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MEROMORPHIC FUNCTIONS THAT SHARE TWO SETS
HONG-XUN Y1 AND LIAN-ZHONG YANG

Abstract

This paper studies the problem of uniqueness of meromorphic functions
that share two sets and obtains some unicity theorems which improve some
theorems given by H.X. Yi, G.D. Song and N. Li and other authors.

1. Introduction

In this paper, by meromorphic function we always mean a meromorphic
function in the complex plane C. We adopt the usual notations in the
Nevanlinna theory of meromorphic functions as explained in [1]. Let %2 be a
nonconstant meromorphic function and let S be a subset of distinct elements in
C. Define

EvS)=J, 21 h@—a=0},

where each zero of A(z)—a=0 with multiplicity m is repeated m times in E,(S)
(see [2]). The notation E,(S) expresses the set which contains the same points
as E,(S) but without counting multiplicities (see [3]).

Throughout this paper, we assume that f and g are two nonconstant
meromorphic functions, S is a subset of distinct elements in €. If E F(S)=E(S),
we say f and g share the set S CM (counting multiplicity). If E (S)=FE(S),
we say f and g share the set S IM (ignoring multiplicity). As a special case,
let S={a}, where acC. 1If E;({a})=E,({a}), we say f and g share the value
a CM. If E;({a})=E,({a}), we say f and g share the value a IM (see [4]).

In 1976, F. Gross and C.F. Osgood proved the following theorem.

THEOREM A [5]. Let S,={—1,1}, S;={0}. If f and g are nonconstant
entire functions of finite order such that f and g share the sets S, and S, CM,
then f=+g or f-g==+1.

Next, we assume that S;={1, w, ..., ®"}, S;={co}, and S,= {0}, where
w=cos(2x/n)+i sin(2r/n), n is a positive integer.
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H.-X. Yi [6, 7], G. Brosch [8], K. Tohge [9], G. Jank and N. Terglane [10]
and other authors dealt with the problem of uniqueness of meromorphic functions
that share sets S;, S, and S; and obtained some results that are improvements
of Theorem A. Recently, H.-X. Yi proved the following result.

THEOREM B [3]. Suppose that f and g share the sets S, (=1, 2, 3) IM.
If n=7, then

(L) f=tg,

where t"=1 or

1.2) f-g=s,

where 0 and oo are lacunary values of [ and g, and s™=1.

H.-X. Yi [11, 12], G.D. Song and N. Li [13] and other authors dealt with
the problem of uniqueness of meromorphic functions that share sets S, and S,.
In 1994, H.-X. Yi proved the following result.

THEOREM C [11]. Suppose that f and g share the sets S, and S, CM. If
n=7, then f and g satisfy (1.1) or (1.2).

Recently, H.-X. Yi [12] and independently G.D. Song and N. Li [13] proved
the following theorem.

THEOREM D. Suppose that f and g share the sets S, and S, IM. If n=14,
then f and g satisfy (1.1) or (1.2).

In this paper, we prove the following theorems, which are improvements
and supplements of the above theorems.

THEOREM 1. Suppose that f and g share the sets S, CM and S, IM. If
n=6, then f and g satisfy (1.1) or (1.2).

Remark. From Theorem 1 we immediately obtain that the assumption
“n=7" in Theorem C can be replaced by “n=6".

THEOREM 2. Suppose that f and g share the sets S, IM and S, CM. If
n=10, then f and g satisfy (1.1) or (1.2).

THEOREM 3. Suppose that f and g share the sets S; and S, IM. If n=11,
then f and g satisfy (1.1) or (1.2).

Remark. From Theorem 3 we immediately obtain that the assumption
“n=14” in Theorem D can be replaced by “n=11".
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2. Some lemmas

Let F and G be two nonconstant meromorphic functions such that F and G
share 1 IM. Let z, be a 1-point of F of order p, a l-point of G of order g.
We denote by N.(r, 1/(F—1)) the counting function of those 1-points of F where
p>q; by NP(@r, 1/(F—1)) the counting function of those 1-points of F where
p=g=1; by N, 1/(F—1)) the counting function of those 1-points of F where
p=q=2, each point in these counting functions is counted only once. In the
same way, we can define N.(r, 1/(G—1)), N2(@, 1/(G—1)) and N&(r, 1/(G—1))
(see [14]). Particularly, if F and G share 1 CM, then

@.1) NL(r, ﬁ):m(n ﬁ):o.

With these notations, it is easy to see that

& il L)l o).
e )0 o)
and
B e e )
+(r, Gl—l)+m2<“ 01_1)
=N (- Gl—l)

LEMMA 1. Let

G2

where F and G are two nonconstant meromorphic functions. If F and G share
1 IM and H=0, then

26) N3(r, 5o1)SNe, 480, PI+S0, 6).

Proof. Suppose that z, is a simple 1-point of F and G. Let
F(z)=14a.(z—z0)+axz2—20)*+0((2—20)%),
G(2)=14b,(z—20)+by(z2—20)*+0((z2—20)"),

where a,#0 and b,#0. Then an elementary calculation gives that H(z)=0(z—z,),
which proves that z, is a zero of H. Thus,
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@7 Ni(r, ﬁ)gN(r, %)éT(r, H)+0(1).

From (2.5) we obtain m(r, H)=S(r, F)+S(», G). Combining this and (2.7), we
obtain the conclusion of Lemma 1.

LEMMA 2. Let F and G be two nonconstant meromorphic functions such that
F and G share 1 IM. Then

- 1 — — 1 — 1
< —_ — I,
@8 T, OsN(r, 5)+No, D+8(r, = )+Ne, O+N8(r, 577)
— 1 1 1

+N:(r, 577) N7 77)—Ni(r, 57)+Str, )+, 6),
where Ny(r, 1/F’) denotes the counting function corresponding to the zeros of F’
that are not zeros of F and F—1, Ny(r, 1/G’) denotes the counting function corre-
sponding to the zeros of G’ that are not zeros of G and G—1.

Proof. By the second fundamental theorem, we have

@9) T, F)+T¢, O=N(r, F)+N(r, F)+N(r, N(r, 1,>+S(r, F)

1)
+N(r, ~G—)+N(1’, G)—i—ﬁ(r, H)~N°(T’ —é,—)—l—S(r, G).
Noting that F and G share 1 IM, we get from (2.4)
80 )t mp)=NB( o)+ 7o)
+g(, Gl—l J+N(r %)

+N(r,

+N(r, G— 1)

=N¥(r, F11)+NL £y 1) TI—T)

<Np(r, +N(r, +T(r, G)+0().

=

Combining this and (2.9), we obtain the conclusion of Lemma 2.

1)

LEMMA 3 [15, Lemma 3]. Suppose that H is given by (2.5) and H=0, then
T, G)=T(@, F)+0Q1).
If further suppose that
lim sup N(r, 1/F)+N@, F)+N(, 1/G)+N(r, G) 1
7500 T(T, F)

rel
where I is a set of infinite linear measure of 0<r<oo, then F=G or F-G=1.
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Remark. Suppose that
(2.10) F=f" and G=g".

From Lemma 3 we immediately obtain that if H=0 and nx=5, then f and g
satisfy (1.1) or (1.2).

LEMMA 4 [3, Lemma 3]. Let F and G be given by 2.10). If F and G
share 1 IM, then

@.11) Nofr, 5 1)<N(r, )+N(r H+S@, 1),
2.12) Ni(r, g )=N(r )+ N0, 9450, o).

LEMMA 5 [3, Lemma 7]. Let

o )

where F and G are given by (2.10). If V=0, and F and G share « IM, then
F=G.

LEMMA 6 [3, Lemma 8]. Let V be given by (2.13) and V=0. If F and G
share oo IM, then the poles of F and G are the zeros of V, and

(2.14) (n=1N(r, =N, V)+Sr, )+Sr, g).

LEMMA 7. Assume that the conditions of Lemma 6 are satisfied.
(1) If F and G share 1 CM, then

— e AN |
@15 =DNC, NEN(r £)+8(r )50, NS, 9.
(2) If F and G share 1 IM, then

_ R TN |
(2.16) (n—3)N(r, f)éZN(r, 7)+2N(r, E)-I—S(r, N+, g).

Proof. (1) From (2.13) we have
N, M= (r, )+N( )

From this and (2.14) we can obtain (2.15).
(2) From (2.13) we have

e )R DR ) o)
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By Lemma 4 we can obtain (2.11) and (2.12). Noting F and G share oo IM,
from (2.11), (2.12), (2.14) and (2.17) we get (2.16).

3. Proofs of Theorem 1, Theorem 2 and Theorem 3

3.1. Proof of Theorem 3. Let F and G be given by (2.10). Since f and g
share the sets S, and S, IM, we know from (2.10) that F and G share the
values 1 and « IM. By Lemma 2, we can obtain (2.8).

Let H be given by (2.5). If H=0, from Lemma 1 we can obtain (2.6).
Noting that F and G share the values 1 and « IM, from (2.5) we have

(3.1) Ne, VSN (r, )48 (r, 5 )+ o PHR(r, 57)

R (Y (o

Combining (2.6), (2.8) and (3.1), we get
I T e (1
(3.2) T(r, P)=2N(r, ~F—)+2N(r, = )F3Ne, F)+2N(r, )

FN(r, g )+ St F)4Str, 6.
Noting (2.10) and substituting (2.11) and (2.12) into (3.2) we obtain
(3.3) nT(r, H=4N(r, f)+3N(r, V16N, 1)+S(, )+, 8).

Let V be given by (2.13). Noting H#0, by Lemma 5 we have V0. By
Lemma 7 we obtain (2.16). Combining (2.16) and (3.3), we get

3n+3

(3.4) nT(r, —T(r, g)+S, /)+S(, g).

Similarly, we have
3n+3
(3.5) w7, =TGP+ T, St N+S, ).

Combining (3.4) and (3.5) we have

n?—10n—3

n_s \L(r, H+T(r, g =S, )+, g),

which contradicts the assumption n=11. Thus, H=0. Again by Lemma 3, we
obtain the conclusion of Theorem 3.
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3.2. Proof of Theorem 1. Let Fand G be given (2.10). Since f and g share
the sets S; CM and S, IM, we know from (2.10) that F and G share the values
1 CM and « IM. Let H be given by (2.5). If H=0, proceeding as in the proof
of Theorem 3, we can obtain (3.2). Noting (2.1) and (2.10), from (3.2) we get

(3.6) nT(r, f)<2N<r, )+2N(r, )—|—3N(r, £)+S@, F)+S(r, G).

Let V be given by (2.13). Noting H==0, by Lemma 5 we have V=0. By
Lemma 7 we obtain (2.15). Combining (2.15) and (3.6), we get

2n+1

3.7) nTr, NSZELITG, AT, 2) +S, NS, 2.
Similarly, we have
(3.8 nTr, DXL (T, PTG, £)+S0, HES( 8).

Combining (3.7) and (3.8) we have

n*—b5n—2

a1 (L N+Tr, g =S, )H+S, g),

which contradicts the assumption #=6. Thus, H=0. Again by Lemma 3, we
obtain the conclusion of Theorem 1.

3.3. Proof of Theorem 2. Let F and G be given (2.10). Since f and g
share the sets S; IM and S, CM, we know from (2.10) that F and G share the
values 1 IM and o« CM. Let H be given by (2.5). From (2.5) we have

(3.9) N(r, H)<N(r, )+N<r, 1 )+NL(r, ﬁ)

+NL<7’, Gl 1 )+No v, ;,)+N0 7, G/)

Using (3.9) instead of (3.1) and proceeding as in the proof of Theorem 3, we
can obtain the conclusion of Theorem 2.

4. Concluding remark

In this section, we shall use w and u to denote the constants cos(2z/n)-+
isin(2x/n) and cos(2rw/m)-+17 sin(2x/m) respectively, where n and m are positive
integers. Recently, H.-X. Yi [11] proved the following result.

THEOREM E. Let S;={a,+b, a;+bw, ..., a,+byw™ '}, Se={as+b,, as+bsu,

., Qat+bou™ Y} and Ss={co}, where n=7, m=7, a,, b,, a, and b, are constants

such that b;b,#0 and a,+a,. Suppose that f and g are nonconstant meromorphic
functions. If f and g share S,, S, and S; CM, then f=g.
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Using Theorem 1 and proceeding as in the proof of Theorem E, we can
obtain that the assumption “n=7 and m=7” in Theorem E can be replaced by
“n=6 and m=6". Using Theorem 3 and proceeding as in the proof of Theorem
E, we can obtain the following result.

THEOREM 4. Let S;={a,+b, a,+bw, ..., a,+byw™ '}, Se={as+b,, as+byu,
veey Qo+ b, u™ Y and S;={oo}, where n=11, m=11, a,, b, a, and b, are constants
such that bb,#0 and a,+a,. Suppose that f and g are nonconstant meromorphic
functions. If f and g share Si, S, and S; IM, then f=g.
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