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ANALYTIC SELF-MAPPING INDUCING
THE IDENTITY ON H(W, Z/mZ)

BY TAKAO KATO

1. Introduction

Let W be a compact Riemann surface of genus greater than one, and let
/ be a conformal automorphism of W. If / induces the identity on H^W, Z),
the first homology group on W, then / is the identity mapping. This was
proved by Hurwitz [6]. Grothendieck and Serre [3] showed that if / induces
the identity on H^W, Z/mZ) for some integer ra^3, then / is the identity map-
ping. Recently, Earle [2] has given a simple alternative proof of their result.
In this paper, we shall extend it to open Riemann surfaces and we shall con-
sider the case m—2. In addition, we discuss weak homological conditions briefly.
The author is grateful to Professor Lipman Bers who suggested this problem
to him and gave him various advice in preparing this paper, and also to Pro-
fessor Jane Gilman who read the first draft and gave him available suggestions.

2. Main theorem

THEOREM 1. Let W be a Riemann surface whose fundamental group is non-
abelian. Let f be an analytic self-mapping of W. For each cycle γ on W, suppose
that there is a cycle δr and there is an integer m r ^2, so that f(γ) is homologous
to γ+mγδγ. Then, either f is the identity, or W can be represented as a two-
sheeted covering of a simply connected Riemann surface and f as the interchang-
ing of sheets. In the latter case f induces the identity on H^W, Z/2Z).

As corollaries to Theorem 1, we have

COROLLARY 1. Let W be a Riemann surface whose fundamental group is
nonabelian. Let f be an analytic self-mapping of W. If f induces the identity
on H^W, Z/mZ) for some integer m^3, then f is the identity mapping.

COROLLARY 2. Let W be a compact Riemann surface of genus greater than
one. If f induces the identity on H^W, Z/2Z) and f is not the identity, then W
is hyper elliptic.
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3. Preparatory lemmas.

To prove Theorem 1 we prepare some lemmas. Let W be a compact
Riemann surface of genus greater than one. If / is an analytic self-mapping
of W, then / is a conformal automorphism of finite period. Let </> denote the
cyclic group generated by /, and Wo the quotient space W/(f). We can con-
sider Wo as a Riemann surface which has the natural conformal structure in-
duced from W. If the period of / is prime, the points over the branch points
of the projection π of W into Wo are exactly the fixed points of /.

First we shall consider open Riemann surfaces.

LEMMA 1 (Heins [5]). Let W be an open Riemann surface whose fundamental
group is nonabelian, f an analytic self-mapping of W. If f is not an automorphism
of finite period, then for every compact subset K of W, fn(K) lends to a point in
W or an ideal boundary component uniformly as n tends to infinity. Here fn

denotes the n-th iteration of f.

LEMMA 2. Let W be an open Riemann surface of positive genus, f an analytic
self-mapping of W. Suppose there are a nondividing cycle γ which is a simple
closed curve on Wf and a cycle δ and an integer m^2 so that f(γ) is homologous
to γ~\-mδ. Then f is an automorphism of finite period.

Proof. Obviously fn(γ) is homologous to γ+m(δ+f(δ) + ••• +fn~\δ)). Let
γ' be a closed curve such that the intersection number of γ to y' is one. There-
fore, the intersection number of fn(y) to y' is not zero for each n. Hence, by
Lemma 1, / is an automorphism of finite period.

LEMMA 3 (Maskit [8], Oikawa [9]). Let W be a compact bordered Riemann
surface, and f an automorphism of W. Then there is a compact Riemann surface
W satisfying the following properties, (ϊ) the genus of W is equal to that of W,
(ii) W is conformally equivalent to a subregion of W, and (in) f induces the res-
triction of an automorphism f of W to the subregion.

LEMMA 4. Let W, W, f and f be as in Lemma 3. Assume that the genus
of W is positive and f is the hyperelliptic involution so that Wo= W/(f/s) is the
sphere. Assume further that f induces the identity on Hλ(W, Z/2Z). Then Wo

is simply connected.

Proof. The period of / is two and Wo is of genus zero. Assume that Wo

has more than one boundary component. Choose two boundary components C
and D. If π~λ(C) has two components Cx and C2, then f(C^)=C2. But Cλ—C2 is
neither homologous to zero nor homologous to twice a cycle. Assume that both
TΓ'XC) and τc~1(D) consist of one component. Take a simple closed curve E on
Wo which encircles C and another boundary component or a branch point, but
does not encircle D such that π~ι(E) consists of two components Eλ and E2.
Then f(Eλ)—E2. But Eλ—E2 is neither homologous to zero nor homologous to
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twice a cycle. This contradicts the fact that / is not the identity and / induces
the identity on H^W, Z/2Z). Thus Wo is simply connected.

LEMMA 5. Let W be a compact surface of genus greater than one. If f is
an involution on W which induces the identity on HX{W, Z/2Z) and f is not ihe
identity, then f is the hyperelliptic involution.

Proof. This follows from the following fact due to Gilman [3]. There is
a homology basis for W on which the action of / is given by the matrix

o
v0 G>

where G is the gxg matrix

Here It is the txt identity matrix. If g is the genus of W, g=2g0

Jrk, f has
2(&+l) fixed points, and g0 is the genus of Wo. If / induces the identity on
Hλ(W, Z/2Z), go=0 and / has 2g-\-2 fixed points.

LEMMA 6. Let W be a compact surface of positive genus. If f is an involu-
tion on W and W/(f} is the sphere, then f does not induces the identity on
HX(W, Z/mZ) for each m^3.

Proof. Since W is two-sheeted covering of W/ζf), there is a cycle γ such
that f(γ) is homologous to —γ. This implies the conclusion.

4. The proof of Theorem 1.

The proof of Theorem 1 consists of four steps.

Step one: We may assume that / is an automorphism of finite period.

Proof. This follows for the compact case from the remark at the beginning
of section three and in the other case from lemma 2.

Step two: We can reduce the open case to the compact or compact bor-
dered case.

Proof. The reduction procedure depends upon the following lemma which
needs no proof.

LEMMA 7. Let Wo be W/ify and π be the projection from W ίo Wo. Then
Wo can be exhausted by compact bordered subregions W*tl so that

i) W*=π~1(W$ιt) is connected
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ii) no component of W-Wf or W0-W*t has compact closure
iii) / restricted to Wf satisfies the hypothesis of Theorem 1.

If W is any open surface, let {Wftί} be an exhaustion for Wo as described
in Lemma 7. Let f% be the restriction of / to W*. We assume that Theorem 1 is
true for compact bordered surfaces, so that for each z, either f% is the identity
or W* is a two-sheeted covering of Wf>τ which is simply connected and f% is
the sheet interchange. In the latter case ft induces the identity on H^W?, Z/2Z).
Since {WfJ is an exhaustion for Wo, WftidWfM+i) and W0 = VWlt. If ft is
the identity for all i, then / is the identity and we are done. Let j be the
smallest integer for which f% is not the identity. Then f% induces the identity
on H^W*, Z/2Z) for all i greater than or equal to j . Thus / induces the
identity on Hλ(Wt Z/2Z) since {W*} is an exhaustion for W. If ft is not the
identity, then ft is the sheet interchange and Wftl is simply connected. Thus
Wft% is simply connected for all i greater than or equal to j . Therefore, Wo

= KJWftl is simply connected, and the theorem is proved.
From now on it is assumed that W is compact or compact bordered, that

π^W) is non-abelian, and that / is an automorphism of finite period satisfying
the hypothesis of Theorem 1.

Step three: We may assume that there is an integer m^2 such that /
induces the identity on HX(W, Z/mZ).

Proof. By assumption on W, H^W, Z) = Zn for some n^2. Let φ(γ)=
f(ϊ)~ϊ- Then φ(Zn) is a subgroup of Zn, so Zn has a basis xlf x2, •••, xn such
that φ(Zn) is generated by dλxu •••, dnxn where dj^O and d3 divides dj+1 for all
j . It suffices to show that dλφl. If d1—l, then Xιzzzφ{γ)=:f(j)-'γ for some cycle
γ, so by hypothesis x1=m/w for some W—ΣCJXJ in Zn and some m'^2. This
is a contradiction.

Step four: The proof has been reduced to the following cases which we
treat separately.

1. W is a compact surface of genus at least two.
2. W is a compact bordered surface of genus at least two.
3. W is a compact bordered surface of genus one and Wo is of genus one.
4. W is a compact bordered surface of genus one and Wo is of genus zero.
5. W is the sphere with n open discs removed.

Case 1. If / induces the identity on Hλ(W, Z/rnZ) and m^3, then / is the
identity by the results of [2] or [4]. Thus we may assume that / induces the
identity on Hλ{W, Z/2Z). It follows that/ 2 induces the identity on H^W, Z/4Z).
Thus f2 is the identity. By Lemma 5 / is the hyperelliptic involution and Wo

is the sphere.

Case 2. Let W and fr be as in Lemma 3. Then either f is the identity
so that / is also the identity or f is the hyperelliptic involution by Case 1.
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In the latter case, we may assume that m—2 and apply Lemma 4 to obtain the
theorem.

Case 3. Let W and f be as in Lemma 3. To simplify notation we assume
WdW. Since Wo is of genus one, WQ= W/(ffy is also. Let π be the projection.
From the Riemann-Hurwitz relation we can conclude that W is a smooth n-
sheeted covering of Wo. It is not difficult to show that under these circums-
tances there is a simple closed curve C on Wo such that ft~\C) is n distinct
curves which divide W into n disjoint copies of Wo-C. (This is analogous to a
lemma of Accola [1] for the case g^2.) Since we may assume that C is con-
tained in Wo, we can consider that π~\C) divides W into n copies of Wo—C.
Let 7Ί and γ2 be two components of π~\C) so that f(γ1)=γ2. Then γλ—γ2 is
homologous to lifting of the sum of the boundary curves of Wo to the com-
ponent of W—π~ι{C) between yx and γ2. Each boundary curve occurs exactly
once in this sum. Thus γ1—γ2 cannot be homologous to m times a cycle for
m^2. Thus, / is the identity.

Case 4. We let W and f be as in Lemma 3 and we assume that Wd W.
We will show that under this assumption f is the hyperelliptic involution and
then apply Lemma 4 to complete the proof for this case.

Firstly, assume that the period of / ' is prime. Since W is a surface of
genus one and Wo= W/ify has genus zero, the Riemann-Hurwitz relation tell
us that the covering ft: ll^PFo has at least three branch points. Let qlf q2,
qz be three arbitrary branch points. Take two points plt p2 which are not
branch points of ft. Let C be a simple closed curve which starts and ends at
plt and encircles no branch point but qx and q2. Let E be a simple closed curve
which starts and ends at p2, and encircles no branch point but qλ and q3. As-
sume that no branch point is on C and E and that C and E have only two
points ps, p4 common. Let C be a path which connects from px to q2 and E'
a path which connects from p2 to qs. C/ is disjoint from E and E'. E' is
disjoint from C and C (figure 1).

E

Since pk is not a branch point, π \pk) are n distinct points where n is the
period of /'. Let p\, ~,pn

k be these points. Let γ and ε be the analytic con-
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tinuations of π"1 along C and E from p\ and p\, respectively. Let p\ and p{ be
their terminal points, respectively. Let γt and ε̂  be the analytic continuations
of ft'1 along C and E/ from p\ and pJ

2, respectively. Then there are i and j
such that y+ji—γi and ε-\-εJ — ε1 are closed curves. We may assume that γ+
γi~Ti intersect to ε-\-εJ — ε1 at a point over ps. Since qx is a branch point, they
do not have any common point over pά. Therefore the intersection number of
y-\-jχ—jι to εJrεJ — ε1 is 1 or —1. Since p3 is not a branch point, f/{γJrγι—γι)
and εJrε3—ε1 do not have any common point over p% but may have a common
point over ί4. If the period of / ' is greater than two and//(^4-;-ΐ—γλ) intersects
to ε-\-εJ — ε1 at a point over pif then f/2(γ + γi—γλ) and ε+ε^ —εx have no common
point over p3 and £4. Hence, ε+ε^—ελ is disjoint from f'(γΛ-γι—JΊ) or /^(f+TΊ
—γλ). This is a contradiction.

Secondly, suppose that the period of / ' is not prime, say n. If there is a
prime factor n^3, then the period of ff=f/n'ni i s Ul and/" induces the identity
on HX(W, Zjm'Z) for some m'^3. This is a contradiction. If n—2k, for some
k^2, then TF/<//7i/2> is of genus zero by Case 3. Since f/n/2 induces the identity
on Hλ{W, Zjm'Z) for some m ^ 3 , the period of f/n/2 is not two by Lemma 6.
This is a contradiction.

Thus the period of / ' is two. Therefore, / ' has four fixed points and is
the hyperelliptic involution. This says m—2. Apply Lemma 4.

Case 5. Since the fundamental group of W is nonabelian, the number of
boundary components is more than two. By step one, / is an automorphism
of finite period. By virtue of Lemma 3, there are W and / ' and we may assume
that WdW. Since W is the sphere, f is an elliptic linear transformation.
Hence, f has two fixed points. Therefore, the number of invariant boundary
components under / is at most two. But W has more than two boundary com-
ponents. This contradicts the hypothesis of the theorem. Hence, / is the
identity.

5. Weak homological conditions.

If we use " weak homology " in stead of " homology ", then the following
can be said.

THEOREM 2. Let W be of genus greater than one, f an automorphism of W.
For each cycle γ on W, suppose there is a cycle δr and there is an integer mr^2,
so that f(γ) is weakly homologous to γ+mrδr. Then, either f is the identity, or
W can be represented as a two-sheeted covering of a Riemann surface of genus
zero {possibly not simply connected) and f as the interchanging of sheets.

We can prove this theorem by the same method as in the proof of Theorem
1 if we treat step 2 of section 4 carefully.

Weak homological criteria for analytic self-mappings reducing to automor-
phisms are discussed in Kato [7]. The typical one is: " If an analytic self-
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mapping / carries dividing cycles to dividing cycles and if there is a nondividing
cycle γ such that f(γ) is weakly homologous to γ, then / is an automorphism
of finite period". Treating the proof of this fact and the proof of Lemma 2,
we can replace that " / is an automorphism" in the hypothesis in Theorem 2
by that " / is an analytic self-mapping which carries dividing cycles to dividing
cycles ".
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