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DIFFERENTIAL REPRESENTATIONS OF
VECTOR FIELDS

By KojI SHIGA AND TORU TSUJISHITA

In the present paper we are concerned with Lie algebra representations of
A(M), where A(M) denotes the Lie algebra of vector fields on a smooth mani-
fold M. It is well-known that the Lie derivatives acting on various tensor
spaces give rise to representations of A(M). Another type of representations
of A(M) arises from the considerations of the adjoint representation of A(M)
on the space of differential operators with a finite order. These examples lead
us to introduce a notion of differential representations of A(M). Specifically,
¢ is called a differential representation of A(M) on I'(E), E being a certain
real vector bundle, if ¢ is a Lie algebra representation of A(M) to Hom (I'(E),
I'(E)) with supp ¢(X)oCsupp XN\suppo. We do not know whether all the
differential representations of A(M) arouse geometric interest or not. However,
the differential representations mentioned above have some geometric nature,
which is characterized as connection-type. Here we use the terminology ‘“‘con-
nection” in a wide sense.

The main result of the present paper can be stated as follows. If on I'(E)
there exists a differential representation of connection type of A(M), then we
have

Pont (E)CPONT (M) .

Here Pont(E) denotes the subalgebra of H*(M;R) which is generated by tae
Pontrjagin classes p;(i=1) of E, while PONT (M) denotes the ideal of H*(M; R)
which is generated by the Pontrjagin classes of M. This result, of course, in-
volves that there is a topological obstruction to the existence of differential
representation of connection type on I'(E). To find this obstruction, we extend
the Chern-Weil theory on characteristic classes so as to be adaptable not only
for the de Rham cohomology ring but also for more general cohomology rings.
Then the theory especially applies to the Losik cohomology ring which yields
a desired topological obstruction. Some analogous results will be also obtained
for the Lie algebra consisting of the vector fields of type (1,0) on a complex
manifold.

The authors would like to thank K. Masuda and T. Sunada for helpful
suggestions.
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1. Generalities on differenital representations

Throughout the present paper M is assumed to be a smooth manifold with
a countable basis. For any smooth real vector bundle E over M we denote by
I'(E) the space of the smooth cross-sections of E. Let 7z denote the tangent
bundle of M. I'(z) is clearly identified with the space of the vector fields over
M, so that I'(z) has a natural Lie algebra structure over R. This Lie algebra
is denoted by A(M).

DEFINITION. A Lie algebra representation ¢ of A(M) to Hom (I'(E), I'(E))
is called a differential representation of A(M) on I'(E) if it satisfies

supp ¢(X)oCsupp XN\supp 7,

where Xe A(M) and c='(E).

In this section we shall briefly summarize some basic facts about the dif-
ferential representations of A(M). Let ¢ be a differential representation of
A(M) on I'(E). Then we can obtain a bilinear map from AM)XI'(E) to I'(E)
when we assign ¢(X)o to (X, o) (X AM), o= '(E)).

PROPOSITION 1.1. ¢ gwes a bilinear differential map from AM)XI'(E) to
I'(E) n the following sense:

Let U be a closed disk with local coordinates (x*, ---, x™) and let {e,, -+, e;} be
a local frame of E on U. Then ¢ 1s expressed on U in the form

n S
o5 XN o (D)= 3 huaf WD X (D0 (De,,
where h,, 4,7(x) denote smooth functions on U and the indices a and A range over
a finite set of multiindices; D* and D* denote the partial differentiations as-
sociated to the multi-indices a and A respectively.

This is really obtained as a consequence of a more general statement as
follows.

PROPOSITION 1.2. Let E; 1=1, 2, 3) be vector bundles over M. Let @ be a
bilinear map of I'(E)XI(E,) to I'(E;) with

supp D(&,, &;)Csupp Exnsupp &, (6§, €1(EY)).
Then @ is a bilinear differential map from I'(E)XI'(E,) to I'(E;).

Proposition 1.2 can be regarded as a generalization of the well-known Peetre’s
Theorem and the proof is also obtained by a slight modification of the proof
of that theorem found in [4; Chap. 3].

Some examples of differential representations of A(M) have been described
in the introduction. Actually, there exists a considerably general procedure of
constructing differential representations of A(M) which yields those examples
as special cases (cf. [5; I]). It is a remarkable fact that all such representions
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satisfy an important condition, which is stated in the following definition.
DEFINITION. A differential representation ¢ of A(M) on I'(E) is said to
have connection-type if

(13 e(X)(fo)=X(flo+fp(X)o

holds, where Xe A(M), feC*(M) and e '(E).
We note that there exist non-trivial differential representations of A(M)
which have not connection-type. The examples below give such representations.
ExXAMPLE 1. Let T" be the n.dimensional torus. Take the “parameters”
(x4, =+, x,) on T™ induced from the coordinates of R". Let E=T"XR® with s=
2. Take any H;egl(s; R) (1=1, 2, ---, n) such that

Hij:H]Hz (ly]:]-y 2’ ) n)

and each H, is nilpotent. To each multi-index a=(a,, - a,) we assign the

matrix
1

Haz—a—!_Hlaleaz o H,%n
and write H*=(h,") (g, v=1,2, -, s). Note that H*=0 if |«a| is sufficiently
large. We can then define a differential representation ¢ of A(T™) on I'(E) by

setting
O(Z X'0,) (T ate)= X hy'DX*-0,0%,.

@y, Y

ExaMPLE 2. For each multi-index a we take a matrix K,=gl(s;R) with
the form

I 0 0 K,
Ko:< > K=< ) if |a]>0.
00 0 0

Here [ denotes the identity matrix with rank s’ (0<s’<s) and I?a denotesLany
(s’, s—s’)-matrix. Then we can define a differential representation ¢ of 2 A(T™)
on I'(E), E being the same as in Example 1, by setting

P X10)(Zote)= X kp Xt D™ Pa”-e,,

v

1
where K,=(k,"), (1) denotes the multi-index (0, -+, 0,1, 0, -, 0) and the index
a occurring in the summation ranges over any finite set of multi-indices.
As to the line bundles, however, a straightforward calculation shows

PROPOSITION 1.3. Let E be a line bundle over a connected manifold M. Then
any non-trunial differential representation of A(M) on I'(E) 1s of connection-type.

2. Characteristic classes with values in certain cohomology rings

Let V be a real vector bundle or an inductive vector bundle over M. (As
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to the inductive vector bundle, see [5;I].) Assume that we have a cochain
complex

dV dV dV dV
W 0—>1(AV)—>T(ASV)—> -« —[(A?V)—> ---
with the multiplicative property
(2.1) dv(wAp)=dyo Ap+(—1)’woAdyy,

where we'(A?V). We note that I'(A°V)=C=(M). The cohomology group of
€V is denoted by

H¥)=% HY(V),
which, in view of (2.1), is endowed with a ring structure.
In this section we shall define a characteristic ring of any real vector bundle

as a subalgebra of H*(<V). First we make a few comments on the cochain
complex V.

2.2) supp dy(w)Csupp w.

In fact, if we apply (2.1) to f, g I'(A°V), we have immediately supp dy(f)
Csupp f. This, combined with (2.1), yields f(dyw)=0 for f€l'(A°V) and we
I'(4*V) whenever supp fnsupp ®=¢ holds. Hence (2.2) follows.

Let

d d d d
R:0—> ['(A°c*) —> ['(A'c*) —> -+ —> ['(AP7*) —> ---
be the de Rham complex of M. Then

s

PROPOSITION 2.3. There is a homomorphism 2:t*—V, which induces the_
homomorphism of R to V. That 1s, we have a commutative diagram

d d
voo —> (AP 17%) —> [’(Apz-*) —_ e

A T L
o —> [(APV) — [(APV) —> -+,

where AP denotes the map induced from the bundle map APA: APt*—APV.

Proof. 1In view of (2.1) and (2.2), it is not difficult to see that dy|I(A°V)
is a first order differential operator without constant terms. Let

Symb (dy | I'(A°V))
denote the symbol of this differential operator. Then for any 7,e7,*
Symb (dy | I'(A°V))(9,)

induces a linear map from R to V,. Define the homomorphism 4 from 7* to
V by setting
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A(n)=Symb (dy | I'(A°V))(9)-1.
Then we have

(2.4) A (df)=dyf, for feC(M).

Take any wel'(A'z*) and express locally o as 3 w;(x)dx*. Then by (2.1) and
(2.4) the following calculation is valid locally:

dy (2 (@))=dy (A (Zw,dx"))=dy(Z 0,A4*(dx"))
=3 dyw; A2 (dx)+3 w,dy 22 (dx?)
=22x'(dw;) A 25 (dx)
= 2X(dw) .

But this together with (2.2) yields dyis'=2s+’d throughout M. From (2.1) it
then follows immediately that dyA«? '=A1«"d holds for =0, 1, 2, ---. This com-
pletes the proof.

The resulting homomorphism of R to <V is also denoted by A.

We shall mention a method of obtaining the multiplicative cochain com-
plexes [5; I]. Let F be a real vector bundle over M. I'(F) is called a Lie
algebra over M if I'(F) admits a Lie algebra structure whose bracket rule
satisfies supp [, ]Csupp ENsupp 7 (&, e l'(F)). Suppose that I'(F) has a Lie
algebra representation ¢ on C*(M) such that

PENT=PE)f - g+ 9 (&)g,

where £ I'(F) and f, geC*(M). Let {C*(I'(F)), d} be the cochain complex
which gives the Lie algebra cohomology of I'(F) associated with the representa-
tion ¢. Consider the subcomplex of {C*(I'(F)), d} whose p-cochain space con-
sists of those alternating p-linear maps L from I'(F) to C*(M) which satisfy

supp L(&y, -+, §)CTsupp &N =N supp &,

(¢;€’(F)). Then it turns out that this subcomplex is canonically isomorphic
to a multiplicative cochain complex

d d d d
&:0 —> ['(A°(JF)Y*) — ['(A(JF)*) —> <+ —> [(AP(JF)*) —> -+,
where we put (jF)*zle (JEF)*; (J*F)* is the dual bundle of the k-jet bundle

of F. Besides, a subcomplex of & often provides us with a useful example of
the multiplcative cochain complex. As an example of such I'(F), we can take
A(M) or a subalgebra of A(M) which gives a foliation of M, or a Lie algebra
I'(F) over M which has a Lie algebra homomorphism onto A(M).

Assume that a multiplicative cochain complex W= {I'(A*V), d} be given.

DEFINITION. Let E be a real vector bundle. An R-linear map
D:I'(E) — I'(VRE)
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is called_a <V-.connection on FE if it satisfles
D(fo)=dyfQo+ D5

where feC*(M) and o= l'(E).

We note that the deflnition of the usual connection is included as a special
case when we take R as <. It is easy to see that there are many ¢V-connec-
tions on E. Suppose that a <V.connections D on E be given. Then, as usual,
we can define the connection matrix =(6,%) for a local frame ey, --*, ¢; on an
open set U: De,=3 0,"Qe, (g, v=1, -, s) where 0, '(A'V|U). Put

“

QF=dy0,—3 0,5 N0O".

Then the matrix (£2,”) gives rise to a global section of I'(A*V@Hom (FE, E)),
which we denote by 2. £2 may be called the <V-curvature of D. Let I? denote
the space of adjoint invariant homogeneous polynomial functions of degree p
on gl(s; R). If P=I? then P(2) gives an element of I'(A*?V). It is an essential
point for our arguments that the Chern-Weil theory on charactiristic classes
remains true in our situation. Actually we have the following proposition.

PROPOSITION 2.5. i) P(2) 1s a cocycle.

ii) The cohomology class [P(2)1€ H**(<V) defined by P(2) 1s independent of
the choice of SV-connections.

To prove this, we have only to verify that the method used in developing
the Chern-Weil theory in [2] also applies to this case. But the verification is
immediate, since the formal calculus of differential forms used there remains
valid owing to (2.1). Hence the assertion follows.

We say that [P(£2)] is the <V.characteristic class of F associated to P. We
remark that the R-characteristic class of E coincides with the (real) Pontrjagin
class of E. Set I=p201p. Then I forms an algebra over R. The image of I

through the map P—[P(2)] forms a subalgebra of H*(<V), which is called the
cy.characteristic ring of £ and denoted by Pont(E;<V). We put Pont(E)=
Pont (E; R).

It should be noted that these characteristic classes possess a functorial
property with respect to the “coefficient region” <. To state this more pre-
cisely, let ={I'(A*V), dy} and W={I'(A*W), dw} be two multiplicative cochain
complexes. Suppose that there exists a homomorphism

£:V—W

such that A%k : APV—APW (p=0, 1,2, ---) induce a homomorphism of < to W.
Then we have the homomorphism

Ky H¥(CV) — H¥W) .

On the other hand, for any <V.connection D on E, the composition of maps
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D @1
I'(E) — I'(VQE) — I'WQE)

induces a 9-connection on E, which is denoted by £*(D). Let £ denote the V-
curvature of D and £«(2) the %-curvature of £«(D). Then we have

(2.6) ex[P(2)]=[P(r«(2))].

Apply (2.6) to the map A stated in Proposition 2.3. Then we have estab-
lished the following proposition.

PROPOSITION 2.7. Pont (E; &V)=24 Pont (E).

Even in the case where the basic field is the complex number field, the dis-
cussions proceed in parallel with the above. It is, however, relevant to the
customary usage that in this case we adopt the notation Chern (E;<V) instead
of Pont (£;<V). For example, Proposition is replaced by

2.8) Chern (E; &V)=2% Chern (E)

in the complex case.

3. Topological obstructions

We first recall the basic properties of the Losik complex [3], [5]. The
Losik complex £ is defined to be a multiplicative cochain complex which is ;
obtained from the Lie algebra (M) and its canonical representation of A(M)
on C*(M), according to the procedure explained in Section 2. Thus we have

d d d d
£:0 —> D(A(Je)9) —> T(A(Je)) —> - —> D(AP(Joy) —> -

The complex -£ canonically includes the de Rham complex ® as a subcomplex.
The inclusion map R—-L coincides with the map A which we have introduced
in Proposition 2.3. The structure of the cohomology ring H*(L) is completely
determined by M.V. Losik [3]: There is a ring isomorphism

H*(L)=H*(B(z°); R),
where B(z€) denotes the U(n)-bundle over M associated to zQC (n=dim M).
Moreover we have
3.1) Ker 2+=PONT (M), where PONT (M) denotes the ideal of H*(M; R)

generated by the Pontrjagin classes p; of M (1=1, 2, -+, [n/4]).

Let E be a real vector bundle over M. Assume that on /'(E) we have a
differential representation ¢ of connection type of <A(M). Then ¢ defines an
L-connection D, as follows:

Dy(a)(77X)=p(X)a,
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where j° means the jet extension map ['(z)—I'(Jr). Let 2, denote the L.
curvature of D,. Then a direct calculation yields

(p(X)p(Y)—p(Y)o(X)—p([X, Y 1)o=0,X, Y)7,
whence we have 2,=0. In view of Proposition 2.5, this implies
Pont (E; .£)=0.
By Proposition 2.7, this can be rewritten as
A% Pont (E)=0.
Hence, referring to (3.1), we have obtained the following theorem.

THEOREM 3.2. If on I'(E) there is a differential representation of connection-
type of AM), then we have
Pont (E)CPONT (M).

Let M be the underlying topological manifold of M. According to the
topological invariance of rational Pontrjagin glasses, PONT (M) is independent
of the differential structures introduced on M. Hence if a vector bundle E
satisfies the condition

Pont (E)@PONT (M)

then there is no differential representation of connection type of vector fields
on ['(E), even when we change a differential structure of M. For example, a
Bott generator E on S*" which gives a generator of K(S*") satisfies this condi-
tion; here, of course, E is regarded as a real bundle.

If we consider the category of the complex vector bundles, in view of (2.8)
the corresponding theorem holds in the following form:

THEOREM 3.3. Let E be a complex vector bundle over M. If on I'(E) there
1s a differential C-linear representation of connection type of A°(M), then we have

Chern (E)CPONT, (M),

where we put A(M)=AM)RQC, being identified with I'(zQC), and PONT; (M)
denotes the 1deal of H*(M; C) generated by the complex Pontrjagin classes of M.

As to the complex line bundles, we can obtain a more exact result.

THEOREM 3.4. Let E be a compler line bundle over a connected manifold
M. Then wn order that we have a non-triwial differential C-linear representation
of A(M) on I'(E) 1t 1s necessary and sufficient that the first complex Chern class
of E vanishes: ¢,(E)=0.

Proof. Necessity: We first note that Proposition 1.2 holds true for the C.
linear representations of A°(M). Hence if we have a non-trivial differential C.-
linear representation ¢ of A°(M) on I'(E), then ¢ is necessarily of connection-
type. From Theorem 3.3 it follows that ¢,(E)=0.
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Sufficiency: It is known that if ¢,(E)=0, then we can choose as the transi-
tion functions of E locally constant functions on M. (If we identify E with an
element of H'(M, D*), the condition ¢,(F)=0 implies that E is contained in the
image of H'(M, C*) through the inclusion map ¢:C*—D* Here D* and C*
denote the sheaf of germs of non-zero smooth functions on M and of non-zero
complex numbers, respectively.) Hence the natural representation of A°(M) on
C>(M)Q®C extends to a representation of A°(M) on I'(E), which is clearly non-
trivial. This completes the proof.

Now we wish to obtain analogous theorems for a complex manifold. Let
M be a complex manifold with dim¢ M=n. Let tQC=TPHT be the canonical
splitting of 7QC to the holomorphic and the anti-holomorphic tangent bundles.
Putting As(M)=I'(T), we consider it as a Lie subalgebra of A°(M). Let E be
a holomorphic vector bundle over M. A differential representation ¢ of As(M)
on I'(E) is called holomorphic if it satisfies the following two conditions:

(35) If XeAy(M) and o= I'(E) are holomorphic on an open set U of M,
then ¢(X)o is holomorphic on U.

(3.6) If geC=(M) is anti-holomorphic on an open set U of M, then ¢(gX)=
go(X) on U.

A differential representation ¢ of A(M) on I'(E) is said to have connection-
type if the condition stated in (1.3) holds for XeJ3(M). Let CHERN (M) denote
the ideal of H*(M; C) generated by the Chern classes ¢, of M (1=1, 2, ---, n).

THEOREM 3.7. If on I'(E) there 1s a holomorphic representation of connec-
tion-type of AyM), then we have

Chern (E)CCHERN (M)

Before entering into the proof, we need information on the cohomology
ring of a certain cochain complex. Let J;(T) denote the projective vector
bundle Jy(T)=lim J;*(T), where J3*(T) is the k-jet bundle of I'(T") along the

partial derivatives with respect to d/0z', ---, d/0z". Consider the Lie algebra
cohomology of A3 M) associated with the canonical representation through the
0-differentiation on I'(A9T), where ¢ is a fixed integer. The corresponding
cochain complex contains a subcomplex

0
> D(AP(TYQAT) —> (AP (JyT)* @ AT) —> -
(cf. [6]). On the other hand, each AP(J;T)* is the inductive limit of holomor-
phic vector bundles, whence we can obtain the complex
0
+ —> T(UP(JTY*@AT) —> [T QANT) —> -

by the use of the d-operators. Thus we have the double complex
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Lo= {p+@r L(AP(J,Ty*QAT), d} (r=0,1,2,-).

Note that d is given by d=0-+(—1)?d on I'(A?(J;T)*QAT). In fact, we have
a ring isomorphism
H¥(La)=H*(B(T), C),

where B(T') denotes the principal U(n)-bundle over M associated with 7. Besides,
letting 4:R¢—_L; be the canonical inclusion map, we have

3.8 Ker 2+=CHERN (M),
where R¢ denotes the “complexification” of the de Rham complex.

Proof of Theorem 3.7. Suppose that on I'(E) we have a holomorphic re-
presentation ¢ of connection-type of Ay M). Then we define an L;-connection
D, on E by

D¢<U)(JOOOX1):§0(X1)O' , for X1€F(T) ,

D (0)(X))=X,0, for X,eI'(T),

where o= '(E) and 73~ denotes the jet extension map of I'(T) to I'(J;T). We
note that this is well-defined. In fact, since ¢ is holomorphic, if j3~X,=j5"X,
at a point p,, we have ¢(X)o=¢(X,)o at p,. Since ¢ is holomorphic and has
connection-type, we have 06,;,=0 for the connection matrix #=(0,s) of D, with
respect to a holomorphic local frame of E. It is then easy to verify that the
La-curvature of D, vanishes. Hence the assertion follows from (2.8) and (3.8).

It is well-known that on a complex torus there are many holomorphic vector
bundles whose Chern classes do not vanish. Theorem 3.3 means that on these
vector bundles there exists no holomorphic representation of connection-type.

Finally, we shall formulate another theorem on a complex manifold which
is closely related to the Dolbeault cohomology. The natural representation of
A(M) on C°(M) induces a multiplicative cochain complex

]
D > TAPJTYS) —> TP (JpT)H) —> -

in a canonical way (cf. [6]). The structure of the cohomology ring H*(9) is
completely determined in [6], which states that we have a ring isomorphism

H¥(D)=H*(U(n) ; C)YQH*(M; 0),
where © denotes the sheaf of germs of anti-holomorphic functions on M. The
composition of maps
T J
T*QC —> T* —> (JyT)*
corresponds to the map 4 stated in Proposition 2.3, where = is the projection

and J the canonical injection. The inclusion map ¢: C—0 induces the homomor-



224 KOJI SHIGA AND TORU TSUJISHITA

phism
tx: H¥(M ; C) —> H*(M; O).

Then we have
Ker 2x=Ker ¢x

([6]). Let E be a smooth complex vector bundle over M. A differential re-
presentation ¢ of AyM) on I'(E) is called a partially holomorphic representa-
tion if it satisfies the condition (3.6). Then from the above results we can
deduce the following theorem.

THEOREM 3.9. If on I'(E) there 1s a partially holomorphic representation of
conneciion type of Ay(M), then we have

¢x(Chern (E))=0.

Note that if E is a holomorphic vector bundle, then it is well-known that
there is a connection of type (1, 0) on E whose curvature consists of (1, 1)-
forms. From this it follows that there is a partially holomorphic representation
of connection type of A3(M) on any holomorphic vector bundle.

Finally, we add a remark on foliations. Let M be a smooth manifold.
Assume that we have a splitting of the tangent bundle =F@F; such that
both I'(F) and I'(F,) give foliations of M. This is in some aspect analogous
to the situation that we meet in the complex analytic case where we have the
splitting t®@C=T@T. In fact, it turns out that a theorem corresponding to
Theorem 3.7 holds for such foliations. Of course, “holomorphic” will be here
replaced by the notion of the vanishing of the partial derivatives in the normal
direction to F. Once this convention is granted, the arguments proceed in
parallel, and a similar theorem will be established. However, we do not further
enter into details.

Added in proof: The statement (3.1) which is asserted in [3] should be
replaced by the following one, which is proved essentially in [7]:

3.1 Ker 2x=PONT (M),

where PONT (M) denotes the ideal of H*(M, R) of the classes which are subor-
dinate to the classes (P, -, Prayy) in the sense of [8]. Here p; is the i-th
Pontrjagin class of M.

Also the ideal CHERN (M) must be defined as the one consisting of the
classes subordinate to (cy, -+, ¢,;), where ¢, is the i-th Chern class of M.

Accordingly all the symbols PONT (M), CHERN (M) in the paper must be
understood in the above sense.

[8] R. Thom, Operations en cohomologie réelle, Séminaire H. Cartan, E.N.S,,
1954/55.
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