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IMPLICIT FIXED POINT ITERATIONS
FOR PSEUDOCONTRACTIVE MAPPINGS

ARIF RAFIQ

Abstract

In this paper, we prove some results for implicit fixed point iterations associated
with pseudocontractive mappings.

1. Introduction

Let H be a Hilbert space. A mapping 7 : H — H is said to be pseudo-
contractive (see e.g., [1, 2]) if

(L) =Dy < lx =y + |0 = D)x = (I =)y, Vx,yeH
and is said to be strongly pseudocontractive if there exists k € (0,1) such that
(12)  |ITx = Ty|* < lx = I + kIl = T)x = (I = T)y|*, Vx,yeH.

Let F(T):={xe H:Tx=x} and let K be a nonempty subset of H. A map
T:K — K is called hemicontractive if F(T) # ( and

(1.3) [ Tx — x*||* < [|x = x*||* + |[|x = Tx||* VxeK, x* e F(T).

It is easy to see that the class of pseudocontractive maps with fixed points is
a subclass of the class of hemicontractions. The following example, due to
Rhoades [18], shows that the inclusion is proper. For x € [0, 1], define T : [0, 1]
—[0,1] by Tx = (1 — x*¥2_ It is shown in [18] that T is not Lipschitz and so
cannot be nonexpansive. A straightforward computation (see e.g., [19]) shows
that T is pseudocontractive. For the importance of fixed points of pseudocon-
tractions the reader may consult [1].

In the last ten years or so, numerous papers have been published on the
iterative approximation of fixed points of Lipschitz strongly pseudocontractive
(and correspondingly Lipschitz strongly accretive) maps using the Mann iteration
process (see e.g., [11]). In 1974, Ishikawa [8] introduced an iteration process
which, in some sense, is more general than that of Mann and which converges,
under this setting, to a fixed point of 7. He proved the following theorem.
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THEOREM 1. If K is a compact convex subset of a Hilbert space H, T : K —
K is a Lipschitzian pseudocontractive map and xy is any point in K, then the
sequence {x,} converges strongly to a fixed point of T, where x, is defined
iteratively for each positive integer n >0 by
Xn+l = (1 - “n)xn + o, Ty,
Vn = (1 _ﬂn)xn +ﬁnTxn7

where {0y}, {f,} are sequences of positive numbers satisfying the conditions

(1.4)

(i) 0<o<p, <1; (i) lim B, =0; (i) Y W, = 0.

n>0

Since its publication in 1974, Theorem 1, as far as we know, has never been
extended to more general Banach spaces. The iteration process (1.4) is generally
referred to as the Ishikawa iteration process in light of [8].

Another iteration process which has been studied extensively in connection
with fixed points of pseudocontractive maps is the following:

For a nonempty convex subset K of a Banach space £, and 7 : K — K, the
sequence {x,} is defined iteratively by x; € K,

(1.5) Xne1 = (L —cu)xpn + cnTxy, n=>1,

where {c,} is a real sequence satisfying the following conditions:
0
(iv) 0<c,<1; (v) lim ¢, =0; (Vi) D ¢ = 0.

The iteration process (1.5) is generally referred to as the Mann iteration process in
light of [11].

In 1995, Liu [10] introduced what he called Ishikawa and Mann iteration
processes with errors as follows:

(1-a) For a nonempty convex subset K of £ and T : K — E, the sequence
{x,} defined by

X1 EK,
(1'6) X+l = (1 - O(n)xn + 0y Tyy + uy,
o= (1 =B)xn+B,Txp+vy, n=1,

where, {o,}, {f,} are sequences in [0,1] satisfying appropriate conditions and
>l < o0, D ||loul] < oo is called the Ishikawa Iteration process with errors.
(1-b) With K, E and T as in part (1-a), the sequence {x,} defined by

x1 €K,
(1.7)
Xnrl = (1 _Ocn)xn+“nTxn+una n>1,
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where {o,} is a sequence in [0, 1] satisfying appropriate conditions and ) ||lu,| <
o0, 1s called the Mann iteration process with errors.

While it is known that consideration of error terms in iterative processes is
an important part of the theory, it is also clear that the iteration processes with
errors introduced by Liu in (1-a) and (1-b) are unsatisfactory. The occurrence of
errors is random so that the conditions imposed on the error terms in (1-a) and
(1-b) which imply, in particular, that they tend to zero as n tends to infinity are,
therefore, unreasonable.

In 1997, Y. Xu [23] introduced the following more satisfactory definitions.

(1-c) Let K be a nonempty convex subset of £ and T : K — K a mapping.
For any given x; € K, the sequence {x,} defined iteratively by

(1 8) Xp41 = Xy + by Ty, + Culiy,
. Yn = @yXn + b, Txy + v, n 2> 1,
where {u,}, {v,} are bounded sequences in K and {a,}, {b,}, {cn}, {a,}, {b)}
and {c,} are sequences in [0, 1] such that a, +b, +¢, =a,+b,+c, =1 Vn>1
is called the Ishikawa iteration sequence with errors in the sense of Xu.
(1-d) If, with the same notations and definitions as in (1-c), b, = ¢, = 0, for
all integers n > 1, then the sequence {x,} now defined by

X1 e K
(1.9)

Xpy1 = ApXp + by TXy + Cuty, n =1,
is called the Mann iteration sequence with errors in the sense of Xu. We remark
that if K is bounded (as is generally the case), the error terms u,, v, are arbitrary
in K.
In [3], Chidume and Chika Moore proved the following theorem.

THEOREM 2. Let K be a compact convex subset of a real Hilbert space H;
T :K — K a continuous hemicontractive map. Let {a,}, {b,}, {cn}, {a}, {b}}
and {c} be real sequences in [0,1] satisfying the following conditions:

(vil) ay+b,+c,=1=a,+b,+c, Vn=1;

(viii) lim,_., by, = lim,_,, b, = 0;

(ix) Doen< ooy Y cp < 05

xX)  SaB, =05 3. afon < 0, where 8, := || Tx, — Ty,|*;

xi) 0<a,<p,<1 Vnx=1, where a, :=b,+cu; f,:=b),+c.
For arbitrary x| € K, define the sequence {x,} iteratively by

Xut1 = Xy + by Tyy + Cnlty,
Yn=axy+b,Txy+ vy, n>1,
where {u,}, {v,} are arbitrary sequences in K. Then, {x,} converges strongly to a

fixed point of T.

They also gave the following remark in [3].
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Remark 3. 1. In connection with the iterative approximation of fixed
points of pseudocontractions, the following question is still open. Does the
Mann iteration process always converge for continuous pseudocontractions, or
for even Lipschitz pseudocontractions?

2. Let E be a Banach space and K be a nonempty compact convex subset
of E. Let T:K — K be a Lipschitz pseudocontractive map. Under this
setting, even for £ = H, a Hilbert space, the answer to the above question is not
known. There is, however, an example [7] of a discontinuous pseudocontractive
map 7 with a unique fixed point for which the Mann iteration process does not
always converge to the fixed point of 7. Let H be the complex plane and
K:={zeH:|z| <1}. Define T:K — K by

T(re) 2re’0+73) - for 0 <r < L
re'y =4
61(0+2n/3), fOl" %< r< 1.

Then, zero is the only fixed point of 7. It is shown in [5] that 7" is pseudocon-
. . 1
tractive and that with ¢, = peE the sequence {z,} defined by z,11 = (1 — ¢,)z, +

¢y Tzy, zo € K, n > 1, does not converge to zero. Since the 7 in this example is
not continuous, the above question remains open.

In [4], Chidume and Mutangadura, provide an example of a Lipschitz pseudo-
contractive map with a unique fixed point for which the Mann iteration sequence
failed to converge and they stated there “This resolves a long standing open
problem™.

In [16], the author proved the following theorem.

THEOREM 4. Let K be a compact convex subset of a real Hilbert space H,
T:K — K a hemicontractive mapping. Let {on} be a real sequence in [0,1]
satisfying {o,} < [0,1 — 0] for some 0 € (0,1). For arbitrary xo € K, the sequence
{xn} is defined by

X0 € K,

(1.10)
Xp = tpXp—1 + (1 —0y)Txp, n>1.

Then {x,} converges strongly to a fixed point of T.

Very recently, Yao et al. [24] introduced the iterative scheme (1.11) below and
extended the Theorem 4 to more general Banach spaces.
Let C be a closed convex subset of a real Banach space £ and T: C — C be
a mapping. Define {x,} in the following way:
Xo € C s

(1.11)
Xp = Opl +ﬁnxn*1 + 7. Txy, n= 1,

where u is an anchor and {a,}, {f,} and {y,} are three real sequences in (0, 1)
satisfying some appropriate conditions.
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They proved the following theorem.

THEOREM 5. Let C be a nonempty closed convex subset of a real uniformly
smooth Banach space E. Let T :C — C be a continuous pseudocontractive
mapping. Let {0}, {B,} and {y,} be three real sequences in (0,1) satisfying
the following conditions:

(xii) o, +p,+7, =1 o

(xiii) lim,_. B, =0 and lim,_ ., ﬁ—" =0:

. o n
(V) S = 0
For arbitrary initial value xy € C and a fixed anchor u e C, the sequence {x,} is
defined by (1.11). Then {x,} converges strongly to a fixed point of T.

In this paper, we introduce some implicit Mann type iteration processes with
errors associated with pseudocontractive mappings to have the strong conver-
gences in the setting of Hilbert and Banach spaces respectively.

2. Preliminaries

We shall make use of the following results.

LemMa 6 [21]. Suppose that {p,}, {o,} are two sequences of nonnegative
numbers such that for some real number Ny > 1,

Pns1 < pp+0, Yn=Ny.

(@) If 3" o, < o0, then, lim p, exists.
(b) If>" 04 < o0 and {p,} has a subsequence converging to zero, then lim p, = 0.

LemmA 7 [22]. Let B, be a nonnegative sequence satisfying

ﬁn+l < (1 - 5")ﬂn =+ On,
with 9, €[0,1], >°2,0; = o0, and o, = 0(,). Then lim,_.., f8, = 0.

Lemma 8 [8]. Let H be a Hilbert space, for all x,y e H and A€ [0,1], the
following well-known identity holds:

(1 = 2)x + 2yl = (1= Dl + 21 p)1% = 200 = A)l|x = »]1*.

LemMa 9 [12]. Let H be a Hilbert space, then for all x,y,ze H
llax + by + ez||* = allx[|* + bl yl|* + cl|z]|* — abl|x — y||* = be|| y — 2[|* = callz — x|,
where a,b,ce[0,1] and a+b+c=1.

Remark 10. For ¢ =0 in Lemma 9, we get the results of Lemma 8.
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3. Mann-type iteration process for pseudocontractive mappings in Hilbert
spaces

Now we prove our main results.

THEOREM 11. Let K be a compact convex subset of a real Hilbert space H;
T:K — K a continuous hemicontractive map. Let {a,}, {b,} and {c,} be real
sequences in [0,1] such that a, + b, + ¢, =1 and satisfying

(xv) {b,} = [6,1—10] for some 6 € (0,}),

(xvi) > ey < 0.

For arbitrary xy € K, define the sequence {x,} by

XOEK7

(3.1)

Xp = ApXp—1 + bnTxn + cptty, n = 1»

where {u,} is an arbitrary sequence in K. Then {x,} converges strongly to a fixed
point of T.

Proof. Since T : K — K is a continuous mapping, then for every fixed
ue K and r€(0,1), the operator S,: K — K defined for all xe K by

Sx=tu+ (1-1)Tx,

is also continuous, so that S, has a fixed point x, in K (by Schauder’s fixed point
theorem (Let K be a compact convex subset of a normed linear space E and let
T be a continuous mapping of K into itself. Then 7' has a fixed point in K.)),
ie.,
xr=tu+ (1—1)Tx,.

Thus the implicit iteration process (1.10) is defined in K for the continuous self-
mappings of a nonempty convex subset K of a Hilbert space provided that
o, € (0,1) for all n > 1. Since {u,} is just the bounded sequence of error terms,
it can be easily seen that the implicit iteration process (3.1) is also well defined.

Let x* € K be a fixed point of T and M = dim(K). Using the fact that T is
hemicontractive we obtain

(3:2) 176 = X% < v = X717 + 130 = T
With the help of (1.3), Lemma 9 and (3.2), we obtain the following estimates:

(3.3)  |lxn — x5)1* = llanXn_1 + buTxn + Cutty — x*|?
= |lan(xu—1 — x*) + by(Txy — x™) + ¢ (uy — x*)H2
= Qpl|Xn-1 — X*Hz + by T, — X*Hz + cnllun — X*”2

- anbn”xn—l - Txn||2 - annHTxn - un”2 - anan-xn—l - unH2
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< ayllxy = X774 byl T — X7 + allun — x|
— @by || X0t — T

< (1= b)) |[xuo1 = X1 + bal| T, — x*|)* + M,
— by Xno1 — T

< (L= by) a1 = X1+ balllxn = x> + 1w — Txall)
+ M?c¢, — byl Xn—1 — Tan2

= (1= ba)|xu—t — X" 4 ballxw — X7 + byl — Toxy|?

+ M?c, — byl Xn—1 — Tx,,Hz.
Also

(3.4) 260 = T2 = w1 + buTxn + Catty — Tx, ||
= [[(1 = ) (X1 = T%) + Culttn — x50
< (1= ba)llxn-1 = Tull + ealltn — X1 ][]
< [(1 = b)) X1 — Toxal| + Me,)?
< (1= b)) ||xnet — Toxy||> + 3M2c,.
Substituting (3.4) in (3.3), we get
(B5) = x| < (1= byt — X717 + buly — X7
+ 3M?byey + M?cy — bylay, — (1= by)?||x0—1 — T

By > ¢, < 0, lim,_ ¢, =0, so there exists a natural number ny € N such that
for all n > ny, we have ¢, <n; ne(0,6%) and {b,} = [d,1 9] for some 6 € (0,1)
lead to a, — (1 —b,)* >> —p, and (3.5) gives us

e = 717 < (1= ) a1 = X1 + ballva — x|
+ 3M2bye, + M2e, — 5(0% — )Xt — Txa||*.
Consequently

23641

(3.6) oo —x"|* < [lxur = x7| + M
1-2b,

n _5(52 —n)||lxn-1 — Txn”2
< X1 — x*|* + Mzi—;cn —0(6% = )| xn_1 — Toxal|
y=3(1 —=0) + 1, holds for all fixed points x* of T. Hence

2 (2 £112 VCn
5(52 = m)|xn-1 = Tox||” < (X1 = X7 = [lx0 — x7| +M277
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and thus
2 - y  MHE - 2 2
507 =m Yl — Tog* < TZCJ‘JFZ(HX_/‘—I = xM7 = lx = x*(7)
Jj=no Jj=no J=no
sz - %112
=2 g+ [ =X
J=ny
Hence
- 2
(3.7 Z llxj—1 — Txj||~ < +o00.
J=no
It implies that
lim ||x,—1 — Tx,|| = 0.
n—oo

From ||x, — Tx,|| < (1 — b,)||x4—1 — Tx,|| + Mc, and the condition (xvi) it further
implies that

lim ||x, — Tx,|| = 0.

n— o0

By compactness of K this immediately implies that there is a subsequence {x,, } of
{x,} which converges to a fixed point of 7, say y*. Since (3.6) holds for all
fixed points of 7" we have

5en =00 = m)lxus = T,
and in view of (3.7) and Lemma 6 we conclude that ||x, — y*|| — 0 as n — oo,
ie., x, — y* as n— oo. The proof is complete.

20 = ¥* 11> < %0t — ¥7|1> + M2

COROLLARY 12 [16]. Let K be a compact convex subset of a real Hilbert
space H; T :K — K a continuous hemicontractive map. Let {a,} be a real
sequence in [0,1] satisfying {o,} = [0,1 —06] for some 5€ (0,1). For arbitrary
xo € K, define the sequence {x,} by (1.10). Then {x,} converges strongly to a
fixed point of T.

4. Mann-type iteration process for pseudocontractive mappings in Banach
spaces

Let E be a real Banach space and E* be its dual space. The normalized
duality mapping J : E — E* is defined as

J(x) = {x" € E%5 Cx,xy = ||x]1 = %71}

Let C be a closed convex subset of E. The mapping 7 :C — C is called
pseudocontractive if

(4.1) lx =yl <llx=y+d(-T)x=(I-T)y)l,
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holds for every x, ye C and ¢ > 0. An equivalent definition of pseudocontrac-
tive mappings is due to Kato [9],

(4.2) (Tx =Ty, jlx = y)> < |lx = »|I%,

for x,ye C and j(x— y)eJ(x— ).
Let U= {xe E:|x|| =1} denote the unit sphere of E. The norm on E is
said to be G’ateaux differentiable if the

. | —
e

(4.3) lim ;

exists for each x, y € U and in this case E is said to be smooth. E is said to
have a uniformly Fr’echet differentiable norm if the limit (4.3) is attained
uniformly for x, y e U and in this case E is said to be uniformly smooth. It
is well known that if E is uniformly smooth then the duality mapping is norm-to-
norm uniformly continuous on all bounded subsets of E.

In this section, we modified the iteration process (1.11) due to Yao et al. for
pseudocontractive mappings under the setting of uniformly smooth Banach
spaces. It is worth to mention here, that our proof is different from Yao
et al. and is independent of interest.

We need the following lemma for the proof of our results.

LemMa 13 [17]. Let E be a real uniformly smooth Banach space. Then
there exists a non-decreasing continuous function b :[0,00) — [0, 00) satisfying:

(i) b(ct) = cb(2);

(i) lim,_ o4 b(r) =0;

(iii) [lx + p[I* < lx1® + 2<p, j(x)> + max{||x[|, L[ y|6(|| y]), for all x,yeE.

THEOREM 14. Let C be a nonempty closed convex subset of a real uniformly
smooth Banach space E. Let T :C — C be a continuous pseudocontractive
mapping. Let {a,}, {f,}, {y,} and {0,} be four real sequences, satisfying the
following conditions:

(xvil) 0 <oy, fB,0n<1, 0<y,<1;

(xviil) o, + B, + 7y, +0n=1;

(xix) lim,_o B, =0 =lim,_ a;

0 On

(XX) Zn:O Ol +ﬁn +5n -

(xxi) 0, = o(ap).

For arbitrary initial value xo € C and a fixed anchor u e C, the sequence {x,} is
defined by

0O

Xo € C,
(YA)
Xn = Uyl +ﬁnxn71 + VnTXn +5nun> n= 1,

where {u,} is a bounded sequence of error terms. Then {x,} converges strongly to
a fixed point of T.
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Proof. The existence of a fixed point of T follows from Schauder’s fixed
point theorem, so F(T) # ¢.

Indeed, suppose we take a fixed point p of 7. Since {u,} is a bounded
sequence of error terms, set M> = sup,|ju, — p||.

First, we show that {x,} is bounded. Consider

o 0
Xn—l):(l—yn)(l_n u—+ ﬂn xnfl‘f'l_n un)+VnTxn_p

Vn 1 - Vn n

(=2 = P 2 (= )4 2 - )

+ 7u(Toxn — p).
It follows that

”xﬂ _[7”2 =X _pvj(xn _p)>

(=) (T2 ) b -

0 . .
+7 _"y (tn = ), Joxn — p)> +ulTxn = p, j(xn = P))
n
< ()| 2w )+ = )4 2 )|
= yn 1—Vn p l_yn n—1 l—yn n
[l = pll + pallxn = pII,
SO
Ocl’l ﬁn n
(4.4) llx: — pll < (u—p)+ (Xp1—p) + (un — p)
1 - Vn 1 - Vn 1 - n
%n ﬁn n
< u—pll+ Xn—1 — pll + Uy — p
P ol e =l 2
Ol ﬁn n
< - -1 — M
< P2l M

o 0
smwﬂw—pral—prﬁ(Lfy+1@y+11y>
n n n

= max{|[u — pl|, [|x,1 = pll, M2}

Now, induction yields

1262 = pll < max{[lu — pl|, |lxo = pl, Ma}.
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This implies {x,} is bounded and so is {Tx,}. Let
N'= sup|lx, = pl| + sup [T, = pl| + Mo.
n=

n>1

Finally, we prove that x, — p. From Lemma 13 and (4.4), we have
2

43 = ol < [ 2 )+ = 4 2 )
< (1 /j"yn>2||xn1 —plIP + 2%@ =Py J(Xn-1=p)>
# 2 s = 0>+ man{ P =l 1}
<= p 2 - )

(| erzyen)

On 2 anﬂ
<|{l- >|xn—1 —plI” + 22— [u — pll[[xp-1 — Pl
( 1—7, (1-9,)°

. !
G = plls = ol max{ P < o1

(=7, = n
b(H (= p)+

+2

n

-y

| ol

17%1

n

(u—p)+
n
u, — p)|| |-
1- Yn 1 - Yn ( ) ‘)
Since 0, = o(,), there exists a sequence {f,} < [0,1] such that ¢, — 0 as n — o
and o, = t,0,. Also

0
4.6 = ) + =2, —
(4.6) My Hl—yn(u p)+1_yn(u1 p)H
" = pll + 2 Yl —
_1_%1 l_yn "
Ocl’l n
< u—p|+N
TRl L B ey
= (u— pll + Nt)
_l_yn ! p !
< (Ju—p|+N)
_l_yn
0y

=1 M'; 0<M' =|u-p|+N.
=7

n
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Substituting (4.6) in (4.5), we obtain

o of
I = pI < (1= 2 s = gl 4 2P W= )
= (1 _yn)
+2%N2+max{N,1}M'sz( o )
(1=17,) L=y, \I=7,
o Oy
B (1 - 1 _nyn> Hx"*I _p||2 * 1 - yn on;
ﬁn 2 Znﬁn 2 ( %n )
Oy = 2N —""—|ju — p| + 2N +max{N, 1}M"?b | —"—).
iy, 7 L=, . L=,

Now according to Lemma 7, we have x, — p.
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