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A CONSTRUCTION OF LAGRANGIAN SUBMANIFOLDS

IN COMPLEX EUCLIDEAN SPACES WITH LEGENDRE CURVES

Yun Myung Oh

Abstract

In [1], B. Y. Chen provided a new method to construct Lagrangian surfaces in C2

by using Legendre curves in S3ð1ÞHC2. In this paper, we investigate the similar

methods to construct some Lagrangian submanifolds in complex Euclidean spaces

Cn ðnb 3Þ.

1. Introduction

A regular curve z : I ! S2n�1ðrÞHCn in the hypersphere S2n�1ðrÞ of radius r
centered at the origin of Cn is called a Legendre curve if hz 0ðtÞ; izðtÞi ¼ 0
identically. The idea of special Legendre curves was introduced by B. Y. Chen
in his paper [2]. The similar notion was introduced by the author, in [6], to find
the explicit construction of Lagrangian isometric immersion of a real-space-form
MnðcÞ into a complex-space-form ~MMnð4cÞ. For l ¼ 1; . . . ; k, let z : I1 � � � � �
Ik ! S2n�1ð1Þ ,! Cn be a sum of l unit speed Legendre curves zi : Ii ! S2n�1ðriÞ
A Cn and a Cn-valued function zlþ1 of the variables tlþ1; . . . ; tk, i.e.

z ¼ z1ðt1Þ þ z2ðt2Þ þ � � � þ zlðtlÞ þ zlþ1ðtlþ1; tlþ2; . . . ; tkÞ

such that z 01; . . . ; z
0
l ;
qzlþ1

qtlþ1
; . . . ;

qzlþ1

qtk

� �
spans tangent space satisfying

hz; iz 01i ¼ hz; iz 02i ¼ � � � ¼ hz; iz 0li ¼ 0:

We define that z is an l-th Legendre translation submanifold in S2n�1ð1ÞHCn.
Since fz 0j ðtjÞg

l
j¼1 are orthonormal tangent vector fields, we can choose k � l

orthonormal vector fields ~zzlþ1; . . . ; ~zzk by taking Gram-Schmidt process to the

tangent vector fields
qzlþ1

qtlþ1
; . . . ;

qzlþ1

qtk

� �
and thus fz 01; . . . ; z 0l ; ~zzlþ1; . . . ; ~zzkg are

orthonormal tangent frame fields.
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Hence, z, iz, z 01; . . . ; z
0
l , ~zzlþ1; . . . ; ~zzk, iz

0
1; . . . ; iz

0
l , i~zzlþ1; . . . ; i~zzk form orthonor-

mal vector fields defined on I1 � � � � � Ik. Thus there exist orthonormal normal
vector fields Akþ2; . . . ;An defined along z such that z, iz, z 01; . . . ; z

0
l , ~zzlþ1; . . . ; ~zzk,

iz 01; . . . ; iz
0
l , i~zzlþ1; . . . ; i~zzk, Akþ2; . . . ;An, iAkþ2; . . . ; iAn form an orthonormal basis

on Cn. With respect to the above orthonormal frame fields,

z 00j ¼ �zj þ iljz
0
j �
X
a

aaAa þ
X
b

bbiAb;

where aa ¼ aaðt1; . . . ; tkÞ, bb ¼ bbðt1; . . . ; tkÞ are real valued functions.
If this expression can be reduced to

z 00j ¼ �zj þ iljz
0
j �
X
a

aj;aAj;a;ð1:1Þ

where Aa ¼ A1;aðt1Þ þ � � � þ Ak;aðtkÞ are associated orthonormal normal vector
fields and A 0

j;a ¼ aj;aðtjÞz 0j ðtjÞ for some real valued functions aj;a ¼ aj;aðtjÞ
ð j ¼ 1; . . . ; lÞ, then z ¼ zðt1; . . . ; tkÞ is called an lth special Legendre translation
submanifold in S2n�1ð1Þ ,! Cn. The curvature of the curves zj are defined as
lj ¼ hz 00j ; iz

0
ji. Here, we can easily notice that if k ¼ 1, then zðtÞ becomes a

special Legendre curve as in [2]. Also, we note here that every ðn� 1Þ-th
Legendre translation submanifold in S2n�1 HCn is special.

We need the following lemma.

Lemma 1 [1]. Let A, B be two vectors in Cn and z, w be two complex
numbers. Then we have

hzA;wBi ¼ hz;wihA;Biþ hiz;wihA; iBi;

hzA; iwBi ¼ hz;wihA; iBiþ hz; iwihA;Bi;
ð1:2Þ

where hz;wi ¼ RealðzwÞ denote the real part of the complex number zw, w the
complex conjugate of w, and hA;Bi denotes the canonical inner product of the
vector A and B in the complex Euclidean n-plane Cn.

As a converse of the definition of Legendre translation submanifold, we have
the following proposition.

Proposition 1. If z ¼ z1ðt1Þ þ � � � þ zn�1ðtn�1Þ : I1 � � � � � In�1 ! S2n�1ð1Þ
HCn is a sum of unit speed Legendre curves satisfying

z 00j ¼ iljz
0
j � zð1:3Þ

for some nonzero real valued functions lj, j ¼ 1; . . . ; n� 1, then z is an ðn� 1Þ-th
Legendre translation submanifold.
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Proof. It su‰ces to show that hz; iz 0ji ¼ 0, j ¼ 1; . . . ; n� 1. Since hz; z 0ji ¼
0, and hz; z 00j i ¼ �1, we have hz; iljz 0j � zi ¼ �1 and then ljhz; iz 0ji ¼ 0. Since
lj is nonzero, hz; iz 0ji ¼ 0 identically for all j ¼ 1; . . . ; n� 1. r

Next, we provide the example of a k-th special Legendre translation
submanifold in S2nþ1 HCnþ1. Let l1; . . . ; lk ðkb 2Þ, a1;kþ2; . . . ; a1;nþ1; . . . ;
ak;kþ2; . . . ; ak;nþ1 be real numbers such that

lj > 0; 1þ
Xnþ1

a¼kþ2

ai;aaj;a ¼ 0;

1 ¼ 1

g1
þ � � � þ 1

gk
for gj ¼ 1þ

Xnþ1

a¼kþ2

a2j;a;

m2
j ¼ l2j þ 4gj for 1a j0 ia k:

Then

z ¼ z1ðt1Þ þ � � � þ zkðtkÞ

¼ m1 � l1

2m1g1

2g1
m1 � l1

; 0; . . . ; 1; a1;kþ2; . . . ; a1;nþ1

� �
eððl1þm1Þ=2Þit1

þ m1 þ l1

2m1g1

�2g1
m1 þ l1

; 0; . . . ; 1; a1;kþ2; . . . ; a1;nþ1

� �
eððl1�m1Þ=2Þit1

þ � � � þ
mj � lj

2mjgj
0; . . . ;

2gj
mj � lj

; 0; . . . ; 1; aj;kþ2; . . . ; aj;nþ1

 !
eððljþmjÞ=2Þitj

þ
mj þ lj

2mjgj
0; . . . ;

�2gj
mj þ lj

; 0; . . . ; 1; aj;kþ2; . . . ; aj;nþ1

 !
eððlj�mjÞ=2Þitj

þ � � � þ mk � lk

2mkgk
0; . . . ;

2gk
mk � lk

; 1; ak;kþ2; . . . ; ak;nþ1

� �
eððlkþmkÞ=2Þitk

þ mk þ lk

2mkgk
0; . . . ;

�2gk
mk þ lk

; 1; ak;kþ2; . . . ; ak;nþ1

� �
eððlk�mkÞ=2Þitk

defines a special Legendre translation submanifold in S2nþ1ð1Þ ,! Cnþ1, that is, it
satisfies

z 00j ¼ �zj þ iljz
0
j �
X

aj;aAj;a

hz; iz 0ji ¼ 0 for j ¼ 1; . . . ; k;

where Aa ¼ A1;a þ � � � þ Ak;a are some associated orthonormal normal vector
fields satisfying Aj;a ¼ aj;azj for j ¼ 1; . . . ; k and a ¼ k þ 2; . . . ; nþ 1.
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2. Main results

In this chapter, we construct some Lagrangian submanifolds in complex
Euclidean space Cn using an ðn� 1Þ special Legendre translation submanifold.

Theorem 1. Let f : I1 ! C� be a regular curve defined on an open interval
I1 and z : I2 � � � � � In ! S2n�1ðrÞHCn be a sum of unit speed Legendre curves zj
in S2n�1ðrjÞ defined on an open interval Ij. Then we have the following.

(a) If z ¼ z2ðt2Þ þ z3ðt3Þ þ � � � þ znðtnÞ is an ðn� 1Þ Legendre translation
submanifold, then, for any function pj : Ij ! C, j ¼ 2; . . . ; n the map

Lðs; t2; . . . ; tnÞ ¼ f ðsÞzðt2; . . . ; tnÞ �
Xn
j¼2

ð tj
0

pjðtÞz 0j ðtÞ dtð2:1Þ

is a Lagrangian isometric immersion of Mn ¼ ðU ; gÞ into Cn, where the set U is
defined as

U :¼ fðs; t2; . . . ; tnÞ A I1 � I2 � � � � In : f ðsÞ0 pjðtjÞ for all j ¼ 2; . . . ; ng

and the metric g is the induced metric given by

g ¼ r2j f 0ðsÞj2 ds2 þ
Xn
j¼2

j f ðsÞ � pjðtjÞj2 dtjð2:2Þ

(b) Conversely, if f does not contain any circular arcs, and if L as in (2.1) is a
Lagrangian immersion, then z ¼ z2ðt2Þ þ � � � þ znðtnÞ : I2 � � � � � In ! S2n�1ðrÞH
Cn is an ðn� 1Þ Legendre translation submanifold.

Proof. Let f : I1 ! C� be a regular curve defined on an open interval I1
and z : I2 � � � � � In ! S2n�1ðrÞHCn be a smooth Cn-valued map defined on a
product of open intervals I2; . . . ; In. Using (2.1), we have

Ls ¼
qL

qs
¼ f 0ðsÞzðt2; . . . ; tnÞ; Ltj ¼ ð f ðsÞ � pjðtjÞÞz 0j ðtjÞ; j ¼ 2; . . . ; n:ð2:3Þ

Now, applying Lemma 1 and using (2.3) yield

hLs;Lsi ¼ r2j f 0ðsÞj2;
hLs;Ltji ¼ hif 0; f ðsÞ � pjðtjÞihz; iz 0j ðtjÞi;
hLtj ;Ltji ¼ j f ðsÞ � pjðtjÞj2; j ¼ 2; . . . ; n

hLtj ;Ltki ¼ hið f ðsÞ � pjÞ; f ðsÞ � pkðtkÞihzj; iz 0ki; j0 k ¼ 2; . . . ; n

8>>>><
>>>>:

ð2:4Þ

Since z is an ðn� 1Þ Legendre translation submanifold, we can find the induced
metric g on U given as in (2.2) from (2.4) and also, hLs; iLtji ¼ hLtj ; iLtki ¼ 0 for
all j; k ¼ 2; . . . ; n which imply that the map L is Lagrangian.
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For (b), suppose L, defined in (2.2) is a Lagrangian isometric immersion.
The similar computation shows that hLs; iLtji ¼ h f 0ðsÞ; f ðsÞ � pjðtjÞihz; iz 0j ðtjÞi
1 0 identically. If there exist one j such that h f 0ðsÞ; f ðsÞ � pjðtjÞi ¼ 0 for all s

in an open subinterval I0 H I1, then
d

ds
j f ðsÞ � pjðtjÞj2 ¼ 0 which means for each

tj A Ij , the curve f is contained in a circle centered at pjðtjÞ. It is impossible so
that if f does not contain any circular arcs, then we have hz; iz 0j ðtjÞi1 0 for all
j ¼ 2; . . . ; n and thus z becomes an ðn� 1Þ Legendre translation submanifold.

r

The next theorem shows the extrinsic properties of the immersion.

Theorem 2. Let f : I1 ! C� be a unit speed curve, z : I2 � � � � � In !
S2n�1ð1ÞHCn an ðn� 1Þth Legendre translation submanifold, pj : Ij ! C,
j ¼ 2; . . . ; n complex valued functions, and L : ðU ; gÞ ! Cn be the Lagrangian
isometric immersion defined by

Lðs; t2; . . . ; tnÞ ¼ f ðsÞzðt2; . . . ; tnÞ �
Xn
j¼2

ð tj
0

pjðtÞz 0j ðtÞ dt:ð2:5Þ

Then we find
(a) Ls is an eigenvector of the shape operator AJLs

with eigenvalue k, where k
is the curvature function of f .

(b) For j ¼ 2; . . . ; n, Ltj is an eigenvector of the shape operator AJLtj
if and

only if p2 ¼ � � � ¼ pn ¼ p are constants and f ðsÞ ¼ csþ p for some c A C with
jcj ¼ 1.

(c) L is totally geodesic if and only if n ¼ 2, p2 ¼ p is a constant, f ðsÞ ¼
csþ p, jcj ¼ 1, z is a great circle in S3ð1Þ and L ¼ ð f � pÞz ¼ csz for a constant c.

Proof. From (2.5), we have

Lss ¼ f 00ðsÞz; Lstj ¼ f 0ðsÞz 0j ;

Ltjtj ¼ �p 0
j z

0
j þ ð f � pjÞz 00j ; Ltitj ¼ 0; i0 j ¼ 2; . . . ; n;

ð2:6Þ

By applying Lemma 1 to (2.6), we obtain

hLss; iLsi ¼ h f 00ðsÞz; if 0zi ¼ k;

hLss; iLtji ¼ hLstj ; iLsi ¼ hLstj ; iLtki ¼ 0; k0 j

hLtjtj ; iLsi ¼ hLstj ; iLtji ¼ h f 0; ið f � pjÞi;

hLtjtj ; iLtji ¼ kjðtjÞk f � pjk2 � hp 0
j ; ið f � pjÞi; j ¼ 2; . . . ; n;

ð2:7Þ

where kjðtjÞ ¼ hz 00j ; iz
0
ji is the curvature function of the curve zj. Let e1 ¼ Ls,

ej ¼
Ltj

j f � pj j
, j ¼ 2; . . . ; n. Then e1; e2; . . . ; en are orthonormal frame fields.
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Therefore, the second fundamental form h is

hðe1; e1Þ ¼ kðsÞJe1;
hðe1; ejÞ ¼ mjJej ;

hðej; ejÞ ¼ mjJe1 þ ajJej;

hðei; ejÞ ¼ 0; for i0 j ¼ 2; . . . ; n;

ð2:8Þ

where mj ¼
h f 0; ið f � pjÞi

j f � pj j2
, aj ¼

1

j f � pjj3
ðkjðtjÞj f � pjj2 � hp 0

j ; ið f � pjÞiÞ and

kj ¼ hz 00j ; iz
0
ji for j ¼ 2; . . . ; n. We can easily see that Ls is an eigenvector of

AJLs
with eigenvalue k which is the curvature function of f .
For ðbÞ, Ltj is an eigenvector of AJLtj

if and only if h f 0; ið f � pjÞi ¼ 0 for
j ¼ 2; . . . ; n which implies that the position vector gjðsÞ ¼ f ðsÞ � pjðtjÞ is always
tangent to the curve gj for any fixed tj . Thus, for each tj , gj is a part of a line
through 0 of C. Therefore, there exist unit vector fields cj in C such that
gjðsÞ ¼ f ðsÞ � pjðtjÞ ¼ cjðtjÞs which yields c2ðt2Þ ¼ � � � ¼ cnðtnÞ ¼ c, p2 ¼ � � � ¼
pn ¼ p, where c and p are constants in C. Thus, f ðsÞ ¼ csþ p and jcj ¼ 1.

Suppose L is totally geodesic. From the second statement ðbÞ, we know
that k ¼ 0. By (2.8), it su‰ces to show that aj ¼ 0 for j ¼ 2; . . . ; n which is
equivalent to kjðtjÞ ¼ 0. It is impossible unless n ¼ 2 which means that

z : I2 ! S3ð1ÞHC2 is a great circle in S3ð1Þ. r

3. Application

The following result shows examples of Lagrangian submanifolds in complex
Euclidean space using the main results discussed before.

Theorem 3. Let f : I1 ! C� be a unit speed curve, z : I2 � � � � � In !
S2n�1ð1ÞHCn a ðn� 1Þ-th special Legendre translation submanifold, pj : Ij !
C, j ¼ 2; . . . ; n complex valued functions. Then L : ðU ; gÞ ! Cn, defined as in
(2.5), is minimal if and only if, up to rigid motions of Cn, one of the following
holds:

(a) If n ¼ 2, then L is either a totally geodesic immersion or an open portion
of the Lagrangian catenoid, up to dilations and rigid motions.

(b) If nb 3, then L ¼ ð f � pÞn z is a complex extensor where f ðsðxÞÞ ¼
pþ xþ iyðxÞ is a unit speed curve satisfying a di¤erential equation

ðy� xy 0Þnþ1 ¼ cðy 00Þn�1ð1þ y 0ðxÞ2Þ2�n

for a constant c and z ¼ z2 þ � � � þ zn is a sum of circles zj’s in Cn.
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Proof. The induced metric on U is

g ¼ ds2 þ
Xn
2

j f ðsÞ � pjðtjÞj2 dt2j :

Then e1 ¼ Ls, ej ¼
Ltj

j f � pjj
, j ¼ 2; . . . ; n are orthonormal frame fields and using

these frames and the induced metric g, we have

‘e1e1 ¼ ‘e1ej ¼ ‘ei ej ¼ 0; for i0 j ¼ 2; . . . ; n;

‘ej ej ¼
�h f 0; f � pji

j f � pjj2
e1;

‘ej e1 ¼
h f 0; f � pji

j f � pj j2
ej; j ¼ 2; . . . ; n:

ð3:1Þ

Using the Codazzi equation and (2.8), we have, for j ¼ 2; . . . ; n, ð‘ej hÞðe1; ejÞ ¼
ð‘e1hÞðej; ejÞ which gives

e1ðmjÞ ¼ ðk� 2mjÞ
h f 0; f � pji

j f � pjj2
ð3:2Þ

e1ðajÞ ¼ ejðmjÞ � aj
h f 0; f � pji

j f � pj j2
ð3:3Þ

Because of the minimality condition, (2.8) implies

kþ m2 þ � � � þ mn ¼ 0; ejðmjÞ ¼ 0; aj ¼ 0; j ¼ 2; . . . ; nð3:4Þ
and then

kjðtjÞj f ðsÞ � pjj2 � hp 0
j ; ið f � pjÞi ¼ 0:ð3:5Þ

ðk� 2mjÞhp 0
j ; f

0i ¼ 0ð3:6Þ
By di¤erentiating the equation (3.5) with respect to s, we obtain

hif 0; p 0
ji ¼ 2kjh f

0; f ðsÞ � pjið3:7Þ
Another di¤erentiating the equation (3.7) with respect to s and replacing f 00 by
ikf 0 yields

kh f 0; p 0
jiþ 2kj þ 2kkjhif

0; f ðsÞ � pji ¼ 0:ð3:8Þ
Now, we can consider two cases.

Case (a) Suppose k ¼ 0. It is immediate to know that kj ¼ 0 for all j ¼
2; . . . n from (3.8). Since aj ¼ 0, j ¼ 2; . . . ; n, (3.3) and (3.7) imply that

0 ¼ q

qtj

h f 0; ið f � pjÞi
j f � pj j2

 !
¼ mj

2h f � pj; p
0
ji

j f � pjj2
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If there exist mj 0 0, then the above equation implies h f � pj; p
0
ji ¼ 0 and thus

j f ðsÞ � pjðtjÞj2tj ¼ 0 which means that for each s, every curve pj is contained in a

circle centered at f ðsÞ which is impossible. Therefore, we can conclude that for
all j ¼ 2; . . . ; n, mj ¼ 0. Therefore, L is totally geodesic and then by theorem 2,
n must be 2.

Case (b) Assume that k0 0. Di¤erentiating (3.8) with respect to s and
replacing f 00 by ikf 0, we find that

0 ¼ k2hif 0; p 0
ji� 2k2kjh f

0; f � pjiþ k 0h f 0; p 0
jiþ 2k 0kjhif

0; f � pji

By applying (3.7) and (3.8), the above becomes that

2k2kjh f
0; f � pjiþ 2k 0kjh f

0; ið f � pjÞi

¼ k2hif 0; p 0
jiþ k 0h f 0; p 0

ji

¼ 2k2kjh f
0; f � pjiþ 2k 0kj h f 0; ið f � pjÞi� 1

k

� �

¼ 2k2kjh f
0; f � pji� 2k 0kj

k
þ 2k 0kjh f

0; ið f � pjÞi

Thus, we have k 0kj ¼ 0. Suppose there exits a j such that kj 0 0. Then k must
be a nonzero constant which implies f is a circle in C�. For each s, and tj,
f ðsÞ � pjðtjÞ ¼ h f ðsÞ � pj; f

0i f 0 þ h f ðsÞ � pj ; if
0iif 0 which implies that p2 ¼ � � �

¼ pn equal to a constant p since f is a unit circle. Then (3.5) implies that kj ¼ 0
for all j ¼ 2; . . . ; n which is a contradiction to our assumption. Therefore, kj ¼ 0
for all j ¼ 2; . . . ; n. Now, each zj is a circle in Cn and by (3.5), and (3.8),
h f 0; ip 0

ji ¼ h f 0; p 0
ji ¼ 0, j ¼ 2; . . . ; n which implies that for each s and tj,

f ðsÞ � pjðtjÞ ¼ c1ðsÞ f 0ðsÞ þ c2ðsÞif 0ðsÞ for some two functions c1 and c2 of s,
yielding p2ðt2Þ ¼ � � � ¼ pnðtnÞ ¼ p become a constant. Therefore, m2 ¼ � � � ¼ mn

¼ h f 0; ið f � pÞi
j f � pj2

¼ mðsÞ. Now, then (2.5) becomes Lðs; t2; . . . ; tnÞ ¼ ð f � pÞ �

ðz2 þ � � � þ znÞ. Therefore, from (3.4), we obtain

j f � pj2kðsÞ þ ðn� 1Þh f 0; ið f � pÞi ¼ 0ð3:9Þ

By di¤erentiating the equation (3.9) with respect to s, we get

k 0ðsÞj f � pj2 þ ðnþ 1Þkh f 0; f � pi ¼ 0

and then it yields

j f � pj2 ¼ a2

kðsÞ

� �2=ðnþ1Þ

ð3:10Þ

for a real constant a. By substituting (3.10) into (3.9), we get

hif 0; f � pi ¼ 1

n� 1
a4=ðnþ1ÞkðsÞðn�1Þ=ðnþ1Þð3:11Þ
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Let’s reparametrize f ðsðxÞÞ ¼ pþ xþ iyðxÞ. Then

k ¼ h f 00; if 0i ¼ y 00ðxÞ
ð1þ y 0ðxÞ2Þ3=2

; hif 0; f � pi ¼ y� xy 0

ð1þ y 0ðxÞ2Þ1=2
ð3:12Þ

From (3.11) and (3.12), we obtain that

ðy� xy 0Þnþ1 ¼ cðy 00Þn�1ð1þ y 0ðxÞ2Þ2�n; c ¼ 1

n� 1

� �nþ1

a4ð3:13Þ

If n ¼ 2, then this equation was completely solved by Bang-Yen Chen in his
paper [1] which is that up to dilations and rigid motions, the Lagrangian
immersion L is an open portion of the Lagrangian catenoid.

Now, we assume that nb 3. Put y1 ¼ y, y2 ¼ y 0 and y3 ¼ y 00. Then the
above equation is equivalent to the system:

y 0
1 ¼ y2; y 0

2 ¼ y3;

y 0
3 ¼

�ð1þ y22Þ
n�2ððnþ 1Þxy3ðy1 � xy2Þn þ 2cyn�1

3 ð2� nÞð1þ y22Þ
1�n

y2y3Þ
cðn� 1Þyn�2

3

ð3:14Þ

It follows from Picard’s theorem that, for a given initial conditions: y3ðs0Þ > 0,
y2ðs0Þ ¼ yo

2 , y1ðs0Þ ¼ yo
1 for any constants yo

1 and yo
2 , the initial value problem

has a unique solution in some open interval around s0. r
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