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IMPLICIT FIXED POINT ITERATIONS

FOR PSEUDOCONTRACTIVE MAPPINGS

Arif Rafiq

Abstract

In this paper, we prove some results for implicit fixed point iterations associated

with pseudocontractive mappings.

1. Introduction

Let H be a Hilbert space. A mapping T : H ! H is said to be pseudo-
contractive (see e.g., [1, 2]) if

kTx� Tyk2 a kx� yk2 þ kðI � TÞx� ðI � TÞyk2; Ex; y A Hð1:1Þ
and is said to be strongly pseudocontractive if there exists k A ð0; 1Þ such that

kTx� Tyk2 a kx� yk2 þ kkðI � TÞx� ðI � TÞyk2; Ex; y A H:ð1:2Þ
Let F ðTÞ :¼ fx A H : Tx ¼ xg and let K be a nonempty subset of H. A map
T : K ! K is called hemicontractive if FðTÞ0j and

kTx� x�k2 a kx� x�k2 þ kx� Txk2 Ex A K ; x� A F ðTÞ:ð1:3Þ
It is easy to see that the class of pseudocontractive maps with fixed points is
a subclass of the class of hemicontractions. The following example, due to
Rhoades [18], shows that the inclusion is proper. For x A ½0; 1�, define T : ½0; 1�
! ½0; 1� by Tx ¼ ð1� x2=3Þ3=2. It is shown in [18] that T is not Lipschitz and so
cannot be nonexpansive. A straightforward computation (see e.g., [19]) shows
that T is pseudocontractive. For the importance of fixed points of pseudocon-
tractions the reader may consult [1].

In the last ten years or so, numerous papers have been published on the
iterative approximation of fixed points of Lipschitz strongly pseudocontractive
(and correspondingly Lipschitz strongly accretive) maps using the Mann iteration
process (see e.g., [11]). In 1974, Ishikawa [8] introduced an iteration process
which, in some sense, is more general than that of Mann and which converges,
under this setting, to a fixed point of T . He proved the following theorem.
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Theorem 1. If K is a compact convex subset of a Hilbert space H, T : K 7!
K is a Lipschitzian pseudocontractive map and x0 is any point in K , then the
sequence fxng converges strongly to a fixed point of T , where xn is defined
iteratively for each positive integer nb 0 by

xnþ1 ¼ ð1� anÞxn þ anTyn;

yn ¼ ð1� bnÞxn þ bnTxn;
ð1:4Þ

where fang, fbng are sequences of positive numbers satisfying the conditions

ðiÞ 0a an a bn < 1; ðiiÞ lim
n!y

bn ¼ 0; ðiiiÞ
X
nb0

anbn ¼ y:

Since its publication in 1974, Theorem 1, as far as we know, has never been
extended to more general Banach spaces. The iteration process (1.4) is generally
referred to as the Ishikawa iteration process in light of [8].

Another iteration process which has been studied extensively in connection
with fixed points of pseudocontractive maps is the following:

For a nonempty convex subset K of a Banach space E, and T : K ! K , the
sequence fxng is defined iteratively by x1 A K ,

xnþ1 ¼ ð1� cnÞxn þ cnTxn; nb 1;ð1:5Þ

where fcng is a real sequence satisfying the following conditions:

ðivÞ 0a cn < 1; ðvÞ lim
n!y

cn ¼ 0; ðviÞ
Xy
n¼1

cn ¼ y:

The iteration process (1.5) is generally referred to as the Mann iteration process in
light of [11].

In 1995, Liu [10] introduced what he called Ishikawa and Mann iteration
processes with errors as follows:

(1-a) For a nonempty convex subset K of E and T : K ! E, the sequence
fxng defined by

x1 A K ;

xnþ1 ¼ ð1� anÞxn þ anTyn þ un;

yn ¼ ð1� bnÞxn þ bnTxn þ vn; nb 1;

ð1:6Þ

where, fang, fbng are sequences in ½0; 1� satisfying appropriate conditions andP
kunk < y,

P
kvnk < y is called the Ishikawa Iteration process with errors.

(1-b) With K , E and T as in part (1-a), the sequence fxng defined by

x1 A K ;

xnþ1 ¼ ð1� anÞxn þ anTxn þ un; nb 1;
ð1:7Þ
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where fang is a sequence in ½0; 1� satisfying appropriate conditions and
P

kunk <
y, is called the Mann iteration process with errors.

While it is known that consideration of error terms in iterative processes is
an important part of the theory, it is also clear that the iteration processes with
errors introduced by Liu in (1-a) and (1-b) are unsatisfactory. The occurrence of
errors is random so that the conditions imposed on the error terms in (1-a) and
(1-b) which imply, in particular, that they tend to zero as n tends to infinity are,
therefore, unreasonable.

In 1997, Y. Xu [23] introduced the following more satisfactory definitions.
(1-c) Let K be a nonempty convex subset of E and T : K ! K a mapping.

For any given x1 A K , the sequence fxng defined iteratively by

xnþ1 ¼ anxn þ bnTyn þ cnun;

yn ¼ a 0
nxn þ b 0

nTxn þ c 0nvn; nb 1;
ð1:8Þ

where fung, fvng are bounded sequences in K and fang, fbng, fcng, fa 0
ng, fb 0

ng
and fc 0ng are sequences in ½0; 1� such that an þ bn þ cn ¼ a 0

n þ b 0
n þ c 0n ¼ 1 Enb 1

is called the Ishikawa iteration sequence with errors in the sense of Xu.
(1-d) If, with the same notations and definitions as in (1-c), b 0

n ¼ c 0n ¼ 0, for
all integers nb 1, then the sequence fxng now defined by

x1 A K

xnþ1 ¼ anxn þ bnTxn þ cnun; nb 1;
ð1:9Þ

is called the Mann iteration sequence with errors in the sense of Xu. We remark
that if K is bounded (as is generally the case), the error terms un, vn are arbitrary
in K.

In [3], Chidume and Chika Moore proved the following theorem.

Theorem 2. Let K be a compact convex subset of a real Hilbert space H;
T : K ! K a continuous hemicontractive map. Let fang, fbng, fcng, fa 0

ng, fb 0
ng

and fc 0ng be real sequences in ½0; 1� satisfying the following conditions:
(vii) an þ bn þ cn ¼ 1 ¼ a 0

n þ b 0
n þ c 0n Enb 1;

(viii) limn!y bn ¼ limn!y b 0
n ¼ 0;

(ix)
P

cn < y;
P

c 0n < y;
(x)

P
anbn ¼ y;

P
anbndn < y, where dn :¼ kTxn � Tynk2;

(xi) 0a an a bn < 1 Enb 1, where an :¼ bn þ cn; bn :¼ b 0
n þ c 0n.

For arbitrary x1 A K , define the sequence fxng iteratively by

xnþ1 ¼ anxn þ bnTyn þ cnun;

yn ¼ a 0
nxn þ b 0

nTxn þ c 0nvn; nb 1;

where fung, fvng are arbitrary sequences in K. Then, fxng converges strongly to a
fixed point of T.

They also gave the following remark in [3].
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Remark 3. 1. In connection with the iterative approximation of fixed
points of pseudocontractions, the following question is still open. Does the
Mann iteration process always converge for continuous pseudocontractions, or
for even Lipschitz pseudocontractions?

2. Let E be a Banach space and K be a nonempty compact convex subset
of E. Let T : K ! K be a Lipschitz pseudocontractive map. Under this
setting, even for E ¼ H, a Hilbert space, the answer to the above question is not
known. There is, however, an example [7] of a discontinuous pseudocontractive
map T with a unique fixed point for which the Mann iteration process does not
always converge to the fixed point of T . Let H be the complex plane and
K :¼ fz A H : jzja 1g. Define T : K ! K by

TðreiyÞ ¼
2reiðyþp=3Þ; for 0a ra 1

2 ;

eiðyþ2p=3Þ; for 1
2 < ra 1:

(

Then, zero is the only fixed point of T . It is shown in [5] that T is pseudocon-

tractive and that with cn ¼
1

nþ 1
, the sequence fzng defined by znþ1 ¼ ð1� cnÞzn þ

cnTzn, z0 A K, nb 1, does not converge to zero. Since the T in this example is
not continuous, the above question remains open.

In [4], Chidume and Mutangadura, provide an example of a Lipschitz pseudo-
contractive map with a unique fixed point for which the Mann iteration sequence
failed to converge and they stated there ‘‘This resolves a long standing open
problem’’.

In [16], the author proved the following theorem.

Theorem 4. Let K be a compact convex subset of a real Hilbert space H,
T : K ! K a hemicontractive mapping. Let fang be a real sequence in ½0; 1�
satisfying fangH ½d; 1� d� for some d A ð0; 1Þ. For arbitrary x0 A K , the sequence
fxng is defined by

x0 A K ;

xn ¼ anxn�1 þ ð1� anÞTxn; nb 1:
ð1:10Þ

Then fxng converges strongly to a fixed point of T.

Very recently, Yao et al. [24] introduced the iterative scheme (1.11) below and
extended the Theorem 4 to more general Banach spaces.

Let C be a closed convex subset of a real Banach space E and T : C ! C be
a mapping. Define fxng in the following way:

x0 A C;

xn ¼ anuþ bnxn�1 þ gnTxn; nb 1;
ð1:11Þ

where u is an anchor and fang, fbng and fgng are three real sequences in ð0; 1Þ
satisfying some appropriate conditions.
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They proved the following theorem.

Theorem 5. Let C be a nonempty closed convex subset of a real uniformly
smooth Banach space E. Let T : C ! C be a continuous pseudocontractive
mapping. Let fang, fbng and fgng be three real sequences in ð0; 1Þ satisfying
the following conditions:

(xii) an þ bn þ gn ¼ 1;
(xiii) limn!y bn ¼ 0 and limn!y

an

bn
¼ 0;

(xiv)
Py

n¼0

an

an þ bn
¼ y.

For arbitrary initial value x0 A C and a fixed anchor u A C, the sequence fxng is
defined by (1.11). Then fxng converges strongly to a fixed point of T.

In this paper, we introduce some implicit Mann type iteration processes with
errors associated with pseudocontractive mappings to have the strong conver-
gences in the setting of Hilbert and Banach spaces respectively.

2. Preliminaries

We shall make use of the following results.

Lemma 6 [21]. Suppose that frng, fsng are two sequences of nonnegative
numbers such that for some real number N0 b 1,

rnþ1 a rn þ sn EnbN0:

(a) If
P

sn < y, then, lim rn exists.
(b) If

P
sn < y and frng has a subsequence converging to zero, then lim rn ¼ 0.

Lemma 7 [22]. Let bn be a nonnegative sequence satisfying

bnþ1 a ð1� dnÞbn þ sn;

with dn A ½0; 1�,
Py

i¼1 di ¼ y, and sn ¼ oðdnÞ. Then limn!y bn ¼ 0.

Lemma 8 [8]. Let H be a Hilbert space, for all x; y A H and l A ½0; 1�, the
following well-known identity holds:

kð1� lÞxþ lyk2 ¼ ð1� lÞkxk2 þ lkyk2 � lð1� lÞkx� yk2:

Lemma 9 [12]. Let H be a Hilbert space, then for all x; y; z A H

kaxþ byþ czk2 ¼ akxk2 þ bkyk2 þ ckzk2 � abkx� yk2 � bcky� zk2 � cakz� xk2;
where a; b; c A ½0; 1� and aþ bþ c ¼ 1.

Remark 10. For c ¼ 0 in Lemma 9, we get the results of Lemma 8.
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3. Mann-type iteration process for pseudocontractive mappings in Hilbert
spaces

Now we prove our main results.

Theorem 11. Let K be a compact convex subset of a real Hilbert space H;
T : K ! K a continuous hemicontractive map. Let fang, fbng and fcng be real
sequences in ½0; 1� such that an þ bn þ cn ¼ 1 and satisfying

(xv) fbngH ½d; 1� d� for some d A 0; 12
� �

,
(xvi)

P
cn < y.

For arbitrary x0 A K , define the sequence fxng by

x0 A K ;

xn ¼ anxn�1 þ bnTxn þ cnun; nb 1;
ð3:1Þ

where fung is an arbitrary sequence in K. Then fxng converges strongly to a fixed
point of T.

Proof. Since T : K ! K is a continuous mapping, then for every fixed
u A K and t A ð0; 1Þ, the operator St : K ! K defined for all x A K by

Stx ¼ tuþ ð1� tÞTx;

is also continuous, so that St has a fixed point xt in K (by Schauder’s fixed point
theorem (Let K be a compact convex subset of a normed linear space E and let
T be a continuous mapping of K into itself. Then T has a fixed point in K .)),
i.e.,

xt ¼ tuþ ð1� tÞTxt:

Thus the implicit iteration process (1.10) is defined in K for the continuous self-
mappings of a nonempty convex subset K of a Hilbert space provided that
an A ð0; 1Þ for all nb 1. Since fung is just the bounded sequence of error terms,
it can be easily seen that the implicit iteration process (3.1) is also well defined.

Let x� A K be a fixed point of T and M ¼ dimðKÞ. Using the fact that T is
hemicontractive we obtain

kTxn � x�k2 a kxn � x�k2 þ kxn � Txnk2:ð3:2Þ

With the help of (1.3), Lemma 9 and (3.2), we obtain the following estimates:

kxn � x�k2 ¼ kanxn�1 þ bnTxn þ cnun � x�k2ð3:3Þ

¼ kanðxn�1 � x�Þ þ bnðTxn � x�Þ þ cnðun � x�Þk2

¼ ankxn�1 � x�k2 þ bnkTxn � x�k2 þ cnkun � x�k2

� anbnkxn�1 � Txnk2 � bncnkTxn � unk2 � ancnkxn�1 � unk2

151implicit fixed point iterations for pseudocontractive mappings



a ankxn�1 � x�k2 þ bnkTxn � x�k2 þ cnkun � x�k2

� anbnkxn�1 � Txnk2

a ð1� bnÞkxn�1 � x�k2 þ bnkTxn � x�k2 þM 2cn

� anbnkxn�1 � Txnk2

a ð1� bnÞkxn�1 � x�k2 þ bnðkxn � x�k2 þ kxn � Txnk2Þ

þM 2cn � anbnkxn�1 � Txnk2

¼ ð1� bnÞkxn�1 � x�k2 þ bnkxn � x�k2 þ bnkxn � Txnk2

þM 2cn � anbnkxn�1 � Txnk2:
Also

kxn � Txnk2 ¼ kanxn�1 þ bnTxn þ cnun � Txnk2ð3:4Þ

¼ kð1� bnÞðxn�1 � TxnÞ þ cnðun � xn�1Þk2

a ½ð1� bnÞkxn�1 � Txnk þ cnkun � xn�1k�2

a ½ð1� bnÞkxn�1 � Txnk þMcn�2

a ð1� bnÞ2kxn�1 � Txnk2 þ 3M 2cn:

Substituting (3.4) in (3.3), we get

kxn � x�k2 a ð1� bnÞkxn�1 � x�k2 þ bnkxn � x�k2ð3:5Þ

þ 3M 2bncn þM 2cn � bn½an � ð1� bnÞ2�kxn�1 � Txnk2:

By
P

cn < y, limn!y cn ¼ 0, so there exists a natural number n0 A N such that
for all nb n0, we have cn a h; h A ð0; d2Þ and fbngH ½d; 1� d� for some d A 0; 12

� �
lead to an � ð1� bnÞ2 b d2 � h, and (3.5) gives us

kxn � x�k2 a ð1� bnÞkxn�1 � x�k2 þ bnkxn � x�k2

þ 3M 2bncn þM 2cn � dðd2 � hÞkxn�1 � Txnk2:

Consequently

kxn � x�k2 a kxn�1 � x�k2 þM 2 3bn þ 1

1� bn
cn � dðd2 � hÞkxn�1 � Txnk2ð3:6Þ

a kxn�1 � x�k2 þM 2 g

d
cn � dðd2 � hÞkxn�1 � Txnk2;

g ¼ 3ð1� dÞ þ 1, holds for all fixed points x� of T . Hence

dðd2 � hÞkxn�1 � Txnk2 a kxn�1 � x�k2 � kxn � x�k2 þM 2 gcn

d
;
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and thus

dðd2 � hÞ
Xy
j¼n0

kxj�1 � Txjk2 a
M 2g

d

Xy
j¼n0

cj þ
Xy
j¼n0

ðkxj�1 � x�k2 � kxj � x�k2Þ

¼ M 2g

d

Xy
j¼n0

cj þ kxn0�1 � x�k2:

Hence Xy
j¼n0

kxj�1 � Txjk2 < þy:ð3:7Þ

It implies that

lim
n!y

kxn�1 � Txnk ¼ 0:

From kxn � Txnka ð1� bnÞkxn�1 � Txnk þMcn and the condition (xvi) it further
implies that

lim
n!y

kxn � Txnk ¼ 0:

By compactness of K this immediately implies that there is a subsequence fxnjg of
fxng which converges to a fixed point of T , say y�. Since (3.6) holds for all
fixed points of T we have

kxn � y�k2 a kxn�1 � y�k2 þM 2 g

d
cn � dðd2 � hÞkxn�1 � Txnk2;

and in view of (3.7) and Lemma 6 we conclude that kxn � y�k ! 0 as n ! y,
i.e., xn ! y� as n ! y. The proof is complete.

Corollary 12 [16]. Let K be a compact convex subset of a real Hilbert
space H; T : K ! K a continuous hemicontractive map. Let fang be a real
sequence in ½0; 1� satisfying fangH ½d; 1� d� for some d A 0; 12

� �
. For arbitrary

x0 A K , define the sequence fxng by (1.10). Then fxng converges strongly to a
fixed point of T.

4. Mann-type iteration process for pseudocontractive mappings in Banach
spaces

Let E be a real Banach space and E � be its dual space. The normalized
duality mapping J : E ! E � is defined as

JðxÞ :¼ fx� A E �; hx; x�i ¼ kxk2 ¼ kx�k2g:
Let C be a closed convex subset of E. The mapping T : C ! C is called
pseudocontractive if

kx� yka kx� yþ tððI � TÞx� ðI � TÞyÞk;ð4:1Þ
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holds for every x; y A C and t > 0. An equivalent definition of pseudocontrac-
tive mappings is due to Kato [9],

hTx� Ty; jðx� yÞia kx� yk2;ð4:2Þ
for x; y A C and jðx� yÞ A Jðx� yÞ.

Let U ¼ fx A E : kxk ¼ 1g denote the unit sphere of E. The norm on E is
said to be G’ateaux di¤erentiable if the

lim
t!0

kxþ tyk � kxk
t

ð4:3Þ

exists for each x; y A U and in this case E is said to be smooth. E is said to
have a uniformly Fr’echet di¤erentiable norm if the limit (4.3) is attained
uniformly for x; y A U and in this case E is said to be uniformly smooth. It
is well known that if E is uniformly smooth then the duality mapping is norm-to-
norm uniformly continuous on all bounded subsets of E.

In this section, we modified the iteration process (1.11) due to Yao et al. for
pseudocontractive mappings under the setting of uniformly smooth Banach
spaces. It is worth to mention here, that our proof is di¤erent from Yao
et al. and is independent of interest.

We need the following lemma for the proof of our results.

Lemma 13 [17]. Let E be a real uniformly smooth Banach space. Then
there exists a non-decreasing continuous function b : ½0;yÞ ! ½0;yÞ satisfying:

(i) bðctÞ ¼ cbðtÞ;
(ii) limt!0þ bðtÞ ¼ 0;

(iii) kxþ yk2 a kxk2 þ 2hy; jðxÞiþmaxfkxk; 1gkykbðkykÞ, for all x; y A E.

Theorem 14. Let C be a nonempty closed convex subset of a real uniformly
smooth Banach space E. Let T : C ! C be a continuous pseudocontractive
mapping. Let fang, fbng, fgng and fdng be four real sequences, satisfying the
following conditions:

(xvii) 0a an; bn; dn a 1, 0 < gn < 1;
(xviii) an þ bn þ gn þ dn ¼ 1;
(xix) limn!y bn ¼ 0 ¼ limn!y an;

(xx)
Py

n¼0

an

an þ bn þ dn
¼ y;

(xxi) dn ¼ oðanÞ.
For arbitrary initial value x0 A C and a fixed anchor u A C, the sequence fxng is
defined by

x0 A C;

xn ¼ anuþ bnxn�1 þ gnTxn þ dnun; nb 1;
ðYAÞ

where fung is a bounded sequence of error terms. Then fxng converges strongly to
a fixed point of T.
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Proof. The existence of a fixed point of T follows from Schauder’s fixed
point theorem, so F ðTÞ0 f.

Indeed, suppose we take a fixed point p of T . Since fung is a bounded
sequence of error terms, set M2 ¼ supnb1kun � pk.

First, we show that fxng is bounded. Consider

xn � p ¼ ð1� gnÞ
an

1� gn
uþ bn

1� gn
xn�1 þ

dn

1� gn
un

� �
þ gnTxn � p

¼ ð1� gnÞ
an

1� gn
ðu� pÞ þ bn

1� gn
ðxn�1 � pÞ þ dn

1� gn
ðun � pÞ

� �

þ gnðTxn � pÞ:
It follows that

kxn � pk2 ¼ hxn � p; jðxn � pÞi

¼
�
ð1� gnÞ

�
an

1� gn
ðu� pÞ þ bn

1� gn
ðxn�1 � pÞ þ dn

1� gn
ðun � pÞ

�

þ gnðTxn � pÞ; jðxn � pÞ
�

¼ ð1� gnÞ
�

an

1� gn
ðu� pÞ þ bn

1� gn
ðxn�1 � pÞ

þ dn

1� gn
ðun � pÞ; jðxn � pÞ

�
þ gnhTxn � p; jðxn � pÞi

a ð1� gnÞ
				 an

1� gn
ðu� pÞ þ bn

1� gn
ðxn�1 � pÞ þ dn

1� gn
ðun � pÞ

				
� kxn � pk þ gnkxn � pk2;

so

kxn � pka an

1� gn
ðu� pÞ þ bn

1� gn
ðxn�1 � pÞ þ dn

1� gn
ðun � pÞ

				
				ð4:4Þ

a
an

1� gn
ku� pk þ bn

1� gn
kxn�1 � pk þ dn

1� gn
kun � pk

a
an

1� gn
ku� pk þ bn

1� gn
kxn�1 � pk þM2

dn

1� gn

amaxfku� pk; kxn�1 � pk;M2g
an

1� gn
þ bn
1� gn

þ dn

1� gn

� �
¼ maxfku� pk; kxn�1 � pk;M2g:

Now, induction yields

kxn � pkamaxfku� pk; kx0 � pk;M2g:
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This implies fxng is bounded and so is fTxng. Let

N ¼ sup
nb1

kxn � pk þ sup
nb1

kTxn � pk þM2:

Finally, we prove that xn ! p. From Lemma 13 and (4.4), we have

kxn � pk2 a an

1� gn
ðu� pÞ þ bn

1� gn
ðxn�1 � pÞ þ dn

1� gn
ðun � pÞ

				
				
2

ð4:5Þ

a
bn

1� gn

� �2

kxn�1 � pk2 þ 2
anbn

ð1� gnÞ
2
hu� p; jðxn�1 � pÞi

þ 2
dnbn

ð1� gnÞ
2
hun � p; jðxn�1 � pÞiþmax

bn
1�gn

kxn�1� pk; 1

 �

� an

1� gn
ðu� pÞ þ dn

1� gn
ðun � pÞ

				
				

� b
an

1� gn
ðu� pÞ þ dn

1� gn
ðun � pÞ

				
				

� �

a 1� an

1� gn

� �
kxn�1 � pk2 þ 2

anbn

ð1� gnÞ
2
ku� pk kxn�1 � pk

þ 2
dnbn

ð1� gnÞ
2
kun � pk kxn�1 � pk þmax

bn
1� gn

kxn�1 � pk; 1

 �

� an

1� gn
ðu� pÞ þ dn

1� gn
ðun � pÞ

				
				

� b
an

1� gn
ðu� pÞ þ dn

1� gn
ðun � pÞ

				
				

� �
:

Since dn ¼ oðanÞ, there exists a sequence ftngH ½0; 1� such that tn ! 0 as n ! y
and dn ¼ tnan. Also

hn ¼
an

1� gn
ðu� pÞ þ dn

1� gn
ðun � pÞ

				
				ð4:6Þ

a
an

1� gn
ku� pk þ dn

1� gn
kun � pk

a
an

1� gn
ku� pk þN

dn

1� gn

¼ an

1� gn
ðku� pk þNtnÞ

a
an

1� gn
ðku� pk þNÞ

¼ an

1� gn
M 0; 0 < M 0 ¼ ku� pk þN:
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Substituting (4.6) in (4.5), we obtain

kxn � pk2 a 1� an

1� gn

� �
kxn�1 � pk2 þ 2

anbn

ð1� gnÞ
2
Nku� pk

þ 2
dnbn

ð1� gnÞ
2
N 2 þmaxfN; 1gM 02 an

1� gn
b

an

1� gn

� �

¼ 1� an

1� gn

� �
kxn�1 � pk2 þ an

1� gn
sn;

sn ¼ 2N
bn

1� gn
ku� pk þ 2N 2 tnbn

1� gn
þmaxfN; 1gM 02b

an

1� gn

� �
:

Now according to Lemma 7, we have xn ! p.
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