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SUBMANIFOLDS OF MANIFOLDS WITH AN /-STRUCTURE

By GeEraLD D. LubbDeEN

Let M™ be an #n-dimensional C* manifold and f a tensor of type (1, 1) such that
A+ r=0,

and the rank of f is constant, say 7, on M". We then say that M™ has an f-
structure of rank r (Cf. [4]). The rank r of f is necessarily even and it is known
that if » is maximal, then f is an almost complex structure on M™ if #n is even
or an almost contact structure on M™ if » is odd (Cf. [4]). Yano and Ishihara [5]
have shown that if M™ is an almost complex manifold then a submanifold of M™
satisfying a certain property possesses a natural f-structure. In particular, Tashiro
[3] has shown that if the submanifold is a hypersurface then the induced f-structure
has maximal rank (i.e. is almost contact). On the other hand, the present author
and Prof. D. E. Blair [1] have shown that a hypersurface of an almost contact
manifold possesses a natural f-structure, which may not have maximal rank.

The purpose of this paper is to show that if M™ has an f-structure then a
submanifold of M™ satisfying the condition of Yano and Ishihara possesses a natural
Sf-structure. In §3 we examine the meaning of this condition in the special case
where the submanifold is a hypersurface. §4 is devoted to a study of the inte-
grability of the induced f-structure.

The author would like to express his thanks to Prof. D. E. Blair for many
useful conversations and suggestions.

§1. Preliminaries.

Let M™ be a given n-dimensional C= manifold. Let f be a given f-structure
on M™ of rank 7. Then the tensors / and m, where /=—f? and m=s2%+1, are
complementary projection operators, i.e.

2=l mi=m,
()
I+m=1, Im=mi=0.

Here I denotes the identity operator. Thus, there exist in M" complementary
distributions L and M corresponding to / and  respectively. The dimension of L
is r and the dimension of M is n—r. If =2k and r=2k we denote f by J and
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see that J/?=—1 Also if n=2k+1 and r=2k, we denote f by ¢ and in this case
there is a vector field ¢ and a 1-form 7 such that ¢*=—7+9®¢, 5n¢)=1 and
d(E)=ne¢p=0. J is called an almost complex structure and (¢, &, 7) is called an almost
contact structure. Let [f, f] denote the Nijenhuis tensor of f, that is

A1, YV)=IfX, fY1-fI/X, YI-SIX, fY]+/1X, Y]

for all vector fields X and Y on M™ If [f,f]=0, the f-structure is said to be
integrable. It can be shown that there exists a positive definite metric ¢ on M"
such that ¢(X, Y)=¢(fX,fY)49(X,mY) for all vector fields X and Y on M".
Such a pair of f and ¢ is called an (f, g)-structure on M™".

Suppose now that there exist global vector fields &£, on M”, where z=1,2,--,
n—7, spanning the distribution M. In this case we say that M" has an f-structure
with complemented frames (Cf. [2]). Let E™ " denote (n—7)-dimensional Euclidean
space. Then the tensor field 7 , defined by

~ f _‘Sx
1.2) f=< >,
77 0

is an almost complex structure on the product manifold M"xE™" (Cf. [2]). Here
the 7¥ denote (#—r) 1-forms defined on M™ such that »¥(¢;)=6% and 7¥(X)=0 for
any X lying in L. 7 is integrable if and only if [f,f]4+&;Qdy*=0, where d7® is
the exterior derivative of #”.

$2. Main Theorem.

For peM™, let T(M™), denote the tangent space to M™ at p. Also, let
FTM™p={fXp| XpeT(M™,}. The following theorem is in [5].

THEOREM A. If ] is an almost complex structure on M"™ and N™ is a C*®, m-
dimensional submanifold of M"™ such that the dimension of T(N™,NJT(N™)p is
constant, say s, for pe N™, then there is a natural f-structure on N™ of rank s.

Let B denote the differential of the imbedding of N™ in M". Then B is a
map of TN™ into TrM", where TrM™ denotes the restriction of 7M™, the tangent
bundle of M", to N™ Then locally we can find #—m linearly independent vector
fields C, such that Co,eTeM™ and C,¢TN™, and a mapping B~ of TeM" into TN™,
and #—m 1-forms C? defined on N™ such that

B 'B=], BB '=[-C,QC",
2.1
C®B=B™C,=0, CO(Cq)=10%.

The meaning of the word ‘natural’ in the statement of Theorem A is that the f-
structure on N™ is given locally by B~'/B. We can now state our main theorem
as follows:
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THEOREM 2. 2. If M™ has an f-structure f of rvank v with complemented frames
and N™ is a C=, m-dimensional submanifold of M™ such that the dimension of
T(N™pNfF(T(N™pNLy)is constant, say s, for pe N™, then there is a natural f-structure
on N™ of rank s. Here L, is the subspace of T(M™), in the distribution L.

Proof. N™ can be identified with the submanifold N™”=N™x{0} of M™xE"»".
If we can show that the dimension of T(ﬁ”‘)g ny T(Z\7"‘)5 is s for each peN™,
where T is given by (1. 2), then Theorem A shows that there is an f-structure on
N™ of rank s. This f-structure is natural with respect to the imbedding of N™
in M"xXE™". The second part of the proof will show that in fact it is natural
with respect to the imbedding of N™ in M™.

Let YeT(N™,Nf(T(N™pNLy). Then YeT'(N™pand Y=fX=f(m+)X)=fI1X
for some X in T(N™),NL,. Therefore, since *((X)=0 for x=1, ---, n—r, we see that

(o) () 7(5)

Y . o~
( . >eT(N”‘),7 nT ™).

so that

On the other hand, if ¥eT(N™);nTT(N™;z then

o Y X
P~ )~ lew)
0 7"(X)
for some X and Y in T(N™),, N L,. Hence, we see that the dimension of T' (N ™z N 7 TN ™5

is s for all peN™

. Now let B Dbe the differential of the imbedding of N™ in M™XE™" and let
B~ be found as was B! (here B is the differential of the imbedding of N™ in

M™. Now we see that if
Y o
( >€T(N’”)i
0

then
w onlY ~ ~BY . fBY B~'f BY:
75 5T )5 () (o)
0 0 7°(BY) 0
so that B~*f B is the natural f-structure on N™. Therefore the proof is finished.

It is clear that an f-structure of maximal rank has complemented frames.
Hence, for almost contact structures we have the following corollary, which is the
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analogue of Theorem A.

COROLLARY 2.3. If (¢,&,7) is an almost contact structure on M™ and N™is a
C=, m-dimensional submanifold of M" such that the dimension of T(N™),N¢T(N™),
is constant, say s, for pe N™, then there is a natural f-structure on N™ of rank s.

§ 3. Hypersurfaces.

In this section we suppose that m=#»n—1, that is, N™ is a hypersurface of M".
Let C be a transversal defined on N™, that is CeT'(M™), but C¢T(N™), for all
peN™. Suppose p is a fixed point of N™ and that C at p (denoted by C,) is in the
distribution M at p. Then we see that fT(N™), is the intersection of T'(N™), and
the distribution L at p. Thus, the dimension of T'(N™), N f(T(N™),N L) is r, the rank
of f. On the other hand, if C, is in the distribution L at p, then there is a vector
X, in T(N™), such that £ X,=C, and so the dimension of T(N™), N f(T(N™pNLy) is
r—2. Note that we have made use of the fact that f annihalates all vectors in
the distribution M. From these observations, the following propositions are evident.

ProposiTiON 3. 1. Let M™ be a manifold with an f-structure of rank r. A
hypersurface N™* of M™ is such that the dimension of T(N" N f(T(IN"pNLy)
is constant for all pe N" ' if a normal of N™ ™ can be found that is everywhere or
nowhere in the distribution L, that is CpeL for all pe N*~* or CPeM for all pe N" .
This dimension is v if Cis in L and it is v—2 if C is in M.

ProrosiTiON 3.2. If ($,&,7) is an almost contact structure on M"™ and N™*
is @ hypersurface of M™, them N"~' possesses a natural almost complex structure
if & is nowhere tangent to N™* or N™ ' possesses a natural f-structure of rank
n—3 if & is everywhere tangent to N ! (see [1]).

We will close this section by showing that the hypothesis that the f-structure
on M"™ have complimented frames in Theorem 2.2 is not necessary if m=n—1.

Therefore, let B, B~%, C and C* satisfy (locally) the following equations (the special
case of equations (2. 1)

B-'B=I, BB'=I-C*®C,
C*B=B-'C=0 and C*C)=1.

Let F be defined locally on N** by F=B~'fB. Then

F*X=B7'fBB'fBX=B7'f(I-C*Q®C)f(BX)
=B f¥BX)—-C*(fBX)B'fC.

If C is in the distribution M, then fC=0 so we see that



164 GERALD D. LUDDEN
(F*+F)X=B*fBB'f?BX+B'fBX
=B 'f(I-C*®C)f*BX+B*fBX=B Y (f*+)BX)=0

for all X. On the other hand suppose that C is in the distribution L. Then

FP*+ P X=—C*f*BX)B'fC—-C*fBX)B'fBB~'fC
=—C*(f*BX)B~'fC—C*(f BX)B™'f*C+C*(f BX)C*(fC)B~'fC.

Now f2C=—C and we can assume that C*(fC)=0. Also C*(f?BX)=C*(—BX
+(f24+1)BX). So, since we can assume that C* annihalates all vectors in the
distribution M, we have that (F*+F)X=0 for all vector fields on N™*.

§4. Integrability.

In this section we assume that M™ and f are as in Theorem 2.2 and N™ has
the naturally induced f-structure B~'fB. As before, let F denote B~'fB. Then
we see that

[F, FI(X, Y)=[FX, FY|-F[FX, Y1-F[X, FY]+F’X, Y]
=B'[BB~'fBX, BB'fBY]|—-B"'f[BB~'fBX, BY]
—B~'f[BX, BB'fBY1+B~'fBB~'f[BX, BY]
=B~N[f, fI(BX, BY)—[C“(f BX)Ca, f BY]—[f BX, C*(f BY )Cd]
+HICUSBX)Co, CNfBY )G —fICHf BX)Ca, BY ]
—f[BX, CHfBY)Cal —C*(f[BX, BY])fCo),

where we have used the fact that B[X, Y]=[BX, BY] for vector fields X and ¥ on
N™ Also from 2.1, we use the fact that locally BB '=I—C,Q®C* If the
transversal C, lies in the distribution M then the corresponding 1-form C® can be
chosen so that C*f=0. Hence we have the following theorem.

THEOREM 4.1. Let M"™ and N™ be as in Theorem 2.2 and suppose f is
integrable. If, locally, transversals to N™ can be found that lie in the distribution
M then the induced f-structure on N™ is integrable.

Proposition 3.2 and Theorem 4.1 then give the following corollary.
CorOLLARY 4. 2. If (,&,1) is an integrable almost contact structure on M"

and N™71 is a hypersurface of M™ such that & is a transversal of N, then the
induced almost complex structure on N is complex (see Theorem 3.3 in [1]).
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Let ¢ be a metric on M™ such that f and ¢ give an (f, g)-structure on M™.
Then we assume that the transversals C, are orthogonal to N™. Define a metric
G on N™ by

G(X, Y)=¢(BX, BY).

If m is the projection operator on N™ corresponding to m, then
Mi=F?*+1)X=B"'f BB~ f BX+B'BX=B"'mBX+C*fBX)BfC..
Also,
G(FX,FY)=G(B™*fBX, B~'fBY)=9(BB~'fBX, BB*fBY)
=9(fBX, fBY)—g(C*(f BX)Ca, fBY)—g(f BX, C*(f BY )Ca)
+9(C(fBX)Cq, C*(f BY )Cy).

Now assume that the C,’s are all in the distribution M so that C*f=0 for all a.
Then

GFX, FY)=9(f BX, fBY)=9(BX, BY )—9(BX, mBY)
=g(BX, BY )—¢(BX, (BB*+Co.Q@C*mBY)
=GX, Y)-G(X,mY).

Therefore F and G form an (f, g)-structure on N™. We state this as

Theorem 4.3. If M"™ has an (f,q)-Structure with complemented frames and
N™ is as in Theorem 2. 2 and the normals (with respect to g) are in the distribution
M, then N™ possesses a natuval (f, g)-structure.

Suppose now that the C,’s can be chosen to be global vector fields defined
along N™ orthogonal (with respect to ¢) to N™ and hence B~' and the C%s are
globally defined. Then, since the f-structure f on M™ has complemented frames,
we have that m=7"®¢&,. Then MX=B 'mBX=B %" ®&,BX=7"(BX)B™,. If
&, a=1,.--,m—s are tangent to N™ while the rest of the £,’s are transversal to
N™ then we have m=7"B® B, and hence the f-structure on N™ has complemented
frames. These frames could perhaps be used to investigate the integrability of the
almost complex structure on N™xXE™S,
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