A. IKEDA
KODAI MATH. J.
23 (2000), 345-357

SPECTRAL ZETA FUNCTIONS FOR COMPACT SYMMETRIC
SPACES OF RANK ONE

AKIRA IKEDA*

Abstract

We study the spectral zeta function {,,(s) associated with the spectrum of Laplacian
acting on functions of a compact simply connected Riemanman symmetric space M of
rank one and the spectral zeta function ég‘,,‘s (s) associated with the spectrum of Laplacian
acting on p-forms of the sphere S” We give the residues of {4 (s) and (£, (s) explicitly.
For the odd dimensional sphere S”, we show that (% ’"5(s) vanishes at negative integers.

1. Introduction

Let M be a compact connected Riemannian manifold, Ay the Laplace-
Beltram operator acting on smooth functions. It has a discrete specrtrum

(1) O=A<hsh< - <A<,

where every 4, is repeated with its multiplicity. The spectral zeta function of M
which is well defined in Re(s) > dim M /2 is given by

2) Culs) =D 4"
k=1

In [9] Minakshisundaram-Pleijel proved {;,(s) has a meromorphic continuation
on the whole complex plane C and analytic on C except at simple poles at s =
dmM/2 -k (k=0,1,2,...), and express the residues in terms of metric in-
variants of M. In [3], [4] Carletti and Monti Bragardin studied Dirichlet series
L(s) = "2, P(k)/((k + dy)*(k + dy)*) and applied to the spectral zeta functions
for the standard spheres of constant curvature 1. They give the residues of the
spectral zeta functions explicitly.

Let AZ, be the Laplace-Beltrami operator acting on smooth p-forms A”(M).
Denote the differential and codifferential of M by d and J, respectively;

d: A’ (M) — AP (M),
5: AP(M) — AP71(M).
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Let HP(M) be the space of harmonic p-forms. We define the space of o-
closed forms by

3) AL(M) = {x e AP(M) |62 = 0,0 L H (M)},
and the space of d-closed forms by
(4) Ah(M) ={ae AP(M)|da=0,00 L H(M)}.

Since d and 6 commute with Af, A% acts invariantly on Af(M). We say the
eigenvalue 4 to be J-eigenvalue if there is an eigen p-form in A(M) with the

eigenvalue A.
Let

) O<H<B<. <<,

be the set of all the J-eigenvalues, where every AF is repeated with its multi-
plicity. We define the spectral zeta function C” (s) by

(6) SHOED N
1=1

Note that

(7) 93(5) = Ca(s).

In this paper, we study the spectral zeta function C’g’f(s) of the standard
spheres of constant curvature 1 and {y,(s) of other compact simply connected
Riemannian symmetric spaces of rank 1. We give the residues of their spectral
zeta functions explicitly which have much simpler forms than Carletti and Monti
Bragardin’s results.

It is well know that the Riemann zeta function has trivial zeros at any
negative even integer. In [10] Minakshisundaram proved that the spectral zeta
function {s-(s) of the odd dimensional sphere vanishes at any negative integer.
In the last section, we show the spectral zeta function (% (s) of the odd dimen-
sional sphere also vanishes at any negative integer.

2. Dirichlet series L(s) = > 2, P(k)/((k +d\)’(k + d)°)

Let P(x) be a polynomial of degree N. For two real numbers d; and d,
with d» > d; > —1, we consider the Dirichlet series

R P(k)
(®) L(s) ‘;(Hdl)f(sz)f‘

In this section, we review Carletti-Monti Bragardin’s results for L(s). We
prepare some notations for later use. Let P’ (B) be polynomials in § of degree
m — j defined by
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@ =1 =116,

i (B) “Aap w(f) 0<j<m
Put
N
9) P(x) = Zojajxf,
=

and define the constants @, (m,p >1) by

m . - +1 m
(10) a! :2(_1)" ’(’Z_/)/ .

For a > 0, the Hurewicz zeta function is defined by

(11) C(s,a)zz(r_:a)

r=0

Note that the Riemann zeta function {(s) is
(12) {(s) =Ls, 1)

Then we have the following formula (see [3]):

ProroSITION 1.

Ls) = g<d2 ; dl>2/(—1)/(_;>

d+d;
2

X [aoC(2s+2/, 1+

N m m
dy+d . dy+d
VY (I M|

1=1

Note that if d; = d,, then the above formula shoud be read as follows;

(13) L(s) = aol(2s,1 + dy)

m

N
+Zi2amaum (m+1—i—d){2s—j,1+d).

m=1 j=0 1=1

From this formula, we can get easily the following corollary:
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CoroLLARY 1. 1. If P(X) =1, then

00 2/
L(s) = Z(dz '2‘ d‘) (—1)‘<;s>c(2s+ 2,1 e ; d‘).
£=0

2. IfP(X) =X+(d2—-d1)/2, then

L(s) = g(dz ;d‘>2[(—1)”<7>4<2s+ w-11+% ; d‘).

In the above Corollary, if d) = dp, then this formula should be read as
follows

(14) L(s) ={(2s,1+d)),
and
(15) L(s) ={((2s—1,1+d)),

according to P(X)=1 or P(X) =X +d,.

3. Spectral zeta functions for spheres S”

Let S” denote the n-dimensional standard sphere of constant curvature 1.
By [7], all the positive d-eigenvalues of AL, (0 <p <n/2) are

(16) (k+p)k+n—p-1), k=1,
with their multiplicities
Ck+n—-Dk(k+1)(k+2)---(k+n-1)

pln—p—-Dk+p)k+n—p-1)
The spectral zeta function (%2(s) are given as follows;

(17)

(18) (&) =

Z (k+mk(k+1)(k+2)---(k+n-1)
(- P—l' ((k+p)k+n—p—1)"!
We treat with C§; (s) separately according to whether n is odd or even.
S", n odd (n=2m+1).
Define the polynomial F, ,(x) by
2[T(x + (m—p)* — i?)
pln—p—1)!

(19) F, p(x) =

m+1

J
= E :“n,pdx .
J=1

Then we have
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28y N~ Enp((k+p)(k+n—p—1))
(20) {sn (s) —Z ((k+p)(k+n—p—1))*"

m+1 1

_Za”PJZ k+p k+l’l—‘ _1))s+1—l.

Using Corollary 1, we have

m+1 © .
I's+1—-j+/¢
=2 s ) (m—p)”—;!l_(s“_].))C(2(S+1— ) +20— 1,1+ m)

m+1 0 .
I's+1—-j+7¢
= “npj_s_ (m — )2/——( )

a1y (B2 =i+ 1) 1+m)

SN I(s+1
= Z “n,p,(’—t+l(m—p)2[¥6(2s+2l,1 +m)

t=0 /=t f'r(s_i_t_/)
—1 n—1+t
w T(s+1)
§ TG l@s T2l +m).
+t=_(n_1 2 A, p,/—1+1(M = P) /!F(S-Ft—/)é( s+ 2t, 1 4+ m)

From this formula. we have
THEOREM 1. The spectral zeta function (52 (s) of the odd dimensional standard
sphere S has a meromorphic continuation on the whole complex plane with at

most simple poles at s=n/2—k (k=0,1,2,...). The residue at s=n/2 —k is
given as

¢
zotnpz’+mk+1< (m 4p))<2;’) if m>k=>0

l
1 2m—k m— 2 2/ )
) Z Xn, p,¢—m+k+1 <_( 4p) ( / ) if k>m

=m—k

(22)

S" n even (n=2m).
Define the function F, ,(x) by

AT (= 1)/2 - p) — (1= 1/2)%)
plln—p—1)!

m
= E U, p, X7
J=1

(23) Fn,p(x)
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Then we have

(24) f: (k+(n=1)/2)Fy p((k +p)(k +n—p—1))
k=

1 ((k +p)(k +n—p—1)**

i“ i (k+(n-1)/2) .
= o =1 ((k+p)( k+"—17“1))s+1_]

Using Corollary 1, we have

(25) C&2(s)

m © /m—1  \¥T(s+1-j+7) n—1
_N, nel ) LSt I o= 1) 1+
PL 'MH( 2 p) AT(s+1—)) C( sH2A/—jH1) 1+ )

J=1
o, o n—1 \¥ T(s+1) n—1
= An, p,t—t+1 < _P) C(2S+21—1, 1+ —)
;; 2 T (s+1—1) 2
+ _Zl mea o 1— ARG B S o
bt 2 n, p,{+t+1 P AT (s+1-7) s 5 )

From this formula, we have

THEOREM 2. The spectral zeta function (% ’f(s) of the even dimensional sphere
S? has a meromorphic continuation on the whole complex plane with at most
simple poles at s =k (k=1,2,...m). The residue at s =k is o p /2.

4. Spectral zeta functions for complex projective spaces P"(C)

Let P"(C) denote the complex projective n-space with Riemannian metric
induced by (n+ 1) x negative of the Cartan-Killing form of SU(rn+1). Then
every geodesic on P"(C) is closed of length #. By [2], all the eigenvalues of
Ag,.(c) are given by

(26) k(k+n), k=0,

with their multiplicities

Qk+n)((k+ 1)k +2)---(k+n—1))*

27) nl(n—1)!
So that the spectral zeta function {pnc)(s) of P"(C) is of the form:

3 (k+n/2){(k+D)(k+2)---(k+n—1)}*
@®) o) = CrE |

We treat with { Pn(c)(s), separately according to whether n is odd or even.
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P"(C), n odd (n=2m+1).
Define the polynomial G,(x) by

m 2 2.2
(29) G,(x) = 2 Hz:O(x + ’(1”'1(/’12)_ 1)'(1 1/2)%)
n—1
= Zy,,ijf.
J=0
Then we have
(30) Cpiey(s Z (k + n/zic +(n)()k +m)
S =~ (k+ n/2
=0 s = (k(k+n)

Using Corollary 1, we have

n—1 © /
Epro)( an () HC(%S—J’HZZ—LH@

2 2
=0 y”’;( ) TH?CGHZ(/—])— 1,1+g)

W n—l+t 2
I'(s+1) n
Tt (_) ———,C(2s+21—1,1+—>
2 2 AT(s+1—J) 2

=0 /(=
—1 n—1+1¢ 2/
[(s+1) n
SRS A 2 — ).

P"(C), n even (n=2m).
Define the polynomial G,(x) by

n—1

2(x+m) 10 (x+m? —i?)°

(31) Gu(x) = nl(n—1)!
_ n—1 yn,jxj
J=0
Then we have
& (k + m)Gu(k(k + 1)
(32) {pricy(9) = 1; (k(k +n))°

—_—

n—

= (k+m)
s etk )

J=0
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Using Corollary 1, we have

Lprc)(s Zy,,,z m? ;,Sl_ s )C(Z(s—j)+2/—1,1+m)

—Z)’njz ¥ /S J+/)C(2s+2(/ -j)—1,14+m)

ll" )
0 n—l+t
I'(s+1)
2t
= YnotM” = ———=((2s+2t = 1,1 + m)
22 e Ar )

-1 n—1+t¢
[(s+1)
> Y Yo (25 + 2t — 1,1+ m).
gy o Z ey M

From these formulae, we have
THEOREM 3. The spectral zeta function {pn(cy has a meromorphic continuation

on the whole complex plane with at most simple poles at s=k (k=1,2,...n).
The residue at s =Kk is y, j_1/2.

5. Spectral zeta functions for quaternionic projective spaces P"(H)

Let P"(H) denote the quaternionic projective n-space with Riemannian metric
induced by 2(n + 2) x negative of the Cartan-Killing form of Sp(n+ 1). Then
every geodesic on P"(H) is closed of length n. By [2], all the eigenvalues of
A,O,n(,,) are

(33) k(k+2n+1), k=0,
with multiplicities
2k +n+1/2)(k+ D){(k+2)--- (k+2n—1)}*(k + 2n)
(2n+ D!(2n—1)! )
So that the spectral zeta function {png)(s) of P"(H) is of the form:

Zz(k+n+ 1/2)(k + D{(k +2) -+ (k +2n — 1)}2(k + 2n)
n+ D12n— Di(k(k +2n+1))° '

(34)

Cpriany(s) =

Define the polynomial H,(x) by

2 n—1 N/ 1\ 2
H,,(x)=(2n+1)!(2n_1)!(x+2n)H<x+(n—i—i) —(z—§>>

=1
2n—1
= Z On, ;X7
J=0
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Then we have

CP"( ()=i(k+n+1/2)Hn(k(k—|—2n+l))

(33) (k(k+2n+1))°

SIS
:I Il
LR

 (k+n+1/2)
On J Z k(k + 2 s=J
J=0 k=l + 2n + 1))

Using Corollary 1, we have
255,,,2( _> %c(z(h;) +20— 1,%+n>
= 2{:]5,,71io:(n+%)Mr;szsj_-:—)f)C<2s+2(/ —j) - 1,%—1—;1)
_ izriﬁéw_, (n N %)2//!F1;§s++tt1j) C(zs + 2t — 1,% + n)

—1 2n—1+t 2/
N T(s+1) 3
+ Z Z 5,,/ [(I’l‘i‘ ) mé(2s+21—1,§+n).

t=—(2n-1)
From this formula, we have
THEOREM 4. The spectral zeta function {pnyy(s) has a meromorphic con-

tinuation on the whole complex plane with at most simple poles at s=k
(k=1,2,...2n). The residue at s =k is O k_1/2.

6. Spectral zeta functions for Cayley projective plane P?(0)

Let P2(0) denote the Cayley projective plane with Riemannian metric
induced by 18 x negative of the Cartan-Killing form of F4. Then every geodesic
on P%(0) is closed of length n. By [2], all the eigenvalues of APZ are

(36) k(k+11), k=0,
with their multiplicities

(2k + 11)31(k + 7)!(k + 10)!
117 (k + 3)!

(37)

So that the spectral zeta function {p2g)(s) of P?(0) is of the form:

2. (2k + 11)31(k + 7)!(k + 10)!
Z )34k + 7)( )

(38) {p2(0)( 17K (k + 3)!(k(k + 11))°

=1
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Define the polynomial I(x) by

o=l (s (84 ) (e (3 -(-)

12
1

- Z X
J=0

Then we have

(x + 10)(x + 18)(x + 24) (x + 28)%(x + 30)?

_ i(k+ 11/2)I(k(k + 11))

(39) Cp2(0) ek £ 1D))°

k=1
iﬂi (k+11/2)
=0 T (k(k + 11))
Using Corollary 1, we have
7 © 2¢
IN“T(s— j+/) 13
CP"(0>(S)=Z’7]Z( ) G )) (2(3‘ J+2-1, z)

J=0 /=0

_ iq]iclywc(z Y20—)) - 1,123>

=0 /=0

o Tt 1N\* T(s+1) 3
:ZZ”/ t<_) /'F(S+t )C<2S+2t“‘17§)

=0 ¢{=t
-1 T+t
11 I'(s+1) 13
+ Ny (—) T C(2 s+ 2t—1, )
t;; ! (s +t—j) 2

From this formula, we have

THEOREM 5. The spectral zeta function {prg)(s) has a meromorphic con-
tinuation on the whole complex plane with at most simple poles at s=k

(k=1,2,...8). The residue at s=k is n,_;/2.

7. Trivial zeros of Cg’z?,,ﬂ(s)

It is well known that the Riemann zeta function {(s) vanishes at even
negative integers. In this section, we give analogous results for the spectral zeta

function (:gfm (s).
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THEOREM 6. The spectral zeta function Cg'zi“ (s) vamishes at negative integers.

Proof. Using the formula (21), we have for a positive integer k;

w ! k—t+¢
CHEIESY an,,,,/_,+1(m—p>”<—1)‘< . )r:(—z<k—r>,1+m)
=0 /=t -
-1 m+t k._ l‘-l-/
+ 3D tnpeini(m—p)* (=) ( ., )c(—z(k—t),l +m)
t=—m (=0 -
k m+t k—[-l—/
= Z ocrt,p,i—t+1(_(rn_p)z)/< )C(_z(k_ t),l +m)
t=0 (=t k—1
—1 mit k—t+¢
+ Z Z“np/ e+1(—(m — P)z)[< k—1 )C(—Z(k—t),l—i—m)
t=—m (=0 -
m+k !/
= Z Un, p,/—k+1(—(m _P)z)/<0>g(0 1 +m)
{=k

k—1 m+t 5o k—t+/¢
+ Un, p,t—r41(—(m —p)°) {(=2(k—1),1+m)

—1 mH k—t+¢
+3 Zan,p,/_,+1(—<m—p>2)‘( . )c<—2(k—z>,1+m>‘
t=—m /=0 -

For the first term, we have

m+k

4
Zanp/ k+1 p) ) <O)C(O’1+m)
- Zan D (+1 p) ),+kC(07 1+ m)

=€(O,1+m)( (m p) k 1Z°‘np/+l p) )[+1

= (0,1 4+ m)(~(m — p)*)*"'Fy, p(—(m — p)*)
=0.
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Thus, we have

{57 (k)

k—1 m+t k—1t +7

= ZZ%,%/—HI(‘(’” _P)2)K< k1 )C(—Z(k —1),1+m)
=0 /=t -

1 i k—t+¢
+ Z Zanp/ t+1 m P) ) ( )C(—Z(k_t)al +m)
t=—m (=0 k—t

m+1 k+¢—1

= Zanpt’z [_H_l( —;; ' )C(_z(k—t)al +m)

t=0 -

mtl - kt+t—1

+Zanpz Z (m—p)z)“"’( . )C(—2(k—t),1+m)

==(¢-1)

Z—MZHOCnp/Z l+t—l<k+/ >zm:12k'

=0 =1
il = k-1 &
_Z“"»N’ Z (—(m—p)?)'* 1( )Zln 7
/=1 =—(¢-1) 1=1
m m+l1 k—1 3 k+/ 1
= =22 dnpey (=m—p))! ( ) =
=1 ¢=1 =0 k—1t
m m+1 -1 3 k+/ 1
=D tnpe Y (=m=—p)})* 1( ) (k=1)
=1 /=1 t=—(7-1) k—t
m m+1 k—1 k+/ 1
— _Z U, pot Z (_(m_p)Z)/+t l( > 2(k—t
=1 /=1 =—(¢-1) k—t
m m+l k+£-2 k47 1
_ 2yt (k+£—1-1)
— o™ —(m — 4
;/=1 p{’;( ( p))<k+t’—1—t>
m m+l k+/—1 k +/-1
_ 2\ :2(k+6—1—1)
- - anY s —{m — 1
;; ”;<k+z—1—z>( (m=p)%)

=1 /=1



[10]

(1]
(12]
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3

= Z o‘npt’ (m P) +l k+{1+zzanp, m P) )k+/‘1

=1 1

=3 (lm—p)? + 2y (= p) 4 )

=1

+ (=(m—p) )kIZan (m— p))

m +1 m m+l

~
Il

=0. O
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