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HOLOMORPHIC ISOMORPHISM WHICH PRESERVES
CERTAIN HOLOMORPHIC SECTIONAL CURVATURE

By MINORU KOBAYASHI AND SUSUMU TSUCHIYA

1. Introduction. Let (M,g) and (M, 3) be two Riemannian manifolds.
Denote the corresponding sectional curvatures by K and K respectively. A
diffeomorphism f from M to M will be said to be curvature preserving if and
only if for every p&M and for every 2-plane ¢ in the tangent space T,(M) to
M, we have

K(0)=K(f+2).

It is natural to ask whether a curvature preserving diffeomorphism is isometric
or not. The answer to this question was first given by R.S. Kulkarni as fol-

lows;

THEOREM ([2]). If M 1s an analytic Riemannian mamifold with dimension
=4, then a curvature preserving diffeomorphism f: M—M 1s an 1sometry except
1n the case that both M and M have the same constant curvature.

In the case where both of (M, g) and (M, ) are Kaehlerian manifolds, we
may expect that a holomorphic sectional curvature preserving diffeomorphism
is a isometry. Indeed he proved

THEOREM ([4]). Let M and M be connected Kaehlerian manifolds with cor-
responding holomorphic sectional curvature functions H and H respectively.
Suppose that dim M=2 and there exists a diffeomorphism f: M—M such that
f*H=H. Then either H=H=const. or f 1s holomorphic or anti-holomorphic 1so-

metry.

On the other hand, in our previous paper ([5]), we defined the #-holomor-
phic sectional curvature and the r-bisectional curvature and showed that the
constancy of the holomorphic sectional curvature is equivalent to that of the
6-holomorphic sectional curvature or to that of the holomorphic z-bisectional
curvature. It is then quite natural to ask whether a @-holomorphic sectional
curvature preserving or a holomorphic z-bisectional curvature preserving dif-
feomorphism is isometric or not. Concerning this problems, we shall prove the
following two theorems. We shall define in Section 3 what are called 6-holo-
morphically isocurved Kaehlerian manifolds and what are called z-bisectionally

isocurved Kaehlerian manifolds.
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THEOREM I. Let two Kaehlerian manifolds M and M be 6-holomorphically
1socurved mamfolds(ﬂ;ﬁ—g—) If the holomorphic sectional curvature H 1s not
constant, M and M are 1sometric.
THEOREM 1I. Let two Kaehlerian manifolds M and M be 0-bisectionally iso-
curved manzfolds(ﬁ;ﬁ%). If the holomorphic sectional curvature H 1s not con-
stant than M and M are isometric.

In Section 2, we recall the definition of the angle between two subspaces
and, for completeness, prove two fundamental lemmas. Section 3 will be de-
voted the preparation for the proof of above Theorems.

2. Then angle between two subspaces. Let U be an n-dimensional real
vector space with inner product {,). Consider two arbitrary #k-dimensional
subspaces S and 7. We are now going to define inductively sets

(2~1) @m: {01y “'; 07".; Xl; ) Xm; Yl} Tty Ym} (1§m§k))

X, -, X, and Y, -+, Y, being orthonormal respectively in S and 7, where

0=0,50,5=0p =<
0,=inf {U(X,Y); XeS,YeT, X+0, Y#0},

First we put

where<((X, Y') denotes the angle between X and Y. Then we can take unit
vectors X, S and Y,eT such that with <(X;, Y,)=0,. Next, assuming that
@, is already defined, we put

Sa={XeS; X, Xp>=0, (i=1,--,m},
Ta={YeS; KY,Y)=0, (=1, m)},
and define 0,., by
Oni=inf {UX, Y); XES,, YET,}.

Then we can take unit vectors X, €S, Y,,€T such that <{( Xn.y, V)=
0,41 SO, we have a set

@m+1: {01, =, Omars Xiyoory Xias Vi oory YV} (1=m<k).

LEMMA 2.1. Put O=inf {((X,Y); XeS,YeT}. Let X,, X,&S and Y, Y,
€T be unit vectors such that (X, Y,)=I(X,, Y,)=0. then

< aX,+bX, aY,+bY,
al| X, +0X,|l 7 laY ,+bY,|

where | X| denotes the angle of any vector X.

>=cos€ for all aX,+bX,#0,
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Proof. When 0=—’21, the lemma is trivial. When 0;&1;, we have
| |
(2.2) i<Y1, “—i%?j_—?ggﬁFcosﬁ for any x,X,+x,X,#0,
1 1 2412

since 0 is the least angle between vectors in S and 7. The inequality (2.2)
implies

x3(c0s’0—<Y, Xp»*)+2x,%, cos 8 ({X,, Xy cos Y, X;3)=0.

Since the inequality holds for all numbers x;, x, such that xX,+x,X,#0, we
have

(2.3) (X, X,y cos =Y, X;>.
Exchanging Y, for Y, in (2.2), we have
(2.4) (Xy, Xp) cos 0=(Y,, X;).

Similarlly, the inequlity

;< Y, +xY, >

NEAETA

<cosf for xY,+xY,#0

implies
(2.5) Y, Yycos0=<(X,, Y,).
From (2.4) and (2.5), we have

(X, Xpp=Y,, Yy
and consequently
(2.6) laX,+bX,|=llaY,+bY,|.
Hence we have

<_a)_(1+bX2_ aY,+bY, >
laX,+b X\ laY ,+bY,|

1
n-“aXl"'sz“z

{(a®+b%) cos 0+ab({ X,, Yyp+<X,, YD)}

J— 1 2 2 J—

*ﬁ——_llaXl—{—szIIZ(a +b2+2ab{X,, X,)) cos §=cos 0,

where we have used (2.3), (2.4) and (2.6). Thus the proof is completed.
Lemma 2.1 shows that the set {X&S; there exists Y7 such that (X,

Y)={0}\U{0} is a vector subspace of S and hence the set {f,,---,6,} is inde-
pendent of the choice of X, -+, X,€S and Y,, -, Y,T. Now we shall put
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LS, T)=(0,, -, Om)

LEMMA 2.2. Let S,S’" T and T’ be k-dimensional suspaces of V such that
A(S, T)=<(S", T")=(8,, -++, 6,). Then there is an orthogonal transformation u of
V such that u(S)=S’ and w(T)=T".

Proof. Let {X,, -, X3, Y, -, Y,} and {X{, -+, X% Y1, -+, Yi} be two sets
of vectors constructed in processes taken to define the angle <((S,7T) and
L(S’, T') respectively. Now we may assume that 0=0,=--=0,<0,4, = =<0,.
We now define Z,, -+, Z, as

Zi=X, (i=h),

7. — Ym—k+j_cos 6m—k+;Xm—k+]
=

<1<2k—
1—c08%0 -1, (k+1=)=2k—m)

and take an orthonormal basis {Z,4-m+1, --*, Z»} of the orthogonal complement
to the subspace spanned by Z,, -, Zyp_m. Similarly, for {Xi, -, X5, Y3, -+, Y}
we define Z3, -+, Z, as above. Then Z,s and Z,’s are orthogonal bases of V.
Denote by u the orthogonal transformation of V such that uw(Z;)=Z2, (i=1, -,
n).

Then we have u(X,)=X, (i=k) and hence u(S)=S’. Moreover, since

Yo ke:—C08 Oy X i _ Y e i4s—CO8 O s Xome i
u 2 - 2 ’
1—co08%0 - 4ss 1—cos®0,,_psy

we have u(Y,)=Y, (1<k) and hence u(T)=T’, which completes the proof.

Since lemmas 2.1 and 2.2 are established, we can call <((S, T)=(0,, -, 04)
the angle between S and 7.

Concerning subspaces of a complex vector space V with complex structure
J and Hermitian metric <, >, we have proved in [5]

THEOREM 2.3. Let S and T 2m-dimensional crmplex subspaces of V. Then
there are m real numbers 0,, -+, 0, such that

{(S) T):<01; 01) Yy 0m7 07n) .
THEOREM 2.4. If S 1s a k-dimensional real subspace of V, then we have
W) (S, J)=(0s, 01 ) Ony On, ) Sor k=2m+1,
(i) <US,JS)=(0,,0,, -, 0n, 0n)  Sfor k=2m.
Taking account of Theorem 2.3 we can denote <((S,7T) simply by (6,,0,,
.-+, 8,,) for complex subspaces S and 7. Because of Theorem 2.4 we can denote

XS, JS) simply by (6,, -+, 0,) for real subspace S. If 0,0’ are J-invariant 2-
planes, then (o, ¢')=(0,)=0,, where 0,=inf {I(X, X'); Xeo, X'c0’}. If 0 is
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a 2-plane, then (o, Jo)=(z,)=rt,, where 7,=inf {I(X, X): Xeog, X' € Jo}.

3. 6G-holomorphically isocurved and r-bisectionally isocurved manifolds.

Let (M,<,>,]) be a Kaehlerian manifold. A plane section o of the tangent
space to M is called a @-holomorphic section if <((o, Jo)=6. The sectional
curvature for a @-holomorphic section is called the @-holomorphic sectional
curvature for ¢. For a f-holomorphic section o, we have cos §=|<{X, JY)| for
any X and Y forming an orthonormal basis in ¢. Let o and ¢’ be J-invariant
planes. The holomorphic bisectional curvature H(o, 0’) is defined by Goldberg
and Kobayashi ([1]) as

H(o, 0" )=(R(X, JX)]Y, Y,

R being the curvature tensor of M, where X is a unit vector in ¢ and Y is a
unit vector in ¢’. H(o,o’) is called holomorphic z-bisectional curvature for o
and ¢’ if (o, 0’)=7. When the angle between ¢ and o¢’ is equal to 7, we have
cos 7=<X, JY) for certain unit vectors X in ¢ and Y in ¢’.

Let (M, {,>,]) be another Kaehlerian manifold. We shall say that the
two Kaehlerian manifolds M and M are 6-holomorphically isocurved if there
exists a holomorphic diffeomorphism f: M—M preserving 6-holomorphic sec-
tional curvatures. Also we shall say that M and M are r-bisectionally isocurved
if there exists a holomorphic diffeomorphim f: M—M preserving holomorphic
r-bisectional curvatures. We now have (A) <R(X, V)7, X>=(|X|*| 7[*—<X, ¥>?)
for 6@-holomorphically isocurved Kaehlerian manifolds M and M, and (B)
R(X, Y)Y, XXR(X, JX)JY, T)=| XM VIXR(X, JX)]Y, V) _
for r-bisectionally isocurved Kaehlerian manifolds M and M, where R is the
curvature tensor of M, X, Y are orthonormal vectors tangent to M such that
(JX,Y>=cos O and X=fu X, Y=F+Y.

We shall prove an algebraic lemma for later use. To do so, we consider
a unitary matrix U=(u,,)(u,;€C,1,7=1,2). Then we have ‘UU=U'U=], ie,

31) (@) uyl®+]u,l*=1, (b) gy |24l ugs|*=1,
' ©)  luyl®+luyl*=1, () gyl +spT05,= 0,

where 1i,, is the complex conjugate of u,, and |T,;| is the absolute value of
u,,. From (3.1,b) and (3.1, ¢) we have |u;;l=|u,], and from (3.1, a) and (3.1, ¢)
we have |uj;,|=|u,|. Hence we can put |uy|=/|uy|=cos ¢, |u,|=|uy|=sin ¢

(0§¢§%> and consequently we may put

U, =cos ¢ ¢~ 1*11=cos ¢ (cos a;;++/ —1sina,,),

U, =sin @ €¥"1*12=gin ¢ (cos ay,++/—1 sin ay,),
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Vlaa=gin ¢ (cos @+ v/ —1 sin ay;),

Uy =Sin @ €
Up=c0S @ ¢V ¥22=C0s ¢ (COS Ay -+ —1 sin a,,),

where ay,, ay,, @y, and a,, are real numbers with a;—a,—a,+a,,=02n+1)x
(n; integer) because of (3.1,d). Therefore we have

U=A++~—1B,

where

=

Thus the real representation U’ of U is given by

A -B
o=y D

COS ¢ COS y; sin ¢ cos @y, ) cos ¢ sin @y, sin ¢ sin a,,

. B=(

sin ¢ cos a,, COS ¢ COS &y, sin ¢ sin ay,; COS ¢ Sin ay,

with respect the canonical basis ¢, Je;, ¢, and Je, of C°. We now put X=e¢,
and Y=Je,+++1—a’e, (a=cosf). Then X and Y span a f-holomorphic section
and X({X}, {Y})=0, where {X} is a holomorphic plane spanned by X and JX.

Moreover, we have

X :=U'"X=p, X+, Y+, JX+0:,]Y,
Y :=U'Y=0,X+4,Y +.JX+¢]Y ,

where
a . . 1 .
D1=cos ¢ cos au—Tsmgosm Ay, pzszmgocos A,y ,
. . a . .1 .
p;=cos ¢ sin a“_T SIn ¢ COS &y, , pzz—b—sm @ sin ay; ,
aZ

g,=sin ¢ (b cos a‘2+7)_ cos au)—a cos ¢ (sin ay;—sin @,,) ,

(3.2)

. a . .
7:=C0S ¢/COS Az, ——;-Sin ¢ sin asy,

— . a .
gi=sin ¢ (b sin a12+7 sin a21>+a cos ¢ (Cos a;;—CoS s,) ,
. . a . . —
¢;=cos ¢ sin azz—l-Tsm ¢ COS @y, With b=+/1—a?.

We can prove the following Lemma 3.1 by straightforward computations.

LEMMA 3.1 Let X, Y be orthonormal vectors such that {JX,Y)=a and
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X'=p X+p,Y+p JX+D]Y, Y'=¢X+q,Y+q, ] X+q,]JY

be orthonormal in a way that {JX', X'>=a. Then the following equations (3.3)
~(3.6) hold.
RX, 7)Y, X>=(pqs— D0+ 10— 010 }R(X, )V, X)
(00— D) XRE, JRJX, X+ (pigs—0:00)<R(T, JT]T, 7>
+ 200191~ D10 )(Prde— oG )R(X, JX)JY, ¥
+2pigs—Dis+ P — D20 D10 — D10 XR(X, JX)JX, T
(33) +2(D102— 1o+ D2Gi— P20 (PoGa—139)XR( Y, JY)] Y, X)
2 pots—D10o D01 — D10 (D — B0 )R(X, DX, JX>
+2pas— s+ D0 — D10 (00— D20 XR(X, DY, JT
+( PGP 20i— 150} R(X, JT)J T, X
+2(pals—D10s+ D20 — PG DG+ Dedi— 11— D0 XR(X, VX, T,

I X712 <X, P75 = (00— paan* N XN+ (Drgs— o)l P
FA{(9192— P20+ (D102 — 129> +(H19:—D29))°
+(pig— D} IXI71 712
+2(psgr—DiGat D0 — P20 (P1gi —Pra) | XIKX, T
+ 20— P00 — 020 (D0~ D@ P ICX, T
(3.4) F2pogi— D10+ D30 — D10 Digi—Dia) | XIKK, T
+2(pats—PrGa+ D01 — D10 Degi— D30 | TICK, JT
+ {(4(ps Do+ P10 0105+ 0108 —(D10s+ Do+ D100+ 120 (X, T
(40D 1, P(0:0:—0102) — (DG —Pia+Prds— D20} <X, JT?
2 Dadi—DGa T P2 — D1 (Prga— D105+ D:di— rg XX, THX, T,
R XNV, Ty=(p+0")ai+a<R(X, JXJX, X
(DG HGCR(T, JO)]T, Ty +-4(D,bot152)(4:4
Faa)REX, JT)JT, D+4(p s~ 1) 0:0:— 0:0<R(X, 1T, X
T2 PO@a+ 40D H( @+ (Db BIKR(X, J)IX, T
(3.5) 2P0+ ) (@38 Pupat1i0) (KR(T, JT)TT, X>
L2 PG4~ 0200 (@02 (pus— D bICR(X, X, JXD
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F2{(P3H05)(010s—4200) + (@3 45X Bu1s— Db ONR(X, T)T, JT
PGB+ GBI+ e R, JX), JT, T
+4{(P1Da+110:)(0102—9241) +(91 02+ G g)(Pr De— D1 D)} KR(X, V)X, JT

X112 7 1=+ 220 @+ gD XN+ (340 @3+ gD Tl
A Do+ DD 010s+ GG X, T HA(D1 br— Do 010165
— a0 XX, JEYH2{(DH 010100+ 0100+ (@44 (D e
PO I XX, 7D +2{(p3+:2)(9:9:+ 9192 +(G3+ ) (10,

(3.6) o PIXE, Po+2{(08+012)(0:03—20) +(gi+ 42D
— Do I XIXE, T +2{(03+0:2)(010s—9:00) + (@i +022) (D115
— D DHIPIXE, JT+ {(D3+52)(g3+ 42+ (p3+1:2) (g
+ gD I XIP TP+ 4{(Ds b+ 1 05)(0:03— 020 +(0:9:+ 41 43)

(BiDr—DupDIX, YK, JT .
The equations (3.3) and (3.5) will be established if <R(X’, Y)Y, X5, <R(X', JX")

JY', Y5, (R(X, Y)Y, XD, ...and etc. are substituted by the corresponding (R(X’,
YNOY’, X5, CR(X, JX)JY', Y'>, (R(X, Y)Y, X>...and etc.

LEMMA 3.2. If the equation
©) D+E sin 2¢+F cos 2¢0+G sin 4o+ H cos 4¢
=(D-+E sin 20+ F cos 2¢0+G sin 49+ H cos 4¢)(a+b sin 2¢
+c cos 2¢0+d sin 4p+e cos 4¢)

holds for any <O§go§—27r~), then

(a) Eet+Hb+Fd+Ge=0, (b) Fe+Hc—Gb—Ed=0,
(¢) Ge+Hd=0, (d) He—Gd=0.

Proof). Expanding the right hand side of (C) and putting the coefficients
of sin 6¢, cos 6¢, sin 8¢ and cos 8¢ are equal to zero, we have (3.7,a)~(3.7, d)
regpectively.

3.7

4. Proof of Theorems.

. T T
Proof of Theorem I). Putting auz——T, alz————4— and @,,=—a in a;;—a,

—ay+a,=(2n+1)7r, we have cosa,=sina and sina, =cosa. Substituting
these into (3.2) we have
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b= 1 cos +——a cos a sin b= _ L Sp——L g i

= @ b @, 1= «/7% ® b iInasing,
1 . .1 .

pz—T sina sin ¢, png cosasing,

(¢2 sma) sin go—l—a(\/z —sin a) cos ¢,
(4.1)

(\/2 cos a) sin go—{—a(x/z-——cos a) cos ¢,

a .
7:=c0s @ cos p———cos asin ¢,

g;=—sin « coS go—i—% sinasing, with b=+/1—0a?.

111

Substituting (4.1) into (3.3) and (3.4) and using the equations thus obtained, we
have from (A) an equation of the form (C) with coefficients E, G, H and d

given respectively by the following equations:

E:—Z%g— {(—4a?K(X, V) + (P —a ) H(X)—H(Y)—2aR(X, JX)]JY, Y

—4aXR(X, V)X, JX>—4al{R( X, Y)Y, ]Y>}—l——-\/——c;——l?{2aK(X, Y)+aH(X)

+alR(X, JX)JY, Y)+<R(X, JX)]X, YO +<R(Y, JY)]Y, X

(4.2) +(1+2a*<R(X, )X, JXO4H(R(X, Y)Y, JY>+2a(R(X, V)X, JY)} sina

+—«% {2a K(X, Y)+aH(X)+alR(X, JX)]Y, Y>—<R(X, JX)]X, Y)

—(R(Y, JN]Y, X+ (2a*+1XR(X, V)X, JX)+(R(X, Y)Y, JY)

—2a{R(X, )X, JY)} cos a,

G=4;;3 (2026 —b)K(X, Y)+(1—6a%?) H(X)+ H(Y)—2(b?

—a®’}XR(X, JX)]Y, Y>—4ab®—a*XR(X, V)X, JX>+4al{R(X, Y)Y, JY)

—2%R(X, JV)]Y, XD} +% (2a K(X, Y)—a(b*—a®) H(X)

(4.3) +alR(X, JX)]Y, Y)+(a* b R(X, JX)] X, Y>+(R(Y, JY)]Y, X}

+(3a2—b2)<R(X V)X, JX>+H(R(X, Y)Y, JY>+2a{R(X, V) X],Y >} sin a

2\/ st {20 K(X, Y)+a(a®—b") H(X)+a{R(X, JX)]Y, Y
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—(a*—b*XR(X, JX)JX, Y>—(R(Y, JY)]Y, X)+(3a*—b*){R(X, V)X, JX>

+R(X, V)Y, JY)—2a{R(X, )X, JY)} cosa—I———{ K(X)Y)—a’H(X)

—2a{R(X, Y) X, JX)+<R(X, JY)]Y, X} sin 2a+—% {adR(X, JX)]X, Y
+<(R(X, V)X, JY)} cos 2a,

bt 1 , 1
H=- 7 (20" =b)K(X, ¥) 4 (1—6a*") H(X)+ — H(Y)

+(a* =K R(X, JX)]Y, Yy +2a(a*—2b°)XR(X, )X, JX)
T2aCR(X, Y)Y, JY)—bXR(X, JY)]Y, XD} +7%5; {2a K(X, Y)

ta(a®—0") H(X)+a(R(X, JX)]Y, Y>+(a*=b"}XR(X, JX)] X, ¥
R, JYV)]Y, XO+Ba*—b"KR(X, V)X, JX)+(R(X, Y)Y, JY)

+2a(R(X, V)X, JY>} sin a—l—ﬁ {2a K(X, Y)+a(a®—b?) H(X)

(4.9 TalR(X, JX)JY, Y5 —(@®—=b*)(R(X, JX)] X, Y)—<R(Y, JY)]Y, X)
—|—(3a2— WR(X, V)X, JX)+<R(X, Y)Y, JY>—2a(R(X,Y) X, JY )} cos a

b2

+ 3 4b2 {K(X Y)+a®H(X)+2al{R(X, V)X, JX>

—(R(X, JY)]Y, X)}SmZa—r— { (R(X,JX)]X, Y>

2b
+{R(X, Y)X, JY>} cos 2a,

4b8 {1—6a*) | XII*+ | TII*+2(a*— %) XI*| T |I*—4a(20*—a*)X X, J¥ 5| X||?

+4a( X, JT | TIP—20% X, T)24-2(2a*—b2)( X, JY +<(sina) sina

(4.5)

+<{cosad cosa+§"b- (—a?| K| —2a) XXX, JTO+<(X, T2 <X, JT>% sin2a

o @RI, Ty+CX, XK, JT) cos 2a,

Where we denote by <sin a) the coefficient of sin @« and by {cos«a) the coeffi-
cient of cosa.
However because of Lemma 3.2, we have the equations (3.7, a)~(3.7, d) con-
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taining these coefficients. These equations imply that there occur only two
cases, that is, Case 1, where d=e¢=0, and Case 2, where d*+e*+#0 (i.e d#0 or
e=+0).

Case 1). In this case, using (4.5), we have
(4.6) (1—6a?b?)| X[+ 7|4 +2(a*— )| XI2| 7|2 4+-4a| PIX X, JT>
—4a(2b®—a?)| XIKX, JT>—2b% X, T)?+(4a®—2b°K X, JT>*=0,

(4.7) a| X|24+<(X, JTy —(X, 7>=0,

(48) (X, PY(a| X|24<X, JT)=0.

Consequently we have (X, 7>=0, | X|=|7] and<JX, ¥>=a||X|?, from which
JX, Yo _

i XW?I'_G' Therefore in Case 1 f4 is conformal on the subspace spanned by
1

X,Y,JX and JY.

Case 2). In this case, (3.7,c) and (3.7, d) imply G=H=0, and this equation
implies together with (3.7,a) and (3.7, b) E=F=0. Taking account of (4.2), we
have from E=0,

(4.9) 422K(X, Y)+(a®—b?) H(X)+ H(Y)+2aXR(X, JX)]Y, V>
+4aR(X, V)X, JX>+4a(R(X, Y)Y, JY>=0,
(4.10) 2a K(X, Y)+aH(X)+al{R(X, JX)]Y, YS+<(R(X, JX)JX, Y>

+HR(Y, JY)JY, X>+(1+2a*{R(X, Y) X, JX>
+R(X, V)Y, JY>+2a{R(X, V)X, JY >=0
and
(4.11) 20 K(X, Y)+aH(X)+a(R(X, JX)]Y, Y>—<R(X, JX)]X, Y >
HRY,JY)]Y, XD+1+2a*<R(X, V)X, JXD+<(R(X, Y)Y, JY>
—2a{R(X, V)X, JY>=0.
The equations (4.10) and (4.11) are equivalent respectively to
(410" 2a K(X, Y)+aH(X)+a(R(X, JX)]JY, Y)+(1+2a"KR(X, Y) X, JX)
HR(X, Y)Y, JY>=0,
(411 (R(X, JX)JX, YS+CR(Y, JY)]Y, X>+2a({R(X, V)X, JV >=0.
Similarly, (4.3) and G=0 imply
(412) 4K(X, Y)+(1—6a*0>)H(X)+H(Y )—2(2b*—a*}XR(X, JX)]Y, Y
—4a(2b*—a*XR(X, )X, JX>+4a(R(X, Y)Y, JY >=0,
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(4.13) K(X, Y)+a*H(X)+2a{R(X, Y) X, JX>—<R(X, JY)]Y, X>=0,

(4.14) alR(X, JX)]X, Y>+<(R(X, V)X, JY>=0.
Finally, (4.4) and H=0 imply
(4.15) 2a K(X, Y)—a(b*—a*)H(X)+a(R(X, JX)]Y, Y

+(3a2—b)(R(X, )X, JX>+{(R(X, Y)Y, JY>=0,
(4.16) (a*—bR(X, JX)JX, YS+(R(Y, JY)JY, X>+2a{R(X, Y)X, JY >=0.

Using the equalities (4.10)’~(4.16) obtained above, we are now going to
derive some equations containing curvatures. First from (4.11), (4.14) and
(4.16) we have

(4.17) (R(X, JX)JX, YS=CR(Y, JY)]Y, X>=(R(X, V)X, JY >=0.
From (4.10)’ and (4.15) we obtain
(4.18) aH(X)=—(R(X, V)X, JX>.
From (4.9) and (4.12) we get

(1—3a*) H(X)—4a(R(X, V)X, JX>—2(R(X, JX)]Y, Y >=0.
Substituting (4.18) into this equation, we have

1+a®

(4.19) (R(X, JX)JY, Y )= 5

H(X)

We have also, from (4.10) and (4.7),
a(@—1)H(X)—{R(X, Y)X, JX>—2a{R(X, JX)]Y, Y >—(R(X, Y)Y, JY >=0.
Substituting (4.15) and (4.16) into this equation, we obtain
(4.20) aH(X)=—<{R(X, V)Y, JY),
which together with (4.15), implies
(4.21) (R(X, Y)Y, JY>=(R(X, V)X, JX>.
Substituting (4.18) and (4.19) into (4.13) we have

1+43a?
4

Furthermore, substituting (4.18), (4.19), (4.20) and (4.22) into (4.9) we get
(4.23) H(X)=H(Y).
Finally, from (4.19), (4.22) and the first Bianchi’s identity, we have

(4.24) R, IO]Y, Xy=2 HX).

(4.22) KX, Y)=

H(X).
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Therefore, using (4.17), (4.18), (4.19), (4.20), (4.21), (4.22), (4.23) and (4.24) we
shall show that the holomorphic sectional curvatures are constant for any ho-
lomorphic section belonging to the subspace spanned by X, Y, /X and JY. To
prove this fact, we take an arbitrary unit vector Z such as Z=xX+yY-+ujX
+vJY. Then, by direct calculations and taking account of (4.17), we have

H(Z)=(+u?) HX)+@*+y ) H(Y ) +4(vx—uy)K(X, YV)
+4(vx—xPyutxvut—uly)R(X, V)X, JXD
+4(xvy 4+ xvt—y*u—uviy)(R(X, Y)Y, JY>
+2(x*+ut)(y* +v)R(X, JX)]Y, Y
+4(xy+uw)<R(X, JY)JY, X5

Therefore, since | Z|2=x*+y*4+u’+0v*+2(yu—xv)a=1,
H(Z)=H(X){(x*+y*+u>+v*)* =2(x*+u)(y*+v°)
+(143a®)(xv —yu)* —4a(x*+y*+u+vi)(vx—yu)
+(14-a?)(x"+u)(y*+v")+(1—a”)(xy+uv)*}
=H(X){(1—-2(yu—vx)a)’+(1+3a*)(xv—yu)*
—4a(1-2(yu—vx)a)(vx—yu)+(a*—1)(xv—yu)?}
=H(X).

The equation H(Z)=H(X) shows that the holomorphic sectional curvatures are
constant for any holomorphic section belonging to the subspace spanned by
X,Y,JX and JY. Here we recall that if p is a non-isotropic point of M, then
there exists an orthogonal vectors e, -, ¢,, Je,, -+, Je, belonging to the tan-
gent space T,(M) such that

(%) (Ray)*+(H(e)—H(e)*#0  (i#))

(see R.S. Kulkarni, [4]), where Rui;=<{R(e,Je,)e,, Je,>.

If we put X=e, and Y=cos 6Je,+sin fe,, then X and Y span a 6@-holomorphic
section. Since H(Z)=constant, we get H(e,)=H(e,). On the other hand, (4.17)
implies

1

Riﬁj:Sin—0<R(X, JX)X, JY +cos 6 XD
1 JE—
=—snd (R(X, JX)]X, Y >=0

because of ¢;=X, e,:?lll?(}’—cos 0JX). This contradicts (*). Thus at any

non-isotropic points Case 2 does not occur.



116 MINORU KOBAYASHI AND SUSUMU TSUCHIYA

Since the set of non-isotropic points is dense, the given mapping f is ne-
cessary conformal because of the conclusions derived in Case 1 and Case 2.
Thus by the same argument developed in [4] we can show that f is isometric.
Therefore Theorem 1 is completely proved.

Proof of Theorem II). As in the proof of Theorem I, substituting (4.1)
into (3.5) and (3.6), and using the equations obtained, we have from (B) an
equation of the form (C). Because of Lemma 3.2, we have the equations of
the forms (3.7, 2) (3.7,d). From (3.7,a) and (3.7,b) we have again only two
cases, that is, Case 1, where d=e¢=0 and Case 2, where d*+¢*+0 (i.e d+0 or
e+0).

(Case 1). In this case, we have

a(l—6a*b* ) . . - a(2a®*— .
0=a={2 8 gyt Ly (K T+ L) (X
a*(2b*—a*) | & 2/ Y IV @ ST T a(b®—a®) | <ion oo
= NI T+ Y I JYD =5 I XY }
+{sin a) sin a+<{cos a) cos a+{ IIXII +op <X 7y— <X, >

Y>} cos 2a .

From which we get (4.6), (4.7) and (4.8). Therefore we have <§,—}_’>=0, 1 Xl=

|7l and <jX ¥>=a| X||* and consequently ﬁillﬁjﬁ

Case 2). In this case we have again G=H=FE=F=(0. Now by similar
calculations as in the proof of the Theorem I, we obtain equations (4.12), (4.13),
(4.14), (4.9), (4.10), (4.11), (4.15) and (4.16).
Therefore by the same argument as in the Theorem I we can prove Theorem
1L

Appendix. The following formula have been used in obtaining E, G, H and
d appearing in Theorem L

.. a b*—a® a
P;%—P;ql——-z—bg-i—( % -I-\/ 3 bsm a—l—\/ 5 bcos a) sin 2¢
a(b®*— a
-I—( Zb‘ — 2 sin a— v cos a) cos2¢,

1
D2Gs—Daqs= sz o sin 29— 2b2c03290,

_ya 1 . 1
P1flz~1’th——(—ﬁ—27‘2—8ma+2v cosa)+(2b 2\/2bsma



HOLOMORPHIC ISOMORPHISM 117
. a’ 1 . 1
7§ cos a) sin 2go—|—<—2?+2—\/—7- sin a+§/7 €os a) cos 2¢,
a . a .
Di@a—b:s= ( 2 Sln 77 cos a)+(2—x/ﬂ sin a—ﬁﬂ cos a)sm 2¢
1 . 1
+(—m sin a —\/7— cos a) cos 2¢,
Pig:—p q’———(——1: sin a———1= cos a)—f—(‘J: sin a+5— 5 cos a> sin 2¢
He o 24/2 242 2+/2b «/2
+(2\/% sin a—2—\i7 cos oc) cos 2¢,
o (a1 1 a ,  a .
Pt (gp—gyg Sm gy cosa) (=gt sina
a . a’ 1 . 1
+2_«/% cos a) sin 290+<——2p—m sina—5 /- cos a) cos 2¢,
L N a .
pl%'_plqg‘l‘pz‘h—pz‘h—(r/ﬂ sin a_Vﬂ cos a) sin 2¢
1 . 1
+(—77 sin a+77 cos a) cos2¢,
D12t P'=(—-1-—— sin a——l~— cos a) sin 2¢
R TARTN2M 2h 24/ 2b ’
L a?—h® . s_g2 )
Q1q2+4142—<2\/§b sin a+2\/7b cos a) sin 2¢
+(—-\/i7 sin a+:/a? cos a) cos 2¢,
D1@2+ D291+ D1 Go+ P '*Ls’ a-l-'l- cosa
192 T P41 7 P1 92T Podi= V2 1n V32 ’
D1bs—D1p —iﬂ-(—l— si a+——1— 0s a) sin 20—~ cos 2
172 12" 9p2 2728 11 2\/7[7(: in 2z 2b2co o,
i qiai= (—  in et sa)sin2
419:—419>,= Zbg b 2'\/2b in 2‘\/2bco a ) sin (2
a(b®*—a?)
]

a
_T?31na \/2 cos a) cos 2¢,

D1Go—D1q:+ D20, — D41 = — \/7 sin a+—= \/M cos a,
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D201 — D192+ D201 —D1g:= bz +< ——+ = \/ o sin a+— \/ 5D cos 0() sin 2¢

a1 1
_(—bT_i—-{/—?_ sin a+~\—/? cos a) cos 2¢.

The following ones have been used in obtaining E, G, H and d appearing
in Theorem II.

Pi+q’= 2b2+\/2b(cos a+sin a) sin Zgo—l— cos 2¢,
e 1 1
P%-I—Pzz:W—ﬁ cos 290,
0y 2 a(bz—az) a(a*— 2) a(a®—b?) .
gi+q _2b2+( + T at+——" Joh 08 zx) sin 2¢
2__p2)\2 o o
+(—%—\/ 2 a*sin a—+/ 2 a® cos a) cos 2¢,

2 2

, 1 a
q%-l—qu:%z b SmZgo—l— cos 29,
D1 +Pi P =<—1~— sin a———lr cos a) sin 2¢
TR 242 2420 ’

. a
biby—D.b1= 2b2+(2\/~ sxna—l—Z\/Zbcosa)sm250——wcos2<,o,

2

L az_bz )
qlqz+qlq22<2 v2b sin =575 cos a) sin 2¢

+<—~\7a?— sin a—l—va? cos a) cos 2¢p,

a’*—b?

G19:—q1¢>= 2b2+( 2\/2b51na+242bcosa)31n2¢

a(bz—ag _a . a
-I—( o el sin « ¢7°°S a) cos 2¢.
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