
F. MASSAMBA
KODAI MATH. J.
31 (2008), 338–358

TOTALLY CONTACT UMBILICAL LIGHTLIKE HYPERSURFACES

OF INDEFINITE SASAKIAN MANIFOLDS

Fortuné Massamba

Abstract

This paper investigates totally contact umbilical lightlike hypersurfaces which are

tangent to the structure vector field. Theorems on Killing distributions, geodesibility of

lightlike hypersurfaces are obtained. The geometrical configuration of such lightlike

hypersurfaces and its screen distributions are established. We prove the non-existence

of totally contact umbilical lightlike hypersurfaces and lightlike hypersurfaces with

totally contact umbilical screen distributions in indefinite Sasakian space forms under

some conditions. Some characterizations of totally contact geodesic lightlike hyper-

surfaces and screen distributions are also given.

1. Introduction

The totally contact umbilical concept was considered in [1], [6], [7], [12], [13]
and others references therein where some classifications are given in submanifold
of the Sasakian manifolds of codimension greater than 1. The present paper
aims to investigate similar concept, namely, totally contact umbilical lightlike
hypersurfaces of indefinite Sasakian manifolds.

As it is well known, contrary to timelike and spacelike hypersurfaces, the
geometry of a lightlike hypersurface is di¤erent and rather di‰cult since the
normal bundle and the tangent bundle have non-zero intersection. To overcome
this di‰culty, a theory on the di¤erential geometry of lightlike hypersurfaces
developed by Duggal and Bejancu [4] introduces a non-degenerate screen dis-
tribution and construct the corresponding lightlike transversal vector bundle.
This enables to define an induced linear connection (depending on the screen
distribution, and hence is not unique in general).

The paper is organized as follows. In Section 2, we recall some basic
definitions and formulas for indefinite Sasakian manifolds and lightlike hyper-
surfaces of semi-Riemannian manifolds. In Section 3, for those lightlike hyper-
surfaces of indefinite Sasakian manifolds which are tangential to the structure
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vector field, the decomposition of almost contact metric is given. Theorems on
Killing distributions, geodesibility of lightlike hypersurfaces of indefinite Sasakian
manifolds are obtained. A characterization of lightlike hypersurfaces of indef-
inite Sasakian manifolds with parallel vector field is also given. In Section 4, we
study totally contact umbilical lightlike hypersurfaces of an indefinite Sasakian
manifold. By Theorem 4.3 and 4.10, we establish the geometrical configuration
of such lightlike hypersurfaces, tangent to the structure vector field, and its screen
distributions in Sasakian space forms. We prove the non-existence of totally
contact umbilical lightlike hypersurfaces and lightlike hypersurfaces with totally
contact umbilical screen distributions, tangent to the structure vector field, in
indefinite Sasakian manifold under some conditions. Some characterizations of
totally contact geodesic lightlike hypersurfaces and screen distributions are also
given. Finally, we discuss, in section 5, the e¤ect of the change of the screen
distribution on di¤erent results found.

2. Preliminaries

A ð2nþ 1Þ-dimensional semi-Riemannian manifold ðM; gÞ is said to be an
indefinite Sasakian manifold if it admits an almost contact structure ðf; x; hÞ, i.e. f
is a tensor field of type ð1; 1Þ of rank 2n, x is a vector field, and h is a 1-form,
satisfying

f2 ¼ �Iþ hn x; hðxÞ ¼ 1; h � f ¼ 0; fx ¼ 0;ð2:1Þ

hðX Þ ¼ gðx;XÞ; gðfX ; fYÞ ¼ gðX ;YÞ � hðXÞhðYÞ; ‘Xx ¼ �fðXÞ;

ð‘XhÞY ¼ gðfX ;YÞ; ð‘XfÞY ¼ gðX ;Y Þx� hðY ÞX ; EX ;Y A GðTMÞ;

where ‘ is the Levi-Civita connection for a semi-Riemannian metric g.
A plane section s in TpM is called a f-section if it is spanned by X and fX ,

where X is a unit tangent vector field orthogonal to x. The sectional curvature
of a f-section s is called a f-sectional curvature. A Sasakian manifold M with
constant f-sectional curvature c is said to be a Sasakian space form and is
denoted by MðcÞ. The curvature tensor R of a Sasakian space form MðcÞ is
given by [13]

RðX ;YÞZ ¼ cþ 3

4
fgðY ;ZÞX � gðX ;ZÞYg þ c� 1

4
fhðX ÞhðZÞYð2:2Þ

� hðYÞhðZÞX þ gðX ;ZÞhðY Þx� gðY ;ZÞhðX Þxþ gðfY ;ZÞfX

� gðfX ;ZÞfY � 2gðfX ;Y ÞfZg; X ;Y ;Z A GðTMÞ:

Let ðM; gÞ be a ð2nþ 1Þ-dimensional semi-Riemannian manifold with index s,
0 < s < 2nþ 1 and let ðM; gÞ be a hypersurface of M, with g ¼ gjM . M is a
lightlike hypersurface of M if g is of constant rank 2n� 1 and the normal bundle
TM? is a distribution of rank 1 on M [4]. A complementary bundle of TM? in
TM is a rank 2n� 1 non-degenerate distribution over M. It is called a screen
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distribution and is often denoted by SðTMÞ. A lightlike hypersurface endowed
with a specific screen distribution is denoted by the triple ðM; g;SðTMÞÞ. As
TM? lies in the tangent bundle, the following result has an important role in
studying the geometry of a lightlike hypersurface.

Theorem 2.1 [4]. Let ðM; g;SðTMÞÞ be a lightlike hypersurface of M.
Then, there exists a unique vector bundle NðTMÞ of rank 1 over M such that for
any non-zero section E of TM? on a coordinate neighborhood UHM, there exist
a unique section N of NðTMÞ on U satisfying gðN;EÞ ¼ 1 and gðN;NÞ ¼
gðN;WÞ ¼ 0, for any W A GðSðTMÞjUÞ:

Throughout the paper, all manifolds are supposed to be paracompact and
smooth. We denote GðXÞ the smooth sections of the vector bundle X. Also
by ? and l we denote the orthogonal and nonorthogonal direct sum of two
vector bundles. By Theorem 2.1 we may write down the following decompo-
sition

TM ¼ SðTMÞ ? TM?;ð2:3Þ

TM ¼ TMlNðTMÞ ¼ SðTMÞ ? ðTM? lNðTMÞÞ:ð2:4Þ

Let ‘ be the Levi-Civita connection on ðM; gÞ, then by using the second
decomposition of (2.3), we have Gauss and Weingarten formulae in the form

‘XY ¼ ‘XY þ hðX ;YÞ; EX ;Y A GðTMÞ;ð2:5Þ

and ‘XV ¼ �AVX þ ‘?
XV ; EX A GðTMÞ; V A GðNðTMÞÞ;ð2:6Þ

where ‘XY ;AVX A GðTMÞ and hðX ;YÞ;‘?
XV A GðNðTMÞÞ. ‘ is a symmetric

linear connection on M called an induced linear connection, ‘? is a linear
connection on the vector bundle NðTMÞ. h is a GðNðTMÞÞ-valued symmetric
bilinear form and AV is the shape operator of M concerning V .

Equivalently, consider a normalizing pair fE;Ng as in Theorem 2.1. Then
(2.5) and (2.6) take the form

‘XY ¼ ‘XY þ BðX ;YÞN; EX ;Y A GðTMjUÞð2:7Þ

and ‘XN ¼ �ANX þ tðXÞN; EX A GðTMjUÞ:ð2:8Þ

It is important to mention that the second fundamental form B is independent of
the choice of screen distribution, in fact, from (2.7), we obtain

BðX ;YÞ ¼ gð‘XY ;EÞ and tðX Þ ¼ gð‘?
XN;EÞ EX ;Y A GðTMjUÞ:

Let P be the projection morphism of TM on SðTMÞ with respect to the
orthogonal decomposition of TM. We have

‘XPY ¼ ‘�
XPY þ CðX ;PYÞE; EX ;Y A GðTMjUÞð2:9Þ

and ‘XE ¼ �A�
EX � tðX ÞE; EX A GðTMjUÞ;ð2:10Þ

340 fortuné massamba



where ‘�
XPY and A�

EX belong to GðSðTMÞÞ. C, A�
E and ‘� are called the local

second fundamental form, the local shape operator and the induced connection
on SðTMÞ. The induced linear connection ‘ is not a metric connection and we
have

ð‘XgÞðY ;ZÞ ¼ BðX ;YÞyðZÞ þ BðX ;ZÞyðYÞ; EX ;Y A GðTMjUÞ;ð2:11Þ

where y is a di¤erential 1-form locally defined on M by yð�Þ :¼ gðN; �Þ. Also, we
have the following identities,

gðA�
EX ;PY Þ ¼ BðX ;PY Þ; gðA�

EX ;NÞ ¼ 0;ð2:12Þ
BðX ;EÞ ¼ 0; EX ;Y A GðTMjUÞ:

Finally, using (2.7), R and R are the curvature tensor fields of M and M are
related as

RðX ;YÞZ ¼ RðX ;YÞZ þ BðX ;ZÞANY � BðY ;ZÞANX þ fð‘XBÞðY ;ZÞð2:13Þ
� ð‘YBÞðX ;ZÞ þ tðX ÞBðY ;ZÞ � tðY ÞBðX ;ZÞgN;

where ð‘XBÞðY ;ZÞ ¼ X :BðY ;ZÞ � Bð‘XY ;ZÞ � BðY ;‘XZÞ:ð2:14Þ

3. Lightlike hypersurfaces of indefinite Sasakian manifolds

Let ðM; f; x; h; gÞ be an indefinite Sasakian manifold and ðM; gÞ be its
lightlike hypersurface, tangent to the structure vector field x ðx A TMÞ1. If E is a
local section of TM?, then gðfE;EÞ ¼ 0, and fE is tangent to M. Thus
fðTM?Þ is a distribution on M of rank 1 such that fðTM?ÞVTM? ¼ f0g. This

enables us to choose a screen distribution SðTMÞ such that it contains fðTM?Þ
as vector subbundle. Consider a local section N of NðTMÞ. Since gðfN;EÞ ¼
�gðN; fEÞ ¼ 0, we deduce that fN is also tangent to M. On the other hand,

since gðfN;NÞ ¼ 0, we see that the components of fN with respect to E
vanishes. Thus fN A GðSðTMÞÞ. From (2.1), we have gðfN; fEÞ ¼ 1. There-
fore, fðTM?Þl fðNðTMÞÞ (direct sum but not orthogonal) is a nondegenerate
vector subbundle of SðTMÞ of rank 2.

It is known [3] that if M is tangent to the structure vector field x, then, x
belongs to SðTMÞ. Using this, and since gðfE; xÞ ¼ gðfN; xÞ ¼ 0, there exists a
nondegenerate distribution D0 of rank 2n� 4 on M such that

SðTMÞ ¼ ffðTM?Þl fðNðTMÞÞg ? D0 ? hxi;ð3:1Þ

where hxi is the distribution spanned by x, thats is, hxi ¼ Spanfxg.

1Many geometers use to consider x tangent to the manifold because in the theory of CR

submanifolds the condition M normal to x leads to M anti-invariant submanifold (see [11];

Proposition 1.1, p. 43) and the condition x oblique gives very complicated embedding equations.
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Proposition 3.1. Let M be a lightlike hypersurface of an indefinite Sasakian
manifold M with x A TM. Then, the distribution D0 is an invariant with respect to
f, that is, fðD0Þ ¼ D0:

Proof. For any X A GðD0Þ and Y A GðTMÞ, we have gðfX ;YÞ ¼
�gðX ; fYÞ. ForY ¼ fE, we obtain gðfX ; fEÞ ¼ gðX ;EÞ � hðXÞhðEÞ ¼ 0. Thus

fX ? fðTM?Þ. On the other hand we have gðfX ;EÞ ¼ �gðX ; fEÞ ¼ 0,

for any E A GðTM?Þ. Hence fX ? TM?. Also, we have gðfX ; xÞ ¼ 0 and

gðfX ; fNÞ ¼ gðX ;NÞ � hðXÞhðNÞ ¼ 0, for any N A GðNðTMÞÞ. Thus

fX ? fffðTM?Þl fðNðTMÞÞg ? TM? ? hxig:

Finally we derive gðfX ;NÞ ¼ �gðX ; fNÞ ¼ 0 and by summing up these results
we deduce

fX ? fffðTM?Þl fðNðTMÞÞg ? TM? ? hxilNðTMÞg;

that is fðD0Þ ¼ D0 which proves our assertion. r

Example 3.2. Let R7 be the 7-dimensional real number space. We con-
sider fxig1aia7 as cartesian coordinates on R7 and define with respect to the

natural field of frames
q

qxi

� �
a tensor field f of type ð1; 1Þ by its matrix.

f
q

qx1

� �
¼ � q

qx2
; f

q

qx2

� �
¼ q

qx1
þ x4

q

qx7
; f

q

qx3

� �
¼ � q

qx4
;ð3:2Þ

f
q

qx4

� �
¼ q

qx3
þ x6

q

qx7
; f

q

qx5

� �
¼ � q

qx6
;

f
q

qx6

� �
¼ q

qx5
; f

q

qx7

� �
¼ 0:

The di¤erential 1-form h is defined by

h ¼ dx7 � x4dx1 � x6dx3:ð3:3Þ
The vector field x is defined by x ¼ q=qx7. It is easy to check (2.1) and thus
ðf; x; hÞ is an almost contact structure on R7. Finally we define metric g by

g ¼ ðx2
4 � 1Þdx2

1 � dx2
2 þ ðx2

6 þ 1Þdx2
3 þ dx2

4 � dx2
5 � dx2

6 þ dx2
7ð3:4Þ

� x4dx1 n dx7 � x4dx7 n dx1 þ x4x6dx1 n dx3

þ x4x6dx3 n dx1 � x6dx3 n dx7 � x6dx7 n dx3:

with respect to the natural field of frames. It is easy to check that g is a semi-
Riemannian metric and ðf; x; h; gÞ given by (3.2)–(3.4) is a Sasakian structure
on R7.
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We now define a hypersurface M of ðR7; f; x; h; gÞ as M ¼
fðx1; . . . ; x7Þ A R7 : x5 ¼ x4g. Thus the tangent space TM is spanned by
fUig1aia6 where

U1 ¼
q

qx1
; U2 ¼

q

qx2
; U3 ¼

q

qx3
;ð3:5Þ

U4 ¼
q

qx4
þ q

qx5
; U5 ¼

q

qx6
; U6 ¼ x

and the 1-dimensional distribution TM? of rank 1 is spanned by E, where

E ¼ q

qx4
þ q

qx5
:ð3:6Þ

It follows that TM? HTM. Then M is a 6-dimensional lightlike hypersurface
of R7. Also, the transversal bundle NðTMÞ is spanned by

N ¼ 1

2

q

qx4
� q

qx5

� �
:ð3:7Þ

On the other hand, by using the almost contact structure of R7 and also by
taking into account of the decomposition (3.1), the distribution D0 is spanned by
fF ; fFg, where F ¼ U2, fF ¼ U1 þ x4x and the distributions hxi, fðTM?Þ and

fðNðTMÞÞ are spanned, respectively, by

x; fE ¼ U3 �U5 þ x6x and fN ¼ 1

2
ðU3 þU5 þ x6xÞ:ð3:8Þ

Hence M is a lightlike hypersurface of R7.
Moreover, from (2.3) and (3.1) we obtain the decomposition

TM ¼ ffðTM?Þl fðNðTMÞÞg ? D0 ? hxi ? TM?;ð3:9Þ

and TM ¼ ffðTM?Þl fðNðTMÞÞg ? D0 ? hxi ? ðTM? lNðTMÞÞ:ð3:10Þ

Now, we consider the distributions on M,

D :¼ TM? ? fðTM?Þ ? D0; D 0 :¼ fðNðTMÞÞ:ð3:11Þ
Then D is invariant under f and

TM ¼ DlD 0 ? hxi:ð3:12Þ
Let us consider the local lightlike vector fields

U :¼ �fN; V :¼ �fE:ð3:13Þ
Then, from (3.12), any X A GðTMÞ is written as

X ¼ RX þQX þ hðXÞx; QX ¼ uðX ÞU ;ð3:14Þ
where R and Q are the projection morphisms of TM into D and D 0, respectively,
and u is a di¤erential 1-form locally defined on M by uð�Þ :¼ gðV ; �Þ:
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Applying f to X and using (2.1) (note that f2N ¼ �N), we obtain fX ¼
fX þ uðXÞN, where f is a tensor field of type ð1; 1Þ defined on M by fX :¼ fRX
and we also have

f2X ¼ �X þ hðXÞxþ uðXÞU ; EX A GðTMÞ:ð3:15Þ

Now applying f to f2X and since fU ¼ 0, we obtain f3 þ f ¼ 0, which shows
that f is an f -structure [13] of constant rank. By using (2.1) we derive

gðfX ; fY Þ ¼ gðX ;Y Þ � hðX ÞhðY Þ � uðY ÞvðXÞ � uðXÞvðYÞ;ð3:16Þ

where v is a 1-form locally defined on M by vð�Þ ¼ gðU ; �Þ. We note that

gðfX ;Y Þ þ gðX ; fYÞ ¼ �uðX ÞyðY Þ � uðY ÞyðX Þ:ð3:17Þ

We have the following useful identities

‘Xx ¼ �fX ;ð3:18Þ
BðX ; xÞ ¼ �uðXÞ;ð3:19Þ
CðX ; xÞ ¼ �vðXÞ;ð3:20Þ
BðX ;UÞ ¼ CðX ;VÞð3:21Þ
ð‘XuÞY ¼ �BðX ; fYÞ � uðYÞtðXÞ;ð3:22Þ
ð‘XfÞY ¼ gðX ;Y Þx� hðY ÞX � BðX ;Y ÞU þ uðY ÞANX :ð3:23Þ

Proposition 3.3. Let M be a lightlike hypersurface of an indefinite Sasakian
manifold M with x A TM. The Lie derivative of g with respect to the vector field
V is given by,

ðLVgÞðX ;YÞ ¼ X :uðY Þ þ Y :uðX Þ þ uð½X ;Y �Þ � 2uð‘XYÞ;ð3:24Þ
EX ;Y A GðTMÞ:

Proof. From a straightforward calculation, we have, for any X ;Y A
GðTMÞ,

uð‘XY Þ ¼ gð‘XY ;VÞ ¼ gð‘XY ;VÞ ¼ X :gðY ;VÞ � gðY ;‘XVÞ

¼ X :gðY ;VÞ � gðY ; ½X ;V �Þ � gðY ;‘VXÞ

¼ X :gðY ;VÞ � gðY ; ½X ;V �Þ � V :gðY ;X Þ þ gð‘VY ;X Þ

¼ X :gðY ;VÞ þ gðY ; ½V ;X �Þ � V :gðY ;X Þ þ gð½V ;Y �;XÞ þ gð‘YV ;XÞ

¼ X :gðY ;VÞ � ðLVgÞðX ;YÞ þ Y :gðX ;VÞ � gðV ;‘YXÞ
¼ X :uðYÞ � ðLVgÞðX ;Y Þ þ Y :uðXÞ þ uð½X ;Y �Þ � uð‘XYÞ:

(3.24) is proved. r
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It is known that lightlike submanifolds whose screen distribution is integrable
have interesting properties. Therefore, we investigate the integrability of the
screen distributions. First, for any X ;Y A GðD ? hxiÞ,

uð½X ;Y �Þ ¼ BðX ; fY Þ � BðfX ;Y Þ:ð3:25Þ

It is now easy to see that the distribution D ? hxi is integrable if and only if
BðX ; fYÞ ¼ BðfX ;Y Þ, EX ;Y A GðD ? hxiÞ. We have

Lemma 3.4. Let ðM; gÞ be a lightlike hypersurface of an indefinite Sasakian
manifold ðM; gÞ with x A TM. If M is D-totally geodesic, then fðTM?Þ is D-
Killing distribution.

Proof. Let M be a D-totally geodesic lightlike hypersurface. Then, for
any X ;Y A GðDÞ, BðX ;YÞ ¼ 0. So, uð‘XYÞ ¼ BðX ; fY Þ ¼ 0, since D is invari-
ant under f. We have ðLVgÞðX ;YÞ ¼ uð½X ;Y �Þ, EX ;Y A GðDÞ which implies
ðLVgÞðX ;YÞ ¼ �ðLVgÞðY ;XÞ. On the other hand, ðLVgÞðX ;YÞ � ðLVgÞðY ;X Þ
¼ 2ðuð½X ;Y �Þ � BðX ; fYÞ þ BðfX ;YÞÞ ¼ 0. Therefore,

ðLVgÞðX ;Y Þ ¼ ðLVgÞðY ;X Þ ¼ �ðLVgÞðX ;YÞ:

Thus, ðLVgÞðX ;YÞ ¼ 0 and fðTM?Þ is D-Killing distribution. r

We are now concerned with the structure equations of the immersions of a
lightlike hypersurface in a semi-Riemannian manifold.

Let MðcÞ be an indefinite Sasakian space form and M be a lightlike
hypersurface of MðcÞ. Let us consider the pair fE;Ng on UHM (see Theorem
2.1) and by using (2.13), we obtain

ð‘XBÞðY ;ZÞ � ð‘YBÞðX ;ZÞð3:26Þ
¼ tðYÞBðX ;ZÞ � tðX ÞBðY ;ZÞ

þ c� 1

4
fgðfY ;ZÞuðX Þ � gðfX ;ZÞuðY Þ � 2gðfX ;Y ÞuðZÞg:

Theorem 3.5. Let M be a lightlike hypersurface of an indefinite Sasakian
space form MðcÞ of constant curvature c, with x A TM. Then, the Lie derivative
of the second fundamental form B with respect to x is given by

ðLxBÞðX ;Y Þ ¼ �tðxÞBðX ;Y Þ; EX ;Y A GðTMÞ:ð3:27Þ

Moreover, x is a Killing vector field with respect to the second fundamental form B
if and only if tðxÞ ¼ 0 or M is totally geodesic.

Proof. Using (2.14) and (3.18), we obtain

ð‘xBÞðX ;Y Þ ¼ ðLxBÞðX ;YÞ þ BðfX ;YÞ þ BðX ; fYÞ:ð3:28Þ
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Likewise, Using (2.14), (3.18) and (3.19), we have

ð‘XBÞðx;Y Þ ¼ �X :uðYÞ þ BðfX ;YÞ þ uð‘XY Þ:ð3:29Þ

Subtracting (3.28) and (3.29), and using (3.22) we obtain

ð‘xBÞðX ;Y Þ � ð‘XBÞðx;YÞ ¼ ðLxBÞðX ;YÞ � uðYÞtðXÞ:ð3:30Þ

From (3.26) and after calculations, the left hand side of (3.30) becomes

ð‘xBÞðX ;YÞ � ð‘XBÞðx;YÞ ¼ �uðYÞtðXÞ � tðxÞBðX ;Y Þ:ð3:31Þ

The expressions (3.30) and (3.31) implies ðLxBÞðX ;YÞ ¼ �tðxÞBðX ;YÞ. The last
assertion is obvious by definitions of Killing distribution and totally geodesic
submanifold. r

The second fundamental form h of M is said to be parallel if ð‘XhÞðY ;ZÞ ¼ 0,
EX ;Y ;Z A GðTMÞ. That is, ð‘XBÞðY ;ZÞ ¼ �tðXÞBðY ;ZÞ. This means that,
in general, the parallelism of h does not imply the parallelism of B and vice
versa. We note that ð‘XhÞðY ;EÞ ¼ ð‘XBÞðY ;EÞN.

Lemma 3.6. There exist no lightlike hypersufaces of indefinite Sasakian space
forms MðcÞ ðc0 1Þ with x A TM and parallel second fundamental form.

Proof. Suppose c0 1 and second fundamental form is parallel. Then, if
we take Y ¼ E and Z ¼ U in (3.26), we obtain ððc� 1Þ=4ÞuðX Þ ¼ 0. Taking
X ¼ U , we have c ¼ 1, which is a contradiction. r

Lemma 3.7. Let M be a lightlike hypersurface of an indefinite Sasakian space
form MðcÞ of constant curvature c, with x A TM, such that its local second
fundamental form B is parallel. If tðEÞ0 0, then c ¼ 1 if and only if M is
D 0-totally geodesic.

Proof. Suppose B is parallel. Then, taking Y ¼ E in (3.26), we ob-
tain 3ððc� 1Þ=4ÞuðXÞuðZÞ ¼ tðEÞBðX ;ZÞ. Taking X ¼ Z ¼ U , we have
3ððc� 1Þ=4Þ ¼ tðEÞBðU ;UÞ and if tðEÞ0 0, the equivalence follows. r

Theorem 3.8. Let M be a lightlike hypersurface of an indefinite Sasakian
space form MðcÞ of constant curvature c with x A TM. If the local second
fundamental form B of M is parallel, then,

ðLVgÞðX ;Y Þ ¼ tðxÞBðX ;Y Þ; EX ;Y A GðTMÞ:ð3:32Þ

Moreover, if tðxÞ0 0, then M is totally geodesic if and only if fðTM?Þ is a Killing
distribution on M.
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Proof. Using (2.14), (3.18), (3.19), (3.22) and (3.27), after calculations, we
have, for any X ;Y A GðTMÞ,

0 ¼ ð‘xBÞðX ;YÞ ¼ LxBðX ;YÞ þ BðfX ;YÞ þ BðX ; fYÞð3:33Þ
¼ �tðxÞBðX ;YÞ � ðLVgÞðX ;Y Þ � uðX ÞtðY Þ � uðY ÞtðXÞ:

Likewise, we obtain

0 ¼ ð‘YBÞðx;X Þ ¼ �Y :uðX Þ þ BðX ; fYÞ þ uð‘YX Þð3:34Þ
¼ �ðLVgÞðX ;YÞ � uðYÞtðXÞ;

and 0 ¼ ð‘XBÞðY ; xÞ ¼ X :Bðx;Y Þ � Bð‘XY ; xÞ � BðY ;‘XxÞð3:35Þ
¼ �ðLVgÞðX ;YÞ � uðXÞtðYÞ:

So substituting (3.34) and (3.35) in (3.33), we obtain (3.32). If tðxÞ0 0, the
equivalence follows. r

Theorem 3.9. Let M be a lightlike hypersurface of an indefinite Sasakian
space form MðcÞ of constant curvature c, with x A TM. If the second fundamental
form h of M is parallel, then,

(i) fðTM?Þ is a D ? hxi-Killing distribution.
(ii) For any, X ;Y A GðTMÞ, BðA�

EX ;Y Þ ¼ 0:
(iii) For any X ;Y A GðTMÞ, ðLEBÞðX ;Y Þ ¼ �tðEÞBðX ;Y Þ:

Proof. Taking Z ¼ x in ð‘ZhÞðX ;YÞ ¼ 0, we have ðLVgÞðX ;YÞ ¼
�uðX ÞtðY Þ � uðY ÞtðX Þ and for any X ;Y A GðD ? hxiÞ, ðLVgÞðX ;YÞ ¼ 0.
This proves (i). (ii) is complete by using the following equation 0 ¼
gðð‘XhÞðY ;EÞ;EÞ ¼ BðA�

EX ;YÞ. The last assertion (iii) is obtained as follows.
Taking Z ¼ E in ð‘ZhÞðX ;YÞ ¼ 0, we have ðLEBÞðX ;YÞ ¼ �tðEÞBðX ;YÞ�
2BðA�

EX ;YÞ. So, by using the assertion (ii), we have ðLEBÞðX ;Y Þ ¼
�tðEÞBðX ;YÞ. r

A submanifold M is said to be totally umbilical lightlike hypersurface of a
semi-Riemannian manifold M if the local second fundamental form B of M
satisfies

BðX ;Y Þ ¼ rgðX ;Y Þ; EX ;Y A GðTMÞð3:36Þ

where r is a smooth function on UHM. The Gauss formula implies that
fX ¼ �‘Xx ¼ �‘Xx� BðX ; xÞN. Since fx ¼ 0, we have Bðx; xÞ ¼ 0:

If we assume that M is totally umbilical lightlike hypersurface of the a
semi-Riemannian manifold M, then we have BðX ;YÞ ¼ rgðX ;YÞ, for any
X ;Y A GðTMÞ, which implies that 0 ¼ Bðx; xÞ ¼ r. Hence M is totally geodesic.
Also, fX ¼ fX � rhðXÞN ¼ fX , that is M is invariant in M. Therefore we
have
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Proposition 3.10. Let ðM; gÞ be a lightlike hypersurface of an indefinite
Sasakian manifold ðM; gÞ with x A TM. If M is totally umbilical, then M is
totally geodesic and invariant.

It follows from the Proposition 3.10 that a Sasakian MðcÞ does not admit any
non-totally geodesic, totally umbilical lightlike hypersurface. From this point
of view, Bejancu [1] considered the concept of totally contact umbilical semi-
invariant submanifolds. The notion of totally contact umbilical submanifolds
was first defined by Kon [6].

4. Totally contact umbilical lightlike hypersurfaces of indefinite Sasakian
manifolds

In this section, we follow Bejancu [1] definition of totally contact umbilical
submanifolds and state the following definition for totally contact umbilical
lightlike hypersurfaces.

A submanifold M is said to be totally contact umbilical lightlike hyper-
surface of the a semi-Riemannian manifold M if the second fundemental form h
of M satisfies:

hðX ;Y Þ ¼ fgðX ;YÞ � hðXÞhðY ÞgH þ hðXÞhðY ; xÞ þ hðYÞhðX ; xÞð4:1Þ

for any X ;Y A GðTMÞ, where H is a normal vector field on M (that is H ¼ lN,
l is a smooth function on UHM). The notion of totally contact umbilical
submanifolds of Sasakian manifolds corresponds to that of totally umbilical
submanifolds of Kählerian manifolds (see [6] for more details). The totally
contact umbilical condition (4.1) can be rewritten as,

hðX ;Y Þ ¼ BðX ;YÞN ¼ fB1ðX ;YÞ þ B2ðX ;YÞgN;ð4:2Þ

where B1ðX ;Y Þ ¼ lfgðX ;Y Þ � hðX ÞhðY Þg and B2ðX ;YÞ ¼ �hðXÞuðY Þ�
hðY ÞuðXÞ, since hðX ; xÞ ¼ �uðX ÞN. The covariant derivative of the local sec-
ond fundamental form B of M is given by

ð‘XBÞðY ;ZÞ ¼ ð‘XB1ÞðY ;ZÞ þ ð‘XB2ÞðY ;ZÞ; EX ;Y ;Z A GðTMÞ:ð4:3Þ

If the l ¼ 0 (that is B1 ¼ 0), then the lightlike hypersurface M is said to be
totally contact geodesic. The notion of totally contact geodesic submanifolds of
Sasakian manifolds corresponds to that of totally geodesic submanifolds of
Kaehlerian manifolds.

In the sequel, we need the following lemmas.

Lemma 4.1. Let ðM; gÞ be a lightlike hypersurface of an indefinite Sasakian
manifold ðM; gÞ with x A TM. For any X ;Y A GðTMÞ

gð‘XV ;YÞ þ uðA�
EX ÞyðYÞ ¼ �BðX ; fYÞ � tðXÞuðYÞ;ð4:4Þ

gð‘XU ;Y Þ þ uðANX ÞyðYÞ ¼ �CðX ; fYÞ � yðXÞhðYÞ þ tðXÞvðY Þ:ð4:5Þ
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Proof. By straightforward calculation and also by using (2.8) and (2.10)

gð‘XV ;YÞ ¼ �gðð‘XfÞE;Y Þ � gðf‘XE;Y Þ

¼ �gðf‘XE;Y Þ þ uð‘XEÞyðY Þ

¼ �gðA�
EX ; fYÞ � tðXÞgðE; fY Þ � uðA�

EXÞyðY Þ
¼ �BðX ; fY Þ � tðX ÞuðY Þ � uðA�

EX ÞyðY Þ;

and gð‘XU ;YÞ þ uðANXÞyðYÞ ¼ �gðANX ; fYÞ � yðXÞhðY Þ þ tðX ÞvðY Þ

which completes the proof. r

Lemma 4.2. Let ðM; gÞ be a totally contact umbilical lightlike hypersur-
face of an indefinite Sasakian manifold ðM; gÞ with x A TM. Then, for any
X ;Y ;Z A GðTMÞ

ð‘XB1ÞðY ;ZÞ ¼ lfBðX ;YÞyðZÞ þ BðX ;ZÞyðY Þgð4:6Þ
þ lhðZÞfuðX ÞyðY Þ þ gðfX ;Y Þg
þ lhðYÞfuðXÞyðZÞ þ gðfX ;ZÞg
þ fgðY ;ZÞ � hðY ÞhðZÞgðX :lÞ;

ð‘XB2ÞðY ;ZÞ ¼ fuðXÞyðYÞ þ gðfX ;YÞguðZÞð4:7Þ
þ fuðXÞyðZÞ þ gðfX ;ZÞguðY Þ
þ ftðXÞuðYÞ þ BðX ; fYÞghðZÞ
þ ftðXÞuðZÞ þ BðX ; fZÞghðYÞ:

Proof. The proof follows from straightforward computing and by using the
identities (2.11), (3.19) and (4.4). r

Theorem 4.3. Let MðcÞ be an indefinite Sasakian space form and M be
a totally contact umbilical lightlike hypersurface of MðcÞ with x A TM. Then
c ¼ �3 (MðcÞ is of constant curvature �3) and l satisfies the partial di¤erential
equations

E � lþ ltðEÞ � l2 ¼ 0;ð4:8Þ
and PX � lþ ltðPX Þ ¼ 0; EX A GðTMÞ:ð4:9Þ

Proof. Let M be a totally contact umbilical lightlike hypersurface of an
indefinite Sasakian space form MðcÞ of constant curvature c. From (4.6) and
(4.7), using (3.17) and the identity BðX ; fYÞ ¼ lgðX ; fYÞ, (3.26) becomes

lfBðX ;ZÞyðYÞ � BðY ;ZÞyðXÞg þ 2lfuðX ÞyðY Þ þ gðfX ;YÞghðZÞð4:10Þ
þ lfhðYÞuðXÞ � hðXÞuðYÞgyðZÞ þ lfhðYÞgðfX ;ZÞ � hðXÞgðfY ;ZÞg
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þ fgðY ;ZÞ � hðY ÞhðZÞgX :l� fgðX ;ZÞ � hðXÞhðZÞgY :l

þ 2fuðXÞyðYÞ þ gðfX ;Y ÞguðZÞ þ fuðYÞgðfX ;ZÞ � uðX ÞgðfY ;ZÞg
þ ftðXÞuðYÞ þ lgðX ; fY Þ � tðY ÞuðXÞ � lgðY ; fX ÞghðZÞ
þ lfhðYÞgðX ; fZÞ � hðXÞgðY ; fZÞg þ ftðX ÞhðY Þ � tðY ÞhðX ÞguðZÞ

¼ c� 1

4
fgðfY ;ZÞuðX Þ � gðfX ;ZÞuðY Þ � 2gðfX ;Y ÞuðZÞg

þ tðYÞBðX ;ZÞ � tðXÞBðY ;ZÞ:

Putting X ¼ E in (4.10), we find

�lBðY ;ZÞ � 2luðYÞhðZÞ � lhðYÞuðZÞ þ fgðY ;ZÞ � hðYÞhðZÞgðE:lÞð4:11Þ
� 3uðY ÞuðZÞ þ tðEÞfuðYÞhðZÞ þ hðY ÞuðZÞg

¼ 3

4
ðc� 1ÞuðY ÞuðZÞ � tðEÞBðY ;ZÞ:

Take Y ¼ Z ¼ U in (4.11) we obtain �3uðUÞuðUÞ ¼ 3
4 ðc� 1ÞuðUÞuðUÞ, that is,

c ¼ �3. On the other hand, by taking Y ¼ V and Z ¼ U in (4.11), we have
ðBðV ;UÞ ¼ lÞ

E:lþ ltðEÞ � l2 ¼ 0:ð4:12Þ
Finally, substituting X ¼ PX , Y ¼ PY and Z ¼ PZ into (4.10) with c ¼ �3 and
taking into account that SðTMÞ is nondegenerate, we obtain

fPX � lþ ltðPX ÞgðPY � hðPY ÞxÞ ¼ fPY � lþ ltðPY ÞgðPX � hðPX ÞxÞ:ð4:13Þ
Putting PX ¼ x in (4.13), we have

fx � lþ ltðxÞgðPY � hðPYÞxÞ ¼ 0ð4:14Þ
and by taking Y ¼ V , we obtain

x:lþ ltðxÞ ¼ 0:ð4:15Þ
Writing PX A GðSðTMÞÞ as PX ¼ PX 0 þ hðPX Þx (PX 0 ¼

P
i aiFi þ uðPX ÞU þ

vðPX ÞV , fFig1aia2n�4 an orthogonal basis of D0) and using (4.15), we have

PX � lþ ltðPXÞ ¼ ðPX 0 þ hðPX ÞxÞ � lþ ltðPX 0 þ hðPX ÞxÞð4:16Þ
¼ PX 0 � lþ ltðPX 0Þ þ hðPX Þðx � lþ ltðxÞÞ
¼ PX 0 � lþ ltðPX 0Þ

which leads to get from (4.13)

fPX 0 � lþ ltðPX 0ÞgPY 0 ¼ fPY 0 � lþ ltðPY 0ÞgPX 0:ð4:17Þ
Now suppose that there exists a vector field X0 on some neighborhood of M
such that PX 0

0 � lþ ltðPX 0
0Þ0 0 at some point p in the neighborhood. Then,

from (4.17) it follows that all vectors of the fibre ðSðTMÞ � hxiÞp :¼
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ðfðTM?Þl fðNðTMÞÞ ? D0Þp HSðTMÞp are collinear with ðPX 0
0Þp. This con-

tradicts dimðSðTMÞ � hxiÞp > 1. This implies (4.9). r

From Theorem 4.3 we obtain

Corollary 4.4. There exist no totally contact umbilical lightlike real
hypersurfaces of indefinite Sasakian space forms MðcÞ ðc0�3Þ with x A TM.

A part of the Theorem 4.3 is similar to that of the generic submanifold case given
in [12]. Since the normal bundle TM? is a distribution of rank 1 on M, that is,
M is a hypersurface of indefinite Sasakian manifolds M, M is also a generic
submanifold. On the other hand, in the last part of the Theorem 4.3, namely,
the equations (4.8) and (4.9), the geometry of the mean curvature vector H of M
is discussed. These equations are similar to those of the indefinite Kählerian case
(see [4] for details). However, there are non trivial di¤erences arising in the
details of the proof of our Theorem.

We also note that the partial di¤erential equations (4.8) and the modified
(4.9), PX � lþ ltðPX Þ ¼ 0 with PX A GðSðTMÞ � hxiÞ (that is, we exclude the
partial di¤erential equation in terms of x) arise when the submanifold M is
a DlD 0-totally umbilical lightlike hypersurface, BðX ;Y Þ ¼ rgðX ;YÞ, EX ;Y A
GðDlD 0Þ. Because, in the direction of DlD 0, the function r is nowhere
vanishing. In general, such a concept is called proper totally umbilical [4].

From (4.8) and (4.9), we have

‘?
EH ¼ gðH;EÞ2N and ‘?

PXH ¼ 0; EX A GðTMÞ:ð4:18Þ

Lemma 4.5. Let M be a totally contact umbilical lightlike hypersurface of an
indefinite Sasakian space form Mðc ¼ �3Þ with x A TM. Then, the mean cur-
vature vector H of M is SðTMÞ-parallel, that is,

‘?
PXH ¼ 0; EX A GðTMÞ:ð4:19Þ

Note that, if we choose, at each point p A M, a connected open set G on M such
that TpG ¼ SðTpMÞ, then ‘?

PXH ¼ 0 leads to H is a constant vector field in the
direction of the screen distribution SðTMÞ.

A submanifold M is said to be an h-totally umbilical lightlike hypersurface
of a semi-Riemannian manifold M if the second fundemental form h of M
satisfies

hðX ;YÞ ¼ lfgðX ;YÞ � hðXÞhðYÞgN; EX ;Y A GðTMÞ:ð4:20Þ
From this definition, we can deduce that the totally contact umbilical lightlike
hypersurface M of M is also h-totally umbilical in the direction of D ? hxi, since
the 1-form u vanishes in that direction.

If M is an h-totally umbilical lightlike hypersurface of an indefinite Sasakian
manifold ðM; gÞ with x A TM, we have

gðð‘XhÞðY ;ZÞ;EÞ ¼ ð‘XB1ÞðY ;ZÞ þ ltðXÞfgðY ;ZÞ � hðYÞhðZÞg:ð4:21Þ
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Putting Z ¼ x in (4.21) and using (4.6), we obtain

gðð‘XhÞðY ; xÞ;EÞ ¼ ð‘XB1ÞðY ; xÞ þ ltðX ÞfgðY ; xÞ � hðY ÞhðxÞgð4:22Þ

¼ lgðfX ;YÞ:
If the second fundamental form h of the lightlike hypersurface M is parallel, then,
we have

0 ¼ gðð‘XhÞðY ; xÞ;EÞ ¼ lgðfX ;YÞð4:23Þ
which leads, by taking X ¼ E and Y ¼ U , to lgðfE;UÞ ¼ 0, that is l ¼ 0.
Hence, for any X ;Y A GðTMÞ, BðX ;YÞ ¼ 0. Therefore we have

Theorem 4.6. Let ðM; gÞ be an h-totally umbilical lightlike hypersurface of
an indefinite Sasakian manifold ðM; gÞ with x A TM. If the second fundamental
form h of M is parallel, then M is totally geodesic.

This means that any h-totally umbilical parallel lightlike hypersurface M of an
indefinite Sasakian manifold M admits a metric connection.

Theorem 4.7. Let ðM; gÞ be a totally contact geodesic lightlike hypersurface
of an indefinite Sasakian manifold ðM; gÞ, with x A TM. If the local second
fundamental form B of M is parallel, then,

(i) The 1-form t vanishes identically on M.
(ii) fðTM?Þ is a Killing distribution.
(iii) For any X ;Y A GðTMÞ, BðA�

EX ;YÞ ¼ 0.
(iv) x and E are Killing vector fields with respect to the local second

fundamental form B of M.

Proof. Using (4.7), we have, for any X A GðTMÞ, 0 ¼ ð‘XBÞðx;UÞ ¼ tðX Þ.
The others assertions follow from the latter and the Theorems 3.5, 3.8 and 3.9.

r

Next, we deal with the geometry of the screen distribution of the lightlike hyper-
surfaces of indefinite Sasakian manifolds. From (2.2) and (2.13), a direct calcu-
lation shows that

ð‘XCÞðY ;PZÞ � ð‘YCÞðX ;PZÞ þ tðY ÞCðX ;PZÞ � tðXÞCðY ;PZÞð4:24Þ

¼ cþ 3

4
fgðY ;PZÞyðX Þ � gðX ;PZÞyðYÞg

þ c� 1

4
fhðXÞhðPZÞyðYÞ � hðYÞhðPZÞyðXÞ þ gðfY ;PZÞvðXÞ

� gðfX ;PZÞvðY Þ � 2gðfX ;YÞvðPZÞg:
From the di¤erential geometry of lightlike hypersurfaces, we recall the following
desirable property for lightlike geometry. The screen distribution SðTMÞ of M
is integrable if and only if the second fundamental form of SðTMÞ is symmetric
on GðSðTMÞÞ (Theorem 2.3 in [4]).
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Proposition 4.8. Let ðM; g;SðTMÞÞ be a lightlike hypersurface of indefinite
Sasakian space form MðcÞ, with x A TM. If the screen distribution SðTMÞ is
integrable, then, for any X ;Y A GðTMÞ,

ðLxCÞðX ;PY Þ ¼ tðxÞCðX ;PYÞ:ð4:25Þ
Moreover, x is a Killing vector field with respect to the second fundamental form C
if and only if tðxÞ ¼ 0 or the screen distribution SðTMÞ is totally geodesic.

Proof. If the screen distribution SðTMÞ of a lightlike hypersurface M is
integrable, then, from (4.24) and using (3.20), we have, for any X ;Y A GðTMÞ,

ð‘xCÞðX ;PY Þ � ð‘XCÞðx;PY Þ ¼ �hðPY ÞyðX Þ þ tðX ÞvðPY Þð4:26Þ
þ tðxÞCðX ;PY Þ:

On the other hand, using (3.20) and (4.5), we have

ð‘xCÞðX ;PY Þ ¼ x:CðX ;PY Þ � Cð‘xX ;PYÞ � CðX ;‘xðPY ÞÞð4:27Þ
¼ ðLxCÞðX ;PYÞ þ CðfX ;PY Þ þ CðX ; fPYÞ

ð‘XCÞðx;PY Þ ¼ �X :vðPY Þ þ CðfX ;PYÞ þ vð‘XPYÞð4:28Þ
¼ �X :vðPY Þ þ vð‘XPY Þ þ CðfX ;PYÞ
¼ CðX ; fPY Þ þ yðXÞhðPY Þ � tðX ÞvðPY Þ þ CðfX ;PY Þ:

Putting (4.27) and (4.28) together in (4.26), we obtain, ðLxCÞðX ;PY Þ ¼
tðxÞCðX ;PY Þ, for any X ;Y A GðTMÞ. The equivalence is obvious by definition.

r

Lemma 4.9. Let ðM; g;SðTMÞÞ be a lightlike hypersurface of an indefinite
Sasakian manifold ðM; gÞ, with x A TM. Then, the covariant derivative of v and
the Lie derivative of g with respect to the vector field U are given, respectively, by

ð‘XvÞY ¼ �CðX ; fYÞ � yðXÞhðYÞ þ tðXÞvðYÞ;ð4:29Þ
ðLUgÞðX ;Y Þ ¼ X :vðYÞ þ Y :vðXÞ þ vð½X ;Y �Þ � 2vð‘XY Þ;ð4:30Þ

for any X ;Y A GðTMÞ.

Proof. The proof of (4.29) follows from (4.5) and (4.30) follows from direct
calculations. r

Now, we say that the screen distribution SðTMÞ is totally contact umbilical if we
have

CðX ;YÞ ¼ afgðX ;YÞ � hðXÞhðYÞg þ hðXÞCðY ; xÞ þ hðY ÞCðX ; xÞð4:31Þ
¼ afgðX ;YÞ � hðXÞhðYÞg � hðXÞvðY Þ � hðYÞvðX Þ;

where a is a smooth function on UHM.
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If we assume that the screen distribution of the lightlike hypersurface M of
an indefinite Sasakian manifold, with x A TM, is totally contact umbilical, then it
follows that C is symmetric on GðSðTMÞÞ and hence, according to what
mentioned above, the distribution SðTMÞ integrable.

Theorem 4.10. Let ðM; g;SðTMÞÞ be a lightlike hypersurface of an indefinite
Sasakian space form MðcÞ, with x A TM, such that SðTMÞ is totally contact
umbilical. Then SðTMÞ is totally contact geodesic and c ¼ �3.

Proof. By a direct calculation of the right hand side in (4.24) and using
(4.31), we get

ð‘XCÞðY ;PZÞ � ð‘YCÞðX ;PZÞ þ tðY ÞCðX ;PZÞ � tðXÞCðY ;PZÞð4:32Þ
¼ fgðY ;PZÞ � hðYÞhðPZÞgðX :aÞ � fgðX ;ZÞ � hðX ÞhðPZÞgðY :aÞ

þ afBðX ;PZÞyðY Þ � BðY ;PZÞyðXÞg þ afuðXÞyðYÞ þ gðfX ;YÞ
� uðYÞyðXÞ � gðfY ;X ÞghðPZÞ
þ afgðfX ;PZÞhðY Þ � gðfY ;PZÞhðXÞg
þ fuðXÞyðYÞ þ gðfX ;Y Þ � uðY ÞyðXÞ � gðfY ;X ÞgvðPZÞ
þ fgð‘YU ;PZÞhðXÞ � gð‘XU ;PZÞhðY Þg
þ fgðfX ;PZÞvðY Þ � gðfY ;PZÞvðXÞg
þ fBðY ;UÞyðXÞ þ gð‘YU ;X Þ � BðX ;UÞyðYÞ � gð‘XU ;Y ÞghðPZÞ
þ tðYÞCðX ;PZÞ � tðX ÞCðY ;PZÞ:

Putting X ¼ E in (4.32) and in the right hand side of (4.24), we obtain

fgðY ;PZÞ � hðYÞhðPZÞgðE:aÞ � aBðY ;PZÞ � 2auðYÞhðPZÞð4:33Þ
� auðPZÞhðYÞ � 2uðYÞvðPZÞ � gð‘EU ;PZÞhðYÞ � uðPZÞvðYÞ
þ fBðY ;UÞ þ gð‘YU ;EÞ � gð‘EU ;YÞghðPZÞ � tðEÞCðY ;PZÞ

¼ cþ 3

4
gðY ;PZÞ þ c� 1

4
f�hðY ÞhðPZÞ þ uðPZÞvðYÞ þ 2uðYÞvðPZÞg:

Replacing Y ¼ PZ ¼ U in (4.33), we have gðRðE;UÞU ;NÞ ¼ �aBðU ;UÞ ¼
�aCðU ;VÞ ¼ �a2 ¼ 0. The last assertion is obtained by taking Y ¼ V and
PZ ¼ U in (4.33). r

Corollary 4.11. There exist no lightlike hypersurfaces M of indefinite
Sasakian space forms MðcÞ ðc0�3Þ with x A TM and totally contact umbilical
screen distribution.

It is easy to check that, when the screen distribution SðTMÞ of a lightlike
hypersurface M, with x A TM, is h-totally umbilical, its second fundamental form
C vanishes identically, that is, SðTMÞ is totally geodesic.
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Theorem 4.12. Let ðM; g;SðTMÞÞ be a lightlike hypersurface of Indefinite
Sasakian space form MðcÞ with x A TM, such that SðTMÞ is totally contact
geodesic. If SðTMÞ is parallel. Then,

(i) The 1-form t vanishes identically on M.
(ii) D 0 is a Killing distribution.

Proof. If SðTMÞ is parallel, then C ¼ 0 [4]. (i) follows from 0 ¼
ð‘XCÞðx;VÞ ¼ �tðXÞ. (ii) is obvious. r

Theorem 4.13. Let ðM; g;SðTMÞÞ be a lightlike hypersurface of Indefinite
Sasakian space form MðcÞ, with x A TM, such that SðTMÞ is totally contact
geodesic. If the local second fundamental form B is parallel, then, the following
assertions are equivalent

(i) M is D-totally geodesic.
(ii) A�

EX ¼ 0, EX A GðDÞ.
(iii) TM? is a D-parallel on M.
(iv) fðTM?Þ is a D-Killing distribution on M.

Proof. The equivalence of (i) and (iv) follows from (3.32), since B
is parallel. By using the second equation of (2.9), we obtain the equivalence
of (ii) and (iii). Next, we prove the equivalence of (i) and (ii). Suppose M is
D-totally geodesic. Then, for any X ;Y A GðDÞ, BðX ;Y Þ ¼ gðhðX ;YÞ;EÞ ¼ 0.
In particular, for any X A GðDÞ and Y ¼ V , BðX ;VÞ ¼ 0. We have uðA�

EXÞ ¼
gðA�

EX ;VÞ ¼ 0, i.e. A�
EX A GðD ? hxiÞ. Since gðA�

EX ;NÞ ¼ 0 and gðA�
EX ; xÞ ¼

�uðX Þ ¼ 0, that is, A�
EX has no component in GðTM?Þ and in hxi, so

A�
EX A GðfðTM?Þ ? D0Þ. If A�

EX ¼ bV þ Z, Z A GðD0Þ, we have, gðA�
EX ;ZÞ ¼

bgðV ;ZÞ þ gðZ;ZÞ ¼ gðZ;ZÞ. On the other hand, we have

gðA�
EX ;ZÞ ¼ �gð‘XE;ZÞ ¼ �X :gðE;ZÞ þ gðE;‘XZÞ

¼ gðE;‘XZÞ þ BðX ;ZÞgðE;NÞ ¼ 0:

Thus, for any Z A GðD0Þ, gðZ;ZÞ ¼ 0. Since D0 is non-degenerate, then Z ¼ 0.

Finally A�
EX ¼ bV A GðfðTM?ÞÞ. Conversely, suppose that, for any X A GðDÞ,

A�
EX A GðfðTM?ÞÞ. Let BD ¼ fE; fE;Fi; i ¼ 1; 2; . . . ; 2n� 4g be a local ortho-

normal field of frames of D such that D0 ¼ SpanfFi; i ¼ 1; 2; . . . ; 2n� 4g. Now,
we want to show that BðX ; :Þ vanishes in each element of BD. For any
X A GðDÞ ðX ¼ RX Þ, uðA�

EXÞ ¼ 0, i.e. BðX ;VÞ ¼ 0. BðX ; xÞ ¼ gð‘Xx;EÞ ¼
�gðfX ;EÞ ¼ �gðfRX ;EÞ ¼ 0, since D is invariant under f. BðX ;FiÞ ¼
�gð‘XFi;EÞ ¼ gðFi;‘XEÞ ¼ gðFi;A

�
EX Þ ¼ 0, since D0 ? fðTM?Þ. Let Y be an

element of GðDÞ. Locally, we have

Y ¼ yðYÞE þ vðY ÞV þ
X2n�4

i¼1

gðY ;FiÞ
gðFi;FiÞ

Fi A GðDÞ;
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with gðFi;FiÞ0 0 because of the non-degeneracy of D0. Consequently,

BðX ;YÞ ¼ yðY ÞBðX ;EÞ þ vðYÞBðX ;VÞ þ
X2n�4

i¼1

gðY ;FiÞ
gðFi;FiÞ

BðX ;FiÞ ¼ 0:

Hence, M is D-totally geodesic. It is easy to check that A�
EX ¼ uðANX ÞV . So,

we have

A�
EX ¼ uðANXÞV ¼ CðX ;VÞV ¼ �hðXÞV ¼ 0;

since SðTMÞ is totally contact geodesic. r

5. Concluding remarks

It is well known that the second fundamental form and the shape operator
of a non-degenerate hypersurface (in general, submanifold) are related by means
of the metric tensor field. Contrary to this, we see from (2.5)–(2.10) that in
the case of lightlike hypersurfaces, there are interrelations between these geo-
metric objects and those of its screen distributions. So, the geometry of lightlike
hypersurfaces depends on the vector bundles ðSðTMÞ;SðTM?Þ and NðTMÞÞ.
However, it is important to investigate the relationship between some geometrical
objects induced, studied above, with the change of the screen distributions. In
this case, it is known that the local second fundamental form of M on U is
independent of the choice of the above vector bundles. This means that all
results of this paper which depend only on B are stable with respect to any
change of those vector bundles.

Next, we study the e¤ect of the change of the screen distribution on the
results which also depend on other geometric objects. Recall the following four
local transformation equations (see [4] page 87) of a change in SðTMÞ to another
screen SðTMÞ0:

W 0
i ¼

X2n�1

j¼1

W
j
i ðWj � ejcjEÞ;ð5:1Þ

N 0 ¼ N � 1

2

X2n�1

i¼1

eiðciÞ2
( )

E þ
X2n�1

i¼1

ciWi;ð5:2Þ

t 0ðX Þ ¼ tðXÞ þ BðX ;N 0 �NÞ;ð5:3Þ

‘ 0
XY ¼ ‘XY þ BðX ;Y Þ 1

2

X2n�1

i¼1

eiðciÞ2
 !

E �
X2n�1

i¼1

ciWi

( )
;ð5:4Þ

where fWig and fW 0
i g are the local orthonormal basis of SðTMÞ and SðTMÞ0

with respective transversal sections N and N 0 for the same null section E. Here
ci and W

j
i are smooth functions on U and fe1; . . . ; e2n�1g is the signature of the

base fW1; . . . ;W2n�1g.

356 fortuné massamba



Denote by o the dual 1-form of W ¼
P2n�1

i¼1 ciWi (characteristic vector
field of the screen change) with respect to the induced metric g of M, that is
oðXÞ ¼ gðX ;WÞ, EX A GðTMÞ:

Let P and P 0 be projections of TM on SðTMÞ and SðTMÞ0, respectively
with respect to the orthogonal decomposition of TM. So, any vector field X on
M can be written as X ¼ PX þ yðX ÞE ¼ P 0X þ y 0ðX ÞE, where yðX Þ ¼ gðX ;NÞ
and y 0ðX Þ ¼ gðX ;N 0Þ. Then, using (5.2) we have

P 0X ¼ PX � oðX ÞE and C 0ðX ;P 0YÞ ¼ C 0ðX ;PY Þ; EX ;Y A GðTMÞ:ð5:5Þ
The relationship between the second fundamental forms C and C 0 of the screen
distribution SðTMÞ and SðTMÞ0, respectively, is given by (using (5.2) and (5.4))

C 0ðX ;PYÞ ¼ CðX ;PY Þ � 1

2
gðW ;WÞBðX ;Y Þ þ gð‘XPY ;WÞð5:6Þ

¼ CðX ;PY Þ � 1

2
gð‘XPY þ BðX ;YÞW ;WÞ

¼ CðX ;PY Þ � 1

2
oð‘XPY þ BðX ;Y ÞWÞ;

Note that if the lightlike hypersurface M is totally geodesic, by (5.4), the linear
connection ‘ is unique.

Proposition 5.1. Let ðM; g;SðTMÞÞ be a lightlike hypersurface of an
indefinite Sasakian manifold ðM; gÞ with x A TM. The covariant derivatives ‘
of h ¼ BnN and ‘ 0 of h 0 ¼ BnN 0 in the screen distributions SðTMÞ and
SðTMÞ0, respectively, are related as follows: for any X ;Y ;Z A GðTMÞ,

gðð‘ 0
Xh

0ÞðY ;ZÞ;EÞ ¼ gðð‘XhÞðY ;ZÞ;EÞ þLðX ;Y ;ZÞ;ð5:7Þ

where L is given by LðX ;Y ;ZÞ ¼ BðX ;YÞBðZ;WÞ þ BðX ;ZÞBðY ;WÞþ
BðY ;ZÞBðX ;WÞ.

We note that LðX ;Y ;ZÞ is symmetric with respect to X , Y and Z. Moreover
Lð� ; �;EÞ ¼ 0 and LxðX ;Y Þ ¼ LðX ;Y ; xÞ ¼ �uðWÞBðX ;YÞ � uðXÞBðY ;WÞ�
uðY ÞBðX ;WÞ. Also, it is easy to check that the parallelism of h is independent
of the screen distribution SðTMÞ ð‘ 0h 0 1‘hÞ if and only the second fundamental
form B of M vanishes identically on M.

Also, we have the following lemmas.

Lemma 5.2. The forms v and v 0 of the screen distributions SðTMÞ and
SðTMÞ0, respectively, are related as follows: v 0ðXÞ ¼ vðXÞ � 1

2oð�2fX þ uðXÞWÞ:

Lemma 5.3. Let ðM; g;SðTMÞÞ be a lightlike hypersurface of an indefinite
Sasakian manifold ðM; gÞ with x A TM such that its screen distribution is totally
contact umbilical. Then, the second fundamental forms C and C 0 of the screen
distributions SðTMÞ and SðTMÞ0, respectively, are related as follows: C 0ðX ;Y Þ
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¼ CðX ;YÞ þ 1
2KðX ;YÞ, where K is a symmetric bilinear form defined by KðX ;Y Þ

¼ hðXÞoðfY þ uðY ÞWÞ þ hðYÞoðfX þ uðX ÞWÞ:

Therefore, the results expressed in terms of C and these two last Lemmas are
independent of the screen distribution SðTMÞ if and only if oð‘XPY þ
BðX ;PY ÞWÞ ¼ 0, EX ;Y A GðTMÞ:
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