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ON THE LOCAL BEHAVIOR OF CERTAIN
HOMEOMORPHISMS

By MELKANA BRAKALOVA AND JAMES A. JENKINS

1. Let w(z) be an ACL homeomorphism of the unit disc U, into itself such
that w(0)=0. At regular points z (=x-+:y) we define

1 . 1 .
w,:—z—(wz—zwy), w2=—é-(wx+zwy)
and the complex dilatation
k(z)=ws/w,.

Later we will require further that the directional derivatives of w(z) satisfy
certain integrability conditions (Condition 3.1).

It is well known that if ||.=<¢g<1 then w(z) is K-quasiconformal (K g.c.)
with K=(14¢)/(1—¢q). As usual we say that w(z) is conformal at z=0 if

lir? (w(z)/z)=C, C+0.

If |w(z)|~Al|z| as z—0, A>0 we say that w(z) is asymptotically a rotation on
circles as z—0 if for an appropriate choice of the arguments

arg w(ret?s)—arg w(re!’)—(6,—0,)

tends to zero uniformly in 4, and 8, as » tends to zero.

Our objective is to study the behavior of w(z) as z tends to zero allowing
the possibility that ||g.=1. Our main results are contained in Theorem 1.1
and Theorem 1.2.

THEOREM 1.1. If ¢=argz,

|k|24+| Re %k| dA
.1 Noy e e
then
(1.2) |lw(z)|~Alz|, z—0, A>0

and w(z) 1s asymptotically a rotation on circles, i.e.,

Received August 23, 1993.
201



202 MELKANA BRAKALOVA AND JAMES A. JENKINS
(1.3) arg w(ret’z)—arg w(re!?)—(60,—0,)
tends to zero uniformly in 6, and @, as r tends to 0.

The fact that (1.1) implies (1.2) was proved in [6] for w(z) K q.c. Here
we do not assume K-quasiconformality and instead of using Teichmiiller’s
Modulsatz we use the technique given by [3; Lemma 3]. This makes possible
the proof that the mapping is asymptotically a rotation, a new result which

provides a significant step in the study of conformality at z=0, as evidenced in
the following statement.

COROLLARY 1.1. If

SS |/ci2+|§1e‘“¢/cl_¢_i£
v, 1—|g|? |z|?

and if

(1.4) lirrol arg w(ret%o)=aqa

for a particular value 0, then w(z) is conformal at z=0, i.e.,
linol (w(z)/z)=C, C+#0.

The first significant results in this direction were given by Teichmiiller [8]
who proved that the condition

(L.5) SS le] _dA

vl—|k| |2|?

implies that |w(z)|~Al|z|, A>0, z—0 under the assumption that w(z) is differ-
entiable but not necessarily K q.c. He conjectured that this condition was also
sufficient to prove conformality at z=0 as in the following result.

THEOREM 1.2. If

.t 2 <=

1—[&l |z|?
then w(z) is conformal at z=0, i.e.,

lzl_r_rg (w(z)/z)=C, C+0.

The first proof of this result was presented by Belinskii [1, 2]. It is usually
referred to as the Teichmiiller-Wittich-Belinskii theorem. Lehto [4] gave another
derivation of this result as a consequence of some more general considerations
and in [5] a modified exposition focused more on this particular problem clarifies
some obscurities in Belinskii’s work. However, all of the latter development
uses strongly the assumption that the mapping is K q.c.
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2. We will utilize the following two variants of [3; Lemma 3].

LEMMA 2.1. Let 7,, 7=0,1, ---, n, be a set of (closed) Jordan curves separ-
ating 0 from oo. Let

1 1
J) —_ H -1 (J) — -1
&f = rzrel;r]lloglzl , &5 = Ipeeg{loglzl

with ¢~V <&, j=1, -, n. Let M, be the module of the ring domain with
boundary components y,_, and v,, j=1,2, -, n. Then

$msem—eo42-"S e —)

where f is a monotone increasing function independent of any geometric properties
of the configuration.

The proof is a slight modification of that of [3; Lemma 3]. We set
1

-1 (n)
271, lOngl >El +1)

1 .
0(2)=0, gloglzr%cé“’—l,

~1/2

— 1 Gy __ &G _1_ ¢ 7 _1_ 1= .l J J
0@ =(L+ @ —EP?) T, FREPHED)< 5 loglzl < @O H24D),
o=1, elsewhere.

It is readily verified that p(z) (2w|z|)"'|dz| is an admissible metric for the
module problems defining M,, j=1, .-, n. Therefore

> 1
ZM= Z,?SSPZ(Z)IZI 2 A, =EM —EO 42

n-1 1 1 .
- jgl 5—(&1)_5{1))3(1_*_ 3‘(5?)——5{1))2) )
Setting f()=(1/9)t*(1+(1/3)t*)"* we have the result of the lemma.

LEMMA 2.2. Let B={z: 7 <|z|<rs}, 0<r,<rs. Let 7,, 72 be non-intersect-
ing Jordan arcs in B joining its boundary components. Let Q,, Q. be the two
quadrangles with 7., v. as one pair of opposite sides, the others being on |z|=r,
|z| =%s. Let 0 be the angular oscillation of 7.,

d=max arg z—min arg z
€ Z€71
for an assigned branch of the argument. Let M(Q.), M(Qs) be the modules of
Q., Qs for curves joining the sides on |z|=ry, |z|=r,. Then

M(Qu+M(@o=2n(l0g )" —g((log 1) 2)
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where g is a positive non-decreasing function independent of any geometric pro-
perties of the configuration.

We map B slit along 7, by w=¢(z)=i(log r,/7:)"* log z. Let I" be the image
of 7, Iy and I, the images of 7, where [ is obtained from I, by a horizontal
translation of amount 2z (log r,/r,)"'. Let Q be the quadrangle with I, I'; as
one pair of opposite sides, the others being on v=0, v=1 (w=u+s). Let

& =min u, &,=max u.
wel wel

Let y=min (§,—§,, 27) and set
1\ . 1 1 1
0(2) :(1+§772) n _‘6‘7]<u—§(51+52)<—6‘1}

and in all vertical strips obtained from this by horizontal translations of
2zn(log v./r1)"", n integer,

p(z)=1 elsewhere.

It is readily verified that p(z)|dz| provides an admissible metric for the module
problems corresponding to M(Q,), M(Q.) under the mapping ¢. Thus

M(Q1)+M(Qz)§_SSQpZdA=27r(log :—f)_l— _é_ ”3(1"'%772)_!

and if we set git)=f(@), t<2r, git)=f(2r), t=2x we have the result of the
lemma.

3. Let w(z) be the mapping introduced in §1. Let 0<r,<r.<1, B(ry, rs)=
{z:7:<|z|<r,} and let B*(r,, r,) be its image under w(z). We denote by
M(r,, r,) the module of the family of curves separating the contours of B(ry,r,)
so that

1
M(r,, ro= o log %

and by M*(r,, r,) the corresponding module for B*(r,, r,).
Let z=re'® be a regular point for w(z), £(z) the complex dilatation at this
point so that the expressions

|1e2dk)2

|1—e~2t |2
1—|gl®

hl(z)z 1"‘]&’2

hoz)=
are defined a.e. in U,.

From this point on we will assume that w(z) satisfies the following con-
dition.
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CONDITION 3.1.
K=" hee 2, min="hire)dg
T

exist a.e. for ¢=[0, 2n], rE[ry, 7], 0<r,<r,<1 and further h¥(¢)e L'[0, 2x],
h’;(r)ELl[h, 7’2].

As in [6] it is easily shown that
2n /Ty dr\-t -1
M*(ry, 7'2)§|:S0 (thl(re"“)—r—) d¢]

3.1) : g
M*(r,, Vz)ZS:zl(Sonhg(rew)dqj)— ar

These lead to the proof of the following lemma.

LEMMA 3.1. We have

1 2 QR -21¢ dAz
(32) M*(rlr rﬁ) IOg SSB(M Tz)Il—Eul—eil

27r 1—|x|? |z]|%°

The Cauchy-Schwarz inequality implies that
M¥r, 1S | W)
4r)o
and
(Mo, = (10g 2) [ hs) 2L
Therefore for M*(r, ro))<M(ry, rs)

1 M*(r, dA,
M*(rly r2> M(rly 7’2) r ((:11, ::))SSB(Tl o) _]-l ]zlz

1 dA,
TSSB(TpTz) ! hz——ll ‘le

A

while for M(r,, ro)SM*(ry, rs)

1 dA,
M, r=Mry ro =gl =117
It is seen at once that
L _olEPtRe ¥
ha(—1=2-5 2
L _olE[P—=Re
o)1 =2

from which (3.2) follows.
Let Q denote the quadrangle obtained from the domain {r,<|z|<r,, 6,<
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arg z<0,} by assigning as opposite pairs of sides the boundary sets on radii and
circles. Let M(Q) be the module of Q for curves joining the latter sides. Let
@ be the image of Q under w(z) and M(Q) its corresponding module.

LEMMA 3.2, We have
A r2\"2
(3.3) MQ@-M@=2(og )|
As before

923”2 |k|24 | Re2%k| dA,

0 e 1—1g[? lz|®”

Oa/(72 dr\-!
19y =T
M@z, ([ mere$)SI) dg.
Applying the Cauchy-Schwarz inequality we get
A1 _ s Oy(Te b jd_ﬁ
M@ <00, ' hret) L dg.
Since evidently M(Q)=(log r+/7.)"(8,—8,) we find that if M(Q)<M(Q)

A M(é) ¥a\~2(02(72 . dA‘.
M(Q)—M(Q)gM—@(mgrT Solgr,"“(fe o120

from which (3.3) follows. The inequality is trivial in the alternative case.

4, LEMMA 4.1. For the mapping w(z) let
mz(r)=g}§>r<| w(z)l, ml“):,‘f,‘l‘} [w(z)].

Then if w(z) satisfies Condition 3.1 and

Sg [£]2+ | Re x| dA,
Uo 1—1#]? |z]?

“.1) <oo

we have lirrol my(r)/my(r)=1.

In the contrary case there would exist 4>0 and a sequence of values {r,},
ra<l, r, | 0 such that m,(r,)>my,.,) and

my(7x)

4.2) log ra)

>4, n=l2, .

For arbitrary ¢>0 assume that 7, is sufficiently small that

_l_Sg [&]24+ | Re*%k| d A,
273 )Birpm. T 1—|x|? |z]*
for m>n>1. Using the monotonicity property of the module and Lemma 3.1
we conclude that for any integer N>1

1 my(7y)

43 27 log M7 N +1)

"1

1
SEM*(ry,, r) gZE log +e

YN +1
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and

L lo
2” g Y N+1

4.4)

N
~Ne< 3 M¥(ryu, 7).

Applying Lemma 2.1 to the right-hand side of inequality (4.4) we have

X 1 mr) o, & my(7 ;)
(4.5) 2 My, 7)) S g log LTS 42— 51 f(10g ml(r,))'
Since by (4.2) f(log my(r,)/my(r,))= f(A) from (4.3), (4.4) and (4.5) follows
1
2 log VYN +1
and

(N=D)f(A=2+(N+1)e.
Dividing by N and letting N tend to infinity we obtain the contradiction
fD=e.

LEMMA 4.2. Under the conditions of Lemma 4.1 there exists a constant C>0
such that |w(z)|~C|z| as |z| tends to 0.

This is shown by proving that

(4.6) lim log —— C+0.

C ’
-0 z( )

Given &>0 it follows from the monotonicity property of the module and Lemma
4.1 that there exists d=4(¢) such that for 0<r,<r,<d.

my(72)
my(71)

lM*(rl, rz)—Z_zrl <e

while by Lemma 3.1

IM (ry, 7o)— log <e.

From these and the Cauchy criterion (4.6) follows.

5. For 0<r,<r,, 6,<0,<0,+27 the set of points re'? : r,<r<r,, 6,<0<80,
becomes a quadrangle on assigning the boundary arcs on r=r,, »=v, as a pair
of opposite sides. It is denoted by Q(r,, rs; 8,, 0:). Its module for the curves
join'ng this pair of opposite sides is (0,—8,) (log ro/7) "

LEMMA 5.1. If w(z) is a homeomorphism of a punctured neighborhood of
z=0 onto a punctured neighborhood of w=0 with the origins corresponding as
boundary components and satisfies the conditions

@) |w(z)|~Alz|, A>0, as z—0,
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(b) given €>0 there exists R=R(g) such that for r,<R tina’ for Q the qua-
drangle image of Q(ry, vs; 0,1, 0,) under w(z) with module m(Q) corresponding to
that above

m(Q)>(6:—0:)(log =) " —e,

then w(z) is asymptotically a rotation, i.e., the expression (1.3) trends to zero
uniformly in 0, and 0, as r tends to zero.

If this were not the case there would exist >0 and a sequence of values
of » | 0 such that for a suitable choice of notation

¢2_¢1§02'—01_5

where ¢,=arg w(re'’z), ¢,=arg w(re'’t). For such values of » we choose 7,=2r,
71=(1/2)r and denote

r§= min |w(2)|, r¥=max |w(z)|.
lz1=7g l21=71

For r sufficiently small the image of |z|=# under w=w(z) will lie in the ring
ri<|w|<rf. Let @, be the quadrangle image of Q(ri, 7,; 61, 05), Q. the qua-
drangle image of Q(ry, 7»; 0., 6,+2x), 7, the image of the segment {pe'?; 6=4,,
r1<p<rs}, 75 the image of the segment {pe*? : 0=0,, r,<p<r,}. Follow 7, from
w(re*??) in each sense until we meet respectively |w|=r¥, |w|=r%, obtaining
an arc r¥, j=1,2. The arcs 7%, y% together with arcs on |w|=r%, |w|=r}
determine quadrangles Q%*, Q% with modules m(Q%), m(Q%) chosen as above such
that m(Q¥)=m(Q,), m(Q¥H)=m(Q,). We consider two cases depending on the
angular oscillation of 7%, r%.

Case A. The angular oscillation on each of r¥ and r¥ is less than (1/4)é.
Then

m(@)=m@H=(log Z) (¢:—4:+59).
By condition (b)
m(Q.)>(log 4)7(0,—0,)—e¢
>(log 4)(ps— 1 +0)—¢.

Since by condition (a) as » tends to 0, log 7%/7% tends to log 4 for & sufficiently
small this provides a contradiction.

CASE B. The angular oscillation on one of 7%, 7% is at least (1/4)d. Then
by Lemma 2.2
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m(Q,)+m(Qz) Sm(Q¥)+m(Q%)
rE\-! 1 rE-1
éer(logr—,ic —g(—4—6(10g 1—;{‘) )
On the other hand by condition (b)
m(Q.)+m(Q)>2x(log 4)™—2¢ .

Since by condition (a) as » tends to 0, log r%/7% tends to log 4 for ¢ sufficiently
small this provides a contradiction.

COROLLARRY 5.1. If w(z) satisfies Condition 3.1 and (4.1) it is asymptotically
a rotation on circles as z tends to 0.

Condition (a) follows from Lemma 4.2, condition (b) from Lemma 3.2.

6. Let U, be the unit disc U, slit along the radius {(x, ¥): 0=x<1, y=0}.
We map U, and its image w(U,) onto semistrips S, and S, using in each case
a branch of —log. Let f(o)=—log(w(e °)) be the map from S, to S, induced
by the mapping w(z). f(o) is extended throughout the half-plane R¢>0 as a
continuous function by setting

f(o+2kni)=f(o)+2kTi

for every integer k. Setting o=s+it, f(a)=u(s, t)+iv(s, t) is an ACL homeo-
morphism and lim;.. u(s, {)=- .

LEMMA 6.1, If
6.1) &1}2 (u(s, t)—s)=A
for A finite uniformly in t,
(6.2) 131.22 (v(s, to)—uv(s, t)—(E—1.))=0

uniformly in t, and t, and
l(us"‘ ut)2+(vs+vt)2_

oo (*21
6.3) gt e | dsdi <o
then there exists a finite value a such that
6.4) iim (s, t)—t)=a

uniformly in t.

We assume that (6.4) does not hold for a certain ¢{. Then there exist
sequences {sg’} and {s}, n=1, 2, ---, tending to oo, s{’<s{¥, such that
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o(t)= llrn W(sP, H—v(siP, 1)#0.

Because of (6.2), 6(t)=4, independent of ¢. We may assume 6>>0, the case where
0<0 is handled analogously. Let ¢>0 be a fixed small number and let N=N(¢)
be big enough so that for n>N

(6.5) Ju(s, t)—sP—A| <e, =12,
for any ¢,
(6.6) lo(s$?, to)—ov(si?, t)—(t—t)|<e, =1, 2,

for any i, t,,
6.7) v(s$®, H—v(siP, t)—0>—¢

for any ¢ and

69 o

nJo

1 (us+ue)+ (s +v,)
2 UV — UgVs

—1|{dA.<e.

Let s, and s, stand for si® and si® for a fixed n>>N. Consider the map

o=g(p, P=(p, p+q).

[t maps the rectangle Q={(p, ¢): s;<p<s,, 0<g<2r} onto a parallelogram P in
the o-plane. Denote by P* the image of P under f and let h=f-g.

We study the module M(I'*) of the family of curves I'*={y¥}i<qcor, Where
7% is the image under h of the horizontal segment I,={(p, ¢): s;<p<ss, ¢ fixed,
0<g<2z}. By [7; Theorem 14] we have

Mr»={] [S:'dhj/d”'zdp] dq,

where [, denotes the Jacobian of the map h. Since

[ 801 g s

and by the Cauchy-Schwarz inequality

[(( 1dh/dpl®
M(I'™)=(2m) m 1Pldpa ]
it follows from (6.8) that
(6.9) M(I'*)zQ2r) [4n(ss—s)+2¢]7".

An estimate for M(I'*) from above can be obtained using the definition of the
module of a curve family. Using (6.5), (6.6), (6.7) we conclude that

area P*<2n((s,—s$:)+2¢)
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(Iength 73)Y’2((ss—s1)—2e)+((s2—s))—3e+0)°,  0<g<2r

S0 that

27[((52_‘31)“‘26)
(6.10) M= e =s0—2e) F(si—s0—3s 0F
Since

((32“31)“‘25)2+((Sz—‘51)+5—35)222(32—31)2"‘2(52*‘31)(5—55)"'%52
comparing (6.9) and (6.10) we obtain

27 (s3—51)"+2n(so— 5, )(0—5e)+2e* X 2m(s,—51)°*+ (4 +1)e(s— 1)+ 2¢*

and
2n(6—5e)<(4m+1)e

which for ¢ sufficiently small provides a contradiction.

The proof of Theorem 1.2 is now immediate. The hypothesis there implies
(1.1) so that (1.2) and (1.3) hold. Transforming to the logarithmic plane as
above we obtain (6.1) and (6.2). If «, is the complex dilatation f7/f, we obtain

[ Kol
(6.11) Sgs‘l—_ oA <o
Since
i(“s"}' ue)’+(vs+v,)* 1= [ 147K, |? _122“50 [°+2Rik,
2 uwi—uw, 1—|Kol? 1—|kol?

it is clear that (6.11) implies (6.3) so that by Lemma 6.1
lriﬂ(arg w(re®)—0)=a
uniformly with respect to # and finally
lljglo(arg w(z)—arg z)=—a

completing the proof.

7. Let S be the strip in the o-plane, ¢=s+1it, defined by
S={o:s5=1, 0=t=2rm}

and let f(o) be an ACL homeomorphism of S onto itself with 1, 1+277 and «
as fixed points. We denote by , the complex dilatation f;/f,, We assume
that for 1<s,<s,<oo the following integrals exist
2 _ 2
SS Haol® )y SS H=rl® 44,

(s1<Ra<spnS 1— | ko2 (8, <Ra<syAS 1— | ko |?

THEOREM 7.1. If
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I’Col + | Rk,
(7.1) SSS—TI;O—I;—M oo
then
(7.2) fle)=A+s+it+o(1)

as s—oo uniformly in t.

We may assume that f(s+2mi)=f(s), s real, since this can be attained by
reflecting the strip in a horizontal side and adjusting the dimensions without
affecting the conditions on f, in particular (7.1). Then w(z)=exp(— f(log z™))
is a homeomorphism from U, onto itself with w(0)=0 and complex dilatation .
From (7.1) follows

SS | k|24 R(e20%) dA,<°o
Uo

1—-|«|? lz|?

Since w(z) maps the radius {(x, y):0=<x<1, y=0} onto itself from Corollary 1.1
follows that w(z)~Cz as z tends to 0, C=#0, which implies (7.2).

Theorem 7.1 is a stronger result than the following strip variant of the
Teichmiller-Wittich-Belinski theorem.

THEOREM 7.2. If f satisfies the condition

@.9) Sgslf‘]’Lol dA,< o
then
(@)= A+s-+it-+o(l)

as s—oo uniformly in t.
Indeed (7.3) implies (7.2) but the mapplng defined by f=heg where g(o)=

s+i(t+logs) maps S onto a strip S and ~ maps S conformally onto S has
complex dilatation

1425
45241
This satisfies condition (7.2) without satisfying (7.3).

£(0)=F5++
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