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THE SPECTRAL GEOMETRY OF HARMONIC MAPS INTO
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§0. Introduction

The spectral geometry of the Laplace-Beltrami operator has developed
greatly during the last twenty years. Recently, H. Urakawa use Gilkey’s results
about the asymptotic expansion of the trace of the heat kernel of a certain
differential operator of a vector bundle to research the spectral geometry of
harmonic maps into §” and CP". In this paper, inspired by these, we firstly
determine a spectral invariant of the Jacobi operator of harmonic maps into
HP™ (corollary 3). Using this we obtain some geometric results distinguishing
typical harmonic maps, i.e., isometric minimal immersions and Riemannian
submersions with minimal fibres.

§1. The spectral invariants of the Jacobi operator

Let (M, g) be a m-dimentional compact Riemmanian manifold without
boundary and (N, h) an n-dimentional Riemannian manifold. A smooth map
¢:(M, g)— (N, h) is said to be harmonic if it is a critical point of the energy
E(¢) defined by

W E(9) = [ e(o)g
M
1 m
2 e(¢) = > 21 h(pe;, ¢re;)
where ¢- is the differential of ¢. Namely, for every vector field V along ¢
d
il E@) =o.

Here ¢,: M— N is a one parameter family of smooth maps with ¢, = ¢ and
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d

dt d(x) =V, € T¢(x)N

=0

for every point x € M.
The second variation formula of the energy E(¢) for a harmonic map ¢ is
given by
d2
3) | By = [ VIV
dt t=0 M
Here J, is a differential operator (called the Jacobi operator) acting on the space

I'(E) of sections of the induced bundle E = ¢~ 'TN. The operator J4 is of the
form

(4) IV = VTV — 3 Ru(ges, V)gues, V € I(E).
=0

Here V is the connection of E which is defined by
VW= vixv

for VEI'(E), X € TM, and the Levi-Civita connection v" of (N, h). Ry is the
curvature tensor of (N, h) whose sign is the same as RV _Note that ¥ is
compatible with the metric 4. Define the endomorphism L for our E by

5) L(V) = th(q»e.-, V)puen V € I(E).

Then we have
©) Tr(L) = Trg(¢'pn).

We denote also the spectrum of the Jacobi operator J,, of the harmonic map ¢
by

©) Spec(y) = (= Ao = -ov b= - 1 b

Then the traceZ(¢) = exp(—t4;) of the heat kernel for the Jacobi operator J has
the asymptotic expansion

Z(t) ~ (Amt)™™? {ag (Jp) + ar(Jp)t + a(Jp)t*> + -}
Moreover we have
TaeoreM 1 ([U]). For a harmonic map ¢ :(M", g)— (N", h),
ao(jg) = n Vol(M)
. n N
a(jp) = = J LA J Trg(¢ pr)ve
6 Jy Iy

®
aie) = 355 | 7% = 2l + 2RI,
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1 * *
+ 360 | (C3019RAP + 605Try(¢" p) + 1801L [Py,
360 J 5

where, for X, Y € T.M, (¢*Ry)x,y is the endomorphism of TN given by (¢p*
Rp)x, v = Rug.x,4.v-

From now on, we assume that the target manifold is quaternionic space

form Q(c) with quaternionic sectional curvature c¢. The Riemannian curvature
tensor R of Q(c) is of the form

©) R(X, Y)Z = — g{h(y, 2)X - (X, Z)Y
+ i (z,IVX — (Z, ]X)]Y + 2(X, J,Y)J,Z]}
=1

where {J1, J», J3} is a canonical local basis of quaternionic Kihler structure of
Q(c). Then for a harmonic map ¢: (M", g)— QO(c), we obtain

(10) Tr(L) = 2(n + 2)ce(¢p)
since p, = (n+ 2)ch. Moreover let {e}, ..., e, Jie1, ..., Jiey, Joe1, ..., Joe;,
Jse1, ...,Jze;} be a local orthonormal field on Q"(c). Then since

IRV = 2 21 {1 Rnpue,pue (€ + | Rngse,pue(Tr) I

=1 k=

+ “Rh¢*e,,¢*e,(']2el’<)”2 + “Rh¢*e,,¢*e,("3e;c)”2}

Tr(L?) = § > {h(Rhtp*e,,ek'((P*ei)’ Rigpoe, e 9.€))

Ly=1 k=1
+ 23:1 h(Rppe, (9,8 Rh¢*e,,J,e,:(¢*ej))}
by a straightforward computation we obtain
1RSI = 5 (49 = I97IP + @n + 1) Sgra)
(11)
T2 = 5 (400 + ey + Towhl? + 3 Slora)
where @(X, Y)=h(X, J,Y), for vector field X, Y on Q(c). Hence we have
THEOREM 2. Let ¢ be a harmonic map of a compact Riemannian manifold

(M, g) into a quaternionic space form Q(c). Then the coefficients ao(J4), ai(Jg)
and ax(J ) of the asymptotic expansion for the Jacobi operator J, are
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ao(Jp) = 4nvol(M)
12) a(Jg) = -2:;- f TV + 2(n + 2)ce( )
M

n
a(ly) =55 | 6% = 2l + 2RPvs

+ L[ Laen + 1@ + 1lgnE - 2 - ) Sl
12 ) 4 t

+ % (n + 2)c jM ree(P)ve.

CoROLLARY 3. Let ¢, ¢' be two harmonic maps of a compact Riemannian
manifold (M, g) with constant scalar curvature into Q(c)(c # 0). Assume that

Spec(Jy) = Spec(Jy)
Then we have

E(¢) = E(¢')

and
@ [ faon+ meeer + llemhl? - - ) S ool
M t

- | {2<3n + 1)c%e(¢) + @R[ — (n — 4 2 ||¢'*<D,||2}vg-
M t

For analogous results for the Jacobi operator associated with minimal sub-
manifolds or Riemannian foliations see [D] [H] and [NTV].

§2. Isometric minimal immersions into HP”(c)

Let M be a submanifold of HP"(c)

(1) M is called quaternionic if JT,MC T,M for al JET,, pE M.

(2) M is called totally real if JT,M L T,M for all JET ,, pE M.

(3) M is called totally complex if there exists a one-dimensional subspace V

of 7, such that JT, M C T,M for all JE V and JT,M L T,M for all J Vic T,
PEM. ’

Where J is a quaternionic Kéhler structure of HP"(c), i.e., a rank 3
vector subbundle of End(THP"(c)) with the following properties:
(1) For each p € Q(c) there exists an open neighborhood U(p) of p and
sections Jy, J,, J3 of I over HP"(c) such that for all i € {1, 2, 3}:
(i) J? = —id, {JX, Y) = — (X, J;Y) VX, Y € TU(p)
(i) JiJ,41 = Jiz2 = —Ji41Ji(i mod 3)
(2) J is a parallel subbundle of End(THP"(c)).
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THEOREM 4. Let ¢, ¢' be isometric minimal immersion of a compact
Riemmannian manifold (M, g) into quaternionic projective space (HP"(c), h).
Assume that Spec(J,) = Spec(Jy). If ¢ is totally real (resp. quaternionic), then so
is ¢'.

Proof. Since ¢ and ¢’ are isometric immersions, we have.

e(p) = e(¢') = dim(M)/2
l¢*hll* = ll¢"*h||> = dim(M).
Then, by Corollary 3, the condition Spec(J4) = Spec(J4) yields

| Zhealrve=] T llo=al,
(i) If ¢ is totally real, i.e. ||¢*®DJ||>=0, (t=1, 2, 3), then we have
l¢*@/*> = 0, V.
On the other hand, from the definition of &, we get

0= |l¢*d|? = 2 h(¢. e Jdle)’

1,)=1

2 h(Plge;, Jip.e)
=1

= 2 h(PJt(p;e], PJl(p;e])’ Vt
.=l

& Plgle=0,j=1,...,m,Vt
S h(¢.X, J,¢.Y), for all X, YETM, Vi
& ¢ is totally real

where {e;, i=1 ..., m} is an orthonormal basis of T,M, x € M, dim(M) = m.
P is the orthogonal projection of T4 )N onto ¢,T,M with respect to h.
(ii) If ¢ is quaternionic, then

J,$.TM C ¢,TM, Vt.

Hence
[ Shomalivg=[ S gl = 3mvolchn)
M M 1t
On the other hand, since

m
0=|l¢*|> = 2 h(PLglej Plgle)
1,y+1

= 2 h(JPle, Jp.e) = m, Vt

1+1
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we get, for each ¢
¢ *@> = m
& Plgplej = Jpkej, j=1, ..., m
& Jplej C ¢pxTM, Vx € M.

Then ¢’ is also quaternionic.

3. Spectral characterization of harmonic Riemannian submersions

In this section, we study spectral characterization of harmonic Riemannian
submersions among the set of all harmonic morphisms.

A smooth map ¢: M— N is a harmonic morphisms if for every harmonic
function r on open subset U in N, v o ¢ is a harmonic function on ¢ (V)
provided that ¢~ }(U) # ¢.

LemMa S ([F] or [I]) (i). If dim(M) < dim(N), every harmonic morphism is
constant.

(ii) If dim(M) > dim(N), a smooth map ¢ (M, g)— (N, h) is a harmonic
morphism if and only if ¢ is horizontal weakly conformal and harmonic.

Here a smooth ¢ :(M, g)— (N, h) is horizontal weakly conformal if (i) the
differential ¢, : T.M — TN is surjective at the point x with e(¢)(x) #0, and
(ii) there exists a smooth function A on M such that if e(¢)(x) # 0, the pull back
¢*h satisfies

P*h(X, Y) = 2(x)8(X, Y), X, Y € H,

where H, is the orthogonal complement of the kernel of the differential ¢,, with
respect to g, x € M. It is known that the set {x € M : e(¢)(x) # 0} is open and
dense in M and the function Az is given by

= 2¢(¢)dim(N)~"

and ||¢*h”2 = dim(N)A*. A smooth map ¢: (M, g)— (N, h) is a Riemannian
submersion if it is horizontal weakly conformal with A=1, i.e., e(¢) = dim(N)/2,
everywhere M.

Now we have

THEOREM 6. Let (M, g) be a compact Riemannian manifold whose scalar
curvature is constant. ¢,¢' be harmonic morphisms of (M, g) into (HP", h) with
Spec(J4) = Spec(Jy). If ¢ is Riemannian submersion, then so is ¢'.

Proof. At each point x €M with e(¢)(x) #0, we can define a linear
transformation J, of H, into itself such that J,o ¢ , = ¢, o J, and .72 =-1,t=1,2,
3, where {Jq, J,, J3} is a canonical basis of quaternionic Kihler structure of
HP". Then
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g(itX’ jtY) = g(X, Y)
g("tX’ Y) = O’ X, Y (S Hx, Vt
JioJr = jt+1 o J, = Jis2s (¢t mod 3).

So we can choose {e;, Jie;, Joe;, Jae;,, i=1, ..., n} as an orthonormal basis of
(H,, g:)- Then we have

¢*®ill> = 2 {¢*Pu(es, €)* + 2¢*Pu(es, J1e))* + ¢*Py(Jres, Jie;)

iy
+ 2¢*D1(6;, Je))* + 2¢*Dy(J1e;, Joe))* + ¢* Dy(Lae;, jzej)2
+ 2¢* Dy(8;, Tae))* + 2¢* Dy(Je;, Tae)* + 2¢* Dy(Fae;, Jre))?
+ ¢*Dy(Jze;, J3¢))*}

=2 {h(¢.ei, ¢.J1e)* + 2h(p.ei, D) + h(¢ei, ¢}
L
+ 2h(¢*e,', 4)*.736]')2 + 2h(¢*j1€,‘, ¢*f3ej)2 + h(¢*j2e,', ¢*f3ej)2
+ 2h(¢.ei, @) + 20(PJrei, ¢ J2¢) + 2h(¢ Joei, ¢ Jre))
+ h(pJsei, ¢ J26)%)

= | ¢*n|%

Similarly, we have ||¢*®;,||*= ||¢*h|]?, || ¢*®s||*> = || ¢*h||>. Since Spec(Jy)=
Spec(J4) and ¢ is a Riemannian submersion, then, by Corollary 3, we have

E(#) = E(9)
[ {fon + 0@e@r + gl - n - ) S gy,

~ [ {oen+ meeer + 1l - (- 9 S gl

e(¢) = 2n, ||¢*h||* = 4n
e(¢) = 2n22, || ¢/ *h|]* = 4na%.

J,2=1,»
J’Mll4= fM Vg

Therefore we get A=1 everywhere M by the Cauchy-Schwarz inequality.

From these, we get
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