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UNIQUENESS OF MEROMORPHIC FUNCTIONS CONCERNING
WEAKLY WEIGHTED-SHARING

SHANHUA LIN AND WEICHUAN LIN

Abstract

In this paper, we introduce the definition of weakly weighted-sharing which is
between “CM” and “IM”. Using the notion of weakly weighted-sharing, we study the
uniqueness problems on meromorphic function and its kth order derivative f®) sat-
isfying certain sharing set properties. As consequences, we are able to answer questions
posed by Kit-wing Yu, which were also studied by I. Lahiri and A. Sarkar, L. P. Liu
and Y. X. Gu. Our results sharpen the above results.

1. Introduction and main results

In this paper, we shall use the standard notations in Nevanlinna’s value
distribution theory of meromorphic functions such as T'(r, /), N(r, f) and m(r, f)
(see W. K. Hayman [1] or L. Yang [2]). The notation S(r, f) is defined to be any
quantity satisfying S(r, f) = o(T(r, f)) as r — oo possibly outside a set of r of
finite linear measure. A meromorphic function « is called a small function with
respect to f provided that T(r,a) = S(r,f). Denote S(f) the set of all small
functions of f.

For any two nonconstant meromorphic functions f and g, and a € S(f), we
say that /" and ¢ share a IM (CM) provided that ' — a and g — a have the same

zeros ignoring(counting) multiplicities. If 1 and ! share 0 IM (CM), we say that
f and ¢ share oo IM (CM). ! g

Let Ng(r,a) be the counting function of all common zeros of f —a and
g —a with the same multiplicities, and Ny(r,a) be the counting functions of all
common zeros of / — a and g — a ignoring multiplicities. Denote by Ng(r,a) and
No(r,a) the reduced counting functions of f and g corresponding to the counting
functions Ng(r,a) and Ny(r,a), respectively. If

W(rty)+ ¥ (r g2y - 29e00) = 00+ 5000,
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then we say that f and g share ¢ “CM”. If

W(rty) + ¥ (rg ) - 2Matra) = S0 ) + 500,
then we say that f and ¢ share a “IM”.

DEeriNITION 1 [3-4]. Let & be a positive integer, and let f* be a meromorphic
function and a e S(f).

e 1 . . .
(i) N (r,f—> denotes the counting function of those a-points of f whose
—d
multiplicities are not greater than k, where each a-point is counted only once.
(11) N k(r s
A\

multiplicities are not less than k, where each a-point is counted only once.

1 . . .
a) denotes the counting function of those a-points of f* whose

1 . . .
(iii) N, (r, f—) denotes the counting function of those a-points of f, where
—a
an g-point of f with multiplicity m counted m times if m < p and p times if

m> p.

DErFINITION 2 [5]. We denote by J,(a, ) the quantity

1
W
— f - a)
opla, f)=1—lim ———~——~,
A (5}
where p is a positive integer.
Clearly 0,(a, f) = d(a, f).

In 2003, Kit-wing Yu [6] considered the uniqueness problem of an entire
function or meromorphic function when it shares one small function with its
derivative and proved the following results.

THEOREM A. Let k> 1. Let f be a non-constant entire function, a € S(f)

and a#0,00. If £, f% share a CM and 6(0, f) >%, then f = .

THEOREM B. Let k> 1. Let f be a non-constant non-entire meromorphic
Sfunction, a € S(f) and a # 0,0, f and a do not have any common pole. If f,
f% share a CM and 45(0, f) +2(8 + k)@(o0, f) > 19 + 2k, then f = f©.

In the same paper, Kit-wing Yu posed the following open questions:

QUESTION 1. Can a CM shared value be replaced by an IM shared value in
Theorem A?
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. 3 .
QuEesTION 2. Is the condition J(0, f) > 1 sharp in Theorem A?

QuUEsTION 3. Is the condition 49(0, 1) + 2(8 + k)®(o0, f) > 19 + 2k sharp in
Theorem B?

QUESTION 4. Can the condition “f and a do not have any common pole”
be deleted in Theorem B?

In 2004, L. P. Liu and Y. X. Gu [7] applied a different method and obtained
the following results.

THEOREM C. Let f be a non-constant meromorphic function, ae S(f) and
a#0,00. If f, f% share a CM, f® and a do not have any common pole of
same multiplicity and 26(0, f) +40 (o0, ) > 5, then f = fK.

THEOREM D. Let f be a non-constant entire function, a € S(f) and a # 0, oo.

1
If £, f% share a CM and 6(0, f) >§, then [ = £

In this paper, we introduce the definition of weakly weighted-sharing. By the
new definition, we obtain uniqueness theorems which answer the questions posed
by Kit-wing Yu. Moreover, our results improve Theorem A, B, C, D mentioned
above.

Next, we introduce some notations for our definition.

DrrmNiTION 3. Let f and g be two nonconstant meromorphic functions
sharing a “IM”, for ae S(f)NS(g), and a positive integer k or oo.

i) N ,f)(r, a) denotes the counting function of those a-points of f whose
multiplicities are equal to the corresponding a-points of g, both of their mul-
tiplicities are not greater than k, where each a-point is counted only once.

(i) N (k(r,a) denotes the reduced counting function of those a-points of f
which are a-points of g, both of their multiplicities are not less than k, where each
a-point is counted only once.

DeriNITION 4. For ae S(f)NS(g), if k is a positive integer or oo, and

— 1 — — 1 —
Nk)(rafTa) —N,S(r,a) :S(V7f), Nk) (r7m> —N/f)(}",a) = S(V,g);

Y 1 AT O : N ! N?

N 41 " a = N (r,a) =S, f), N N —a = N (r,a) = S(r,g).

Or if k=0 and

N(rty) - Mt =560, N
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then we say f and g weakly share a with weight k. Here, we write f, g share
“(a,k)” to mean that f, g weakly share ¢ with weight k.

Obviously, if f and g share “(a,k)”, then f and g share “(a, p)” for any
p (0< p<k). Also, we note that f and ¢ share @ “IM” or “CM” if and only
if /' and g share “(a,0)” or “(a,0)”, respectively.

Now, we state the main results of this paper.

THEOREM 1. Let k>1 and 2 <m < . Let f be a non-constant mer-
omorphic function, ae S(f) and a#0,0. If f, f& share “(a,m)” and
262:4(0, ) +40(c0, f) > 3, then f = [,

THEOREM 2. Let k > 1, and let [ be a non-constant meromorphic function,
aeS(f)anda#0,00. If f, f share “(a,1)” and ;52+k(0,f') +¥®(o@,f)
>§+6, then f = f*.

THEOREM 3. Let k> 1, and let f be a non-constant meromorphic func-

tion, aeS(f) and a#0,00. If f, f% share a “IM” and 56,.;(0,f)+
(2k +7)0O(c0, f) > 2k + 11, then f = f%)

If f is a nonconstant entire function, then ®(co, f) = 1. So we have the
following results.

COROLLARY 1. Let k>1 and 2 <m < 0. Let f be a non-constant entire

1

function, ae S(f) and a#0,0. If f, f& share “(a,m)” and 5, +(0, f) >§,
then f = f.

COROLLARY 2. Let k=1, and let f be a non-constant entire function,
aeS(f) and a#0,0. If f and f® share “(a,1)” and 5,4 (0, f) >§, then
£=1. :

COROLLARY 3. Let k> 1, and let f be a non-constant entire function,

4
aeS(f) and a#0,00. If f, f% share a “IM” and (52+k(0,f)>§, then
f=1.

Remark 1: Theorem 1 and Corollary 1 improve Theorem A-D. Theorem
2 and Corollary 2 improve Theorem A, B. Theorem 3 and Corollary 3 answer
question 1. Meanwhile, we give an affirmative answer to the forth question.

2. Some lemmas

LemMma 1 [3]. Let f be a nonconstant meromorphic function and let k be a
positive integer. Then
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(i) N(r,f}k)> SN(r,}) +kN(r, f) + S(r, f).

(i1) N(r,%) < T(r, fR)—T(r, f) +N<r,}) + S, f).

Next, we introduce some notations for the following lemma.

When f and g share 1 “IM”, N© <r > denotes the counting function of

L
) f _ 1
the 1-points of f whose multiplicities are greater than 1-points of g, where each

— 1 1
zero is counted only once. Similarly, we have N L(r,g 1). Nll(r, f—l)

denotes the counting function of common simple 1-points of f and g.

Lemma 2. Let f be a nonconstant meromorphic function and let k be a
positive integer. Then

()N4:f%)<Amk<;>+kNOJ)+ﬂnﬁ.
i) 82 (i) < TS = T )+ N (1) 450010

Proof. By Lemma 1(i), we have

o{rm) + 3 Wlrm) = o (7) ¢ 32 8]

~
+kN(r, f) + S(r, f),

(i) <M (n) + 3 Fu(ng) - 0 ()
KN, f) + S0, )
< Mot (r}) KN £) + S0, f),

ie.

(i) can be followed by using part (i) directly.

LemMMA 3. Let m be a nonnegative integer or . Let F and G be two
nonconstant meromorphic functions, and F, G share “(1,m)”. Let

F// F/ G// G/
H=(—-2—"0 2 .
(725=1) (& 2621)

If H#0, then
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(i) If 2 <m < oo, then
T.F) < N F) 4 Vo (rg ) + 8, G) N (1 ) + SC.F) + 501,6),
(i) If m=1, then

1 1 — 1
T(r,F) < No(r,F)+ N (r,;) + Na(r, G) + N (V76> + NL (r,F — 1)

+ S, F)+ S(r,G).
(i) If m=0, then

1 1 — 1
T(r,F) < No(r,F) +N2<r,F) + No(r,G) +N2<r’5) +2NL(r7F_ 1)

+ Nt (n o 1) + S(r,F) + S(r, G).

The same inequalities holds for T(r,G).

Proof. (i) If 2 <m < oo, then by the Second Fundamental Theorem, we
have

(2.1) T(r,F)<N(r,F)+ N(r, %) + N<r,%> - No <r%> + S(r, F),

1Y\ . . Lo
where Ny (V’F) is the counting function in |z| < r of the zeros of F’ that are not

1 .
the zeros of F and F—1. N (r, —) can be defined similarly.
G/ F// F/
By a simple calculation, any pole of F is not a pole of 7 2ﬁ> any
" !/ -

pole of G is not a pole of Y 2 -1 Furthermore, let z; be a common zero

of F—1 and G — 1 with multiplicity ¢, where 1 << 2. We know that H is
analytic at z;. Therefore, by H # 0, we have

(2.2)

1 — 1
N1)<r,m> < N(r,ﬁ) +S(r,F)+S(r,G) <T(r,H)+ S F)+ S(r,G).
Note that m(r, H) = S(r,F) 4+ S(r, G) and

_ _ — 1 — 1
N(r,H) < N(z(r,F) + Np(r, G) +N(2<r,F) +N(2<r,>

1 1 —r 1
+N0<r,F,>+No(r,G/>+N (r,F >

—i—]VL(r,

|
—_

G 1) +S(r,F)+ S(r,G)
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By (2.2), we have

1 _ _ A A
(2.3) N1)<}’,F— 1> SN(z(V,F) +N(2(V, G) +N(2<V,F> +N(2(l’,—)

275

+N%f5§a+SMD+SmG)

Since F and G share “(1,m)”, we have
— 1 — 1 — 1
Se(rgmy) + 7 () + 7 ()
1 1 — 1
+ Ny r,a + N r,E —N|(r, <N r,a .
It follows from Lemma 1 that
(2.4) N7 ! +NE(r ! +NE(r ! + Nolr !
' e\"e-1 F—1 G- 1 "\

SNQé)+mn®+smGy

In addition, we have
(2.5) N = wy () + W (2
' "ro1) T\ F e\"F 1
1 — 1
:N1)<}’,—F— 1) +N(2(V7G— 1)

Combining (2.1), (2.3), (2.4) and (2.5), we obtain

T(r,F) < No(r,F)+ N (r,%) + No(r, G) + N, (r,é) + S(r,F) + S(r,G).

(i) If m =1, then (2.4) is replaced by

_ 1 T 1\ < 1\, <
N(z(V,—G_1>+N (V,G_1>+NO(”7G/> SN(776>+N(77G)+S(r7G)'

Ql=

Similar to the arguments in (i), we see that (i) holds.

(iii) If m = 0, then by a simple calculation, any common simple zero of F — 1
and G —1 is zero of H. Therefore, by H # 0, we have

(2.6)

Ny (rFl_1> < N(r, ;) +S(r,F)+ S(r,G) < T(r,H) + S(r, F) + S(r, G).
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Thus

1 _ _ — 1 — 1
(27) Nij (V,F_l) < N(z(V,F) —|—N(2(r, G) —|—N(2 <}",F) +N(2 <V,G)

1 1 — 1
+N0(r,F,> +N0(r,G,> +NL<V >
—|—]VL(r,G_ 1> +S(r, F)+ S(r, G).

By the Second Fundament Theorem, we have

(2.8) T(V’F)+T(V’G)Sﬁ(r’F)+N(V%>+ZV<r,F1 )N()(r,%)

1
NG + N (L) N (=)~ No (L
r, rvG r,G—l 0 raG,

+ S8, F)+ S(r,G),

~
|

In addition, we have

— 1 — 1 — 1
N<r7m> +N(r7m> :2N<}"7G_ 1) +S(r,F) +S(r7 G)

Combining (2.6), (2.7) and (2.

1 1 — 1
T(r,F) < Na(r,F) +N2<V,F + Ny(r, G) +N2<r,G) +2NL(1’,F_ 1)

+]VL<1’,G 1) + S(r,F) + S(r, G).

LemMA 4 [8].  Let f be a transcendental meromorphic function and (% 0, c0)
be a meromorphic function such that T(r,o) = S(r, f). Let b and ¢ are any two
finite nonzero distinct complex numbers.  If y = a(f)"(f*))?, where n(> 0), p(= 1)

and k(= 1) are integers, then

(p+n)T(r,f)<(p +n)N(r,%) +N<r,ﬁ> +N(7,ﬁ) —N(r,f)

— N(r,%) + S, f).
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3. Proofs of main theorems

Proof of Theorem 1.
Let

(3.1) Fe? oI
a a

Then it is easy to verify F and G share “(1,m)”.
Let H be defined as in Lemma 3. Suppose that H £ 0. It follows from
Lemma 3 that
1 1
T(.G) < NalriF) 4 82 (1) + Nalr: §) 4 8 (1 ) + S(.F) + 50, G).

Using Lemma 2, we have

JiG

< Noix <r, }) +T(r, fO) = T(r, f) + Noyi (n }) +4N(r, )+ S8(r, 1),

T(r, 1) < No(r, f) + N ( }) Ny £ 4 N ( L) = S(r. )

T f) < 2N2+k(r,}> +AN(r, f) + S(r, f).

It follows that 20,.(0, ) +40(c0, f) < 5, which contradicts 20,.«(0, /) +
40(c0, f) > 5. Therefore H =0. That is

Fl/ F/ G// G/
F' “F-1~ 6 “G6-1
It follows that
1 A

F-1 G-1'%

where A(# 0) and B are constants. Therefore,

(B+1)G+(4—B—1)
BG + (A — B)

b

(3.2) F=

and
T(r,F)=T(r,G)+ S(r, f).

Now we distinguish the following two cases.
Case 1. Suppose that B # —1,0.

If 4—B—1+#0, then from (3.2), we have N|r, !

A-B-1
—/ 1 G+——M—
N{r—|.
(r,F) B+1
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By the Second Fundamental Theorem, we have T(r,G)< N(r,G)+

—/ 1 — 1 .
N(V,E>+N V,W +S(V,G), 1.€.
B+1
T(r, fM) < N(r, f) +N<r,f}k>> +N<r, jl,) +58(r, f)
SN(}’,f)+T(I’,f(k))— T(r,f)+N2+k<r,]1(_)+]v<r,}>+S(r,f),

and so
— 1 :
7)< Nl )+ 2 (v ) + S0
It follows that 20,,4(0, f) + ®(o0, f) <2, which contradicts 2,,4(0, f) +

— 1
40(o0, f) > 5. Therefore, A — B—1=0. From (3.2), we obtain N n—

= N(}’, F). G+ E
Similar to the arguments in the above, we also have a contradiction.

N(r, F).

CASE 2. Suppose that B= —1. B 1
If A+1+#0. Then from (3.2), we have N(r,G A+ 1)> =

Similar to the arguments in Case 1, we can get a contradiction. Therefore,
A+1=0, then from (3.2), we have FG=1. From (3.1), we have

(3.3) R = g2

In the following, we distinguish two subcases.

a) If f is a rational function, then a becomes a nonzero constant. So from
(3.1), we see that f has no zero and pole. Since f is nonconstant, this is a
contradiction.

b) If f is transcendental then by Lemma 4, we get in view of (3.1)

2T(r, f) < 2N (r%) +27(r, f1f%) + S(r, f)

<2N (r%) +S(r, f)

2N (ra—12> +8(r, f) = S(r. 1),

IA

This is a contradiction.

Case 3. Suppose that B =0. B 1 /1
If A—1+#0, then from (3.2), we have N(r, m) = N(r,—).
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Similar to the arguments in case 1, we also have a contradiction. Therefore,
A—1=0. From (3.2), we have F = G, this implies f = f%).
This completes the proof of the Theorem 1.

Proof of Theorem 2. With the same notations, since f, /%) share “(a,1)”,
we obtain that F, G share “(1,1)”.

Let H be defined as in Lemma 3. Suppose that H £ 0. It follows from
Lemma 3 that

1 N,/ 1
T(r,G) gNz(r,F)—i—Nz(r,F)+N2(r,G)+N2(r,E>+N <r,G_ 1)

+S(r,F)+ S(r, G).

Since
]VL(r,G1_1>£;N<r,g/)
1 G’
S2N<V7G)+S(V,f)
<1N(r G)—l—l]V rl +S(r, f)
—2 b 2 7G )
1 1 1
SEN(rvf)—’_EN(r?W)J'_S(”?f)

Using Lemma 2, we have

T )  Nalr )+ N (1) 4 8200 4 N (1 ) + 530

f f&)
IZV 1 S(r f
+§ V7W +8(r, f)
<N (r i) +T(r, f®) = T(r, f) + N (r l) +1N (r l)
= IV2+k af ; ) 2+k af 2 2+k af
k+9 —
+E NG ) + S0 1),
ie.
5 1 k49 _
T0.0) < 300k () + 5N+ S0,
7 2
It follows that ;52+k(0,f) +#®(oo,f) < §+ 6, which contradicts

5 k+9 k
55(0,f) JrT@(OO,f) >§+6-

Similar to the arguments in Theorem 1, we see that Theorem 2 holds.
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Proof of Theorem 3. Using Lemma 3(iii), note that
NL<V,F1_ 1> < N(r,%) < N(r,%) +N(r, f)+ S(r, f),
N (rg ) < ¥ (rgig) + N0 + 560
G-1 S
< Noue () Gt DN ) 4 5001

Similar to the arguments in Theorem 1, we see that Theorem 3 holds.

and
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