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EQUIVALENCE OF EULERIAN AND LAGRANGIAN
WEAK SOLUTIONS OF THE COMPRESSIBLE EULER
EQUATION WITH SPHERICAL SYMMETRY

By KiyosHI MIZOHATA

1. Introduction

One of the typical equations in fluid mechanics is the compressible Euler
equation which describes the inviscid motion of%an isentropic gas. The com-
pressible Euler equation with an external force f in R"™ is the (n+1)X(n-1)
system of conservation laws,

» 0
pt+]=21’a_x;(puj)"‘0’
(1.1) s
(Puz)t+ 2—(pulu,-+6,~jP)=pf“ (i=1,2, -, n)
/=1 0x,
where p is the density, #='(us, us, -, u,) is the velocity, P is the scalar

pressure with ¢;, the Kronecker delta and f(t, x)=%f1, fo, -, fn) is the ex-
ternal force. For an isentropic gas P satisfies

(1.2) P=a’p’,

where ¢>0 and y=1 are given constants.
Let us consider the initial and boundary value problem for (1.1) in ¢=0,
x€LQCR™ with the following conditions.

(1'3) iz(oy x)zﬁo("), P(O, x)_—"Po(x),
(1.4 u-1=0 if x=0Q,

where 7 is the unit vector normal to the boundary.

i(t, x) and p(t, x) are called weak solutions of (1.1), (1.3) and (1.4) if u,, p
e L0, T)X82) (=1,2, -, n), ft x)€L%(0, T)XQ) (G=1,2, -, n) and if
they satisfy the following n+1 integral identities
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S:SQ odit 3 pu,-¢,jdxdt+gg 0o()$(0, x)dx=0,
(15) [0 0w+ B0 +auP)pe, +pf dhdxdt
+[ o020, )dx=0, (=1,2, -, )

for any 7>0 and for any test functions ¢=C3([0, T )X 2) and G, eCH0, TH)X2)
(=1, 2, -, n).

Generally speaking, no global weak solution of (1.1) has been known to
exist for the case n=2. In [3], we have presented global weak solutions in
Lagrangian coordinate with spherical symmetry first for the case n=2. How-
ever, it is not obvious that this result also implies the existence of global
weak solutions of (1.1). If solutions in Lagrangian coordinate are smooth func-
tions, we can show that # and p deduced from these solutions satisfy (1.1) by
using the chain rule. But if solutions are weak solutions, we must be more
careful. In this paper we shall prove that weak solutions in Lagrangian
coordinate are weak solutions in Eulerian coordinate at least they are spherically
symmetric and that vice versa. Instead of using the chain rule, we use the
fact that the Lagrangian transformation is a bi-Lipschitz homeomorphism to
prove that (i, p) is also weak solution of (1.1). This is the main idea of
Wagner [4]. He has showed the equivalence for the Cauchy problem in one
space dimension. In this paper we shall give the detailed proof of this equi-
valence for the more general case.

ASSUMPTION. f is supposed to be spherically symmetric, that is, there
exists a scalar function f such that

(1'6> fl: );l| f(t, |x|> (Z:l; 2) Tty n)'

|
We look for the solutions with spherical symmetry, say, of the form

X

(L7 wit, x)= ]

i, 1x))  G=1 2, -, n), polt, x)=p(, |x|),

with the initial condition

X o

|JC| u0(|x|) (Zzly 2) ) n)) P(O, x):po(|x[)-

(1.8) ui(0, x)=

Hereafter, we put 2={x; |x|>A} with A>0 since we only deal with the solu-
tions with spherical symmetry. Then, denoting

1.9 r=|x|, p=pr*t,
(1.1), (1.3) and (1.4) become
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6+ (52),=0,

(1.10) a1

(Fi)+(pas+ Pr=t), == Pro-if i f
(L.11) 80, N=io(r),  pO, N=por),
(1.12) #(, A)=0.

We call # and § weak solutions of (1.10), (1.11) and (1.12) if they satisfy

S S npy drdt+S 5o(NFO, P)dr=0 for any deC3([0, T)X[A, ),

(1.13) S S pidi+(pat+ Prig,+(F= Pr"‘1+,6f)<,/7drdt
S 5oPi(P)FO, P)dr=0 for any Fe C[0, T)X(A, ).

Denote I' the Lagrangian transformation defined by

(1.14) I —> 8, 5:52,3(:, s)ds.
Suppose that I is a homeomorphism. Put
(1.15) F=po 1, 17:%, B=iie -1, Fefolt,

Then (1.10), (1.11) and (1.12) become,

e - <—gr—) S Y /LB
where

(1.17) r= A—t—S o, e,

(1.18) a0, &)=a,&), 00, §)=vu(&),
(1.19) (t, 0)=0.

We call # and 7 weak solutions of (1.16), (1.18) and (1.19) if they satisfy

S:S:ﬁat“ﬁq;edfdt'i'g:ﬁo(ﬁ)gg(o, £)dé=0 for any < C5([0, T)X[0, o).
w20) [T a5 )i 6)H (o +7)déds

+S‘:ao<5>¢(o, £)dé=0 for any Fe C3([0, T)X(0, o).
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We now state our main result.

THEOREM 1.1. (Main result) Suppose that u(t, €) and o(t, £) are weak solu-
tions of (1.16) satisfying

o @, 5 L=((0, T)X(0, =),
' 0<B<ilt, <M,  |alt, &1 <M, a.e. in (0, TIX(O, ).

Then a(t, x) and p(t, x) deduced from @(t, &) and v(t, &) by using (1.7), (1.9), (1.15)
and (1.17) are weak solutions of (1.1) with spherical symmetry.

Conversely, if a(t, x) and p(t, x) are weak solutions of (1.1) with spherical
symmetry satisfying

w, 0EL7O, TIXR) (=12, -, n),

(1.22)
0<"]x?_2n-1 <o, ﬂéﬁ%m lu(t, x)| <M. a.e. in (0, T)XL,

then @(t, &) and o(t, &) deduced from u(t, x) and p(t, x) by using (1.7), (1.9), (1.14)
and (1.15) are also weak solutions of (1.16).

The proof of this Theorem 1.1 consists of two steps. First, we shall prove
the “equivalence of weak solutions of (1.1) and (1.10)”. Let us define the mean-
ing of “equivalence” precisely. We first show that if #(t, x) and p(t, x) are
weak solutions of (1.1) with spherical symmetry, then #(, ») and g(t, 7), defined
by (1.7) and (1.9), are weak solutions of (1.10). Next, we shall show that if
(¢, r) and (¢, ») are weak solutions of (1.10), then #(f, x) and p(f, x) defined
by (1.7) and (1.9) are weak solutions of (1.1). In this case we call that there
exists the equivalence of weak solutions of (1.1) and (1.10). We shall prove
this equivalence in section 2. In the second step we shall prove the equivalence
of weak solutions of (1.10) and (1.16), and this completes the proof of our main
result. The proof of this equivalence will be given in section 3.

In [2], we have obtained global weak solutions for (1.16) for the case y=1,
A=1 and f=0 first for the case n=2.

THEOREM 1.2. ([2], Theorem 4.2) Let y=1, A=1 and f=0. Suppose that
initial data @) and ©,(€) are bounded variation and that D,(8)=0,>0 with some
positive constant d,. Then Lagrangian equations (1.16) admit a global weak solu-
tion which satisfy

@, v L=((0, T)x(0, «)),
(1.23)

0<8, =9, ) =M, lai, §)I|=M” a.e. i (0, T)X(0, =),
for any T>0.

Applying Theorem 1.1 to this result, we can say that global weak solutions
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of (1.1) are constructed.

COROLLARY 1.3. Suppose that =0, y=1 and Q={x; |x|>1}. Let uy(x),
0o(x) be spherically symmetric and satisfy
0 My

0 0
(1.24) us(x)| =M, *,*;Fl—épo(x)é W a.e.mn 2,

with 6,>0 and M,, M{<co. Then there exist global weak solutions of (1.1).
This is the first result of the existence of global solutions of (1.1) for n=2.

Remark. In [3], we have obtained global weak solutions for (1.16) for the
case r=1, A=1, n=3 and f=—M/r%. 'This corresponds to the model of an
isothermal gas around a star with radius 1 and mass M. The similar results
apparently hold for this case.

2. The equivalence of weak solutions of (1.1) and (1.10)

To show the equivalence of weak solutions of (1.1) and (1.10), we must
prove the following theorem.

THEOREM 2.1. Suppose that u(t, x)="(u.(t, x), us(t, x), -+, u,(t, x)) and p(, x)
are weak solutions of (1.1) with spherical symmetry. Then (t, r) and p(t, r)
defined by (1.7) and (1.9) are also weak solutions of (1.10). Conversely, if @(t, r)
and p(t, v) are weak solutions of (1.10), u(¢, x) and p(t, x) defined by (1.7) and
(1.9) are also weak solutions of (1.1).

Proof. First we shall show that weak solutions of (1.1) with spherical
symmetry are weak solutions of (1.10). Suppose that i(t, x) and p(t, x) are
weak solutions of (1.1) with spherical symmetry. For any test function g?(t, r)
and J(t, 7), we put ¢(t, x)=4¢(t, |x|) and ¢,(¢, x)=x,/|x|J(, |x|). Then they
are also test functions. Thus the first equation of (1.5) becomes

T (oo ~ ~ o ~
@.1) SoSA(ﬁqS,—l—ﬁﬁq&,)r"‘ldrdt—i—SAr"“ﬁo(r)qS(O, Pdr=0.
If we put g=p»""!, (2.1) is the same equation as the first equation of (1.13).
The ¢-th integral identity of the second equations of (1.5) becomes

To X5 o Bl Ay XX, 0 X 2\ .,
SOSA T pug!)t—l-]:Zl(pu x| +6”P>(3x] ] ¢)r drdt
2.2)
oo o T (o X% -
:—SAr""‘ﬁo(r)ﬁo(r)qS(O, r)dr—EOSAﬁr"“ i fgdrat.

On the other hand,
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XX, N/ Oi 1 X1 —x(X;/1%1) ~ | XX, ~ \ .,
(2.3) 1=1y=1 )< | x|? o+ | x]® ¢T)r

,P( Ol x| —xy(x;/1%]) ~ | XX, o ) n-1

2251 IJC]2 ¢+ ]xlzsb”r

-
il
—-
<
Il

=

(lxl—(x%/lxl) ~

i x% e n-1
(2.4) =S5 ¢—|—|x’2¢,)r

=r" 1Py, + n:l Prr-ig .

Summing (2.2) from =1 to n and using (2.3) and (2.4), we can derive the second
equation of (1.13). Thus we can conclude that (¢, ») and (¢, ») are weak solu-
tions of (1.10). This completes the first part of Theorem 2.1.

Next we shall prove the second part. Suppose that #(t, ) and p(t, r) are
weak solutions of (1.10). If we put p=p/»""", the first identity of (1.13) becomes

T (oo =
2.5) SoSAﬁr"“&t—f—ﬁr"“ﬁgg,drdt—i—SA o130, P)dr=0
for any = C5([0, T)X[A, «)).

Let u,(t, x) and p(t, x) defined by (1.7), and for any test functions @&(t, ) and
(¢, r) we put

2.6) 8, =3, 1x1),  dult, =773, 1xD).
Then (2.5) becomes
@7 S:SQ opet 3 pujq}zjdxdt-{—gg o(X)$(0, 1)dx=0,

for any test function ¢=CH([0, T)X ) with spherical symmetry. Now we must
prove that (2.7) also holds for any test function ¢=C5([0, T)x2). To show it,
we use the symmetry of # and p. It is enough to show the next Lemma.
LEMMA 2.2. Let g(t, x) L=(0, T)X 82) be spherically symmetric and satisfies
T
2.8) SOSQ g(t, 0)(t, X)dxdi=0

for any test function @(t, x)eC3(0, T)X2) with spherical symmetry. Then (2.8)
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holds for any test function which is not necessarily spherically symmetric.

Proof. Put g, x)=8g@, |x|). If ¢, x)=¢(, |x|) is a test function with
spherical symmetry, we get, from (2.8),

T (oo ~”
2.9) So SA 2t, 1@, rr-idrdt=0.

On the other hand, for any test function ¢(¢, x)eC3((0, T)X &) which is not
necessarily spherically symmetric,

g:sggﬁ» x)$(t, x)dxdt

=18 16, rexdar™drdt

0

(2.10) T (e
=" 4, n|,, 6 re)dor-drdt (by Fubini’s Theorem)

T (oo . .
:SOSAg(l‘, @@, r)r'drdt <¢(t, r>:§s'¢—l¢(t’ m))dw)
=0,
since g'é'(t, r) is a test function. This completes the proof of Lemma 2.2. [

Using Lemma 2.2, we can show that (2.7) holds for any test functions. We
also can prove that u, and p satisfy the second part of (1.5) similarly. Thus
we obtain Theorem 2.1. O

3. The equivalence of weak solutions of (1.10) and (1.16)

The following theorem describes that weak solutions of (1.16) are weak
solutions of (1.10).

THEOREM 3.1. Suppose that #(t, &) and v(t, &) are weak solutions of (1.16)
satisfying
a@, &), v, £y L=((0, T)X(0, «)),
3.1
0<0, <00, &) <M, lat, &M, a.e. m (0, T)X(0, ).

Then i(t, r) and p(t, r) defined by (1.15) and (1.17) are weak solutions of (1.10).

Proof. For the sake of simplicity, we restrict ourselves to the case y=1.
Suppose that #(¢, &) and (¢, &) are weak solutions of (1.16). That is, they satisfy
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[\ [ 98 —agacar+{ 5050, ©dg=0,

o _ n—1) =\ .
(3.2) STS u¢;+(af)¢5+(j4—_:—g§-§(t—,5;c‘+f)¢d§dt

+[ w90, 9dg=0.

They also satisfy
(3.3) 0<0, =9(t, §)=M,, lait, §)| =M, a.e. in (0, T)X(0, o).
Put 6=1/5. Then from (3.3),

BY  0<-Sp, OS5 (2 OISM, a.e. in O, TIXQ, =),

Now (3.2) becomes
1. _
i (=g 5 —ngedgdt+( (S)qﬁ(o £)de=0,

([ ago+ arpgeagar+{ agerpo, e

(3.5)
=" g 0Dy F)gagar.
i 56,0 %
Put r= A+g ' t s 4 and denote by A the mapping (, §)~(:, 7), namely,
(3.6) A, &)=, r).

We shall show that /4 is a bi-Lipschitz homeomorphism. Let us calculate the
distribution derivatives of 4. For ¢=C%((0, T)X(0, o)),

<r$; $>:_<7’y 9;£>

T g e i

T (oo foo
:_S g S p(t, s) —~—— ¢¢dédsdt (by Fubini’s theorem)

0
:ﬂfg’:mat, s)dsdt:<§, ¢§>.
Thus we obtain

1
3.7 TG
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Next we calculate 7,.

{re, >=—4r, o>

=T [ gy s putsat=— [ ks assua

S g e

ZMS:S‘: 5oy e, s)dsdt (S?5<t’ Dde=g, 5))

:_STS u(/!stdH—S 55 )</J(0 s)ds (from (3.5))

0
=S:S:ﬁg{7dsdl‘=<ﬁ, 3.

Thus we obtain

or i
(3.8) e
Therefore we have W' from (3.4). Now we shall show the following
Lemma.

LEMMA 3.2. Let 2 be an open convex subset of R*. Then
Wr=(Q) ., Lip(Q).

Proof. Suppose £’ is a compact domain in £ and satisfies dist(0R2, 62)=
&>0. Let uesWt=(2). Put u.=pxu(0<e<e,) where p. is a mollifier. Then

(3.9 Vun)l=| 9], plx—peundy| [Tl (x27).

Moreover,

u)— w1 =| | o+ 0306
(3.10) .
= }govm—y)do)g | Vatelx— 3| < Vel =) x— 3 1.

From (3.9) and (3.10) and by using Ascoli-Arzela’s theorem, there exists a sub-
sequence of {u.} which converges to # uniformly on £‘. So # is Lipschitz
continuous. On the other hand, u.(x) converges to # in L°°(2’) as ¢e—0. Then
it follows that u=# on £’. Since ¢ is an arbitrary small positive number
and the estimates of (3.9) and (3.10) are independent of ¢,, u is Lipschitz con-

tinuous in £. O
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From Lemma 3.2, » is Lipschitz continuous with respect to & and ¢. Thus
we obtain that A is Lipschitz continuous. Moreover, an easy calculation shows
that A is a homeomorphism by (3.4). Next we shall show that I (inverse of
A) is Lipschitz continuous. Due to (3.7) and (3.8), we get

(=)

(3.11) 1 0 iy
:(Slﬁ(ﬂ(t O+1—0xt, #)do | ! do) o)
o ’ v 5O, E+A—0)F, &)

Using (3.4), we obtain
(3.12) [E—& | <M (|lr—7"|+M,|t—1']).

From (3.12), it follows that [’ is also Lipschitz continuous. The following
Lemma plays an important role in this section.

LEMMA 3.3. Let X, Y be measurable subsets of R™ and P be a mapping
from X onto Y. If P 1s Lipschiz continuous, JP (Jacobian) is defined a.e..
Movreover, i1f P is bi-Lipschitz homeomorphism and satisfies |JP| =0 a.e. for
some 0>0, then we have, for any u(x)e L*(R™),

uo P!
JP

(3.13) SX u(x)dx:SY dy

For the proof, see [1].
Note that # and o also satisfy (3.2) for Lipschitz test functions § and ¢

instead of smooth test functions. We can prove it by using the mollifier.
Consider an inhomogeneous partial differential equation

(3.14) Fo+Ge=H

in (0, T)x (0, o) with initial condition F(0, &)=Fy&). It’s weak form is written as
T(oo __ P e ® -

(3.15) S S F¢t+c¢e+H¢d5dt+§o Fy(&)3(0, &)d&=0.

Using Lemma 3.3 and (3.7), (3.15) becomes

S:S:((F°F)(9§‘°[’)+(G°F)(955°F))(ﬁ°1"')drdt
Tfeo o - -
(3.16) +{ {Ca-ryge e ryarar

+gt=o(F°°[‘)(5°[‘)(ﬁo°F)d?"—‘o .

Put §=g-I", F=F+I', j=p-I, etc. Since I is a bi-Lipschitz homeomorphism,
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the map ¢—@=q¢-I" is a bijection on the set of Lipschitz test functions. This
idea is due to D. H. Wagner [3]. We then obtain, using (3.8),

@10 (" Fobt G+ pafrg,+ Hogarat+( s Eor)d0, ndr=0.

Let us substitute the first equation of (3.5). (i.e. F=1/§, G=—a, H=0) Then
we get a trivial equation. To get a equation for the conservation of mass,
we put F=1, G=0 and H=0. Then we get

T . o 0o
(3.18) gu SA ,6¢t+,5ﬁ¢rdrdt—|—SA oGO0, dr=0.
Similarly if we substitute the_secong equation of (3.5), using Pipschitz test
function § instead of @, (i.e. F=#, G=a?§ and H=a*(n—1)/r+7),

S:S:ﬁﬁ$:+(ﬁﬁ2+azﬁ)ﬁr+(ﬁm“az(nr_l) +67)drdt

(3.19) .
-I-gAﬁo(?‘)ﬁo(?’)sZ(O, )dr=0.

Recalling that P=a®p=a’p/r""?, we obtain

S:S:ﬁﬁ@—k( 50+ Pro0g, + (————(":1) Prit 5 )gdrat

(3.20)
+S: Bo(r)8o(r)P(0, r)dr=0.

Thus we have shown that # and g are weak solutions of (1.10). O
Next we shall show that the converse is also true.

THEOREM 3.4. Suppose that #i(t, r) and p(t, vr) are weak solutions of (1.10)
satisfying
i, p L=(0, T)X(A, =),

3.21)
0<0. <5, =M, li(t, r) =M, a.e. i (0, T)X(A, o).

Then #(t, &) and ¥(t, &) defined by (1.14) and (1.15) are also weak solutions of
(1.16).

Proof. We also restrict ourselves to the case y=1 for the sake of sim-
plicity. This proof is similar to above arguments. So we only give the outline
of the proof. Suppose that #(¢, ») and p(f, »r) are weak solutions of (1.10).
Then we can show

0§

05 _ .
(3.22) S=p  =—phl.
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The similar computation shows that /" in (1.14) is bi-Lipschitz and homeomor-
phic and that #(t, §) and #(¢, §) deduced from #(t, ) and (¢, ») by using (1.14)
and (1.15) satisfy

((T(=_ - N
(o5 —ageazait (o0, ae=o,

&2 %ﬂV (5 Vet (S04 ) gagar
|

o($)¢(0 §)dé=0.

L,-> ‘Sl
§|

LEMMA 3.5.

(3.24) r:A-I-Se L

06t 0

in the Distribution sense.

Proof.
(1§00 50,0 4% 9 9)

=4,

(t, §)didé+

AR dLge, Hded
. mc>@@@5’

oo

T

t, §)dtdé+

0

), 70 oras |
ALL a0 e |
AL S oo owae [
=1 J 70 odra+|

), 7 odrae+|

oo

Il

:’g:’ t, &)dE—r— ~(t g @dt (by Fubini’s theorem)

8, QdLdrdt

0JAJ)é

T

o

T

@, §)dtdé+

0 0 0

:SA 5, Ddrdldt

8

|
S "5, &dtde+ TS (r(t, O—A)(t, Odgdt

0Jo

={r(t, §), ¢, £)).
This implies (3.24). O

From (3.23) and Lemma 3.5, we can conclude that they are also weak solu-
tions of (1.16). Thus we obtain Theorem 3.4. O

Combining Theorem 2.1, Theorem 3.1 and Theorem 3.4, we obtain our
main result.
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