows from (2.2), (2.3) and VJ =0 that
(2.4) (Vx9)Y =n(Y)AX —g(AX, Y)C,
Vxé=¢AX.

We here clarify the meaning of the condition that a real hypersurface M is
a Sasakian manifold with respect to the almost contact metric structure of the
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ambient Kdhler manifold M. On an orientable connected real hypersurface M
in a Kéhler manifold M, we have an almost contact metric structure (¢, <,7,9)
associated with a unit normal vector .#° of M in M. Clearly the quartet
(¢, —&,—n,g) is also an almost contact metric structure on M which is associated
with a unit normal —.4". We call a real hypersurface M Sasakian if M satisfies
either (2.1) or

(Vx@)Y = —g(X, Y)E+n(Y)X

for all vectors X,Y e TM.

In the following, we consider real hypersurfaces in an n-dimensional nonflat
complex space form M, (c)(= CP"(c) or CH"(c)). Denoting the curvature ten-
sor of M by R, we have the equation of Gauss given by

(2.6)  g(R(X,Y)Z, W)
= (c/M){g(Y,Z)g9(X, W) —g(X,Z)g(Y, W)+ g(¢Y,Z)g(¢X, W)
—9(¢X, Z)g(¢Y, W) —29(¢X, Y)g(¢Z, W)}
+ g(AY, Z)g(AX, W) — g(AX, Z)g(AY , W).

We usually call M a Hopf hypersurface if the characteristic vector & is a principal
curvature vector at each point of M. For a Hopf hypersurface M*~! (n = 2) in
a nonflat complex space form M,(c), the principal curvature ¢ corresponding to
the characteristic vector field ¢ is locally constant on M. Furthermore, every
tube of sufficiently small constant radius around each Kéhler submanifold of a
nonflat complex space form M, (c) is a Hopf hypersurface. This fact tells us that
the notion of Hopf hypersurfaces is natural in the theory of real hypersurfaces in
a nonflat complex space form (see [9]).
In CP"(¢) (n = 2), a Hopf hypersurface all of whose principal curvatures are
constant is locally congruent to one of the following:
(A1) A geodesic sphere of radius r, where 0 < r < /+/c;
(A;) A tube of radius r around totally geodesic CP’(c) (1 </ <n-—2),
where 0 < r < m/+/c;
(B) A tube of radius r around complex hyperquadric CQ"~!, where 0 <
r<m/(2/c);
(C) A tube of radius r around CP!(c) x CP"1/2(¢), where 0 <r<
7/(2y/c) and n(=35) is odd,;
(D) A tube of radius r around complex Grassmann CG, s, where 0 < r <
n/(2y/c) and n=29;
(E) A tube of radius r around Hermitian symmetric space SO(10)/U(5),
where 0 <r < n/(2y/c) and n = 15.
These real hypersurfaces are said to be of types (A;), (Az), (B), (C), (D) and
(E). Summing up real hypersurfaces of types (A;) and (A;), we call them
hypersurfaces of type (A). The numbers of distinct principal curvatures of these
real hypersurfaces are 2,3,3,5,5,5, respectively. The principal curvatures of
these real hypersurfaces in CP"(c¢) are given as follows (see [9]):
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(A1) (A2) (B) (C,D,E)
)| el [SE [ (5
IR
o | Veeot(ver) | vecot(var) VE cot(y/er) Ve cot(y/er)

One should notice that in CP"(¢) a tube of radius r (0 < r < 7/+/c) around totally
geodesic CP/(¢) (0 </ <n—1) is congruent to a tube of radius ((n/\/c) —r)
around totally geodesic CP"~!(c).
In CH"(¢) (n=2), a Hopf hypersurface all of whose principal curvatures
are constant is locally congruent to one of the following (cf. [9]):
(Ao) A horosphere in CH"(c);
(A1,0) A geodesic sphere of radius r (0 < r < 0);
(A11) A tube of radius r around totally geodesic CH" !(c), where 0 <
r < oo;
(A;) A tube of radius r around totally geodesic CH’(¢) (1 </ <n-—2),
where 0 < r < o0;
(B) A tube of radius r around totally real totally geodesic RH"(c/4),
where 0 < r < o0.
These real hypersurfaces are said to be of types (Ag), (A1), (A1), (Az) and (B).
Here, type (A;) means either type (Ajo) or type (A;;). Summing up real
hypersurfaces of types (Ag), (A1) and (A;), we call them hypersurfaces of type
(A). A real hypersurface of type (B) with radius r = (1/+/]c]) log,(2 +V/3) has
two distinct constant principal curvatures. Except this real hypersurface of type
(B) with radius r= (1/y/]c|) log,(2 +/3), the numbers of distinct principal
curvatures of these real hypersurfaces are 2,2,2,3, 3, respectively. The principal
curvatures of these real hypersurfaces in CH"(c) are given as follows (cf. [9]):

(Ao) (A10) (Ar1) (A2) (B)
A % \/2|?coth<\/2|?r) 2|Ctanh<\/2?|r> choth< 2|C|r> 2|C|coth< 2|Cr>

| — — —

3 | VI Vel coth(y/Jelr) Vel coth(y/]e[r) Vel coth(y/Jelr) V/Je| tanh(+/]elr)
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A real hypersurface M of a nonflat complex space form Mn(c), n=2is
called totally n-umbilic if its shape operator A4 is of the form A = ol + iy ® & for
some smooth functions o and f on M. This definition is equivalent to saying
that Au = oau for each vector u on M which is orthogonal to the characteristic
vector ¢ of M, where o is a smooth function on M. It is known that every
totally #-umbilic hypersurface is a member of Hopf hypersurfaces with constant
principal curvatures. The following classification theorem of totally z-umbilic
hypersurfaces M shows that these two functions o« and f are automatically
constant on M (see [9]):

TueoreM C. Let M* ', n=2 be a totally n-umbilic hypersurface of a
nonflat complex space form M,(c) with shape operator A = ol + fn ® & Then M
is locally congruent to one of the following:
(P) A geodesic sphere of radius r (0 <r <m/\/c) in CP"(c), where a =
(v/e/2) cot(y/er/2) and f = —(/¢/2) tan(y/cr/2);

(Hi) A horosphere in CH"(c), where o= f =/c|/2;

(Hy) A geodesic sphere of radius r (0 <r < o) in CH"(c), where o =
(\/]el/2) coth(y/]elr/2) and B = (\/]c]/2) tanh(~/]c|r/2);

(Hiii) A tube of radius r (0 <r < o) around totally geodesic complex hyper-

plane CH""'(¢) in CH"(c), where o= (y/|c|/2) tanh(y/|c[r/2) and

= (1/]e]/2) coth(y/|c[r/2).

Every totally #-umbilic hypersurface has two distinct constant principal cur-
vatures o and o+ f(=0). For the later use we prepare the following lemma
(see [9]).

_ LemMa 1. For a real hypersurface M in a nonflat complex space form
M,(c) (n=2), the following conditions are mutually equivalent.
(1) M is of type (A).
(2) ¢4 = Ag.
(3) 9(VxA)Y,Z) = (c¢/4)(—n(Y)g(¢X, Z) — n(Z)g($X, Y)) for arbitrary vec-
tors X, Y and Z on M.

In this paper, real hypersurfaces of types (A), (B), (C), (D) and (E) in M,(c)
are said to be standard real hypersurfaces. It is well-known that every standard
real hypersurface M is a homogeneous real hypersurface of M,(c), namely M is
an orbit of some subgroup of the full isometry group I(M,(c)) of M,(c) (see [9]).

At the end of this section we review the definition of circles in Riemannian
geometry. A real smooth curve y = y(s) parameterized by its arclength s in a
Riemannian manifold M with Riemannian connection V is called a circle of cur-
vature k if it satisfies the ordinary differential equations V;p = kY, V;Y, = —ky
with a field Y, of unit vectors along y. Here k(= 0) is constant and Y is called
the unit principal normal vector of y. A circle of null curvature is nothing but a
geodesic. The definition of a circle is equivalent to saying that it is a curve
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y=1y(s) on M with Riemannian metric ¢ satisfying the ordinary differential
equation

(2.7) V;(V39) +9(V;9, V)3 = 0.

3. Geodesics on Sasakian hypersurface in M, (c)

We shall start by classifying all Sasakian real hypersurfaces in a nonflat

complex space form M,(c). The following lemma is essentially due to Berndt
[4]. We here give its complete proof for the sake of readers’ convenience.

LEMMA 2. Let M* ' (n = 2) be a connected Sasakian real hypersurface of
a nonflat complex space form M,(c). Then M is locally congruent to one of the
Sfollowing homogeneous real hypersurfaces of the ambient space M,(c):
i) A geodesic sphere G(r) of radius r with tan(\/cr/2) =+/c/2 (0<r<
n/\/c) in CP"(c);
ii) A horosphere in CH"(—4);
iii) 4 geodesic sphere G(r) of radius r with tanh(/]clr/2) = /|c|/2 (0 <
r< o) in CH"(c) (-4 <c<0);
iv) A tube of radius r around totally geodesic CH"~(c) with tanh(y/|c|r/2) =
2/\/lel (0<r< ) in CH (c) (c < —4).
In these cases, M has constant ¢-sectional curvature ¢+ 1.

Proof. Suppose that our real hypersurface M is a Sasakian manifold.
Then it follows from (2.1) and (2.4) that

(3.1) g(X, Y)E —n(Y)X =n(Y)AX — g(4X, Y)¢

for all vectors X, Y € TM. Setting X = Y = ¢ in Equation (3.1), we see that ¢
is principal. Hence we can choose a principal curvature vector u orthogonal to
£, Then, setting ¥ =¢ in Equation (3.1), we find that Au = —u, so that the
tangent bundle TM of M is decomposed as TM = {&}g @ V_y, where V_; =
{XeTM|AX = —X}. This, together with Theorem C, shows that our real
hypersurface M is a totally #-umbilic hypersurface with coefficients o = —1 and
p=c/41in M,(c). Here, we change the unit normal vector .4 into —4" for each
hypersurface in Theorem C. Then we know that M is locally congruent to one
of i), ii), iii) and iv) in Lemma 2. Next, for each unit vector u perpendicular to
£, we compute the ¢-sectional curvature K(u,¢pu) of our real hypersurface M.
It follows from Equation (2.6) and the equality 4 = —1+ (¢/4)p ® ¢ that
K(u,pu) =c+ 1.

Conversely, we suppose that our real hypersurface M is locally congruent to
one of 1), ii), iii) and iv) in Lemma 2. We then see that the shape operator 4 of
our real hypersurface M is of the form 4 = —I + (¢/4)n ® & by changing ./~ into
— A" for each hypersurface in Theorem C. This, combined with (2.4), yields
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(2.1), so that M is a Sasakian manifold. Thus we can obtain the conclusion of
our Theorem. O

Remark 1. (1) Each real hypersurface i), ii), iii) and iv) in Lemma 2 is
complete and simply connected. In particular, when ¢ >0 or —4 <
¢ <0, it is compact.

(2) The proof of Lemma 2 shows that M is a Sasakian manifold if and
only if M is totally x-umbilic in M,(c) with shape operator 4 =
I+ (c/4n® <

The following theorem is closely related to Lemma 2 in the case of ¢ > 0 (for
details, see [6]).

THEOREM D. Let M be a real hypersurface in CP"(c), n =3 on which the
¢-sectional curvature H is constant. Then M is locally congruent to one of the
following:

(1) A geodesic sphere G(r) (0 <r < m/\/c) with H = ¢+ (c/4) cot?(y/cr/2)

> ¢

(2) A ruled real hypersurface with H = c;

(3) A real hypersurface on which there is an integrable distribution of codi-

mension two such that its each leaf lies on some totally geodesic CP"~'(c)
as a ruled real hypersurface with H = c.

Note that a real hypersurface M in Theorem D is Sasakian if and only if M
is of Case i) in Lemma 2.

We are now in a position to prove the following which gives a geometric
meaning of all Sasakian real hypersurfaces M in a nonflat complex space form
M,(c) in terms of the extrinsic shape of some geodesics on M.

THEOREM 1. Let M be a connected real hypersurface in a nonflat complex
space form M,(c). Then the following three conditions are mutually equivalent:
(1) M is a Sasakian manifold,
(2) M is a Sasakian space form of constant ¢-sectional curvature c + 1;
(3) There exist orthonormal vectors vy, vy, ...,v—n orthogonal to & at each
point p of M satisfying the following two conditions:
1) All geodesics y; = y;(s) on M with y;(0)=p and y;(0)=v; (1 £i <
2n —2) are mapped to circles of the same curvature 1 in M,(c);
ii) All geodesics y; = y;(s) on M with 7;(0) = p and 7;(0) = (v; + v;)/v2
(12i<j=2n—2) are mapped to circles of the same curvature 1 in
M,(c).

Proof. By virtue of the discussion in the proof of Lemma 2, we only need
to verify that Conditions (1) and (3) are equivalent.

Suppose Condition (1). The shape operator 4 of M is expressed as A =
—I+ (c¢/4)n ® <& We take a unit vector v orthogonal to ¢ at an arbitrary fixed
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point p of M. Tt satisfies Av = —v. Let y = y(s) be the geodesic y = y(s) with
7(0) = p and p(0) =v on M. We then have
Vig(7,€) = 9(»,Vi$) = g(3,44p)  (from (2.5))

=g(y,A¢y) (from Lemma 1)

= —g(¢Ay,7) = 0.
This, together with ¢(7(0),¢&) = g(v, &) = 0, shows that the tangent vector j(s) is
perpendicular to ¢, for each s. Hence, again by using Lemma 1 we see that

Vill 45+ 517 = 29((Vs4)3, 47 + 9) = 29((V34)7, 47) + 29((V;4)7,7) = 0.

This, combined with 47(0) + $(0) = Av+ v =0, yields that Aj(s) + j(s) =0 for
each s. Therefore, from (2.2) and (2.3) we have

Vip =g(4p, )N = —N

and

Vi(— ) = —.
Thus we can see that the geodesic y on a Sasakian real hypersurface M is a
mapped to a circle of the same curvature 1 in the ambient space M, (c), and get
Condition (3).

Next, we take orthonormal vectors vy, v;,...,0,_2 at a point p of a real
hypersurface M satisfying Condition (3). Then, from (2.7) they satisfy
(3.2) Vi Vigi = =i
On the other hand, from (2.2) and (2.3) we have
(33) ﬁy',v?,»j’i = g((V5,4)7:,7) N — g(Ap;, 3;) A;.

Comparing the tangential components of (3.2) and (3.3), we see that
g(Ay;, 7)) A% = Vi,
so that at s =0 we get
g(Avi,v;)Av; =v; for 1 i< 2n—2,
which yields that
(3.4) Avi=v; or Avi=-v; for 1 £i<2n-2.

This implies that £ is a principal curvature vector, because (A&, v;> = (&, Av;> =0
for 1 £i<2n—2. Therefore M is a Hopf hypersurface with at most three
distinct principal curvatures 1,—1 and 0 = g(4¢&, &) at its each point. On the
other hand, applying the same discussion as above to Condition ii) of (3) in
Theorem 1, we get the following corresponding to Equation (3.4):

(3.5)  A((vi+1v7)/V2) = (vi+17)/V2 or A((vi+1;)/V2) = —(vi +1))/V2
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for 1 £i< j=<2n—2. Thus, from (3.4) and (3.5) we can see that either Av; = v
(12ig2n—2)or Avi=—v; (1 £i<2n—2) holds. This implies that our real
hypersurface M is totally #-umbilic with coefficient « = +1 in the ambient space
M,(c). We hence get Condition (1). O

Remark 2. As an immediate consequence of the proof of Theorem 1, we
know that on each Sasakian real hypersurface M?*'~! (n=2) every geodesic
7 = y(s) whose initial vector 7(0) is orthogonal to &, is mapped to a circle of
the same curvature 1 in a nonflat complex space form M,(c).

In consideration of Lemma 1 and the proof of Theorem 1 we find the
following:

ProposITION 1. Let M be a connected real hypersurface of a nonflat complex
space form M,(c). Then M is of type either (Ag) or type (Ay) if and only if there
exist orthonormal vectors vy,vs,...,02, 2 orthogonal to & at each point p of M
satisfying the following two conditions:

i") All geodesics y; = y;(s) on M with y;(0)=p and 7;(0)=v; (1Zi<

2n —2) are mapped to circles of positive curvature in M,(c);
ii") All geodesics y; = y;(s) on M with y;(0) = p and 7;(0) = (v,'—l-v_];)/\/i
(1 i< j=2n-2) are mapped to circles of positive curvature in M,(c).

The following theorem tells us that Theorem 1 is no longer true if we remove
Condition ii) of (3) in the assumption of Theorem 1.

THEOREM 2. For a connected real hypersurface M =1 (n=2) in a nonflat

complex space form M,(c), the following two conditions are mutually equivalent:

(1) M~ is a Sasakian space form of constant ¢-sectional curvature ¢ + 1 or

it is locally congruent to a tube of radius ©/4 around totally geodesic
CP/(4) 1 <£/<n-2)in CP"(4);

(2) There exist orthonormal vectors vy, vy, ...,v_2 orthogonal to & at each
point p of M satisfying that all geodesics y; = y;(s) on M with y;(0) = p
and y;(0) = v; (1 £i<2n—2) are mapped to circles of the same curva-
ture 1 in M,(c).

Proof. We suppose Condition (2). The discussion in the proof of Theorem
1 shows that M has constant ¢-sectional curvature ¢+ 1 or is a Hopf hyper-
surface with at most three distinct (constant) principal curvatures 1, —1 and J =
g(A& &) at its each point. In the following, we shall consider the latter case.
The classification theorems of Hopf hypersurfaces with constant principal curva-
tures imply that this non-Sasakian Hopf hypersurface M is one of the hyper-
surfaces of types (Ap), (A1), (Az) and (B). This, together with the tables of
principal curvatures in Section 2, implies that the real hypersurface M is locally
congruent to a tube of radius 7/4 around totally geodesic CP/(4) (1 </ <n—2)
in CP"(4). Hence we obtain Condition (1).

Condition (1) follows from Condition (2) by using Lemma 2 and the proof
of Theorem 1. OJ
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Remark 3. (1) Theorems 1 and 2 are local statements. If we add the
condition that M is complete and simply connected to the assumptions,
then these theorems are global results.

(2) Every circle of curvature 1 in Theorems 1 and 2 lies on a totally real
totally geodesic surface RP?(c/4) (resp. RH?(c/4)) of constant sectional
curvature ¢/4 in CP"(c) (resp. CH"(c)). It is a simple curve, but is not
necessarily closed. A circle of curvature 1 in Theorems 1 and 2 is closed
if and only if ¢ > —4. In particular, when ¢ = —4, every circle of cur-
vature 1 in Theorems 1 and 2 is a horocycle on CH"(—4) (for details, see

(1, 2]).

4. The length spectrum of a Sasakian space form

In this section, let M denote an arbitrary totally #7-umbilic hypersurface of a
nonflat complex space form M, (c) with n = 2. 1In order to investigate geometric
properties of geodesics on a complete and simply connected Sasakian space form
M?=1(c+ 1) of constant ¢-sectional curvature ¢ + 1, we study those of geodesics
on this hypersurface M. The following discussion is indebted to [3].

Our hypersurface M is a nice Riemannian homogeneous manifold. Such
a manifold M is known as an example of a naturally reductive Riemannian
homogeneous manifold (see [7, 8]). This fact implies that each geodesic y on the
hypersurface M is a homogeneous curve, namely the curve y is an orbit of some
one-parameter subgroup of the isometry group I(M) of M, so that it is a simple
curve.

We recall the congruence theorem for geodesics on the hypersurface M. To
do this, for a geodesic y on M, we define its structure torsion p, by p, = g(7,¢,).
Clearly, it satisfies —1 <p, <1. Moreover, the computation in the proof of
Theorem 1 shows that p, 1s constant along 7.

For geodesics on the hypersurface M, we can classify them by means of their
structure torsions as follows. We say that two smooth curves y,, y, on M are
congruent to each other if there exists an isometry ¢ of M satisfying ,(s) =
(poy)(s) for all s. When these curves y,, y, are geodesics on the hypersurface
M, it is known that they are congruent to each other with respect to the isometry
|grorp ‘I(]V|[ ) of M if and only if their structure torsions py and p, satisfy
P =1p,. |

" As a matter of course, for each ¢(< 0) every horosphere of CH"(c¢) has no
closed geodesics, because each geodesic on every horosphere is a horocycle in the
ambient space CH"(c). But for other totally n-umbilic hypersurfaces M, using
the above congruence theorem, we can investigate the number of congruence
classes of closed geodesics on M. We emphasize that each totally »-umbilic
hypersurface M, which is not congruent to a horosphere of CH"(c), has countably
infinite congruence classes of closed geodesics.

We here pay particular attention to totally x-umbilic hypersurfaces of
CP"(¢). Every geodesic sphere G(r) (0 < r < n/+/c) of CP"(c) is a Riemannian
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homogeneous space, which is not isometric but diffecomorphic to a standard
sphere, with maximal sectional curvature K = ¢ + (c¢/4) cot?(y/cr/2) and minimal
sectional curvature (c/4) cot?(y/cr/2). Moreover, when the radius r satisfies
tan?(y/cr/2) > 2, this geodesic sphere G(r) in CP"(c) is so-called a Berger sphere.
That is, the sectional curvatures of G(r) with tan?( /cr/2) > 2 lie in the interval
[0K, K] with some ¢ € (0,1/9) but it has closed geodesics of length shorter than
27/v/K (see [10]). Indeed, if we take an arbitrary integral curve of the char-
acteristic vector field ¢ on G(r), then it is a closed geodesic whose length is
2nsin(y/er)/y/c. This length is shorter than 2z/vK if tan?(\/cr/2) > 2.
Furthermore, this closed geodesic is the only closed geodesic on G(r) with respect
to the isometry group I(G(r)) of G(r) of length less than 27/vK.

We here clarify some fundamental properties of geodesics on a complete
and simply connected Sasakian space form M?~!(c+ 1) of constant ¢-sectional
curvature ¢ + 1 for each ¢(# 0). By virtue of the above discussion and Lemma 2
we have the following:

ProPOSITION 2. (1) Every geodesic y on M*'(c+1) is a homogeneous
curve, that is the curve vy is an orbit of some one-parameter subgroup of the
isometry group I(M*~'(c+1));

(2) Two geodesics y,, 7, on M*~'(c+1) are congruent to each other with
respect to the isometry group I(M>~'(c 4+ 1)) of M*~'(c + 1) if and only
if their structure torsions p, and p, satisfy |p, | = |p,|;

(3) M*=1(=3) has no closed geodesics and every geodesic on this manifold
can be considered as a horocycle in CH"(—4);

(4) M*Y(c+1), ¢ # —4 has countably infinite congruence classes of closed
geodesics;

(5) When ¢>8, M*(c+1) is a Berger sphere.

For other detailed information on the length spectrum, see [3].

5. The metric of a certain Sasakian space form M>"!(c+ 1)

In this section, we pay particular attention to the metric of a complete and
simply connected Sasakian space form with constant ¢-sectional curvature ¢ + 1
for each ¢ > 0.

We investigate the metric g of i) in Lemma 2. To do this, we must clarify
the relation between the metrics of CP"(c) and S?**!(c¢/4) of constant sectional
curvature ¢/4 through the Hopf fibration 7 : §***!(c/4) — CP"(c). We denote
by S™[R] an m-dimensional standard sphere of radius R. So we can set

1
SR = {z = (20,...,2,) € C" | |20]* + - + |z4|* = R?} = §2! <ﬁ>
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As is well-known, the standard inner product <, ) of C" s given by (X, ¥Y) =
Re(D>r, X'YT). Note that the horizontal part # of n: S**[R] — CP"(4/R?)
at z2e S™![R] is expressed as

#: = {(2,X) e {2} x C" [ (&, X) = iz, X) = 0}
Then the meric g defines the metric § of S?"*!'[R] which degenerates along the
vertical vector iz as follows. For any (£, X),(2,Y) e TS [R] = {X e C""|
{z,X) =0}, we take two horizontal vectors

N iz A\ iz . 1 . A N iz iz
X—<R,X>R—X—R2<12,X>lz, Y—<R,Y>R Y - R2<1Z YYiz e Ao

By direct computation we have
§((2,X),(2, 7)) = <X - % iz, X>iz, Y — — <zz Y>zz>
A 2 . . N N
= T = 2 R, Ty 4 g i, iz, D i
= KTy~ iz KOG T,
so that
N N 1 N N

for each (2, X), (2, Y) e T:S**'[R].

On the other hand, we denote by G(r) = G(r;4/R?) a geodesic sphere of
radius 7 (0 < r < Rz/2) in CP"(4/R?). The inverse image n~!(G(r)) is expressed
as

7Y G(r) = S'[R1] x S '[R)), R}+ R3 =R>.

We here remark that R; = Rcos(r/R) and R, = Rsin(r/R). Indeed, we can
set Ry = Rcos 0, Ry = Rsin 0. It is known that the hypersurface 7~'(G(r)) of
S?*+1[R] has two constant principal curvatures —R,/(RR;), Ri/(RR,). This
shows that the principal curvatures 4;, ¢ of the geodesic sphere G(r) are expressed
as A1 = R/(RRy), 0 = (R|/(RR2)) — (Ra/(RR;)). On the other hand, A; can
be expressed as 1; = (1/c/2) cot(y/cr/2) = (1/R) cot(r/R). We hence find that
6=r/R.

Next, in order to define a diffeomorphism ¢ : S>*~!(1)(= S*"~![1]) — G(r)
we consider a diffeomorphism ¢ : S"~1(1) — ¢(S?"~1(1)) (<= S'[R;] x S ![R,]
given by ¢(z) = (R, Ryz). Then we get a desirable mapping ¢ : S*~ (1) — G(r
as ¢ =mo@. We here note that

(5.2) (dg).(z,X) = (0, R2.X).

)
)
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We shall compute the metric g4 on S**~!(1) defined by g4 = ¢*g, which is the
pullback of g by ¢. It follows from (5.1) and (5.2) that

9#((2,X), (2, Y)) = g(((R1, Raz), (0, R2 X)), ((R1, Raz), (0, Ry Y)))
= <(07 RZX)’ (Oa RZ Y)>

o Ry Ro2), (0, R X)3<(Ry, Roz), (0, R V)

R4
= Ry(X, Y ) = 250z, X )iz, Y

2p2

= RCK, ¥ = iz, X, V) g iz, X<, Y.

On the other hand, Remark 1(2) gives us equations R; = RR,, R»/(RR;) = ¢/4
and R} + R = R>. Thus we see R=2/\/c, R =4/ \/c(c+4), Ry =2/\/c+4.
We hence know that the metric g of the geodesic sphere G(r) is realized as the
following metric g, which is nothing but the deformation of the standard metric
go of S2~1(1):

g#

T c+4 c+4

4 \2
(Ggo—n®n) +|—|n®n.
Therefore we conclude that the metric ¢ of i) in Lemma 2 coincides with the
well-known metric on a standard example of a complete and simply connected
Sasakian space form with constant ¢-sectional curvature ¢ + 1 for each ¢ > 0 (see

[5])-
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