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ON THE ORDER OF A ZERO OF THE THETA FUNCTION

By Takao KATo

1. Introduction. In this paper we shall examine the bounds of the order
of a zero of the theta function attached to a compact Riemann surface with a
non-trivial conformal automorphism.

At first, we shall give an estimate at the vector of Riemann constants,
whose base point is a fixed point of an automorphism. Recently, Farkas [2]
has given an estimate from below and some equality conditions when the genus
is congruent to one modulo the order of the automorphism. In this paper we
shall consider both lower and upper bounds.

Secondly, we shall give an estimate at half periods. Accola [1] has exa-
mined them when the surface has an automorphism of order 2 and Farkas [2]
has also given some estimates. We shall examine them when an automorphism
satisfies a certain condition on its fixed points. Our estimates contain Accola’s
one and our proof is a modified one of Farkas’. Furthermore, if the genus of
the orbit surface of the cyclic group generated by an automorphism is one, we
shall give another estimate.

Thirdly, we shall give examples of Riemann surfaces which attain the
bounds of the estimates at the vector of Riemann constants.

Lastly, we shall state closing remarks.

The author expresses his heartiest thanks to Professor M. Ozawa for his
kind encouragement and valuable remarks.

2. Preliminary. In this section we state notations and known results. Let
S be a compact Riemann surface of genus g (=2) with a canonical homology
basis ay, -+, a,, By, -+, B,. Let ¢y, -+, §, be the basis for the space of abelian

differentials of the first kind on S, which are normalized so that f ¢, =0;mi

where 0, is the Kronecker 9. Let 2=(w;,) denote the matrix where wijzj'ﬁ.q&r

It is known that £ is symmetric with negative definite real part. Then the
first order theta function is defined by

0(z; 2)= X exp 2'mz+'mO2m)

where the variable z is gX1 vector and m runs over all gX1 vectors with
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integer entries. Let ¢ be the map of S into J(S), the Jacobian variety of S,
P

defined by ¢(P)= jp¢ for some fixed point P, in S where ¢="(g,, -, ¢;). The
0

map ¢ can be extended to divisors on S so that ¢(D)=n,¢(P)+ -+ +1,5(Py)
where D=P," ... P,™ is a divisor on S. It is known [4] that the zeros of
0(z; £2) are well defined on J(S) and the set of the zeros of §(z; 2) is exactly
We-'+K(P,). Here W4 ! denotes the image of all positive divisors of degree
g—1 on S under ¢, and K(P,) is a vector in J(S) which is called the vector of
Riemann constants. It is also known as Riemann’s vanishing theorem that
d(D)+K(P,) is a zero of order i(D). Here D is a positive divisor of degree
g—1 and (D) denotes the dimension of the space of abelian differentials of the
first kind on S whose divisors are multiples of D.

If D=P,2, then ¢(D)=0. Hence K(P,) is always a zero of 6(z; 2) whose
order is i(P,(~Y). Let (D) denote the dimension of the space of meromorphic
functions on S whose divisors are multiples of D™*. If D is of degree g—1,
then the Riemann-Roch theorem implies that /(D)=i(D).

Let T be a conformal automorphism of S with #(>0) fixed points. Let<{T)
denote the cyclic group generated by T, and let N be its order. Let S/{T) be
the surface obtained by identifying the equivalent points on S under the element
of {T» and = the natural projection of S into S/<T).

In order to estimate the order of the zero of 6(z; £2) at K(P), where P is
a fixed point of T, we have only to make a study of I[(P?"!). By virtue of this
reason we shall state our theorems associated with K(P) in terms of I[(P¢7%).
But those theorems can be restated at once in terms of the order of the zero
of 0(z; Q).

3, The lower bounds. Throughout the following theorems, suppose that
S is a compact Riemann surface of genus g(=2), T is a conformal automor-
phism of S with fixed points, ¢ denotes the number of those fixed points, P
denotes any one of those fixed points, N is the order of (T, g is the genus of
S/{T) and that = denotes the projection of S into S/{T).

THEOREM 1. Let N be prime. If g=k (mod N), (0<E<N), then

M Pz Bk 1.
If g=0 (mod N), then

@ (P z—&-—F.
(Farkas proved for k=1.)

Proof. Let P be n(P), the prgjection of P. Let f be a meromorphic func-
tion on S/{T) with pole only at P. There is a meromorphic function f on b:
such that f=foxz. Then the order of pole of f at P is N times of that of f
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at P. 1t is easy to see that there are at least [(g—1)/N]—g+1 linearly inde-
pendent meromorphic functions on S/{T) with pole only at P whose order
<(g—1)/N. Here [s] denotes the integer part of s. If g=k (mod N), then
[(g¢—1)/N]=(g—Fk)/N. If g=0 (mod N), then [(g—1)/N]=g/N—1. This com-
pletes the proof.

4. The case N=2. In this section we consider the upper bounds of {(P%™?)
for the case N=2, and give some equality statements. Farkas [2] already
showed that if N=2, k=1, g=2g+1 and P is not a Weierstrass point of S/{T),
then [(P#~)=(g—1)/2+1—5. But he made a computational mistake, so this is
not true. For example, let S be the surface defined by »*=x%x?—1)(x*+1)* and
let T be the automorphism defined by T(x, y)=(—x, y). We choose as P the
point corresponding to (x,¥)=(0,0). Then we have I(P*)=2, while g=5 and &
=2. It is easily seen if we choose a basis of differentials on S so thgt dx/y,
x(x*+1)dx/y?, xdx/y, x*(x*+1)dx/y* and x%dx/y. It is also obvious that P is not
a Weierstrass point.

It is known that every zero of Riemann’s theta function is of order less
than or equal to (g+1)/2 [4]. Hence, if §=0 and N=2, then equality holds in
Theorem 1. Therefore, we shall only consider the case §>0.

THEOREM 2. Suppose that N=2, g=1 (mod 2) and that §>0. Then

®) psy=-,tL 5, if gz45-1,

@ (PYsE+l,  if g=4§-3,

®) (Pr)=2g-E7%,  of g=4g-5, £=3 (mod4)
and

®) (P s2p--8F3 if g=<4g-5, g=1 (mod4).

Furthermore, if ﬁ:n(P) is not a Weierstrass point of S/{T), then

(7) (PeH=g, if g=48-3
and
® (PeH=g—-1, if g=42-5.

Proof. In this and the sequential proofs, we consider meromorphic functions
on S (or S/KT) with no pole but P (or ﬁ). For~ brevity, we call the order of
the pole of such a meromorphic function at P (or P) “the order of the function”.

For any positive integer n, there is a function of order n on S/{T) if and
only if there is a function of order 2n on S. Indeed, let f be a function of
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order 2n on S and let z be a local parameter at P such that T(z)=—=z and
f(&)=z"%"4 ... Put F=f+foT. Then F(z)=2z*+--at P and F=FoT.
Hence, there is a function of order n on S/{T). Only if part is trivial.

By Weierstrass’ gap theorem there are exactly n—g linearly independent
functions on S/{T) of order less than n for every n=2g. If g=45—1, then g
—1=2(2g—1). Therefore, there are exactly (g+1)/2—Z linearly independent
functions of even order which are not greater than g—1.

Suppose there is a function f of odd order k such that k<g—2. We can
choose a local parameter z at P such that T(z)=—z and f(z2)=z"*+ ---. Put
F=f—foT. Then F(z2)=2z"%*+ ---at P and FoT=—F. Therefore, F=0 for
every fixed point of T but P. Hence k=t—1. Since t=2g—45+2, we have g
—2=k=2g—4g+1. Therefore, 4—3=g. Hence,

pry=Et g, if gz4p-1.

Before proving the rest of this theorem, we have the following observation:

“If there is a function f, of order k,=t—1=2g—45+1, then there is not a
Sfunction of order k,+2"

Suppose there is a function f, of order k,+2. Since F,=f,—f,oT has
exactly &, simple zeros at all the fixed points of 7 but P and these fixed points
are also zeros of F,=f,—f,0 T, F=F,/F, is a function of order 2. Hence, there
is a function of order one on S/{T). Since §>0, this is absurd.

We proceed the rest of the proof. Let g<4§—3. By Clifford’s theorem [7]
there are at most [(g+3)/4] linearly independent functions of order less than
or equal to (g—1)/2 on S/KT). Hence, there are at most [(g+3)/4] linearly
independent even order functions of order not greater than g—1 on S. By the
same reason as the case of g=4g—1, the possible order of an odd order func-
tion is not less than 2g—43+1. Let m be the number of linearly independent
odd order functions of order less than g—1. By the observation, we have

b

mz E=EEABH]) _op £33 it gcgps

and
m<l1, if g=4§-3.

Hence, we have (4), (5) and (6).

If #(P) is not a Weierstrass point of S/{T) and if g<45—3, then there are
at most (g+1)/2—g linearly independent functions of order not greater than
(g—1)/2 on S/KT>. The bounds of the number of linearly independent odd
order function is the same as above. Thus we have (7) and (8).

THEOREM 3. Suppose that N=2, g=0 (mod 2) and that §>0. Then

) (PEy=-5-—F, if gz4g,
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(10) Py <g+l, if g=48-2,

) (Py=<2p—1—-£-, if g=4f—4, g=0 (mod4)
and

12) (Pys2p——+—E,  if g=4g-4, g=2 (mod4).

If P is not a Weierstrass point of S/KT), then

(13) (Pehy<g, if g=48-2 orif g=2§
and
(14) (Pey=g—1, if 28+2=g=4§—4.

Proof. The tool of the proof is similar to that of the preceding theorem.
Since g—1 is odd, if g=4Z then there are exactly g/2—g linearly independent
functions of even order, which is not greater than g—1. Since g—1=k=2g—45
+1, we have (9). If g<45—2, then there are at most [(g+2)/4] linearly inde-
pendent functions of order less than or equal to (g—1)/2 on S/KT). By the
observation in the preceding proof, we have

e g—l—(2§—4§+1) =z§——§——1, if g=48-4

and
m<1, if g=45-2.

Thus we have (10), (11) and (12).

If #(P) is not a Weierstrass point of S/{T> and if 23+2<g=<43—2, then
there are at most g/2—g linearly independent functions of order not greater
than (g—1)/2 on S/{T>. In the case g=2&, while g/2—&=0 there is always a
non-zero constant function. Thus we have (13) and (14).

5. The case N=3. In this section we shall consider the upper bounds of
I(P&~") for the case N=3. Farkas [2] showed that if N=3, g=1 (mod 3) and

§=0 then equality occurs in Theorem 1. We shall prove it without the hypo-
thesis g=1.

THEOREM 4. Let N be a prime number, N=3 and let §=0. If g=k (mod N),
(0<k<N), then

a5  (pey=HL (B 1) 4 mind (k-l—l)i\f]\73k+1’ (k_lig\lfvﬂ)}'

If g=0 (mod N), then
o1 (N+1Dg+(N—1)*
(16) (P = e :
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Proof. Assume 0<k<N. Since g=0, there are (g—k)/N linearly indepen-
dent functions on S of order N, 2N, -+, g—k.

Suppose there is a function f on S of order j such that j=£0 (mod N), j=g
—1. Choose a local parameter z at P such that T(z)=¢z and f(z)=2z""+ -
where ¢¥=1 and ¢#1. Put

F=f+4efoT+efo T wve +eWDif o TN-1,

Since foT(z)=¢7z77+4 ---, F(2)=Nz"+ ---at P. Since F=¢&’FoT, every fixed
point of T but P is a zero of F. Let F, and F, be functions of order %k, and
k,, respectively, such that F,=e*1F,oT and F,=e¢*F,oT. If k,=%k, (mod N),
then for each fixed point of T but P the order of the zero of F, at the point
is different from that of F,. If there is a function of order j, then functions
of order j+N, j+2N, --- also exist.

Let &, <k, <--- <ky_, be integers such that k;%k, (mod N) for i#j and that
k;#0 (mod N) for every ¢ and that there exist a function of order %, but of
order k,—N for each i=1, -+, N—1. Then we have

an urt oy = U ()

_ ) (28 ),

for each m=1, -, N—1. Let M be the number of linearly independent func-
tions of order less than g but of order N, 2N, ---, g—k. Then we have

(18) NMZ max (g—1+N)+ -+ +(g=m+N)—(by+ - +kn)

where m runs from 1 to N—1. Combining with (17) and (18) we have

(19) NM =3 (g py Ny4 EEDN=8E L

If (N—1)/22k, then we have
(20)  NM=max ((g—1+N)+ - +(g—m+N)=(m—k+1)— (bt - +kn)}

N-3
4

Since (k+1)N—3k+1=(k—1)(N+1) for k=(N+1)/2, we have

N—3 ; g—F . (BEDN—3k+1  (k—1)(N+1)
1 N~ 1)+ min { IN . AN )

=

(g+N—py+-E=DNED

@n M=

Since [(P*~")=(g—k)/N+1+M, we have (15).
If g=0 (mod N), then we can use the preceding discussion for 2=N. Thus
we have (16).
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COROLLARY 1. Let N be a prime number, N=3 and let §=0. If g=1 or
g=2 (mod N), then

22) ey s NEL &2k 41y, (=1, ).

COROLLARY 2. Lel N be a prime number so that N+1 1s a multiple of 4.
Let §=0. If g=1,2,3 or 4 (mod N), then

_ N+1 s g—k -
(23) (P = ——(Eg=+1), (k=1,-,9).
COROLLARY 3. Let N=3 and g=0. If g=1 or 2 (mod 3), then

(24) (Pety= ggk +1, (k=1, 2).

If g=0 (mod 3), then
(25) (py=~£-

(For the case k=1 was already obtained by Farkas).

Next, we shall consider the case §>0. Suppose g=k (mod N), (0<k<N).
If g<2Ng—2N+Fk, then by Clifford’s theorem there are at most [(g—k&)/2N]+1
linearly independent functions of order less than or equal to g—1, so that each
one of whose order is divisible by N. If n(P) is not a Weierstrass point, then
the number of such functions is (g—k)/N+1—g. If g>2Ng—2N+E, then the
number of such functions is always (g—k)/N+1—4.

Let k,<k,< --- <ky_, be integers such that k,k,(mod N) for i+ and that
k70 (mod N) for each i and that there exists a function of order %, but of
order k;—sN for each i=1,---, N—1 and each s=1, 2, ---. Then the same reason
as in the proof of Theorem 4 implies

Bk ooz TEED )
Put
(26) A=(g+N—-D+ - +(g+N—m)—(ky+ =+ +kp)—(m—k+1), if m=k
and
@7) A=(g+N—-D+ - +(g+N—m)—(ky+ - +ky), if m<k.
Put 4,= max A, where m runs from 1 to N—1.

If k<n=[(g+N)/t]J=N—2, then

(28) Ay n(g+N)— D 4 (ny1y .
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If n<k, then

(29) Ay n(g+Ny— D 4

If n=N—1, then

(30) A, =(N-1)(g+N)—-NZDN g
— N'§—N—g+tk.

By a similar way of the observation in the proof of Theorem 2, we can
observe that if g—1—Fk;=N then there are at most [(g—1—Fk,)/N] linearly in-
dependent functions of order less than or equal to g—1, so that each one of
whose order is congruent to %,.

Put
@31) B=n(g+N)— O 14 min (0, k—n—1}, if n=N-2
and
(32) B=N3—N—g+k, if n=N-1.

Let B, be the number of linearly independent functions of order less than
g, each one of which is not a multiple of N. Put n’=min {n, N—1}. If B—n'N
=N, then B,<[B/N]—-1. If B—(n'—1)N—(g+N—1—Fk,)=N, then B,<[B/N]
—2. If B—-(n'—2)N—(g+N—1+g+N—2—Fk,—k,)<N, then B,<[B/N]—3 and
so on. Since

(g+N-1)+(g+N—=2)+ --- +(g+N—s)—(ky+ky+ -+ +ky)
<s(g+N)—-CFD 4,
we shall consider the equation
(33) B—s(g+N)+-CHD (1 gN=0.
When (33) has a real solution, let s; denote the least one. When (33) has no
real solution, let s;=N—1. Put
(34) so=min {N—1, max {0, [s,]}}.

Then we have
B,<[B/N]—s,.

Put k=N. Then the preceding discussion can be applied when g=0 (mod N).
But if {=2, then it is necessary a trivial modification in the first part of this
discussion.

Summing up, we have
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THEOREM 5. Let N be a prime number, N=3 and let §>0. If g=k(mod N),
(0<E<N), then

(35) (P& YY<CH+[B/N]—s,.
Here B is defined by (31) and (32) and

(36) c=[Ek]+1,

if g<2Ng—2N+Fk and n(P) is a Weierstrass point, and

@7 C=-82F 11—z, otherise.

If g=0 (mod N) and t>2, then (35) holds if B and C are defined by k=N. If
2=0 (mod N) and t=2, then

(38) (P <1+[ B,

where B is defined by k=N.

6. Estimates at half periods. In this section we shall give an estimate at
a_half period of J(S).

Let P,, -+, P, be the fixed points of 7. Assume that N, the order of T, is
prime. Let z, be an arbitrary local parameter at P, (i=1,---,¢). There is an
&, such that T(z,)=e¢;z,+ --- at P, where ¢,"=1, ¢;#1. Such an ¢, is independent
of the choice of z,. Consider the following condition:

(A) E=€,=€,= ' =¢&_;.
Then we have

THEOREM 6. Let N be prime. Assume that T satisfies the condition (A).
If g=k (mod N), (0<E<N), then 6(z; 2) vanishes to order at least

(39) gk y1-g

at the 4% half periods of J(S).
If g=0 (mod N), then 6(z; 2) vanishes to order at least

(40) S —¢&

at the 4% half periods of J(S).

To prove this theorem we need two lemmas.

LeMmMA 1 (Lewittes [4], Rauch and Farkas [6]). Let 4 be a positive divisor
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of degree 2g—2. Then 4 is the divisor of a differential if and only 1f ¢(4)+
2K(P,)=0 on J(S). Therefore, if D isa positive divisor of degree g—1 such that
D? is the divisor of a differential, then ¢(D)+K(P,) is a half period of J(S).

LEMMA 2. If T satisfies the condition (A), then there is a differential w on
S such that wo T=co.

Proof. Let H; be the space of abelian differentials of the first kind such
that 6 o T=¢’@ for each @ in H, (j=0,1,--, N—1). Let n; be the dimension of

N—
H, By Lewittes [3] no=2 the genus of S/<T> and E:n,=g. Assuming the
J=

condition (A) and applying Lewittes’ method, we can see that if n;#0, then

n=[ 2g~2—({v—1)(t—1) J+1-2.

Since 2g—2=N(2g§—2)+(N—1)t and t>0, we have 2g>Ng. Therefore, we
have
N—1
Nep (N—Z)(Zg—Z)——J%(j-l)t—l—N——Z
RICE N

N— "
= N2 g<g—4.

+(N=2)(1-2)

Hence, n,#0. Thus H,#¢.

Proof of Theorem 6. Suppose that g=k, (0<kE<N) and that §=1. Let o
be a differential on S such that woT=ew. The existence of such an o is
guaranteed by Lemma 2. Then the divisor of w is of the form

(41) PlrlNPZer Pt‘lrt_lNPt'rtN+2k-ZAAI A(N—l) .

Here 7,7, ---,7,., are non-negative integers, 7, is an integer =—1, 4 is a
t ~

divisor of degree 2(g—lz)/N—-iZ)rl and 4,=T4d). Put P,==(P,), i=1, -, t.
=1

Let ¢ be the canonical map of S/KTD into J(S/{T)). We may choose P, as the
base point of 4. Consider the 4% equations

(42) 3 =L 3 BBy B imd).

Here X is a positive divisor of degree (g—k)/N, d=n(4) and (1/2)¢(-) denotes
a point a of J(S/KT)) such that ¢(-)=2a. The number of such «’s is 45, By
the Jacobi inversion problem, each equation is solved with (g—k)/N—gZ free
points. Let D be the solution of one of (42).
By Abel’s theorem,
BrBre... P, predp-e
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is the divisor of a function f on S/<T). There is a function f on S such that
f=Ffo=. The divisor of f is

erlNPZTZN Pz—f"lNPc”NAdx A((N—l)D_sz_2 D<—1\2r—1)

where D is a divisor such that =(D)=D. Since (41) is the divisor of a differen-
tial, D*D,*--- D*y_,,P,** % is also the divisor of a differential. Therefore, by
Lemma 1 ¢(DD, -+ D¢y_,P,*")+K(P,) is a half period of J(S). Since D is solved
with (g—k)/N—g free point,

(DD, -+ Doy-,P* ") 2 (g—k)/N+1-§.

Hence by Riemann’s vanishing theorem and Lemma 1 we have (39). Putting
k=N we have (40) at once.

Suppose §=0. Let w be a differential on S such that wo T=ew. Such an
w is of the form (41). Since =0, there is a differential w’ such that the divisor
of w’ is P,*27% Therefore, K(P,) is a half period of J(S). Hence, by Theorem
1 we have (39) and (40).

COROLLARY. (Accola [17]). Let N=2.
If g is odd, then 6(z; 2) vanishes to order at least

(43) £l g

at the 4% half periods of J(S).
If g is even, then 6(z; £2) vanishes to order at least

(44) <
at the 4% half periods of J(S).

Proof. Since N=2, the condition (A) is always satisfied by e=—1.
For g=1, we have another estimate which is better than Theorem 6 when
t is large enough.

THEOREM 7. Assume that §=1, N=3 and that T satisfies the condition (A).
Then 6(z; ) vanishes at a half period of J(S) to order at least

N+1

@) I+ =y (=1, « g=1(modN)
and
(46) 1+ (Nész[ (2g—N—1)1{[/(N_1)_1 ]

_ wir j(t—1)—1 .
=1+ 3 [——~N—] if g=1 (mod N).
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To prove this theorem we need a lemma which is a counterpart of Lemma
2. Let H, be the same as in the proof of Lemma 2. Let n, be the dimension
of H,, Then we have

LEMMA 3. Assume g=1. If T satisfies the condition (A), then n;#0 for all
j=0,1,--, N—1.

Proof. Put

my=[28=2=GZDEED ] gor =g, o, N1

If n,#0, then n;=m, by Lewittes’ method [3]. By the condition (A), t=1
(mod N). Hence,
N-1
N-1 (2g=2)(N-1)— X (—Dt
Z m] —_ N J=1
J=1

=g—1.

Since t=2 and 2g—2=(N—1)t, we have m;+0 for all y=1, ---, N—1. It is obvious
N-1

that n,=1 and Z‘sn,-zg. Hence, we obtain that n;#0 for all j=0, 1, ---, N—1.
=

Proof of Theorem 7. Assume g=1 (mod N). By the Riemann-Hurwitz rela-
tion we have {=0 (mod N). Let w be a differential on S such that wo T=w.
Since g=1, the divisor of w is of the form P, Y 'P,"*... P71 Since N is a
prime number (=3), N—1 is even. Put

N—-1

y-1 N1 y-1
D=P, 2P,z ---P,z .

If ¢ is a differential in H,, then the divisor of ¢ is of the form P,’~'P,7"!...
Po7'44,---d.y_,,, where 4 is a divisor of degree 2(g—1)(N—j)/N(N—1) and 4,
=T*4). In this case n;=2(g—1)(N—j)/N(N—1). For every ¢ in H,(j=(N+1)/2,
.-, N—1), the divisor of ¢ is a multiple of D. Hence, we have

N—-1
iDz1+ % =1+ (1),

1=(N+1)/2

Therefore, we have (45).
Assume g1 (mod N). By the same reasoning there is a differential ~ on
S whose divisor is of the form P~ 'P,¥~!... P,¥~! Put again

N—-1

N-1  N-1 y-1
D=P 2P,z ...P 2 ,

If ¢ is a differential in H,, then the divisor of ¢ is of the form P, 'P,/~*---
P,_27'P*44, -+ Ay, where 0=<a,<N—2 and 4 is a divisor of degree

ny=L(N=)t+j—1)/N].
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Let H,” be the subspace of H, such that every divisor of a differential in
H, is a multiple of D. Since a;=0, the dimension of H,’ is at least n;—1 if
j=(N+1)/2, ---, N—1. Hence, we have

) N-1 N Y —1)—1
(D)= 1+]=(N2+1)/2 (n,—1)=1+ ,z=:1 [ N ]

This completes the proof of Theorem 7.

7. Examples. In this section we show several examples in order to see
that some of the estimates obtained cannot be improved. As is shown by
Farkas, in certain cases equality holds in Theorem 1. In fact, the cases N=2,
g=4g and N=3, §=0 are such cases. There are consequences of Theorem 2,
Theorem 3 and Corollary 3 to Theorem 4.

While equality does not always hold in other cases, we shall show an ex-
ample which attains the lower bound.

EXAMPLE 1. Let S be defined by
N-—2
) W =(x—a)(x—ay_)"* }—:Il(x_ a,),
where a,, j=0, .-+, N—1 are complex numbers which are different from each other.

Let T be an automorphism of S defined by T(x,y)=(x, e***'Ny), If P is the point
corresponding to (x, y)=(a,, 0), then

e-1y— &—1
48 (P =511,

This relates to (1) for k=1, §=0.
Indeed, we can choose as a basis for the space of abelian differentials on S,

(r—ap) (r—ay )" LOF2 (x—a, (5 D
49) v i=2

where m=1, ---, N—1 if =0, -+ , (N—5)/2 and m=1, ---,(N—1)/2 if i=(N—3)/2.
Hence, we have i(PY¥V-2)=(N—1)/2. Since g=(N—1)(N—2)/2, we have (48).
The next two examples have respect to Theorem 4.

EXAMPLE 2. Let S be defined by
N-1
(50) =1 (x—a)

where a,, j=0, -+, N—1 are complex numbers which are different from each other.
Suppose T(x, y)=(x, e¥**Ny). If P isthe point corresponding to (x, y)=(a,, 0), then

(51) wpsty="CE(ESL 1),
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This shows that Theorem 4 gives the sharp bound for k=1.
Indeed, as a basis for differentials we can choose

(52) (x—a,)"dx

N-m ’
y

where n=0, ---, N—3 and m=1, ---, N—2—n. Therefore, we have i(PY¥ %)=
(N*—1)/8. Since g=(N—1)(N—2)/2, we have (51).

For k+#1, the author fails to give an example which attains the upper bound
in (15) or (16). It is, however, shown that the estimate is not improved in the
following sense.

“For each k, (N+1)/4, the factor of the first term of (15), cannot be im-
proved ”.

This is shown in the following example. It seems to the author that this
example gives the least upper bounds for that estimate.

EXAMPLE 3. Let S be defined by

N—2k+1

(53) Y =(r—a)* 1L (x—a,)

where m(=2) 1s an integer, k>0 and a;,(j=0, ---, mN—2k+1) are complex numbers
which are different form each other. Let T be an automorphism of S such that
T(x, y)=(x, e**¥¥¥). If P is a point which corresponds to (x,y)=(a,, 0) then

N*—1

(54 (P =g

m-+K(N, k),

where K(N, k) is a constant which depends only on N and k. Since
g=(m(N—-1)/2—k)N+F,
1t 15 eastly seen that (N+1)/4 cannot be improved if we take an m large enough.
Indeed, as a basis for differentials we choose

(x—a,)"dx

(55) ¥

’

where n and s are integers such that

(56) ms—n—2=0,

(57) N—1+nN—s(2k—1)=0
and

(58) 1<s<N-1.

Considering an inequality
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(mN—2R)(N—1) 1
2 ’

(59) N—14+nN—sQ2k—1)zg—1=

we can see that the number of pairs of n and s which satisfy (56), (58) and (59)

is equal to /(P?"'). Thus we have (54).
The remaining examples have respect to Theorem 2 and Theorem 3.

EXAMPLE 4. Let S be defined by
(60) YT =x(x2—1)%(x%+1)%.

Suppose T(x, y)=(—=x,y). If P is (x,¥)=(0,0), then =n(P) 1s not a Weierstrass
point of S/KT) and I(P?~*)=3. Since g=9 and §=3, this example relates to (7).

Indeed, choose as a basis for differentials

2*(x*—1)%(x*+1)dx x(x*—1)dx dx
5 3

(61) y ) y ) y )
2(x*—1)(x*+1)dx (=1 (x*+1dx xdx
ys ’ y4 ’ yZ ’

P(x*=Ddx  x(FP=1*x*+1Ddx  x’dx
yS ’ yG ’ yZ

Then we find that the gap sequence at P is {1,2,3,4,5,6,9,11,13}. Thus we
have [(P¢~')=3. That n(P) is not a Weierstrass point is seen by the facts that
S/{T) is defined by Y'=X*X—1)*(X+1)* and that T,(X, Y)=((X+1)/(3X—-1),
2Y/(1—3X)) is the hyperelliptic involution of S/{T).

On the other hand if P is a point which corresponds to one of (x, ¥)=
(o0, o) then the gap sequence at P is {1,2,3,4,5,6,7, odd, odd}. Therefore,
we have [(P#~1)=2.

EXAMPLE 5. Let S be defined by
(62) Yy =x%(x*—1).

Suppose T(x, y)=(—x, —y). If P is (x,y)=(0,0) or one of (x,y)=(co, o), then
w(P) is a Weierstrass point on S/{T) and I(P#~*)=4. This relates to (4).

Indeed, choose as a basis for differentials

dx xdx x¥dx xdx x*dx x*dx x’dx x*dx  x'dx
yz ’ y4 ’ ys ’ ys ;’_ys_: y4 ) ye ’ ys ’ ys

(63)

Then we find that the gap sequence at Pis {1,2,3,5,6,9,10,13,17}. Thus
we have [(Pf')=4. That =(P) is a Weierstrass point can be seen as the pre-

ceding example.

EXAMPLE 6. Let S be defined by
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(64) ys:x4_4x1o+3x12 .

Suppose T(x, y)=(—x,y). If P is one of the points corresponding to (x, y)=(0, 0),
then n(P) is a Weierstrass point of S/KT> and I(P#~')=4. Since g=11 and g=4,
this relates to (5).

Indeed, choose as a basis for differentials

(65) dx  xdx (F+xdx  (P+x%)dx  xPdx (x*+x%)dx
y ’ y2 2 ya ’ y«l ’ y2 ’ y4 ’
(2 +xYdx (P +x8dx (2 —x*43Ddx (" —x*+xy°)dx
yE ’ y5 ) y4 s yﬁ )

(xs_x4+x2y8)dx
¥ :
Then we find that the gap sequence at Pis {1, 2,3,4,5,7,8,11, 13, 14, 17}. Thus
we have [(P®')=4. Since the gap sequence at n(P) is {1,2,4,7}, n(P) is a
Weierstrass point.

EXAMPLE 7. Let S be defined by
(66) Y=x(x*—1).

Suppose T(x, y)=(—x, —y). Then S/{T> is of genus 2. If Pis(x, y)=(0,0), then
n(P) is a Weierstrass point of S/{T) and I(P?~*)=3. This relates to (10).

Indeed, S/KT) is defined by Y’ =X3X?—1) and [(P*"') is obtained by (51).
EXAMPLE 8. Let S be defined by
(67) yY=x(xP=1D(x*+1)%.

Suppose T(x, y)=(—=x,y). If P is (x,9)=(0,0), then =n(P) is not a Weierstrass
point of S/{T) and I(P®~*)=2. This relates to (13).

Indeed, choose as a basis for differentials

(68) dx xdx x%dx x*dx x%dx x'dx
y ’ y2 ’ y3 ’ y4 ’ y2 ’ y4

Then we find that the gap sequence at P is {1,2,3,4,7,9}. That n(P) is not
a Weierstrass point is induced by that S/{T) is defined by Y*=X*X—1)(X+1)%

8. Remarks.

1) If S admits an automorphism 7T of prime order such that S/{T) is of
genus zero, then S can be defined by an equation of the form
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t
(69) P =11 (r—a),

where N is the order of T, a,>0 (i=1,--,1), _élaizo (mod N). In (69), T is

represented such as T(x, ¥)=(x, ey), where ¢ is a primitive N-th root of the
unity. For each i, let , be a local parameter at (a,,0) and let B3; be a solution
of a;f;=1 (mod N). Then we have

(70) T(C) =&+ -

Suppose further that T satisfies the condition (A) in Section 6. Then the above
argument tells us that S is represented as

1) ¥ = (r—a)? T (x—a)
for a suitable integer k.

Thus, by Example 2 and Example 3, we obtain better estimates than (39)
and (40) for g=0.

2) When does an N-valued function on S/{T) lift to a single valued func-
tion on S? In general, it seems a difficult question. Unfortunately, the author
cannot prove Theorem 6 without the condition (A). If =0, Theorem 6 is not
true if the condition (A) fails. »°=(x*—1)(x*+1)? is a counterexample, which is
shown by Farkas [2]. For 2>0, the author does not know whether Theorem
6 is true or not if the condition (A) fails. The author has no idea to resolve
some ambiguity in lifting of an N-valued function on S/{T), if the condition
(A) is not assumed.

3) In Theorem 7, if t=N, it is clear that the estimates (45) and (46) are
better than (39) and (40) in Theorem 6. If N=3 and k=0, then (45)is (g—1)/3
-+1 which is better than (39). If N=3 and k=0, then (46) is g/3 which is better
than (40).

4) For g=1, N=2 and g=5 or g=7, Theorem 6 (or Corollary) is best pos-
sible. Indeed, Martens [5] showed that if g=5 or g=7 and if there is a zero
of 0(z; 2) of order greater than (g—1)/2, then S is hyperelliptic. But, if >3,
a surface cannot be both hyperelliptic and elliptic-hyperelliptic (Farkas [2]).
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