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Introduction.

It is well known that Liebmann [7] and Siiss [15] proved that a compact convex
hypersurface with constant mean curvature in a Euclidean space is a sphere. The
tool used in the proof of this theorem is an integral formula containing the first
mean curvature of the hypersurface. The position vector and the support function
play an important role in the proof. In his paper [5], Hsiung has established an
integral formula expressing the relation between the j-th mean curvature and the
(j+1)-st mean curvature of a compact hypersurface in a Euclidean space, which is
a generalization of that of Siiss. By applying the integral formula, Hsiung proved
a theorem which gives a sufficient condition for a compact hypersurface in a
Euclidean space to be a sphere. This generalizes the theorem of Liebmann and
Siiss. The study in this line has been carried out by Amur [2], Reilly [10], Shahin
[13], Yano and Tani [17] and others.

On the other hand, Simons [14] has recently done an important and suggestive
contribution to the study of minimal submanifolds in a Riemannian manifold, in
which he has given a formula for the Laplacian of the square of the norm of the
second fundamental form of the submanifold. Under the stimulus of the Simons’
study, Carmo, do Chern and Kobayashi [3], and Nomizu and Smyth [9], using the
similar formula to that of Simons, have obtained some theorems on a compact
minimal submanifold or a complete hypersurface with constant mean curvature in
a Riemannian manifold of constant curvature.

The purpose of this paper is to generalize, by applying a formula of Simons’
type to a compact hypersurface with constant scalar curvature in a Riemannain
manifold of constant curvature, the theorem of Liebmann and Siiss from the
different point of view. We prove that a compact hypersurface of non-negative
curvature and with constant scalar curvature in a Euclidean space is a sphere.

In §1, we state preliminaries and in §2 we obtain the main theorem (Theorem
2. 3) stating a compact hypersurface M with constant scalar curvature in a simply
connected space form M"+(c) is totally umbilic or has exactly two distinct and
constant principal curvatures under suitable conditions. Making use of this pro-
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perty, we prove some theorems for compact hypersurfaces in M”+(c). In §3, we
treat with compact convex hypersurfaces in a Euclidean space.

1. Preliminaries.

Let M be an (n+1)-dimensional Riemannian manifold of constant curvature
c. Let M be an n(=2)-dimensional connected Riemannian manifold and let ¢:
M—M be an isometric immersion of M into M. As far as we are concerned
with the local calculation, we may regard ¢ as an isometric imbedding. For
simplicity, we say that M is a hypersur_face immersed in M, and we identify a
point p of M with the point ¢(p) of M. Throughout the paper, the differen-
tiability classes of manifolds, immersions and tensor fields are assumed to be of
class C>.

By ¢, Riji®* and Hj;; we denote components of the Riemannian metric tensor,
the Riemannian curvature tensor and the second fundamental tensor of M, respec-
tively. Then the equation of Gauss for the hypersurface M is given by

1.1 Ry jin=c(gung ji—grign) + HenHji — HiiHjn,
and that of Codazzi by
1.2) VeHj—ViHy =0,

where F denotes the operator of covariant differentiation with respect to the
induced Riemannian connection of M. We define the function f on M by

(1.3) f=Hg"=Hy,

which is globally defined on M up to the sign. Transvecting equation (1.1) with
g*", we get

(1.4 Rji=c(n—1)g;+fHji— H;y Hy,

where Rj; are components of the Ricci tensor. We denote by R the scalar curva-
ture of M. That is to say, we put

R=Rg’".
Transvecting equation (1.4) with ¢’* and remembering the definition (1.3) of f,
we obtain
(1.5) R=cn(n—1)+ f*— H;H".

Now, applying the Ricci identity to Hj; and taking account of equation (1.2)
of Codazzi, we have

Vj71f= VjVi,Hkk= VkaHji_RJTH:Lr—Rjk’LTHTk)

where P¥=g"*, Substituting (1.1) and (1.2) into the relation above, we obtain
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AdH =Vl f +c(nHj—fg50)+fHypHy" — Hy s H Hys,

where 4=V,F" is the differential operator of Laplace and Beltrami. This leads to
the equation

H#AH ;= HA,f +c(nHyH— f*)-4 FH,, H B — (HjHP),

which is due to Chern, do Carmo and Kobayashi [3]. Making use of the principal
curvatures ki, ks, +-+, by, of M, we get

c(nH;HY — f*)+fH, HH —(Hu H7)= ; (c+kiks)ki— k)"
<
This implies that
(1.6) HiAHu=H"lf+ ; (c+kiks)(ki—ks)
<J

The equation (1.6) has been obtained by Nomizu and Smyth [9]. By a simple
computation, equation (1.6) is rewritten as follows:

1 ) g , )
(L.7) o MHH?) =V HIf )=V P " H P —f ff+ ;}J (c+kiks)ki—k;),

where f,=V.f and fi=gsif,.

2. Hypersurfaces with constant scalar curvature.

We assume in this section that M is a hypersurface with constant scalar
curvature R in M. We shall investigate the sign of the right hand side of (1.7).
First of all, we consider the first term and the second term of the right hand

side of equation (1.7). By calculating the square of the norm of fV.Hj—fuHj;,
we get

W VeHi—f el ul|* = Ve HuV "H 7 = 2f f *H Ve H i+ fo S *HyH
From (1.5) it follows that
HuHV=cn(n—1)+ f*—R,
and, moreover we find
HioHy=V(HpH?Y) 2=V f?|2=FF%,

because the scalar curvature R is constant. Eliminating H;H7 and H/FH;; from
these equations, we obtain

@1 W VeH ji—foH3l P = f*VeHyV *H = fo f) —{R—cn(n—1)} f "

We now define a domain D in M as follows: D is the set of points x in M such
that

(VeHuV *H ' — £, (%) <0.
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Making use of (2.1), we can prove the following lemma, which gives a sufficient
condition for the algebraic sum of the first and the second terms of the right
hand side in (1.7) to be non-negative.

LeMMA 2.1. Let M be a hypersurface with constant scalar curvature R in M.
If R=cn(n—1), then the domain D is empty.

Proof. We suppose that D is not empty. By means of the definition of the
domain D, it follows from (2.1) that

0= fo(VeHuV *Hit —f.f)2{R—cn(n—1)} f.f*  on D.

Since the scalar curvature R is equal to or greater than cu(n—1), the inequality
above shows that R=cn(n—1) or f, vanishes identically on D. We consider first
the case in which the scalar curvature is equal to c¢cm(m—1). The left hand side
of (2.1) being equal to or greater than zero, we get

A VeHuVEH 7 —f, )20,
This means that f vanishes on D. Since the domain D is open, we obtain
f.,=0 on D.

This shows that R=cn(z—1) implies that f,=0 on D. When f,=0 on D, the
scalar function Vi H;V*H7i—f,f* is equal to or greater than zero on D. Thus the
domain D must be empty, which proves the Lemma.

For each point z in M, let X;, Xs, -, X, be an orthonormal frame of the
tangent space M, such that any X is an eigenvector of the second fundamental
tensor corresponding to an eigenvalue k,. Then, by remembering equation (1.1)
of Gauss, the sectional curvature K(X,, X;) of the plane section spanned by X,
and X, is given by

2.2) K(X,, X)=c+kik,

Taking account of this relation and remembering the right hand side of equation
(1.7), we see that if M is of non-negative curvature and with constant scalar
curvature R=cn(n—1), then the right hand side is non-negative. Thus we can

prove the following.

LemMaA 2.2. Let M be a compact ovientable hypersurface of non-negative
curvature and with constant scalar curvature R in M. If R=cn(n—1), then there
exist at most two distinct principal curvatures, say A and p, such that

(2.3) c+ap=0.

Proof. Following Lemma 2.1, the assumption R=cn(n—1) implies that the
domain D is empty. This shows that



HYPERSURFACES WITH CONSTANT SCALAR CURVATURE 475
VHuV*H? —f,ft=0 on M.
On the other hand, by virtue of the Green’s theorem and equation (1.7), we obtain
SM{VklﬂiV"Hﬁ—f,ﬂ+ ;} (c+kiks)ki— k) dM=0,
1<y

dM being the volume element of M. Thus, VHP*H7—f,f% and c+k;k, being
both non-negative, we find

2.4) ViHVEH 7 —f, =0,
and
(2.5) (c+kik;)ki—k;)?=0

for any indices ¢ and j at each point in M. Equation (2.5) shows that for distinct
principal curvatures %; and k£, we have

C+k1:k;=0.

This means that the number of distinct principal curvatures at each point is at
most two, and they satisfy (2.3).

We prove now the following main theorem.

THEOREM 2.3. Let M be a complete and simply connected Riemannian (n+1)-
manifold of constant curvature c, and let M be a connected compact Riemannian
n-manifold. Let ¢ be an isometric immersion of M into M. Suppose that M is of
non-negative curvature and with constant scalar curvature R. If R=cn(n—1), then
(M, ¢) is totally umbilic or there exist exactly two distinct and constant principal
curvatures.

Proof. Taking account of equations (2.1) and (2.4), and the assumption
R=cn(n—1), we see easily that the equation

{R—cn(n—1)}fuf1=0

holds. We consider the case in which R is different from cn(n—1) and the case
in which R=cn(n—1), separately.

In the first case, f is constant. Accordingly, by a theorem of Nomizu and
Smyth [9], the assertion of Theorem 2.3 is true.

In the other case, it follows from (1.5) that

fi—HuH7=0.
Using principal curvatures, we can rewrite this equation as

(2.6) Z ik, =0.
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Also, by the assumption that the sectional curvature is non-negative, we see that
the scalar curvature R is non-negative and so is the constant curvature c. _

Suppose that ¢ is equal to zero, that is to say, the ambient space M is an
(n+1)-dimensional Euclidean space E™*!. We get by (2.6) and the assumption
that the hypersurface is of non-negative curvature

kik,=0 for any distinct indices 7 and j.

This implies that the type number #(x) at each point x in M is equal to 0
or 1. Since M is compact, it is seen that there exists a point in M at which
all principal curvatures of M are positive or negative. This contradicts the fact
that the type number is equal to 0 or 1. Thus the constant curvature ¢ must be
positive.

Next, suppose that there exists a non-umbilic point p in M, at which we
have two distinct principal curvatures A(p) and p(p). Then, by means of (2.3),
they satisfy c¢+A(p)u(»)=0. Hence one is positive and the other is negative.
Under this situation, there exists a maximal connected open set U consisting of
non-umbilic points, which contains p. At each point in U, (M, ¢) has exactly
two distinct principal curvatures with constant multiplicities & and »—£&, respec-
tively. Then equation (2.6) is equivalent to
k(k—1) (n—k)(n—k—1)
— 5 +—F

2.7 5

Z+k(n—k)p #2=0.
Taking account of (2.3) and (2.7), we see that 2 and p are constant on U. This
shows that 2 is different from 7 the boundary point of U and therefore, by

the definition of U, the closure U of U should be contained in U. Thus U is
closed. Since M is connected, U is M itself. This completes the proof.

In the case in which the ambient space is Euclidean, we have, as a direct
consequence of Theorem 2.3, the following

THEOREM 2.4. Let M be a connected compact Riemannian n-manifold of non-
negative curvature and let ¢ be an isometric immersion of M into E**. If the
scalar curvature R of M is constant, then M is isometric to a sphere S* and ¢ is
an imbedding.

It is seen (for the detail, see [8] or [9]) that model forms of hypersurfaces
with constant scalar curvature in a sphere S™*!(c) are given as follows: the great
sphere, the small sphere as a totally umbilic hypersurface, and the product space
S*(c1) X S™*(c;), where 1/ci+1/c:=1/c and 1=k=n—1. By a theorem of Nomizu
and Smyth [9], we find

THEOREM 2.5. Let M be a connected compact Riemannian n-manifold of non-
negative curvature and with constant scalar curvature R, and let ¢ be an isometric
immersion of M into S**(c). If R=cn(n—1), then ¢(M) is isometrvic to one of the
Sfollowing spaces:
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(1) the great sphere, and ¢ is an imbedding;

(2) the small spheve, and ¢ is an imbedding;

3) S*c1)XS™*(cs), where 1ljci+1jca=1[c. Except for k=1 or n—1, ¢ is an
imbedding.

The following result is trivial, because of the property of principal curvatures.

COROLLARY 2.6. Let M be a connected compact Riemannian n-manifold of
non-negative curvature and with constant scalar curvaturve. If, for an isometric
immersion ¢: M—S"+Y(c), (M) is a certain hemi-sphere, open or closed, in S***(c),
then M is isometvic to S" and ¢ is an imbedding.

We treat with the case in which the ambient space is a hyperbolic space
Hn+'(¢). As is already known [6], [8], models of hypersurfaces with constant
scalar curvature in H"*!(c) are listed up as follows: a sphere S™, a hyperbolic
space H", a flat space F" as a totally umbilic hypersurface, and S*(c,)}X H"*(c,),
where 1/c,+1/ce=1/c and 1=k=n—1.

Let M be a compact hypersurface of non-negative curvature and with con-
stant scalar curvature immersed in H"*!(¢). Then we set

R—cn(n—1)>0.

This shows that M satisfies the assumption of Theorem 2.3, and therefore M is
totally umbilic or M has exactly two distinct and constant principal curvatures.
By a similar method to that used in [6] and [8], it is seen that M is isometric to
one of model hypersurfaces stated above. Taking account of the fact that M is
compact, we see that M must be isometric to a sphere. Thus we find

THEOREM 2.7. Let M be a connected compact Riemannian n-manifold of non-
negative curvature and with comstant scalar curvature, and let ¢ be an isometric
immersion of M into H" Y c). Then M is isometric to a sphere and ¢ is an
imbedding.

3. Convex hypersurfaces in E"*'.

Let M be a complete hypersurface of non-negative curvature immersed in
E™+1, Since it is easily seen that any two principal curvatures k; and %, satisfy
kik;=0, we may assume that

3.1) Bi=ky= k=0

at each point in M, without loss of generality. We put

(3.2) (’;)H= S Rk,

u<<i,

(%) being binomial coefficients. H, is called the j-th mean curvature of M. This
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shows that any mean curvature H; is non-negative. We see also that the follow-
ing relation between the j-th and the (j+1)-st mean curvatures is true:

it(n—j—1)!
(3.3) fLHj—f[JH:% ,é (kh—kig)zkis"'kiHl'
13<.f.<izj+1

We now assume that the s-th mean curvature H, is constant for a fixed s.
The following two lemmas concern with this case.

LemMMA 3.1. If there exists a point p such that H(p)=0 for an index i such
that 1=<i=<s, then H;=0.

Proof. By the definition (3.2) of H;, we get
(?)f[i:klkz“‘ki‘l"”-
This implies that &i(p)ks(p)---k«(p)=0. It follows from this result and (3.1) that
ki(i’) =k 1(1’) = =kn(ﬁ) =0.
Thus it is easily seen that Hy(p)=0, from which we have
H;=0 on M,
because the s-th mean curvature H; is constant.

LemMmA 3.2. If H;=0, then the type number t(x) at each point x in M is less
than s.

Proof. Under the assumption and (3.3) for j=s, we see that Hj,; is non-
positive. Since, in general, any mean curvature is non-negative, we get

H;,=0 on M.
It follows inductively from (3.3) that
Hy=H;,=--=H,=0 on M.

By the definition, the condition H,=0 on M is equivalent to k,k.-+-%,=0 on M,
and therefore k, must vanish identically on M. This means that

( " )Hn_1=klk2-~-kn_1=o,
n—1

and we get k,-1=0. Repeating the discussion similar to that used in the above,
we obtain

ks=ksy1=-=k,=0 on M.
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This implies that the assertion of the lemma is true.

Now, we consider first the case H,=0. As a direct consequence of Lemma
3.2, the relative nullity y(x) of the immersion ¢ of M into E™*! at each point x
in M is equal to or greater than z—s+1. Thus it follows from a theorem of P.
Hartman [4] the following is proved:

THEOREM 3.3. Let M be a complete Riemannian n-manifold of non-negative
curvature and let ¢ be an isometric immersion of M into E*. If Hy=0 on M,
then ¢(M) is (n—s+1)-cylindrical and is not (n—s+2)-cylindrical.

We consider a hypersurface M imbedded in E™*!. A support function is by
definition the oriented distance from a fixed point in E7»*! to the hyperplane H,
in E™! tangent to M at each point x in M. The following theorem is proved
by Hsiung [5]: For a compact orvientable hypersurface M imbedded in E™, sup-
pose that a support function is of the same sign. If H,>0 for j=1,2,---,s and H;
is constant, then M is isometric to S". Let M be a convex hypersurface imbedded
in E™*!, which is not divided into two parts by H, in E®™*! tangent to M at each
point # in M. Then the second fundamental form is semi-definite and therefore
all of principal curvatures are non-positive or non-negative and a support func-
tion is of the same sign. Under this situation, since Lemma 3.1 implies that an
i-th mean curvature H; for any i=1,2,---,s—1 is positive provided that H,>0, we
can prove the following theorem using Lemma 3.2 and the theorem of Hsiung.

THEOREM 3.4. Let M be a compact convex hypersurface imbedded in E™.
If the s-th mean curvature Hy is constant, then M is isometric to S".

By a theorem of R. Sacksteder [12] and Theorem 3.4, we find

CoROLLARY 3.5. Let M be a compact Riemannian n-manifold of non-negative
curvature and let ¢ be an isometric immersion of M into E™'. If Hy is constant,
then M is isometric to S™ and ¢ is an imbedding.

ReMmark. We consider a strictly convex hypersurface M in E®*!, that is to
say, a hypersurface which is convex and each point z is the only one point lying
on the hyperplane H,. Then all the principal curvatures are positive or negative.
This means, by virtue of the equality (3.3), that the following theorem holds:
Let M be a compact strictly comvex hypersurface in E™*'. If H; is constant, then
M is isometric to S". (See Yano [16], p. 86, Theorem 2.2). Theorem 3.4 is a
slight generalization of this result.

ReMARk. Aleksandrov [1] has proved the following theorem: Let M be a
compact Riemannian n-manifold and let ¢ be an isometric imbedding of M into
Stti, E™ oy H™*. Suppose that $(M) is contained in a closed hemi-sphere, pro-
vided that the ambient space is a sphere. If a given function F of principal
curvatures ki, ks, -+, kn of class C* is constant on M and oF|ok,>0 for any index
J, then M is isometric to S". It is to be regretted that the authors could not
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understand the proof. The condition that the s-th mean curvature H, is constant
on a compact strictly convex hypersurface in E™+! is satisfied if the assumption
of Aleksandrov is satisfied. Though, as is already mentioned, Theorem 3.4 is a
slight generalization of a compact strictly convex case, we note that the assump-
tion of convexity is not mentioned in the theorem of Aleksandrov.

Remark. The following relation between the second mean curvature H, and
the scalar curvature R holds:

R=n(n—1)(c+H,).

This means that Corollary 3.5 is a generalization of Theorem 2.4.
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