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ITERATED CYCLIC HOMOLOGY

Katsuhiko Kuribayashi and Masaaki Yokotani

Abstract

From the viewpoint of rational homotopy theory, we introduce an iterated cyclic

homology of connected commutative di¤erential graded algebras over the rational

number field, which is regarded as a generalization of the ordinary cyclic homology.

Let T be the circle group and FðT l ;XÞ denote the function space of continuous maps

from the l-dimensional torus T l to an l-connected space X . It is also shown that the

iterated cyclic homology of the di¤erential graded algebra of polynomial forms on X is

isomorphic to the rational cohomology algebra of the Borel space ET �T FðT l ;XÞ,
where the T-action on FðT l ;XÞ is induced by the diagonal action of T on the source

space T l .

1. Introduction

Let T be the circle group and FðT;XÞ the function space equipped with
the T-action induced from the multiplication on the source space T. The results
of Goodwillie [5] and of Burghelea and Fiedorowicz [2] assert that the cyclic
homology of the singular chain C�ðWX ;RÞ on the Moore loop space of a path-
connected space X can be identified with the homology of the Borel space
ET �T FðT;X Þ with coe‰cients in R, where R denotes a commutative ring with
unit. Jones [8] has proved that the (negative) cyclic homology of the singular
cochain C �ðX ;RÞ of a simply-connected space X is isomorphic to the cohomology
of ET �T FðT;XÞ with coe‰cients in R as a module over H �ðBT;RÞ ¼ R½u�. In
the case where R is the rational number field Q, the cyclic homology of C �ðX ;QÞ
is isomorphic to that of the di¤erential graded commutative algebra APLðX Þ of
rational polynomial forms on X . In [11], Vigué-Poirrier and Burghelea have
proved that a complex which computes the cyclic homology of APLðX Þ is quasi-
isomorphic to a Sullivan minimal model for ET �T FðT;XÞ if dim piðXÞnQ is
finite for any i. Thus the model allows us to calculate the cyclic homology of
a space explicitly [11, Theorem B]. Under such a background, it is natural
to generalize the cyclic homology of a di¤erential graded commutative algebra
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(DGA) over Q requiring that the homology is isomorphic to the cohomology
H �ðET �T FðT l ;XÞ;QÞ when APLðXÞ for an appropriate l-connected space X
is chosen as the input DGA. Here the T-action on FðT l ;XÞ is defined by
ð f � aÞðt1; . . . ; tlÞ ¼ f ðat1; . . . ; atlÞ for a A T, f A FðT l ;X Þ and ðt1; . . . ; tlÞ A T l .

The purpose of this paper is to define such a generalized cyclic homology
and to investigate fundamental properties of the homology. We shall refer to the
homology as the iterated cyclic homology with iteration degree l and denote it by
HC

flg
� ðA; dÞ.
In what follows, we assume that a DGA ðA; dÞ is unital and locally finite

in the sense that Ai is of finite dimension for any i. A DGA is said to be
l-connected if Ai ¼ 0 for i < 0, A0 ¼ Q and HiðA; dÞ ¼ 0 for any 0 < ia l.

Roughly speaking, the construction of the iterated cyclic homology of a DGA
is as follows: First, for any l-connected DGA ðA; dÞ, the iterated Hochschild
homology HH

flg
� ðA; dÞ is defined using an appropriate complex ð5W ; dÞ. The

complex is indeed a minimal model for the function space FðT l ;X Þ if ðA; dÞ is
l-connected and X is the spatial realization jðA; dÞj of the DGA ðA; dÞ.

We next introduce a derivation b on5W with degree �1. By perturbing the
di¤erential d on 5W nQ½u� with b, we define the complex ð5W nQ½u�; dþ ubÞ
which gives the iterated cyclic homology HC

flg
� ðA; dÞ. It will be readily seen that

HC
flg
� ðA; dÞ is equipped a Q½u�-algebra structure. Moreover we see that if l ¼ 1,

then HC
flg
� ðA; dÞ is the ordinary cyclic homology of ðA; dÞ. We wish to em-

phasize that HC
flg
� ðA; dÞ does not necessarily consist of elements with non-

negative degree and that HC
f1g
0 ðA; dÞ is not a 1-dimensional vector space in

general (see Section 4).
The definition of the derivation b is quite algebraic. However, if the input

DGA ðA; dÞ is l-connected, then the derivation b is related to a model for the
T-action on FðT l ; jðA; dÞjÞ. The relationship, which is described more precisely
in Proposition 5.5, is the key to completing the proof of the following theorem.

Theorem 1.1. Suppose that X is an l-connected space with dim pkðX Þn
Q < y for any k. Then, as a Q½u�-algebra,

HCflg� ðAPLðXÞÞGH �ðET �T FðT l ;XÞ;QÞ:
Here the Q½u�-algebra structure on H �ðET �T FðT l ;X Þ;QÞ is induced from the
projection p of the Borel fibration FðT l ;X Þ ! ET �T FðT l ;XÞ !p BT.

We prove Theorem 1.1 by induction on the iteration degree l modifying the
proof of [11, Theorem A] due to Vigué-Poirrier and Burghelea. So a new idea
does not appear in our proof. However we dare to repeat the augment of their
proof in order to state exactly the key proposition (Proposition 5.5). We also
expect that an idea inspired by the repeat may enable us to define more general
cyclic homology of a connected DGA ðA; dÞ, which is isomorphic to the Borel
cohomology of the form H �ðEH �H FðG;X Þ;QÞ. Here G is a Lie group, H is a
subgroup of G;X ¼ jðA; dÞj and the action by H on FðG;XÞ is induced by the
product on G. Regrettably, such consideration is not made in this paper. We
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also mention that Proposition 5.5 is proved by applying the algebraic model for
the evaluation map mðevÞ : FðT l ;XÞ � T l ! X considered in [9].

We now direct our attention to an algebraic property of the iterated cyclic
homology. The result [11, Corollary 2] asserts that, for any 1-connected DGA

ðA; dÞ with HðA; dÞ0Q, the sequence consisting of dim HC
f1g
i ðA; dÞ for ib 0 is

bounded if and only if the cohomology algebra H �ðA; dÞ can be generated by a
single class. As for the iterated cyclic homology with iteration degree greater
than 1, we have the following theorem.

Theorem 1.2. For any integer lb 2 and any l-connected DGA ðA; dÞ
such that H �ðA; dÞ0Q, the sequences consisting of dim HC

flg
i ðA; dÞ and of

dim HH
flg
i ðA; dÞ for ib 0 are unbounded as i !y, respectively.

This paper is organized as follows. In Section 2, after defining explicitly the
iterated cyclic homology, we show that the homology can be regarded as a
functor from the category of DGA’s to the category of Q½u�-algebras. In Section
3, fundamental properties of the iterated cyclic homology are described. We

also introduce a natural transformation from HC
flg
� to HC

flþ1g
��1 . By applying it,

we prove Theorem 1.2. Section 4 is devoted to computing the iterated cyclic
homology with iteration degree 2 of the polynomial algebra generated by a single
element. In Section 5, Theorem 1.1 is proved. We present in the last section
the proof of Proposition 5.5.

2. Definition of the iterated cyclic homology

The free algebra generated by a graded vector space V will be denoted by
5V or Q½V �. Let ð5V ; dÞ be a free DGA and ðB; dBÞ a DGA. Let B� denote
the di¤erential graded coalgebra defined by Bq ¼ HomðB�q;QÞ for qa 0 together
with the coproduct D and the di¤erential dB� which are dual to the multiplication
of B and to the di¤erential dB, respectively. Let I be the ideal of the free algebra
Q½5V nB�� generated by 1n 1� 1 and all elements of the form

a1a2 n b �
X
i

ð�1Þja2j jb
0
i jða1 n b 0i Þða2 n b 00i Þ;

where a1; a2 A5V , b A B� and DðbÞ ¼
P

i b
0
i n b 00i . Observe that Q½5V nB�� is a

DGA with the di¤erential d :¼ dn 1G 1n dB�.
The result [1, Theorems 3.3] asserts that the di¤erential dn 1G 1n dB�

respects the ideal, that is, ðdn 1G 1n dB�ÞðIÞH I . Moreover, the result [1,
Theorem 3.5] implies that the composition map

rV : Q½V nB�� ,! Q½5V nB�� ! Q½5V nB��=I

is an isomorphism of graded algebras. Thus we can define a di¤erential d on
Q½V nB�� by r�1V

~ddrV , where
~dd is the di¤erential on Q½5V nB��=I induced by d.

21iterated cyclic homology



We apply this construction to the case that B is the DGA 5ðt1; . . . ; tlÞ
together with the trivial di¤erential, where jtij ¼ 1 for any i. In what follows, we
fix the DGA ðQ½5V nB��; dÞ.

Let Dðm�1Þ be the ðm� 1Þ-fold iterated coproduct on B� and the dual base of
TJ ¼ te11 � � � t

el
l ðJ ¼ ðe1; . . . ; elÞÞ shall be denoted by TJ� ¼ ðte11 � � � t

el
l Þ�. Observe

that if dðvÞ ¼ v1 � � � vm, then (2.1):

dðvn ðte11 � � � t
el
l Þ�Þ ¼

X
J

ð�1ÞeðJÞv1 � � � vm � TJ1�n � � �nTJm�

¼
X
J

ð�1ÞeðJÞþeðv1;...; vm;TJ1�;...;TJm�Þv1 nTJ1� � � � vm nTJm�;

where ð�1Þeðv1;...; vm;TJ1�;...;TJm�Þv1TJ1 � � � vmTJm ¼ v1 � � � vmTJ1 � � �TJm in the graded

algebra 5V nB and Dðm�1Þððte11 � � � t
el
l Þ�Þ ¼

P
Jð�1Þ

eðJÞ
TJ1�n � � �nTJm�. We

define a derivation b : Q½V nB�� ! Q½V nB�� with degree �1 by

bðvn ðte11 � � � t
el
l Þ�Þ ¼

X
k

ð�1Þjvjþe1þ���þek�1vn ðte11 � � � t
ekþ1
k � � � tell Þ�:

Proposition 2.1. b2 ¼ 0 and db þ bd ¼ 0.

Proof. By a straightforward computation, we can check that the
first equality holds. As for the second one, it su‰ces to prove that
ðdb þ bdÞðvn ðte11 � � � t

el
l Þ�Þ ¼ 0 when dv ¼ v1 � � � vm. The formula (2.1) makes it

possible to verify the equality. r

The iterated Hochschild homology HH
flg
� ð5V ; dÞ and the iterated cyclic

homology HC
flg
� ð5V ; dÞ with iteration degree l for a free DGA ð5V ; dÞ are

defined as the homologies of the complexes

ðCflg� ð5VÞ; dlÞ ¼ ðQ½VnB��; dÞ and ðEflg� ð5VÞ;DlÞ ¼ ðCflg� ð5VÞnQ½u�; dþ ubÞ;

respectively, where juj ¼ 2. Observe that ðEflg� ð5VÞ;DlÞ has a DGA structure
over Q½u�, which is induced by the multiplication on Q½u�. It is readily seen that
the iterated cyclic homology inherits the Q½u�-algebra structure. When the it-
eration degree l is clear from the context, frequently, the su‰x is dropped in the
notation as C�ð5VÞ for Cflg� ð5VÞ.

Remark 2.2. Let ð5V ; dÞ be a minimal model for an l-connected space X .
We can choose the DGA B ¼5ðt1; . . . ; tlÞ with the trivial di¤erential as a model
for the l-dimensional torus T l . Applying the construction in [1], we have a
minimal model of the form ðQ½V nB��; dÞ for the function space FðT l ;XÞ. The
model is nothing but the complex ðC�ð5VÞ; dlÞ which gives the iterated Hochschild
homology of ð5V ; dÞ.
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We define maps on the iterated Hochschild and cyclic homologies, which are
induced from a DGA map between free DGA’s. Let j : ð5V ; dÞ ! ð5W ; dÞ be a
DGA map. Then we can define a DGA map

CðjÞ : ðQ½V nB��; dÞ ! ðQ½W nB��; dÞ

by CðjÞ ¼ r�1W ð gjn 1jn 1ÞrV with the isomorphisms rV : Q½V nB�� ! Q½5V nB��=I
and rW : Q½W nB�� ! Q½5W nB��=I mentioned above. The same argument
as in the proof of Proposition 2.1 works well to show that bðCðjÞn 1Þ ¼
ðCðjÞn 1Þb. Thus we have a DGA map

EðjÞ ¼ CðjÞn 1 : ðQ½V nB��nQ½u�; dþ ubÞ ! ðQ½W nB��nQ½u�; dþ ubÞ:

Accordingly the DGA map j gives a morphism of graded algebras

HðCðjÞÞ : HH flg� ð5V ; dÞ ! HH flg� ð5W ; dÞ

and a morphism of Q½u�-algebras

HðEðjÞÞ : HCflg� ð5V ; dÞ ! HCflg� ð5W ; dÞ:

Let mV : ð5V ; dÞ ! ðA; dÞ and mW : ð5W ; dÞ ! ðA; dÞ be minimal models
for a connected DGA ðA; dÞ. For any elements x A HC

flg
� ð5V ; dÞ and y A

HC
flg
� ð5W ; dÞ, we write x@ y if HðEðjVW ÞÞðxÞ ¼ y for some isomorphism

jVW : ð5V ; dÞ ! ð5W ; dÞ such that the diagram

ðA; dÞ
mV����! ����!mW

ð5V ; dÞ �������!
jVW

ð5W ; dÞ

is homotopy commutative. Observe that the isomorphism, which makes the
triangle homotopy commutative, is determined uniquely up to homotopy. It is
readily seen that @ is an equivalence relation.

We now define the iterated cyclic homology HC
flg
� ðA; dÞ of a connected

DGA ðA; dÞ with iteration degree l by

HCflg� ðA; dÞ ¼
a

MA CmV :ð5V ;dÞ!ðA;dÞ
HC flg� ð5V ; dÞ

�
@:

Here MA denotes the set consisting of all minimal models for ðA; dÞ. It
follows that, for any element mV : ð5V ; dÞ ! ðA; dÞ in MA, the inclusion map
HC

flg
� ð5V ; dÞ ,!

‘
MA CmV

HC
flg
� ð5V ; dÞ induces a bijection

hmV
: HCflg� ð5V ; dÞ ! HCflg� ðA; dÞ:

The Q½u�-algebra structure on HC
flg
� ðA; dÞ can be defined by forcing the bijection

hmV
becomes an isomorphism of Q½u�-algebras for the given minimal model

mV : ð5V ; dÞ ! ðA; dÞ. Take another minimal model mW : ð5W ; dÞ ! ðA; dÞ.
Then we have a commutative diagram:
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HCflg� ðA; dÞ
hmV����! ����!hmW

HCflg� ð5V ; dÞ ���������!
HðEðjVW ÞÞ

HCflg� ð5W ; dÞ:

This implies that the Q½u�-algebra structure on HC
flg
� ðA; dÞ is uniquely deter-

mined without depending on the choice of minimal models.
In order to show that the cyclic homology can be viewed as a functor, we

need a lemma.

Lemma 2.3. Let j0; j1 : ð5V ; dÞ ! ð5W ; dÞ be DGA maps between free
DGA’s. If j0 is homotopic to j1, then HðCðj0ÞÞ ¼ HðCðj1ÞÞ and HðEðj0ÞÞ ¼
HðEðj1ÞÞ.

Proof. For i ¼ 0; 1, let ei :5ðt; dtÞ ! Q be a DGA map defined by eiðtÞ ¼ i.
Let H :5V !5W n5ðt; dtÞ be a homotopy from j0 to j1, namely, a DGA map
satisfying ð1n eiÞH ¼ ji for i ¼ 0; 1. We consider the following diagram in the
category of DGA’s:

Q½5V nB��=I �����!gHn1B�
Q½5W n5ðt; dtÞnB��=I  �����rWlQft; dtg

G
Q½ðW lQft; dtgÞnB��

rV

x???G

???y15Wnein1B�

???y~eei

Q½V nB�� Q½5W nB��=I  �����rW

G
Q½W nB��

in which ~eei is a DGA map defined by r�1W ð15W n ei n 1B�ÞrWlQft;dtg. Put
Bþ� ¼ B�=Q. Let J1 be the ideal of 5ðtn 1Þ generated by the element
ðtn 1Þð1� tn 1Þ. Since5ðtn 1; dtn 1Þ is decomposed as Qf1; tn 1; dtn 1gl
J1 l dJ1, it follows that

Q½ðW lQft; dtgÞnB��
¼ Q½W nB��n5ðtn 1; dtn 1ÞnQ½tnBþ� l dtnBþ� �
¼ Q½W nB��n ðQf1; tn 1; dtn 1gl J1 l dJ1Þn ðQl J2Þ
¼ Q½W nB��nQf1; tn 1; dtn 1g
l ðQ½W nB��nQf1; tn 1; dtn 1gn J2Þ
l ðQ½W nB��n ðJ1 l dJ1ÞÞl ðQ½W nB��n ðJ1 l dJ1Þn J2Þ
¼ Q½W nB��nQf1; tn 1; dtn 1glJ:

Here J2 is the ideal of Q½tnBþ� l dtnBþ� � generated by tnBþ� and dtnBþ� ,
and J denotes the vector space ðQ½W nB��n ðJ1 l dJ1ÞÞl ðQ½W nB��n
5ðtn 1; dtn 1Þn J2Þ. Thus we have

Eflg� ð5WÞ ¼ ð~eei n 1ÞðQ½W nB��nQf1; tn 1; dtn 1gnQ½u�lJnQ½u�Þ:
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Moreover a simple calculation enables us to deduce that DlððJ1 l dJ1Þn
Q½u�ÞHJnQ½u� and hence DlðJnQ½u�ÞHJnQ½u�. Since 1n ti� ¼
1 � 1n ti� ¼ ð1n ti�Þð1n 1Þ þ ð1n 1Þð1n ti�Þ modulo I , it follows that 1n ti� ¼ 0
in Q½5W nB��=I . This fact implies that 1n b ¼ 0 in Q½5W nB��=I for any
b A Bþ� and hence ðei n 1B� Þðtn bÞ ¼ 0 for b A Bþ� and i ¼ 0; 1. Thus we

see that the DGA map EðHÞ ¼ ðr�1WlQft;dtgn 1Q½u�Þð gHn 1B�Hn 1B� n 1Q½u�ÞðrV n 1Q½u�Þ
defines a linear map hHC : Eflg� ð5VÞ ! Eflg� ð5WÞ of degree �1 such that, for any
x A Eflg� ð5VÞ,

EðHÞðxÞ ¼ Eðj0ÞðxÞ þ ðEðj1ÞðxÞ � Eðj0ÞðxÞÞt� ð�1Þ
deg x

hHCðxÞ dtþ xðxÞ;

where xðxÞ is an appropriate element of JnQ½u�. Since DlEðHÞ ¼ EðHÞDl , we
have DlhHC þ hHCDl ¼ Eðj1Þ � Eðj0Þ.

The same argument works well to show that HðCðj0ÞÞ ¼ HðCðj1ÞÞ if j0 is
homotopic to j1. r

We define a map between the iterated cyclic homologies induced from a
DGA map. Let j : ðA; dAÞ ! ðB; dBÞ be a DGA map and let ~jji : ð5Vi; diÞ !
ð5Wi; d

0
i Þ be models for j ði ¼ 1; 2Þ. Since there are isomorphisms of

DGA’s, jV1V2
: ð5V1; d1Þ !

G ð5V2; d2Þ and jW1W2
: ð5W1; d

0
1Þ !

G ð5W2; d
0
2Þ such that

~jj2jV1V2
@ jW1W2

~jj1, it follows from Lemma 2.3 that HðEðjW1W2
ÞÞHðEð~jj1ÞÞ ¼

HðEð~jj2ÞÞHðEðjV1V2
ÞÞ. This fact allows us to define amapHCðjÞ : HC

flg
� ðA; dAÞ !

HC
flg
� ðB; dBÞ by HCðjÞðxÞ ¼ HðEð~jj1ÞÞðxÞ for x A HC

flg
� ð5V1; d1Þ.

In similar fashion, we can define the iterated Hochschild homology
HH

flg
� ðA; dÞ of a DGA ðA; dÞ with iteration degree l using minimal models for

ðA; dÞ. Moreover it follows that a DGA map j : ðA; dAÞ ! ðB; dBÞ induces an

algebraic map HHðjÞ : HH
flg
� ðA; dAÞ ! HH

flg
� ðB; dBÞ.

Let DGA and GA be the categories of connected DGA’s and the graded
algebras, respectively. Let Q½u�-GA denote the category of graded Q½u�-algebras.

Theorem 2.4. The iterated cyclic homology and the iterated Hochschild
homology define functors HC

flg
� : DGA! Q½u�-GA and HH

flg
� : DGA! GA,

respectively.

Proof. The result follows from Lemma 2.3. r

One might regard that Theorem 2.4 follows from Theorem 1.1 by using the
realization of a given DGA. This is valid if the DGA is an l-connected. We
wish to stress that the 0-connectedness of DGA’s is only assumed in Theorem 2.4.

Remark 2.5. As mentioned in Introduction, for a connected DGA ðA; dÞ,
the iterated cyclic homology HC

flg
� ðA; dÞ has an element with negative degree in

general. If ðA; dÞ is s-connected and l is a positive integer less than sþ 1, then
HC

flg
i ðA; dÞ ¼ 0 for any nonzero integer i less than sþ 1� l. Moreover we see
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that HC
flg
0 ðA; dÞ contains Q as a direct summand. The iterated Hochschild

homology enjoys the same property.

3. A natural transformation from HC
flg
� to HC

flþ1g
��1

As is seen in the previous section, the iterated Hochschild and cyclic
homologies are regarded as functors from the category DGA to the category

GA. By restricting the functors to each dimension, we can get functors HH
flg
i

and HC
flg
i from DGA to the category of vector spaces over Q. In this section,

we define a natural transformation t : HC
flg
i ! HC

flþ1g
i�1 and prove Theorem 1.2

by utilizing the natural transformation.
We begin by introducing the Connes exact sequence for the iterated

Hochschild and cyclic homologies. Let ð5V ; dÞ be a connected free DGA.
With the notations in the previous section, we have a short exact sequence:

0 Cflg� ð5VÞ  p Eflg� ð5VÞ  i E
flg
��2ð5VÞ  0

in which i and p are defined by ið
P

ib0 wiu
iÞ ¼

P
ib0 wiu

iþ1 and pð
P

ib0 wiu
iÞ ¼

w0, respectively, where wi A Cflg� ð5VÞ. The short exact sequence gives rise to a
long exact sequence, which is called the Connes exact sequence,

� � �  HC
flg
��1ð5V ; dÞ  B HH flg� ð5V ; dÞ  ~pp HCflg� ð5V ; dÞ  S HC

flg
��2ð5V ; dÞ  � � � :

We observe that Bð½w�Þ ¼ ½bw� for any cycle w A Cflg� ð5VÞ. Since the maps B,
~pp and S are natural for DGA maps between free DGA’s, it follows that, in
the above long exact sequence, ð5V ; dÞ can be replaced by any connected

DGA ðA; dÞ. We also obtain natural transformations B : HH
flg
� ! HC

flg
��1,

~pp : HC
flg
� ! HH

flg
� and S : HC

flg
��2 ! HC

flg
� .

Let Bs denote the exterior algebra 5ðt1; . . . ; tsÞ. We define a derivation
t : Q½5V nBl�� ! Q½5V nBlþ1�� of degree �1 by

tðan ðte11 � � � t
el
l Þ�Þ ¼ ð�1Þ

jajþe1þ���þel an ðte11 � � � t
el
l tlþ1Þ�

for an ðte11 � � � t
el
l Þ� A5V nBl�.

Lemma 3.1. (i) ðdn 1Þ � t ¼ �t � ðdn 1Þ.
(ii) tðIÞH I , where I denotes the ideal defined in Section 2.

Proof. It is straightforward to check (i) and (ii). r

Lemma 3.1 allows us to obtain a derivation CðtÞ ¼ r�1V ~ttrV : C
flg
i ð5VÞ !

C
flþ1g
i�1 ð5VÞ which satisfies the condition that CðtÞdl ¼ �dlþ1CðtÞ. In par-

ticular, we have CðtÞðvn ðte11 � � � t
el
l Þ�Þ ¼ ð�1Þ

jvjþe1þ���þel vn ðte11 � � � t
el
l tlþ1Þ� for

vn ðte11 � � � t
el
l Þ� A V nBl�. Define a derivation EðtÞ : Eflgi ð5VÞ ! E

flþ1g
i�1 ð5VÞ by

EðtÞ ¼ CðtÞn 1. It is not hard to verify that bCðtÞ ¼ �CðtÞb. Thus we see
that Dlþ1EðtÞ ¼ �EðtÞDl . From naturality of the maps CðtÞ and EðtÞ, it
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follows that the maps induce natural transformations tHH : HH
flg
� ! HH

flþ1g
��1

and tHC : HC
flg
� ! HC

flþ1g
��1 . Thus we have the following theorem. The proof

is left to the reader.

Theorem 3.2. The diagram

0  ��� Cflg� ð5VÞ  ���p
Eflg� ð5VÞ  ���i

E
flg
��2ð5VÞ  ��� 0???yCðtÞ

???yEðtÞ

???yEðtÞ

0  ��� C
flþ1g
��1 ð5VÞ  ���p

E
flþ1g
��1 ð5VÞ  ���i

E
flþ1g
��3 ð5VÞ  ��� 0

is commutative and hence, as natural transformations, tHCB ¼ �BtHH , tHH ~pp ¼
~pptHC and tHCS ¼ StHC.

The rest of this section is devoted to proving Theorem 1.2. We mention
here that an idea of the proof of [12, Theorem] due to Vigué-Poirrier and Sullivan
underlies our proof of the theorem. We first prove the following proposition,
which asserts that Theorem 1.2 holds for a special case.

Proposition 3.3. Let l be an integer greater than or equal to 2 and let
ð5V ; dÞ be a minimal model for an l-connected DGA ðA; dÞ. Assume that ð5V ; dÞ
has a sub DGA ð5Z; dÞ of the form ð5a; 0Þ or ð5ða; qÞ; dq ¼ anþ1Þ and that there is
a DGA map p : ð5V ; dÞ ! ð5Z; dÞ such that pi ¼ id, where i : ð5Z; dÞ ! ð5V ; dÞ
denotes the inclusion map. Then the sequence dim HC

flg
i ðA; dÞ is unbounded as

i!y.

Proof. By virtue of Theorem 3.2, we have a commutative diagram:

HH
fsg
�þ1ð5Z; dÞ ���!tHH

HH
fsþ1g
� ð5Z; dÞ

HHðiÞ

???y
???yHHðiÞ

HH
fsg
�þ1ðA; dÞ ���!tHH

HH
fsþ1g
� ðA; dÞ

B

???y
???yB

HC
fsg
� ðA; dÞ ���!tHC

HC
fsþ1g
��1 ðA; dÞ

~pp

???y
???y~pp

HH
fsg
� ðA; dÞ ���!tHH

HH
fsþ1g
��1 ðA; dÞ

HHðpÞ

???y
???yHHðpÞ

HH
fsg
� ð5Z; dÞ ���!tHH

HH
fsþ1g
��1 ð5Z; dÞ

27iterated cyclic homology



for any s < l. Let ms denote the composite map HHðpÞ~ppBHHðiÞ :
HH

fsg
�þ1ð5Z; 0Þ ! HH

fsg
� ð5Z; dÞ.

Lemma 3.4. There exists a graded subspace T ¼0
nb1

T n of HH
f2g
�þ1ð5Z; dÞ

such that

lim sup
n!y

dim tHH � � � tHH|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
ðs�1Þ-times

m2ðT nÞ ¼y:

Thus Proposition 3.3 follows from Lemma 3.4. In fact the sequence

dim tHC � � � tHC|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
ðs�1Þ-times

BHHðiÞðT nÞ

is unbounded. r

Proof of Lemma 3.4. Let vi and v denote the elements vn ðtiÞ� in
Cf2g� ð5Z; dÞ for i ¼ 1; 2 and the element vn ðt1t2Þ�, respectively. Then it follows
that

ðCf2g� ð5Z; dÞ; dÞ ¼ ð5ða; a1; a2; aÞ; 0Þ
when d1 0. If dD 0, then we see that

ðCf2g� ð5Z; dÞ; dÞ ¼ ð5ða; a1; a2; a; q; q1; q2; qÞ; dÞ;

where dðqÞ ¼ anþ1, dðqÞ ¼ ðnþ 1Þanaþ 2
nþ 1

2

� �
an�1a1a2, dðqiÞ ¼ ðnþ 1Þanai

and dðaÞ ¼ dðaiÞ ¼ dðaÞ ¼ 0 for i ¼ 1; 2. Now define a subspace T of
HH

f2g
� ð5Z; dÞ as follows:

T ¼
Qfak1

1 ak2
2 gk1;k2b1 when jaj is odd and d1 0;

Qfak1ak2gk1;k2b1 when jaj is even and d1 0;

Qfa1qk1
1 a2q

k2
2 gk1;k2b1 when dD 0:

8><
>:

Since m2ðak1
1 ak2

2 Þ ¼ ðk1a
k1�1
1 ak2

2 � k2a
k1
1 ak2�1

2 Þa and m2ðak1ak2Þ ¼ k1a
k1�1ða1þ

a2Þak2 , it follows that T is the required subspace of HH
f2g
� ð5Z; 0Þ in the case

where d1 0.
Suppose that dD 0. For a positive integer s < l, let Is be the ideal

of Cfsþ1g� ð5ZÞ generated by the elements an 1� and an ðte11 � � � t
esþ1
sþ1Þ� � an

ðte
0
1

1 � � � t
e 0
sþ1
sþ1Þ� with e1 þ � � � þ esþ1 < sþ 1 and e 01 þ � � � þ e 0sþ1 < sþ 1. Then it

follows that elements dðqn ðte11 � � � t
esþ1
sþ1Þ�Þ are in the ideal Is (see (2.1)) and hence

Im d is a vector subspace of Is. By definition we see that

m2ða1qk1
1 a2q

k2
2 Þ ¼ ð�q

k1
1 a2q

k2
2 � a1q

k1
1 qk2

2 Þaþ ðk1a1q
k1�1
1 a2q

k2
2 � k2a1q

k1
1 a2q

k2�1
2 Þq:

Therefore tHH � � � tHH|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
ðs�1Þ-times

m2ða1qk1
1 a2q

k2
2 Þ has a term

ð�1Þ½s=2�ð�qk1
1 a2q

k2
2 � a1q

k1
1 qk2

2 Þðan ðt1t2 � � � tsþ1Þ�Þ:
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We can conclude that elements tHH � � � tHHm2ða1qk1
1 a2q

k2
2 Þ ðk1; k2 b 1Þ are not in

the ideal Is and are homologically independent. Thus we have Lemma 3.4.
r

Before proving Theorem 1.2, we fix terminology. Let ð5W ; dÞ be a DGA
and G a basis of W . Let x be an element of W . We write dx ¼P

i livi1vi2 � � � vikðiÞ , where vij is in G, li A Q and vi1vi2 � � � vikðiÞ A vj1vj2 � � � vjkð jÞ if

iA j. Then we shall say that an element y of G is detected by x with the dif-
ferential d if y appears in some term of dx as a factor; that is, y ¼ vij for some ij.

Proof of Theorem 1.2. We intend to prove the unboundedness of the
sequence of dim HC

flg
i ðA; dÞ. The result concerning the iterated Hochschild

homology follows from the proof.
Let ð5V ; dÞ ! ðA; dÞ be a minimal model for a DGA ðA; dÞ. Theorem 1.2

follows from Proposition 3.3 if there exists a non-trivial element y with odd
degree in V such that V i ¼ 0 for i < deg y. In fact, the element y is a cycle.
Therefore we see that the inclusion ð5y; 0Þ ! ð5V ; dÞ has a left inverse.

We choose a basis S ¼ fx1; x2; . . . ; xn; y1; xnþ1; . . . ; xr; y2; . . .g of V so that
jx1ja � � �a jxnj < jy1j < jxnþ1ja � � � , where jxij is even and jyjj is odd. Observe
that dðxiÞ ¼ 0 for 1a ia n. Suppose that there is no element with odd degree
in S or dðy1Þ ¼ 0. Then the result follows from Proposition 3.3.

In what follows, we put afkg ¼ an ðt1 � � � tkÞ� for a A S. We assume that
nb 2. Let us deal with the case where l is even. We choose an element
z ¼ xk1

1flgx
k2
2flg in Eflg� ð5V ; dÞ, where ki is a positive integer for i ¼ 1; 2. It is

readily seen that z is a Dl-cycle and hence pðzÞ ¼ xk1
1flgx

k2
2flg is a dl-cycle. Suppose

that there exists an element a in Cflg� ð5V ; dÞ ¼ ð5Wl ; dlÞ such that dlðaÞ ¼ pðzÞ.
Look at the element y ¼ x1flg in pðzÞ. Since the element y can be detected by
some factor q of a term of a with dl , it follows from the definition of dl that the
factor q is of the form vn ðt1 � � � tlÞ� in which v A V detects x1 with d. We write
dðvÞ ¼ x1ð

P
s usÞ þ g, where us are elements in5V and the element g is not in the

ideal of 5V generated by x1. Therefore the element q ¼ vn ðt1 � � � tlÞ� detects
factors of us, as well, in the term which contains y. This is a contradiction
because pðzÞ does not contain any elements of the form bn 1 with b A5V . By
the same argument as above, we see that the element x2flg in pðzÞ is not detected
by an element of 5Wl with dl . In consequence, the elements pðxk1

1flgx
k2
2flgÞ

ðk1; k2 b 1Þ are homologically independent in Cflg� ð5Wl ; dlÞ and hence so are
xk1
1flgx

k2
2flg in Eflg� ð5V ; dÞ.
We next consider the case where nb 2 and l is odd. Choose an element

w ¼ xk1
1fl�1gx

k2
2fl�1g which is a dl-cycle. We show that bðwÞ is not in Im Dl . To

this end, it su‰ces that

pbðwÞ ¼ k1x
k1�1
1fl�1gx1flgx

k2
2fl�1g þ k2x

k1
1fl�1gx2flgx

k2�1
2fl�1g

is not in Im dl . Suppose that there exists an element g in Cflg� ð5V ; dÞ ¼ ð5Wl ; dlÞ
such that dlðgÞ ¼ pbðwÞ. If the element x1fl�1g in pbðwÞ can be detected by some
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factor q of a term of g with dl , then, by definition, the factor q has the form
vn ðt1 � � � tl�1Þ� or vn ðt1 � � � tlÞ� for some v A V . This fact enables us to deduce
that if the element x1fl�1g is detected with dl , then v 0 or v 0n ðtlÞ� is also detected
in the same term, as well. Here v 0 denotes an element of V which appears as a
factor of a term dv. This is a contradiction. By the same argument as above,
we see that the elements x1flg, x2fl�1g and x2flg in pbðzÞ are never detected with

dl . Hence it follows that the elements bðxk1
1fl�1gx

k2
2fl�1gÞ ðk1 b 1; k2 b 1Þ are

homologically independent in Eflg� ð5V ; dÞ.
We prove Theorem 1.2 in the case where n ¼ 1 and there is at least one

element with odd degree. In such a case, if dðy1Þ0 0, then the result follows
from Proposition 3.3. This completes the proof. r

4. A computational example

In this section, we compute the iterated cyclic homology with iteration
degree 2 of the polynomial algebra Q½x� generated by a single element x.

By definition, we see that

HCf2g� ðQ½x�; 0Þ ¼ HðQ½x; x�n5ðx1; x2ÞnQ½u�; dþ ubÞ;

where x ¼ xn 1, x1 ¼ xn t1�, x2 ¼ xn t2� and x ¼ xn ðt1t2Þ�. Since bðxÞ ¼
x1 þ x2, bðx1Þ ¼ �x, bðx2Þ ¼ x and bðxÞ ¼ bðuÞ ¼ 0, the di¤erential D ¼ dþ ub
is given by

DðxÞ ¼ ðx1 þ x2Þu; Dðx1Þ ¼ �xu; Dðx2Þ ¼ xu; DðxÞ ¼ DðuÞ ¼ 0:

Put a ¼ x1 þ x2. It is readily seen that the complex which computes
HC

f2g
� ðQ½x�; 0Þ is isomorphic to the complex5U ¼ ðQ½x; x�n5ða; x2ÞnQ½u�;D 0Þ

as a DGA, where D 0ðxÞ ¼ au, D 0ðaÞ ¼ 0, D 0ðx2Þ ¼ xu, D 0ðxÞ ¼ 0, and D 0ðuÞ ¼ 0.
With the aid of the manner for computation of a cohomology, which is described
in [10, Section 7], we can execute the computation.

Define a weight w on the DGA5U by wðaÞ ¼ 1 and wðxÞ ¼ wðx2Þ ¼ wðxÞ ¼
wðuÞ ¼ 0. Consider a filtration of the DGA defined by Fi ¼ fz A5U j wðzÞb ig.
Then it follows that the di¤erential D 0 and the product respect the filtration.
Thus the filtration gives rise to a spectral sequence converging to HC

f2g
� ðQ½x�; 0Þ

as an algebra. The E0-term is given by

E0 ¼ ðQ½x�n5ðx2ÞnQ½u�Þn ðQ½x�n5ðaÞÞ;
d0ðxÞ ¼ 0; d0ðaÞ ¼ 0; d0ðx2Þ ¼ xu; d0ðxÞ ¼ 0; d0ðuÞ ¼ 0:

Therefore we see that

E1 ¼
Q½x; u�
ðxuÞ

nQ½x�n5ðaÞ

as an algebra. It follows from the definition of the filtration that d1ðxÞ ¼ au and
d1ðaÞ ¼ d1ðxÞ ¼ d1ðuÞ ¼ 0. Thus we can get
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E2 ¼
5ðb0; b1; . . .ÞnQ½g0; g1; . . . �nQ½u�

ðbkbk 0 ; bkgl � bkþlg0; bku; glgl 0 � glþl 0g0; gluÞ
;

where bk ¼ axk and gl ¼ xlx ðk; l ¼ 0; 1; . . .Þ. There is no element whose fil-
tration degree is increased by more than or equal to 2 by the di¤erential. Thus
the spectral sequence collapses at the E2-term and hence E2 GEy as a bigraded
algebra. We have to solve the extension problems. A straightforward cal-
culation enables us to conclude that D 0ðbkÞ ¼ 0 and D 0ðgl þ lxl�1ax2Þ ¼ 0. The
latter equality implies that the element ~ggl :¼ gl þ lxl�1ax2 of 5U represents gl
in the Ey-term. Moreover we see that, in 5U , bkbk 0 ¼ 0, bk~ggl � bkþl~gg0 ¼ 0,

bku ¼ D 0
1

k þ 1
xkþ1

� �
, ~ggl~ggl 0 � ~gglþl 0~gg0 ¼ 0 and ~gglu ¼ D 0ðxlx2Þ. Thus we have

HCf2g� ðQ½x�; 0Þ ¼
5ðb0; b1; . . .ÞnQ½~gg0; ~gg1; . . . �nQ½u�

ðbkbk 0 ; bk~ggl � bkþl~gg0; bku; ~ggl~ggl 0 � ~gglþl 0~gg0; ~ggluÞ
;

where deg bk ¼ ðk þ 1Þ deg x� 1, deg ~ggl ¼ ðl þ 1Þ deg x� 2 and deg u ¼ 2.

We see that HC
f2g
� ðQ½x�; 0Þ consists of elements with non-negative degree.

Observe that HC
f2g
0 ðQ½x�; 0ÞGQ as long as deg x > 2.

Remark 4.1. By virtue of Theorem 1.1, we can obtain the explicit form of
the Borel cohomology H �ðET �T FðT 2;BSUð2ÞÞ;QÞ. In fact the cohomology is

isomorphic to HC
f2g
� ðQ½x�; 0Þ as an H �ðBT;QÞ ¼ Q½u�-algebra, where deg x ¼ 4.

More computations of the iterated cyclic homologies will be made in [13].

5. A model for ET �T FðT l ;XÞ

With the same notations as in Section 2, we construct the extension

ðQ½u�; 0Þq
j
ðCflg� ð5VÞnQ½u�; dl þ ubÞ ¼ ðEflg� ð5VÞ;DlÞ !!p ðC

flg
� ð5VÞ; dlÞ

in which jðuÞ ¼ u and pð
P

ib0 wiu
iÞ ¼ w0. We relate the extension with a to-

pological object in terms of rational homotopy theory. More precisely, we shall
establish the following theorem.

Theorem 5.1. Suppose X is an l-connected space with dim pkðXÞnQ < y
for any k. Let ð5V ; dÞ !F APLðXÞ be a minimal model for X and FðT l ;X Þ !i

ET �T FðT l ;X Þ !p BT the Borel fibration. Then there exists a commutative
diagram (5.1):

APLðBTÞ ���!APLðpÞ
APLðET �T FðT l ;X ÞÞ ���!APLðiÞ

APLðFðT l ;X ÞÞ

n

x???F ml

x???F ml

x???F
ðQ½u�; 0Þ f���!

j
ðEflg� ð5VÞ;DlÞ ���!���!

p
ðCflg� ð5VÞ; dlÞ

such that n, ml and ml are quasi-isomorphisms.
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As an immediate corollary, we have the following result which yields
Theorem 1.1.

Corollary 5.2. Under the same hypotheses as in Theorem 5.1, there are an
isomorphism of Q½u�-algebras

HCflg� ðAPLðX ÞÞGH �ðET �T FðT l ;XÞ;QÞ
and an isomorphism of algebras

HH flg� ðAPLðX ÞÞGH �ðFðT l ;X Þ;QÞ:

We argue by induction on the integer l in the diagram (5.1). In the case
l ¼ 1, The result follows from [11, Theorem A].

Assume that Theorem 5.1 holds for the case l ¼ N � 1. We put
ðCfNgð5VÞ; dNÞ ¼ ð5WN ; dNÞ. Let n : ðQ½u�; 0Þ !F APLðBTÞ be a minimal model
for BT and q : ð5ZnQ½u�; dÞ !F APLðET �T FðTN ;XÞÞ be a Sullivan model for
the map APLðpÞn. Then we have a commutative diagram:

APLðBTÞ ���!APLðpÞ
APLðET �T FðTN ;XÞÞ ���!APLðiÞ

APLðFðTN ;X ÞÞ

n

x???F q

x???F q

x???F
ðQ½u�; 0Þ f���!

j
ð5ZnQ½u�; dÞ ���!���! ð5Z; dÞ;

where the map q is obtained from q by reducing the elements in the ideal of
5ZnQ½u� generated by u. The result [4, Proposition 15.3] enables us to deduce
that the map q is a minimal model for FðTN ;XÞ (see also [7]). Choose the

minimal model cN : ð5WN ; dNÞ !
F

APLðFðTN ;X ÞÞ for FðTN ;XÞ due to Brown

and Szczarba (see Remark 2.2). Observe that the quasi-isomorphism cN is
obtained by applying the lifting lemma to quasi-isomorphisms between DGA’s
(see [1], [9, Section 2]). Then there exists an isomorphism f : ð5WN ; dNÞ !

G

ð5Z; dÞ such that qf @ cN . Using the isomorphism f n 1 :5WN nQ½u� !
5ZnQ½u�, we define a di¤erential D on5WN nQ½u� by D ¼ ð f n 1Þ�1dð f n 1Þ.
Put mN ¼ qð f n 1Þ and mN ¼ qf . We thus have a commutative diagram

APLðBTÞ ���!APLðpÞ
APLðET �T FðTN ;X ÞÞ ���!APLðiÞ

APLðFðTN ;X ÞÞ

n

x???F mN

x???F mN

x???F
ðQ½u�; 0Þ f���!

j
ð5WN nQ½u�;DÞ ���!���! ð5WN ; dNÞ:

Let cN�1 : ð5WN�1; dNÞ !
F

APLðFðTN�1;XÞÞ be the minimal model due to
Brown and Szczarba. Let fvjg be a basis of the vector space V . Since WN�1
and WN have bases fvj n ðte11 � � � t

eN�1
N�1Þ�g and fvj n ðte11 � � � t

eN
N Þ�g, respectively,

we can write WN ¼WN�1 l ðWN�1 n tN�Þ. To simplify, put W ¼WN�1 and
W ¼WN�1 n tN�. For w A W , let w denote the element bNðwÞ � bN�1ðwÞ.
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Since w ¼ ð�1Þjvjþe1þ���þeN�1vj n ðte11 � � � t
eN�1
N�1tNÞ� if w ¼ vj n ðte11 � � � t

eN�1
N�1Þ�, it fol-

lows that the correspondence w 7! w gives an isomorphism between W and W .
Let h : TN ! TN�1 be the natural projection on the first N � 1 factors.

Observe that h is a T-equivariant map. There exists a commutative diagram

APLðTN�1Þ ���!APLðhÞ
APLðTNÞx???F F

x???
5ðt1; . . . ; tN�1Þ ���!

~hh
5ðt1; . . . ; tNÞ

such that vertical arrows are quasi-isomorphisms and ~hhðtiÞ ¼ ti for iaN � 1.
Moreover quasi-isomorphisms cl connecting APLðFðT l ;XÞÞ with ð5Wl ; dlÞ men-
tioned above are natural with respect to APLðhÞ and ~hh for l ¼ N and N � 1.
These facts enable us to obtain a homotopy commutative diagram:

APLðFðTN ;XÞÞ ���!APLðhaÞ
APLðFðTN�1;XÞÞ

cN

x???F F

x???cN�1

ð5W n5W ; dNÞ ���!
k

ð5W ; dN�1Þ;

where ha : FðTN�1;XÞ !FðTN ;X Þ is the map induced by h and k is a DGA
map defined by kðwÞ ¼ w for w A W and kðwÞ ¼ 0 for w A W .

Consider the following commutative diagram:

ðQ½u�; 0Þf���������������������������������������! ð5W nQ½u�;DN�1Þ

j

???y F

???ymN�1

ð5W n5W nQ½u�;DÞ ������!mN

F
APLðET �T FðTN ;XÞÞ ������!APLð1�haÞ

APLðET �T FðTN�1;XÞÞ:

By virtue of [4, Proposition 14.6], we have a lift q of APLð1� haÞmN and a
diagram (5.2):

APLðBTÞ ���������! APLðET �T FðTN�1;XÞÞ ���! APLðFðTN�1;X ÞÞ

 ����
�

APLð1�haÞ�����! mN�1
APLðhaÞ�����! mN�1

APLðET �T FðTN ;XÞÞ �������! APLðFðTN ;XÞÞ

ðQ½u�; 0Þ ð5W nQ½u�;DN�1Þ ����!���! ð5W ; dN�1Þ
f�����!
ð5W n5W nQ½u�;DÞ ��������!���! ð5W n5W ; dÞ

x?????????

����
!

x?????????
x?????????

x?????????
:::::

:::::
:::::

:::

b

:::::
:::::

:::::
:::

b

mN mN

q q

f——— �����!
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in which APLð1� haÞmN @mN�1q, APLðhaÞmN @mN�1q and other squares are
commutative. Observe that a homotopy between APLð1� haÞmN and mN�1q
gives rise to that between APLðhaÞmN and mN�1q. Since mN�1 and cN�1
are minimal models for APLðFðTN�1;XÞÞ, there is an isomorphisms g from
ð5W ; dN�1Þ to itself such that cN�1g@mN�1. It is readily seen that k@ gq
because mN @ cN . Let fwig be a basis of W and let fwig be the corresponding
basis of W . Since the linear part of k coincides with that of gq (see, for
example, [4, Proposition 12.8(ii)]), by induction on the degree of fwig and fwig,
we see that

gqðwi þ ziÞ ¼ wi and gqðwi þ yiÞ ¼ 0

for some decomposable elements zi and yi of 5W . We write gðwiÞ ¼
P

mijwj

modulo decomposable elements. Accordingly there exists a decomposable ele-
ment xi such that gqð

P
mijwj þ xiÞ ¼ gðwiÞ. Define a map j from ð5W n5WÞ

to itself by jðwiÞ ¼
P

mijwj þ xi and jðwiÞ ¼ wi þ yi. Then it follows that j is
an isomorphism of algebras satisfying qjðwiÞ ¼ wi and qjðwiÞ ¼ 0. By using j,
we can construct a commutative diagram in DGA, (5.3):

ðQ½u�; 0Þ f���! ð5W n5W nQ½u�;DÞ ���!���! ð5W n5W ; dNÞ���� G

x???jn1 G

x???j

ðQ½u�; 0Þ f���! ð5W n5W nQ½u�; ~DDÞ ���!���! ð5W n5W ; ~ddNÞ;

where ~DD ¼ ðjn 1Þ�1Dðjn 1Þ and ~dd ¼ j�1dj.
The commutativity of the diagram (5.3) and of the bottom of the diagram

(5.2) implies that qðjn 1ÞðwiÞ ¼ wi and qðjn 1ÞðwiÞ ¼ 0 modulo the ideal ðuÞ of
5W n5W nQ½u� generated by u. By induction on the degree of elements of
5W n5W , we can define an isomorphism c of algebras from5W n5W nQ½u�
to itself satisfying the condition that the induced map c :5W n5W !
5W n5W is the identity map and cðuÞ ¼ u, qðjn 1ÞcðwiÞ ¼ wi, qðjn 1ÞcðwiÞ ¼
0. Thus we have a commutative diagram (5.4):

ðQ½u�; 0Þ f���! ð5W n5W nQ½u�; ~DDÞ ���!���! ð5W n5W ; ~ddNÞ���� G

x???c ¼

x???c

ðQ½u�; 0Þ f���! ð5W n5W nQ½u�; ~~DD~DDÞ ���!���! ð5W n5W ; ~ddNÞ;
where

~~DD~DD ¼ ðcÞ�1~DDc. Observe that the lower sequence is also a model for the
fibration FðTN ;XÞ ! ET �T FðTN ;X Þ ! BT.

It remains to prove that there exists an isomorphism of DGA’s between

ð5W n5W nQ½u�;DNÞ and ð5W n5W nQ½u�; ~~DD~DDÞ whose restriction on Q½u� is
the identity map. We write

~~DD~DDðzÞ ¼ ~ddNðzÞ þ
X
ib1

uiyiðzÞ
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for z A5W n5W . Put ~~pp~pp ¼ qðjn 1Þc. Since DN�1~~pp~pp ¼ ~~pp~pp
~~DD~DD and ~~pp~pp is the identity

map on W , it follows that, for w A W ,

dN�1ðwÞ þ ubN�1ðwÞ ¼ DN�1ðwÞ ¼ DN�1~~pp~ppðwÞ ¼ ~~pp~pp
~~DD~DDðwÞ

¼ ~~pp~pp~ddNðwÞ þ
X
ib1

ui~~pp~ppyiðwÞ:

The equality enables us to conclude that ~~pp~pp~ddNðwÞ ¼ dN�1ðwÞ for w A W . By
definition of j, we see that jð5WÞ ¼5W and hence ~ddN ¼ j�1dNj is closed in

5W . This fact implies that ~ddNðwÞ ¼ dNðwÞ. Observe that dN ¼ dN�1 on 5W .
Putting ~yy1ðwÞ ¼ y1ðwÞ � bN�1ðwÞ and ~yyiðwÞ ¼ yiðwÞ for ib 2, we can write

~~DD~DDðwÞ ¼ DN�1ðwÞ þ
X
ib1

ui ~yyiðwÞ;

where w A W .
Define a map F from ð5W n5W nQ½u�Þ to itself by FðuÞ ¼ u, F ðwÞ ¼ w

for w A W and F ðwÞ ¼
P

ib1 u
i�1 ~yyiðwÞ for w A W .

Proposition 5.3. If F is an isomorphism, then F fits in the following
commutative diagram of DGA’s:

ð5W n5W nQ½u�; ~~DD~DDÞ

ðQ½u�; 0Þ G

���
���!F

ð5W n5W nQ½u�;DNÞ:

f�����!
f�����!

Proof. Define D ¼ F�1
~~DD~DDF . Then it su‰ces to show that DN ¼ D. Since

DN�1ðwÞ A5W , it follows that

DðwÞ ¼ F�1ðDN�1ðwÞ þ uFðwÞÞ
¼ DN�1ðwÞ þ uw

¼ dN�1ðwÞ þ ubN�1ðwÞ þ uw

¼ dNðwÞ þ ubNðwÞ ¼ DNðwÞ:

The above fact yields that

0 ¼ D2w ¼ DðdNðwÞ þ ubNðwÞÞ ¼ DNdNðwÞ þ uDbNðwÞ
¼ dNdNðwÞ þ ubNdNðwÞ þ uDbNðwÞ
¼ ubNdNðwÞ þ uDbNðwÞ:

Thus we have �bNdNðwÞ ¼ DbNðwÞ ¼ Dðwþ bN�1ðwÞÞ ¼ DðwÞ þDbN�1ðwÞ.
Since bN�1w A5W , it follows that
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DðwÞ ¼ �bNdNðwÞ �DNbN�1ðwÞ
¼ �bNdNðwÞ � dNbN�1ðwÞ � ubNbN�1ðwÞ
¼ �dNbN�1ðwÞ � bNdNðwÞ þ ubNðw� bNðwÞÞ
¼ �dNbN�1ðwÞ þ dNbNðwÞ þ ubNðwÞ � ubNbNðwÞ
ðby using bNdN þ dNbN ¼ 0Þ
¼ dNðbNðwÞ � bN�1ðwÞÞ þ ubNðwÞ
¼ dNðwÞ þ ubNðwÞ ¼ DNðwÞ:

Then we have the result. r

In order to complete the induction, we have to prove the following
proposition.

Proposition 5.4. The map F is an isomorphism of algebras.

Proof. Since 5W n5W nQ½u� is locally finite, it su‰ces to show that F
is surjective. Let m : FðTN ;XÞ � T !FðTN ;XÞ be the T-action induced from
the diagonal T-action on the source TN and let p1 : FðTN ;XÞ � T !FðTN ;X Þ
be the projection in the first factor. We see that im@ ip1. From the diagrams
(5.2), (5.3) and (5.4), we can obtain a homotopy commutative diagram:

APLðET �T FðTN ;XÞÞ ���������������������!APLðiÞ
APLðFðTN ;XÞÞ

F

x??? F

x???cN

ð5W n5W nQ½u�; ~~DD~DDÞ ���!���!
~~ii~ii

ð5W n5W ; ~ddNÞ ���!G
j
ð5W n5W ; dNÞ:

The diagram allows us to choose j~~ii~ii as a model for the inclusion i : FðTN ;X Þ !
ET �T FðTN ;X Þ. Let ~mm be a model for m associated with the models
cN : ð5W n5W ; dNÞ!APLðFðTN ;XÞÞ and cN n 1 : ð5W n5W ; dNÞn ð5t; 0Þ!
APLðFðTN ;XÞ � TÞ. As in the proof of [11, Proposition 2.2], by using the
definition of homotopy given in [7, Chapter 5], we can conclude that

~mmj~~ii~iiðwÞ ¼ jðwÞ þ AðwÞ þ ðlj~yy1ðwÞ þ w 0 þ BðwÞÞn t

for any element w A W , where AðwÞ and BðwÞ are appropriate decomposable
elements in 5W n5W , w 0 A5W and l A Q.

To finish the proof, we need the following proposition. The proof is de-
ferred to the next section.

Proposition 5.5. With the above notation, ~mm ¼ Id � bN n t.

Thus we have an equality (5.5):
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j�1bNjðwÞ ¼ l~yy1ðwÞ þ w 00 þ B 0ðwÞ

with w 00 ¼ j�1ðw 0Þ A5W and B 0ðwÞ ¼ j�1BðwÞ. Fix an integer k > 0. Consider
the basis fwig1aias for Wk mentioned above. Let fwig be the corresponding

basis for Wk�1; that is, wi ¼ bNðwiÞ � bN�1ðwiÞ. By definition, we have

jðwiÞ ¼ wi þ yi and jðwiÞ ¼
X
ðmijwj þ xiÞ

with some decomposable elements yi and xi of 5W . Thus it follows that

bNjðwiÞ ¼ bN
X

mijwj þ xi

� �
¼

X
ðmijðbN�1ðwjÞ þ wjÞ þ bðxiÞÞ:

Therefore, by applying j�1, we see that

j�1bjðwiÞ ¼
X
ðmij wj þ zi þ diÞ;

where di is a decomposable element in 5W n5W and zi A5W . Using the
regular matrix A ¼ ðmijÞ, we write

j�1bjðw1Þ
..
.

j�1bjðwsÞ

0
BB@

1
CCA¼ A

w1

..

.

ws

0
B@

1
CAþ

z1

..

.

zs

0
B@

1
CAþ

d1

..

.

ds

0
BB@

1
CCA:

The equality (5.5) yields that

w1

..

.

ws

0
B@

1
CA¼ A�1

l1 ~yy1ðw1Þ
..
.

ls ~yy1ðwsÞ

0
BB@

1
CCAþ

z 01

..

.

z 0s

0
BB@

1
CCAþ

d 01

..

.

d 0s

0
BB@

1
CCA

with elements z 0i A5W and decomposable elements d 0i A5W n5W . From this
fact, it follows by induction on the degree k of the vector space W that every wi

is in the image of F . We have Proposition 5.4. r

6. Proof of Proposition 5.5

Let X be an l-connected space with a minimal model ðQ½V �; dÞ. Let
m : FðT l ;XÞ � T !FðT l ;XÞ be the T-action on FðT l ;XÞ defined by

mð f ; aÞða1; . . . ; alÞ ¼ f ðaa1; . . . ; aalÞ

for f A FðT l ;X Þ, a A T and ða1; . . . ; alÞ A T l . Let B be the minimal model for
T l of the form ð5ðt1; . . . ; tlÞ; 0Þ. We denote by e an l-tuple ðe1; . . . ; elÞ, where ei
is 0 or 1, and write ae ¼ te11 � � � t

el
l . Choose faeg as a basis of B. Then we have a

minimal model for FðT l ;XÞ of the form ðQ½V nB��; dÞ. Moreover, it follows
from [9, Theorem 4.5] that the map ûu
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Q½V � ! Q½V nB��nB;

which is defined by

ûuðxÞ ¼
X
e

ð�1ÞaðjaejÞðxn ae�Þn ae

for x A Q½V �, is a model for the evaluation map ev : FðT l ;X Þ � T l ! X , where

fae�g is the dual base to faeg and aðnÞ ¼ ðnþ 1Þ
2

	 

, the greatest integer in

ðnþ 1Þ
2

.

Proof of Proposition 5.5. Let j : T � T l ! T l be the action on T l defined
by aða1; . . . ; alÞ ¼ ðaa1; . . . ; aalÞ. Then we have a commutative diagram

FðT l ;XÞ � T � T l ���!m�1
FðT l ;X Þ � T l???y1�j

???yev

FðT l ;XÞ � T l ���!
ev

X :

This means that the composition evð1� jÞ is the adjunction map to m.
Therefore, in order to prove Proposition 5.5, it su‰ces to show that the following
diagram is commutative:

ðQ½V nB��Þn5tnB �����gn1 ðQ½V nB��ÞnB

ð1n~jjÞûu �����! �����!ûu
Q½V �

for some model ~jj for j because ûu is a model for the evaluation map ev, where
g denotes the DGA map Id � bn t. Let D : T ! T l be the diagonal map and
m : T l � T l ! T l the multiplication. The action T � T l ! T l factors through
D� 1 : T � T l ! T l � T l and the map m. Therefore it follows that the map j
has a model ~jj defined by

~jjðaeÞ ¼ 1n ae þ
X
k

ð�1Þe1þ���þek�1 tn te11 � � � t
ek�1
k � � � tell :

Hence we have

ð1n ~jjÞûuðvÞ ¼
X
d

ð�1ÞaðjadjÞvn ad�n 1n ad

þ
X
d

ð�1ÞaðjadjÞ
X
k

ð�1Þd1þ���þdk�1ðvn ad�Þn tn td11 � � � t
dk�1
k � � � tdll :

On the other hand, it is readily seen that
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ðgn 1ÞûuðvÞ ¼ ððId � bn tÞn 1ÞûuðvÞ

¼
X
e

ð�1ÞaðjaejÞvn ae�n 1n ae

�
X
e

ð�1ÞaðjaejÞ
X
k

ð�1Þekþ���þel vn ðte11 � � � t
ekþ1
k � � � tell Þ�n tn ae:

We compare the coe‰cients ð�1ÞaðjadjÞþd1þ���þdk�1 and ð�1ÞaðjaejÞþekþ���þelþ1 when

ae ¼ te11 � � � t
ek
k � � � t

el
l ¼ td11 � � � t

dk�1
k � � � tdll . By applying the formula such that

aðnþmÞ1 aðnÞ þ aðmÞ þmn modulo 2, we see that

aðjadjÞ þ d1 þ � � � þ dk�1

1 aðd1 þ � � � þ dlÞ þ e1 þ � � � þ ek�1

1 aðe1 þ � � � þ ek�1 þ ek þ 1þ ekþ1 þ � � � þ elÞ þ e1 þ � � � þ ek�1

1 aðe1 þ � � � þ elÞ þ að1Þ þ 1 � ðe1 þ � � � þ elÞ þ e1 þ � � � þ ek�1

1 aðjaejÞ þ 1þ ek þ � � � þ el :

This finishes the proof. r
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